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In this paper, we prove that if n > 2 and xp is an isolated singularity of a non-negative
infinity harmonic function u, then either x; is a removable singularity of u or u(x) =
u(xg) + c|x — xg| + o(|x — xp|) near x, for some fixed constant ¢ # 0. In particular, if xp is
nonremovable, then u has a local maximum or a local minimum at x,. We also prove
a Bernstein-type theorem, which asserts that if u is a uniformly Lipschitz continuous,
one-side bounded infinity harmonic function in R"\{0}, then it must be a cone function

with center at 0.

1 Introduction

Throughout this paper, we assume that n > 2. Let Q be an open subset of R”. Recall that
a function u € C(Q) is an infinity harmonic function in Q if it is a viscosity solution of

the infinity Laplace equation

n
Aol = Z Uy Uy, Uxx, =0 in Q. (1.1)
i,j=1
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See Appendix A for the definition of viscosity supersolution, subsolution, and solution
of elliptic equations. It is well known that an infinity harmonic function in Q is a local
minimizer of the supremum norm of the gradient, in the sense that for any open set
V c Q, if v e W-®(V) satisfies

ulay = vlav,
then

esssupy|Du| < esssupy|Dv].
An infinity harmonic function is also an absolutely minimal Lipschitz extension in €,

i.e. forany openset VC V C Q,

sup lu(x) — uly)] _ su lu(x) — u(y)|_

(1.2)
x£yedV |X - Y| x#£yeV |X - YI

The infinity Laplace equation can be viewed as the limiting equation of p-Laplace
equations as p 1 +o0c. More precisely, for p > 1, let u, be a p-harmonic function in €, i.e.

up solves the p-Laplace equation
Apup = div(|Dup/P?Du,) =0 in Q. (1.3)

If up — U uniformly in Q as p 4 +oo, then uy is an infinity harmonic function in Q. We
refer to a recent survey article by Crandall [3] for more backgrounds and information of
equation (1.1). For 1 < p < +o9, if u, is a p-harmonic function in Q\{x}, then x is called
an isolated singularity of u,. Xy is called a removable singularity, if u, can be extended
to be a p-harmonic function in Q. Otherwise x; is called a nonremovable singularity.
When 1 < p < n, the classical theorem of Serrin [10] says that a non-negative p-harmonic
function u, is comparable to the fundamental solution of p-Laplace equation near its
nonremovable isolated singularity. When n = 2 and 2 < p < 400, Manfredi [8] derived
an asymptotic representation of u, near its nonremovable isolated singularity. In this
paper, we will show that a non-negative infinity harmonic function is asymptotically
a cone function near its nonremovable isolated singularity. In particular, an infinity
harmonic function has a local maximum or minimum value at a nonremovable isolated

singularity. This is surprising and is largel related to the highly degenerate ellipticity of
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the infinity Laplace equation. Note that cone functions are fundamental solutions of the

infinity Laplace equation. The following is our first main theorem.

Theorem 1.1. Suppose that n > 2 and u € C(B;(x)\{X}) is a non-negative infinity har-

monic function in B; (x)\{Xo}. Then, u € Wl{)go (B1(xp)) and one of the following holds: either
(i)  xp is a removable singularity;

or

(ii) there exists a fixed constant ¢ # 0, such that
u(x) = ulxp) + clx — xo| + ol|x — xo)),
ie.

i lu(x) — ulxo) — clx — xol|
1m =

0.
X=X |x — o]

In particular, in case (ii), u has either a local maximum or a local minimum at xp, and
|c| = esssupy,|Dul,

where V is some neighborhood of xp. O

We want to note here that the above theorem is not correct when n = 1. For exam-
ple, for any ¢ € (0, 1], u; = t(—|x]) + (1 — t)x is an infinity harmonic function on (-1, 1)\ {0}
and 0 is an isolated singularity. When ¢t # 1, Theorem 1.1 (ii) is not satisfied.

Also, the assumption that u is one-sided bounded near its isolated singularity
is necessary for the above theorem to hold. Otherwise u may oscillate between —oo and
+00. See such an example in Bhattacharya [2].

As an application of Theorem 1.1, we can construct a family of nonclassical

infinity harmonic functions in R2.

Corollary 1.2. Suppose that Q is a bounded domain in R? and x; € Q. Assume that
u € C(Q) is an infinity harmonic function in Q\{x} and satisfies u|yqo = 0 and u(xy) = 1.
Then u € C%(Q\{x0}), if and only if Q = B,(xy) for some r > 0, and u(x) =1 — 'X*—rXM for
X € Br(xp). O

We also prove a Bernstein-type theorem on uniformly Lipschitz continuous in-

finity harmonic functions in R™\{0}.
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Theorem 1.3. If u satisfies the following:

(i) esssupg.|Du|=1;
(ii) forsome M e Rand e > 0, u(x) < M+ (1 — ¢)|x| for all x € R";

(iii) wu is an infinity harmonic function in R™\{0}.
Then
u(x) = u(0) — |x|.
O

The first author has proved in [9] that if u is a uniformly Lipschitz continuous infinity
harmonic function in R?, then u must be linear, i.e. u = p- x+ ¢ for some p € R? and
c € R. In general, a uniformly Lipschitz continuous infinity harmonic function in R™\{0}
might be neither linear nor a cone. The following is a family of such functions. For R > 0

and 0 < @ < 1, let ugr, be the solution of the following equation:

AxUgre =0 onBg(0)\{0},

URw(0) =0 and urglopz0 = 0%, — (1 —a)R.

It is clear that

Ugolx) = —|x|
and

Ugr1(x) = x,.
Hence for each R, there exists 0 < a(R) < 1, such that

uR,a(R)(Or ey 0, 1) = 0.

Suppose now that u =limg, o Urer. Then u is an infinity harmonic function in
R™\{0} and esssupg.|Du| = 1. Moreover, u is neither a linear nor a cone function, since
u(0,...,0,1) =0 and u(0,...,0,t) =t for ¢t < 0. Using Theorem 1.1 and the fact that
u(x,x,) = u(—x, x,), it is not hard to see that the u constructed as above is not C? in

R™\{0}. See Corollary 3.2 for the proof. When n = 2, using some techniques developed by

[9] we can show that any uniformly Lipschitz continuous infinity harmonic function in
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R?\{0} must be bounded by a linear function and a cone. We conjecture that if u is C? in
R™\{0}, then it must be either a linear or a cone function. We say that u is an entire infin-
ity harmonic function if it is a viscosity solution of equation (1.1) in R". Here, we want
to mention that Aronsson [1] has proved that a C? entire infinity harmonic function must
be linear when n = 2. Estimates derived by Evans [5] imply that this conclusion is true
for a C* entire infinity harmonic function in all dimensions. It remains an interesting
question whether the C* assumption in [5] can be relaxed to C2.

This paper is organized as follows. In Section 2, we will review some preliminary
facts of infinity harmonic functions. In Section 3, we will prove our theorems from the
introduction. In Appendix A, we will prove a simple lemma of isolated singularities of
viscosity solutions of fully nonlinear elliptic equations. Similar arguments can also be

found in [7]. In Appendix B, we will present the tightness argument.

2 Preliminary

For xp € Q and 0 < r < d(xp, 0L2), we denote
B(x) = {x e R" | |[x — x| <T1}.
and
0B, ={xeR"||x| =1}

Also, we set

_ MaXxe)p, (x) UIX) — ulxo)

Sy x0) = -
and
_ u(Xp) — minyeyp, (x,) U(x)
Sr(x0) = ~
' r
It is obvious that
max {S} (%), S, .(x0)} < esssupg ()| Dul. (2.1)

The following theorem is due to Crandall-Evans—Gariepy [4].
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Theorem 2.1. ([4]). If u € C(Q) is a viscosity subsolution of equation (1.1), S} .(x) is

monotonically increasing with respect to r. We denote
+ — Tim o
S, (x0) = ligg Sy.r(%0).
For x. € 3B.(xp) such that u(x) = maxyp, ) U, the following endpoint estimate holds:
Si(x) = S (x0) > St (xo). (2.2)

If u € C(Q) is a viscosity supersolution of equation (1.1), then S, ,.(xp) is monoton-

ically increasing with respect to r. We denote
S, (x) = lﬁﬁl S, r(X0).
For x. € 3B.(xp) such that u(x) = minyg,x,) ©, the following endpoint estimate holds:
S, (%) > S, (%) > S (x0). (2.3)
If u € C(Q) is a viscosity solution of equation (1.1), then S (x) = S, (x). We denote
Sulxo) = S;; (%) = S, (%)
If u is differentiable at xp, then

|Dulxo)| = S (x0) = S (x0). (2.4)

By the above theorem, if u is a viscosity subsolution, then S}(x) is upper-

semicontinuous. Combining equations (2.1) and (2.4), we have that

S;(x) = limesssupy (| Dul. (2.5)
rlo+ r
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Similar conclusion holds for S (x) when u is a viscosity supersolution. Moreover, the

following theorem is well known.

Theorem 2.2. Suppose that u € W"*(B;(0)) is a viscosity subsolution of equation (1.1)
in B;(0). Assume that

S} (0) = esssupg, )| Dul.

Then there exists an e € dB; such that

u(te) = u(0) + ¢S} (0) forall ¢ € [0, 1.

Also Du(te) exists and Du(te) = eS/(0) for t € (0, 1). O

When n = 2, Savin has proved in [9] that any infinity harmonic function is C!.
More recently, Evans—Savin [6] have shown C!“-regularity for infinity harmonic functions

in R2. Moreover, the following uniform estimate holds.

Theorem 2.3. ([9]). For n = 2 if u is an infinity harmonic function in B;(0) and for some
e e B(0),

max|u —e- x| <e.
B, (0)

Then for any é§ > 0, there exists €(§) > 0 such that if € < €(§), then

|[Du(0) —e| <é.

From Theorem 2.1, it is easy to see that if u € C(B;(0)) is a viscosity subsolution

or supersolution of equation (1.1) in B;(0), then, for0 <r < 1,

sup |u/.

esssupp gl Dul <
1 =730
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Applying Theorem 2.3, a simple compactness argument implies the following result

which will be needed in the proof of Corollary 1.2.

Theorem 2.4. For n = 2, suppose that u and v are two infinity harmonic functions in

B, (0) satisfying |u|, |v| < 1 and

max |u — v| <e.
B1(0)

Then for any § > 0, there exists ¢(5) > 0 such that if € < ¢(§), then

|Du(0) — Dv(0)] < 3.

d
3 Proofs of Theorems
The following lemma is the crucial step in the proofs of our theorems.
Lemma 3.1. Assume that u : R" — R satisfies the following:
(i) esssupg.|Du| < 1.
(ii) u(0) = 0 and for some € > 0, u(x) < (1 — €)|x]| for all x € R".
(iii) wu is a viscosity subsolution of equation (1.1) in R™\{0}.
(iv) There exists e € S; such that
u(—te) = —t forallt > 0.
Then
ulx) = —|x|.
O

Proof. Note that (i) and (iv) imply that esssupg.|Du| = 1. Without loss of generality, we

assume thate=(0,...,0,1). For a fixed € > 0, let

S ={u:R" — R | u satisfies (i)-(iv)}.
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Let us denote

w = supv.
veS

It is clear that w € S. For any A > 0, we have w; = @ € S. Hence for all A > 0,
w > wy.

This implies that w = w, for all A > 0, i.e. w is homogeneous of degree 1. By (i), (iv), and
Lemma B.1 in Appendix B, we have that for x = (¥, x,) € R*"! x R,

w(X, x,) < x;,. (3.1)

If there exists a point (x;,0) with x; € R®! and |x;| = 1 such that w(x;,0) = 0, then (i) and

equation (3.1) imply that for all ¢ > 0,
w(x;, —t) = —t.
We claim that
w(x;,t) =t forallt e R.

In fact, denote T = sup {t | w(xy,s) =s foralls <t}. It is clear that T > 0. If T < +o0,
then (i) and equation (2.5) imply that

1
St <X1,T—§> =1.

Hence by (i), Theorem 2.2, and the triangle inequality

1 1
w(x, t) =t fOI’T—EftET_FE‘

This contradicts the definition of T. Thus, T = +00. Therefore, applying Lemma B.1 again,
(i) implies that

w(X, x,) = x, for all (¥, x,) € R".
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This contradicts (ii). Hence,

max w <O0.
{(x',0)] |x'|=1}

This, combined with the homogeneity of w, implies that there exists § > 0 such that
w<0 onTy, (3.2)
where
T ={(¥,%) | %, <0orx’ <3|x|*}.
Let us denote
Cs = {(;a,xn) | X, <0and x> > %pﬂz}.

Geometrically, it is clear that for all x € Cs, B (x) C I's. Therefore, for x € C;, equation
(3.2) and Theorem 2.1 imply that

w(x)

SHx) < ———. (3.3)
x|
Suppose that u is differentiable at x € C;5. By the homogeneity of w,

Dw(x) - x = w(x).

Hence, by equations (2.4) and (3.3)

w(x)

Dw(x) = —x.
v =T

Since w is Lipschitz continuous, this easily implies that w € C*°(C;s) and

Dw(x) = —x. (3.4)
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Hence,

[Dw(x)| = —M in Cs. (3.5)

|

Therefore, by equation (3.4), we have

1 w .
D(|Dw(x)|) = — <—Dw(X) + —ZX) =0 inC;
x| x|

By (i) and (iv), this yields that |[Dw(x)| = 1 in C;s, and hence by (3.5),
w(x) = —|x| inCs
Since
—|x] < ulx) < w(x),
we have that
u(x) = —|x| in Cs.
Now we denote
A={vedB; | ul—tv)=—-t forallt > 0}

It is obvious that A is closed and nonempty. Moreover, the above proof implies that A
is also an open set of 9B;. Since dB; is connected for n > 2, we conclude that A = 9B;.

Thus, we obtain u(x) = —|x| for all x € R"™. ]

Proof of Theorem 1.1. It follows from [2] that lim, ., u(x) exists. Hence, by
defining u(xp) = limy_,,, u(x), u € C(B;). Suppose that x, is a nonremovable singularity.
Then by Lemma A.2 in Appendix A, we may assume that u is viscosity supersolution
of equation (1.1) in B;(xy). Hence, u € Wllo'é’o(Bl(O)). Without loss of generality, we assume

that xp = 0 and u(0) = 0. Since u is not a subsolution of equation (1.1) at xp, (A.4) and
Remark A.3 in the Appendix A imply that there exist 0 # p € R" and € > 0, such thatin a
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neighborhood of 0,

ulx) < p-x—e€lx|.

Hence, there exist § > 0 and another smaller neighborhood V C V c B;(0) of 0, such that

ux)>p-x—48 inV

and

ulx)=p-x—§ onaV.

Let us denote

t =sup{t >0|[0,—tp] C V},

where [0, —tp] denote the line segment between 0 and —¢p. Hence,

u(0) — u(—tp) 8
c=esssupy|Du| > ——— = — +|p| > |pl.
v |t pl | pl
Let us denote
K = sup —'u(X) — u(y)|‘
xtyedn\joy X — ¥l

Since u is an absolutely minimal Lipschitz extension in B;(0)\{0}, then, by equation (1.2),

we have that

K > esssupy|Du| =c> |p|. (3.6)

Also

ulx) < p-x—elx| < |pllx| inV. (3.7)
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Combining equations (3.6) and (3.7) gives

Choose x € 9V, such that
—u(x) = ul0) — ulx) = K|x|.
Since K > |p|, we have by the triangle inequality and the definition of K,
{tx|0<t <1} C V.
This implies that K < c. Therefore, K = c and
u(tx) =tulx) = —tcjx] for0<t <1. (3.8)
We now choose A, — 0% as m 1 +o00. Then we may assume that
ulhmx)

mlilfw o w(x) uniformly in C{_(R™).

It follows from equations (3.7) and (3.8) that @ satisfies all the assumptions of

Lemma 3.1 with e = _\%I Hence, Lemma 3.1 implies that

w(x) = —c|x| for all x € R™.

Since this is true for any sequence {A,,}, we have that

u(Ax)
= —C|x|.

lim

r—0*

Hence, Theorem 1.1 holds. [ |
Proof of Theorem 1.3. It is clear that when R is sufficiently large, by (ii) we have
that

ulx) < M+(1—¢€R < ul0)+ (1 — %)R for all x € 3Bp.
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Hence, by the comparison principle with cones (cf. [4]), we have
€
ulx) < ul0) + (1 -3 ) Ixl on Bx(0).
Sending R — +oo implies that
u(x) < ul0) + (1 - %) |x| forall xe R".

Without loss of generality, we may assume that u(0) = 0. Therefore, by Lemma 3.1, it

suffices to show that there exists e € 3B, such that
u(—te) = —t forallt >0, (3.9)
We first claim that
lii% esssupp | Dul = 1. (3.10)
If the claim were false, then there exist r > 0 and § € (0, €) such that
esssupp |Dul <1 —34. (3.11)
Choose xp € R™ such that
Stixo) > 1— g

By equations (2.5) and (3.11), we have that xo ¢ B:(0). Hence, by the endpoint estimate

(2.2), there exists a sequence {X,}m>0 such that

|Xm — Xm—1] =

’

U(Xm) — wlxm—1) > Syu(xo)

’

NN

and
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Therefore, it is easy to show that
lim |x,| = +o0,

m—+00

and
W) > ulx) + (1 - %) m — %ol = ulxo) + (1 - %) |Xm — ol

This contradicts (ii) when m is sufficiently large. Hence equation (3.10) holds.

It follows from Lemma A.2 in Appendix A that u is either a viscosity supersolution
or viscosity subsolution of equation (1.1) in R™. If u is a viscosity subsolution of equation
(1.1) in R", then

SHo) =1.
Hence by Theorem 2.2, there exists e € dB; such that
u(te) =t forallt > 0.

This contradicts (ii) when t is sufficiently large. Thus, u must be a viscosity supersolution

of equation (1.1) in R™. Then
S;(0)=1.

Hence, by considering —u and applying Theorem 2.2, there exists e € dB; such that
u(—te) = —t for all ¢t > 0. Now the conclusion follows from Lemma 3.1. [ |

Proof of Corollary 1.2. Without loss of generality, we assume that x, = 0. Choose
X € 02, such that |x| = d(0,99) = r. Then by equation (1.2), it is not hard to see that

1
esssupg|Du| = -
and for0 <t <1,

ultx) =1-—t.
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Hence by Theorem 1.1, we conclude that

. ulrx) —u(0) | x|
lim ——m = —_.
A—0+ A r

This and Theorem 2.4 then imply that

. X
lim |Du(x) — —| =0
x—0 r|x|
In particular, we have

1
lim |Du(x)| = —. (3.12)
x—0 r

Let us choose y € Q2\{0} such that Du(y) # 0. Then there exist § > 0 and & :
[0,8] — € such that

£(t)=Duls(t)) and £(0) = y.

Then if § > 0 is the maximal time interval, then £(5) € 92 U {0}. On the other hand, it is

easy to see that
u(&)) = ulw) + |Dulw)|s > 0,
so that
£ =0.
Since |Dul&(t))| = |Duly)|, equation (3.12) implies that
1
| Dulp)| = —.
r
Hence, we have
1
|Du(x)| = - for all x € Q\{0},

so that u(x) =1 — @ Since u|yq = 0, this forces Q2 = B,(0). |
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Corollary 3.2. The uniformly Lipschitz continuous function constructed in the intro-
duction is not CZ(R™\{0}). O

Proof. By the construction and the comparison principle with cones, u

esssupy.|Du| =1, (3.13)
u(0, —t) = —t vVt > 0, (3.14)

and
ulx, x,) = ul—x, x,) VI, x,) € R". (3.15)

It follows from equations (3.13), (3.14), and Theorem 1.1 that
u(x) = —|x| + ol|x|), x near 0. (3.16)

Assume that u € C?(R"™\{0}). Then |Du| is constant along its gradient follows, u is
linear on the half line {(0,...,0,t)| t > 0}. Since u(0,...,0,1) = 0, we have that for ¢t > 0,

u(0,...,0,t) =0.

This contradicts equation (3.16). |

Definition 3.3. Let F be a closed set and g a uniformly Lipschitz continuous function
on F, we say that u: R® — R is an absolutely minimal Lipschitz extension of (F, g), if

u|r = g and for any open subset U C R"\F,

sup AU g, W Zuly) (3.17)

= u
X,yeﬁ,x;éy |X - Y| x,yedU ,x#y |X - Yl
O

In general, the uniqueness of absolutely minimal Lipschitz extensions is an open
problem. In the following, as an application of Lemma 3.1, we will prove the uniqueness
of absolutely minimal Lipschitz extensions for a special pair of (F, g). Fix e € dB;, we
choose F = {te||t <0} and g(x) = e-x. When n > 2, we can see that u(x) = —|x| is an
absolutely minimal Lipschitz extension of (F, g). Moreover, Definition 3.3 implies that

any absolutely minimal Lipschitz extension u of (F, g) satisfies
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(i) esssupp:|Du|=1;
(i) u<O;
(iii) wu is an infinity harmonic function in R™\{0};

(iv) u(—te)=—tfort > 0.

Here (i) and (iv) are obvious and (ii) follows if we apply equation (3.17) to the
open set U, = {x € R"| u(x) > ¢} for any € > 0. Suppose that U, # . Then we would have
that u|y, = ¢, which is impossible. We want to say a little bit about (iii). It is clear that
u is an infinity harmonic function in R*\F. By Lemma B.2 in Appendix B, we have that,
for x € F\{0}, Du(x) = e. Hence, by the definition of viscosity solutions and (iv), u is an
infinity harmonic function on F\{0}.

The following corollary is an immediate result of Lemma 3.1.

Corollary 3.4. u(x) = —|x| is the unique absolutely minimal Lipschitz extension of
(F,g). O

A Appendix A: Simple Lemma of Isolated Singularities of Fully Nonlinear Elliptic
Equations

Let S™*™ denote the set of all n x n symmetric matrices. Suppose that F € C(S™*" x R" x
R x ) and satisfies that

F(MII p: ZIX) > F(MZI p: ZIX)I

if all the eigenvalues of M; — M, are non-negative.

Definition A.1. We say that u € C() is a viscosity supersolution (subsolution) of

F(D%*u,Du,u,x) =0,

if for any ¢ € C%(Q) and xp € L,

o(x) — ulx) < (>)op(x) — ulxg) =0

implies that

F(D%¢(xp), Dp(x0), p(x0), X0) < (=)0.
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u is viscosity solution if it is both a supersolution and a subsolution. O
The following is a simple lemma. Similar argument can be found in [7].
Lemma A.2. Suppose that u € C(B;) and is a viscosity solution of the equation
F(D?u,Du,u,x) =0 in B;(0)\{0}.
Then u is either a viscosity supersolution or a viscosity subsolution in the entire ball.

In particular, if u is differentiable at O, then u is a solution in the entire ball, i.e. 0 is a

removable singularity. O

Proof. Without loss of generality, we assume that u(0) = 0. We claim that if u is not a

viscosity supersolution, then there exist ¢ > 0 and p € R” such that
u(x) > p-x+¢€|x| in B.(0). (A.1)

In fact, if u is not a viscosity supersolution in the entire ball, then there exists ¢ €
C?(B;(0)) such that

d(x) — ulx) < ¢(0) —u(0) =0 for x € B;(0)\{0} (A.2)
and
F(D?*$(0), D$(0), u(0),0) > 0.

Let us choose p = D¢(0). If equation (A.1) is not true, then for any m € N, there exists
X, € B1(0) such that

1
ulxy,) < dlxn) + —|xml. (A.3)
m
It is clear that x,, # 0. Let usdenote

Xm

om(x) = ¢(x) +

| % |
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Let us choose yi,;, € B;(0) such that

u(Ym) - ¢m(Ym) = w(u - ¢m)
B, (0)

It follows from equations (A.2) and (A.3), that y;,, # 0 and lim,,_, 1 » ¥ = 0. Hence,

2 Xm
F(D*¢(ym), Do(yim) + oy W), ym) < 0.

| %m|

Sending m — +o00, we obtain
F(D%9(0), D¢(0), u(0),0) < 0.

This is a contradiction. Hence, equation (A.1) holds. Similarly, we can show that if u is

not a viscosity subsolution at 0, then there exist ¢ > 0 and p € R” such that

u(x) < p-x—¢€|x| in B.(0). (A.4)

Note that equations (A.1) and (A.4) cannot happen simultaneously. In particular, if u is

differentiable at O neither can happen. Hence, Lemma A.2 holds. |
Remark A.4. IfF istheinfinity Laplace operator, i.e. F(p, M) = p- M - p, then the vector

p € R™ in equations (A.1) and (A.4) is not 0, since p = D¢(0). d

B Appendix B: Tightness Argument and Conclusions

The results in this section are well known. We present here for reader’s convenience.

Lemma B.1. Suppose that u € W'*(R") and satisfies that

(i) esssupg.|Du| <1;
(ii) fort >0,

u(o,...,0,—t) = —t.
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Then, for x = (¥, x,) € R* ! x R,
u(x) < x,. (B.1)

In particular, if (ii) is true for all ¢t € R, then u = x;, for x € R", O

Proof. Note that (i) and (ii) imply that esssupy.|Du| = 1. By (i) and (ii), we have that for
t >0,

lux) +t| = |lulx) —u(0,...,0,—t)] < /|x|2+ (%, + t)°.

Hence
u(x)? + 2tulx) < [X]? + X2 + 2t X,
So
ul® +ulx) < —|XI|2 - % + Xy
2t
Sending t — 400, we derive equation (B.1). [ |

Lemma B.2. Suppose that u € W'*(B;(0)) and satisfies that

(i)

esssupp ) |Dul < 1; (B.2)

(ii) for some e € 3By,

ule) — u(0) = 1. (B.3)

ThenforO0 <t <1,

u(te) = u(0) +t (B.4)
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and

Dulte) = e. (B.5)

Proof. By equation (B.2), we have that, for any x, y € B;(0),

lulx) — ulyl| < |x—yl.

Hence, equation (B.4) follows from equation (B.3) and the triangle inequality. Choose
X € {te| 0 <t < 1}. Suppose that A,, > 0 as m — +o0o and
U(AmX + Xo) — ulxo)

lim = w(x).
m—+oo )\'m

By equations (B.2) and (B.4), w(x) satisfies that
esssupg.|Dw| <1
and
w(te) =t forallt e R.
Hence, by Lemma B.1, w(x) = e- x. Since this is true for any sequence {A,,}, we get that
ulrx + xp) — ulxo)

lim =e- X
A—0 A

Therefore, equation (B.5) holds. | |
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