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Abstract For k > 3, we establish new estimate on Hausdorff dimensions of the singular set of
stable-stationary harmonic maps to the sphere S*. We show that the singular set of stable-stationary
harmonic maps from B® to S% is the union of finitely many isolated singular points and finitely many
Hoélder continuous curves. We also discuss the minimization problem among continuous maps from B™
to S2.
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1 Introduction

Let Q C R” be a bounded, smooth domain, S¥ = {x € R¥*! : |z| = 1} be a unit sphere in

R*+1. The Sobolev space H'(Q2,S*) = {v € H'(Q,R¥1) : v(z) € S* for a.e. € Q}. Recall
that v € H*(, S*) is a harmonic map, if

Au+ |Vul|?u =0, in 2'(Q). (1.1)

It is well known that Schoen—Uhlenbeck [1, 2] have proved that if u € H'(,S¥) is an

energy minimizing harmonic map, then the Hausdorff dimension of .#(u), the singular set of
u, is at most n — d(k) — 1, with

2, k=2
d(k) = 3, k=3

min{ {g} + 1,6}, k>4,
where [ | is the integer part.

This theorem has been extended to stable stationary harmonic maps v € H(€,S¥), k > 3,
by Hong—Wang [3].

One of the purposes of this note is to show that the theorems in [2] and [3] can be improved
for 4 <k < 7. In order to describe it, we recall

Definition 1 A harmonic map u € H'(Q,S*) is a stationary harmonic map, if

)

/ {|Vu2div(X) = <viu,vju>vixj} dr =0, VX € C3(Q,R™). (1.2)
Q

ij=1
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Examples of stationary harmonic maps include energy minimizing harmonic maps and
smooth harmonic maps. The crucial property of stationary harmonic maps is the energy mono-

tonicity identity (cf. Price [4] or Schoen [5]) : For z € 2,0 < r < R < d(z,99),
2

0
RQ_"/ |Vu|? — r2_"/ |Vu|> = 2/ ly — 227" _gu (1.3)
Br(z) B, (x) Br(2)\ By () dly — z|
Definition 2 A harmonic map u € H'(Q2,S*) is a stable harmonic map, if
> u+to \|?
— |t= dx >0 1.4
dt2|t*°/g v<u+t¢|> el -

or equivalently

/Q {1V — |Vu26?} dx > 0 (1.5)

for any ¢ € C§°(Q,R¥Y) | with (¢(x),u(x)) =0 for a.e. x € Q.
It follows from the proof of [2] Theorem 2.7 that for & > 3, (1.5) implies

k—2
/1%VUF——7;ﬂVu2ﬁ}dx>0,VnGC?@D. (1.6)
Q
Now we define
3, k=3
R 4, k=4
d(k) = ¢
5 5<k<9
6, k>10.

By direct comparison, we have that az(Ak) = d(k) for k=3 and k > 8, d(4) =4 =d(4) + 1,
d5)=5=d(5)+2,d(6)=5=4d(6)+1,d(7)=5=d(7)+ 1.

Now we are ready to state the first theorem.
Theorem 1  For k > 3, let u € H'(Q,SF) be a stable stationary harmonic map. Then the

singular set of u, #(u), has its Hausdorff dimension at most n — d(k) — 1.

From the compactness theorem on stable stationary harmonic maps into S* (k > 3) in [3]
and the dimension reduction argument in [1, 2], Theorem 1 follows from the nonexistence of
stable stationary tangent maps in R™ for m < Ci(k) To show this fact, we need to establish
a sharp Kato’s type inequality for smooth harmonic maps from S™ to S* (see Proposition 2.3
below). We remark that such an inequality has been proved for harmonic functions (see Yau
[6]), and for harmonic maps from S3 to S? recently by Nakajima [7]. Moreover, It has been
proved by [7] that any tangent map at an isolated singular point of a stable stationary harmonic
map from B* to S? is, after isometry transformations, of the form % (see also Theorem 3.1
below). On the basis of this type of classifications, we are able to generalize the theorems by
Hardt-Lin [8] (see also Almgren-Lieb [9]) on minimizing harmonic maps from B? to S? and
prove

Theorem 2 Assume that u € Hl(B4, SS) is a stable stationary harmonic map. Then for
any 0 < € < 1, there exist positive constants K., Le such that (i)
TZ_”/ |Vu|*> < K., VB,(a) C By_, (1.7)
B(a)

and (ii) the number of singularities of u in Bi_. is bounded by L.

We are also able to extend the structure theorem on the singular set of minimizing harmonic
maps from B* to S? by Hardt-Lin [10] and obtain

Theorem 3  Assume that u € H'(B®,S3) is a stable stationary harmonic map. Then for any
€ > 0, the singular set of u inside B1_. is the union of finitely many isolated singular points
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and a finite collection of bi-Holder continuous curves with a finite number of intersections.
Moreover, the number of isolated singular points, curves, and the intersection points is bounded
by a universal constant M, > 0.

The paper is written as follows. In §2, we outline the proof of Theorem 1. In §3, we prove
Theorems 2 and 3. Since the stability condition for stable harmonice maps into S? is void, it
remains unknown whether Theorem 1 remains to be true for £k = 2. In §4, we consider a class of
harmonic maps which are weak limits among continuous maps to S2, and study their regularity
properties.

2 Kato’s Inequality and the Proof of Theorem 1

In this section, we prove a sharp version of Kato’s type inequality and combine it with both
the stablity inequality (2.1) and the Bochner formula (2.2) to show Theorem 1. We start with

Proposition 2.1  Form > 2 and k > 3, let ¢ € H'(S™,S¥) be a harmonic map such that
o(x) = ¢( |I‘) R™+1 — Sk s a stable harmonic map. Then we have

—1)2 _
[ A+ 2 - B2 wepi | 20, v e s (2.)

Proof Note that ¢ is homogeneous of degree zero. For any 1y € C®(S™), we let n(z) =
n1(|x\)n2(‘i—|), where 11 € C§°(R..) satisfies
Saow; 2, m 2 m 2
IO O o) -
Jo m(r)?rm 2dr fo )2rm=2dr 4
and substitute it into (1.6). Then a stralghtforward calculation implies (2.1).
Now we recall the Bochner formula for smooth harmonic maps (see Eells—Lemaire [11]).
Proposition 2.2 Form,k>2,if ¢ € COO(S’” S*) is a harmonic map, then

1
A(3IV6) = V%60 + (m = DIVol? = 3 (V. 0PI¥20F — (Ve 6.V, (22)
a,f=1
where {eq}0, is any local orthonormal frame of S™.

The crucial step to improve d(k) is the following Kato’s type inequality for harmonic maps
(see Nakajima [7] for m = k = 3).
Proposition 2.3 If ¢ € C>(S™,S*) is a nonconstant harmonic map, then
|V2p|2 > r€S™. (2.3)
Moreover, the equality holds at a point x € S™ iff V2¢(x) = 0

Proof By choosing normal coordinates at xo € 8™ and ¢(xg) € S*, we have

|v2¢‘ ‘TO Z Z 046 1‘0

i=1 a,f=1
On the other hand, since ¢ is a harmonic map, we have

Z%a(l‘o):O, V1<i<k.

a=1

For any 1 < i < k, let {\}}1<a<m C R be the eigenvalues of (¢’ 5(%0)) such that [A\j| <
- < AL |. Then we have

k m
V20 (o) = > Y (ML) (2.4)
a=1

=1
and

DN, =0,VI<i<k (2.5)

a=1
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On the other hand, by the Cauchy-Schwarz inequality and (2.5), we have

m—1 2 i \2
LX) =B s 25

a=1

so that

) (2.7)

m
> =
a=1

By the Releigh quotient, we have, for 1 <i < k,

22:1 (Z?:1 (153[3(5”0)”6)2 .

AP = sup -
{0#veR™} |v]
Therefore, we have
m m 2
V6! (20) V26" [*(w0) = {Z%(wo)%(ﬂco)} , 1<i<k (2.8)
a=1 +-p=1

Taking sum of (2.8) over ¢ and applying the Cauchy—Schwarz inequality and the Minkowski
inequality, we have, at x,

k k k 2
IVol*[V2¢|* = (DW‘F) (Z v2¢>”) (DWW%)
i=1 i= i=1

> {5 (S]]}
SIS [ii aﬁqﬁgr = (9%, Vo)

a=1 *i=1

Since |V|Vo|[2 = LE2EAL this yields (1.7).
Observe that the equality in (1.7) holds at g € S™ if and only if both the Cauchy—Schwarz

inequality and the Minkowski inequality are equalities. This implies:

(i)

M= =N = o VI<i<h
(ii)
V22 |V
Vol — T Vek[”

(iii) V¢i(z0) is an eigenfunction of V2¢(zo) with the eigenvalue \¢ :

> hs(@0)dh(w0) = ANyl (20), V1<i<k, 1<a<m,
B=1
and (iv) >25°, ¢25(1‘0)¢%(m0)( A @t (x9)) is independent of 1 < i<kand 1 <a<m.
In particular, we have that V¢i(xg) = ui(1,...,1) for some p’ # 0 for 1 < i < k. Note that
(i) and (ii) imply

(An)° (An)®

e T G 29
and (iii) implies

Mot = = \E (2.10)
(2.9) and (2.10) imply |[Ai| = --- = |\},|. Hence we have \i{, =0 for all 1 <a <m,1 <i <k,

i.e. V2¢(z0) = 0. This completeb the proof of Proposition 2.3.
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Combining Proposition 2.2 with Proposition 2.3, we have

Proposition 2.4 If ¢ € C(S™,S*) is a nonconstant harmonic map, then

A(3190R) = L ITITOIR + (m - D[V + 2w 2.11)

m—1

Furthermore, the equality holds at a point x € S™ iff

V2h(z) =0, |Ve, 8 (2) = [Ve,0” = 0= (Ve, 0, Ve, 0) (2.12)
foralll < a,B,v<m,a#~.
Proof Observe that the lower bound of the last term in (2.2) is given by

= Y {IVeadl’IVesl* = (Va, V)t = > [Vad|* - |[Vo*

a,f=1 a=1

1 - 2 ’ 4
m(;lvm ) ~ V9|

1 _
> = ygt, (2.13)
m

Therefore (2.2) and (2.3) imply (2.11). Moreover, the equality in (2.11) holds iff both (2.3)
and (2.13) are equalities and hence (2.12) is true. This proves Proposition 2.4.

Now we are ready to show the obstruction for the existence of stable tangent maps. Recall
that a nonconstant map ¢ € C°°(S™, S*) is called a stable tangent map, if ¢ is a harmonic map
and its homogeneous degree zero extension ¢(z) = ¢(|2_\) : R™*1 — S* is a stable harmonic
map.

Proposition 2.5 Form > 2 and k > 3, if $ € C>(S™,S¥) is a stable tangent map, then

(m—1)% k-2
4m 2 k

Proof By direct calculations, we have
1
A(31902) = [TelaiTal + [7I7aiP
This, combined with (2.11), implies

%

4 1 1
AIV6| > L 1901 4 = 1) (991~ 296 ). (214)
m—1 m
Integrating (2.14) over S™, we obtain
12, (m—1)? (m—1)2/ 3
2 —_— < . 2.15
|viwerp+ o we < T g (215)
On the other hand, the stablity inequality (2.1) implies
1 m —1)2 k-2
[owveip+ e > E2 [ uap (216)
S’VYL 4 k S7)’L
Therefore we have ,
k=2 (m-1) 3
— Vol <0.
( k 4m ) /7n Vol <
This implies 22 < %. The proof is complete.

~ 2
It is easy to check that if 2 < m < d(k) then % < k22 Therefore we obtain the
following non-existence theorem on stable tangent maps.

Proposition 2.6  For k > 3, there exists no stable tangent map in R™+! for2 < m < a?,(k)—l.

Completetion of Proof of Theorem 1 By the compactness theorem on stable stationary har-
monic maps into S* (k > 3) in [3] and Proposition 2.6, Theorem 1 follows from the Federer
dimension reduction argument as in [2].
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3 Proof of Theorems 2 and 3

In this section, we first review the classification theorem in [7] on stable tangent maps from R*
to S3, which also follows from Propositions 2.4 and 2.5 above, and then we outline proofs of
Theorems 2 and 3, which are natural extensions of the corresponding theorems on minimizing
harmonic maps from B3 to S? by Hardt-Lin [8] and Almgren-Lieb [9], and from B* to S? by
Hardt—Lin [10].

Theorem 3.1 ([7])  Suppose that ¢ € C*°(S3,S?) is a nontrivial harmonic map such that its

homogeneous of degree zero extension ¢(x) = (b(ﬁ) :R* — 83 is a stable harmonic map. Then

- x
)=o) (3.1)
for some orthogonal rotation Q € O(3).

Proof The reader can refer to [7] for the orginal proof. Here we indicate a slightly different
argument that follows from Propositions 2.4 and 2.5. In fact, when m = k = 3 we have

% = %. Therefore both (2.3) and (2.11) must be equalities and (2.12) is satisfied for
any x € S3. In particular, ¢ : S — S3 is a conformal, totally geodesic map. This is possible iff
¢ : 83 — 83 is an isometry.

A direct consequence of Theorem 2.1 is the following fact on stable stationary harmonic
maps from R* to S3.

Proposition 3.2  For a bounded domain Q C R*, if u € H'(Q,S?) is a stable stationary
harmonic map, then 7 (u), the singular set of u, is discrete, and for any xg € .7,

O(u, zp) = lim 7*2/ |Vu|? = §|S3'|. (3.2)
r—0 BT(IU) 2
Moreover, if there exists an ro > 0 such that fBTO(xo) |Vul? = 3|S3|r, then there exists a
Q € O(3) such that u(x) = Q( \iiigl) for x € By, ().

Proof The discreteness of .%(u) follows from the partial regularity theorem in [3]. Moreover,
it follows from the monotonicity identity (1.3) and the compactness theorem in [3] that for any
29 € % (u) and r; — 0, there exists a nontrivial smooth harmonic map ¢ € C°°(S?,S?) such
that, after taking possible subsequences,

T
“(900+7”i55)—¢<?|) ‘ )
H!(Br)

In particular, qb(%) : R* — S3 is a stable harmonic map. Therefore, Theorem 3.1 implies

¢ = Q for some @ € O(3). Hence
_ / v
B |l‘|

ew@m:iélv<Q<%O> :3%2@@§ﬂ:%@?

This implies (3.2). This, combined with the monotonicity identity (1.3), implies

3 ou |?
7‘_2/ |Vul? = 2|83 + 2/ ly — 20|72 4 , V7 >0 small. (3.4)
B, (z0) 2 B, (20) ly — o

If [, (o) |Vul? = 2|S3|rg holds for some 7o > 0, then (3.4) implies OIL =0 for a.e. y €
L)

y—zo|

B, (xg). Therefore u(x) = gb(ﬁ) for € B,,(z0), with some nontrivial smooth harmonic

map ¢ € C>(S3,8%). Applying Theorem 3.1 again, we have that there is a Q € O(3) such that
u(z) = Q(ﬁ:iﬁ\) in By, (x0).
Now we are ready to prove Theorem 2.

lim

17— 00

=0, VR > 0. (3.3)

2 2

Proof of Theorem 2  Since u € H'(B*,S?) is a stable harmonic map, the stablity inequality
(1.6) implies

1
v < g [ v vae i, (35)
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This implies, for any 0 < € < 1,
/ |Vul|? < Ce™ L. (3.6)
Bi_e

Therefore (1.7) follows from (3.6) and the monotonicity identity (1.3).

To show (ii), we may assume for simplicity e = % and prove that the number of singular
points of u inside B 1 is uniformly bounded. This follows if we can prove that there exists a
universal constant dg > 0 such that the distance between any two singular points of u inside
B% is at least dg. Suppose that this is false. Then we may assume that there exist a sequence
of stable stationary harmonic maps u; € H'(B* S3) and a sequence of points z; € B% with

|z;] — 0 such that {0,2;} C .#(u;). Now we claim that there exists another universal constant
61 > 0 such that

3
Bajay

For otherwise, the rescaled maps v;(z) = u;(|z;|x) : Bs — S3 satisfy

3
lim 2—2/ |V |2 = §\s3|,
B,

1— 00

so that the compactness theorem of [3] implies that there exist a stable stationary harmonic
map Vo € H'(By,S?) and a point x4, € S? such that v; — v in H(Bs), {0,700} € 7 (vs0),

and 3
2*2/ |Vueo |2 = S [S3.
Bz 2

This, combined with Proposition 3.2, implies v (2) = Q(lﬁ—‘) in By for some @ € O(3).
Hence . (vs) = {0}. We get the desired contradiction.

Proof of Theorem 3 ~ With the help of Theorem 3.1, Proposition 3.2, the proof of Theorem 3
can be carried out exactly in the same manner as in Hardt-Lin [10]. We omit it here.
We end this section with a remark.

Remark 3.3 For m,k > 3, if u € H'(B",S*) is a stable stationary harmonic map, then
7 (u), the singular set of u, is an (n — d(k) — 1)-rectifiable set. In fact, since the set containing
all stable stationary harmonic maps from B" to S* forms a compact subset of HL (B",Sk)

by the compactness theorem of [3], one can apply Simon’s proof [12] to this case to yield the
rectifiablity of . (u).

4 Harmonic Maps into S?

Since the stability inequality (1.6) for stable harmonic maps into S? has no implication on the
regularity, we consider a special class of harmonic maps that are obtained from minimizing
sequences among continuous maps into S?. Some general discussions have been presented by
Lin [13], but the S? case seems of particular interest.

For n > 3, asssume that g € C°(0B",S?) has a continuous, H'-extension map G €
C°(B"™,8?) N HY(B™,S?). Consider an energy minimizing sequence {u;} C C° N H'(B",S?),
with u;|spn = g. After taking possible subsequences, we may assume that u; — u weakly in
H'(B",S?) and there exists a nonnegative Radon measure p on B™ such that |Vu;|? dz — p
as convergence of Radon measures. Moreover, by Fatou’s lemma, we know that there is a
nonnegative Radon measure v, called a defect measure, such that p = |Vu|? dz + v.

Lemma 4.1 u € HY(B",S?) is a weakly harmonic map.
Proof Let ¢ € C}(B™,R?), consider the maps ul(x) = u;(z) — t(d(x) Aui(x)) : B* — S? for
|t| sufficiently small. Then it is easy to see

ui (@) =1+ 0(t%),  |[Vui(@)]* = [Vui(@)]” + 26(V (¢ A wi) (), Vui(2)) + O(t?).
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Setting w!(z) = i i( 2) . B" — S2, we have

lim [ |[Vu![(z) > lim / Vs 2(2).
n 1— 00 Bn

Note that o v t( ) (v t( ) t( ) t( )
VOO Rl T W@F
so that IVul(z)]2 [(Vul(z),ul(z))[?
/n |Vw2(sc)| :/B" ‘ufEI)P - iuﬁ(’x)‘l .

Since (Vu!(x),ul(z)) = O(t) we obtain
lim |Vw!(z)]? = lim |Vul(z)]> + O(t?)
i—oo Jpn

71— 00 Bn
—him [ [V + 2t/ (V(6 A w) (), Vas(@)) + O().
i—00 Jpn Bn
This implies lim; o [, (V(¢ A u;)(2), Vui(x)) = 0. This implies Au A u = 0 in the sense of
distributions. Since |u| = 1, this implies u satisfies Au + |[Vu|?u = 0, and hence u is a weakly
harmonic map.
For the limit Radon measure p, we have

Lemma 4.2 Foranya € B", 0 <r <d, =1— |a|, then “(ff;;(;l)) is monotonically nonde-
n(Br(a))

creasing with respect to r. In particular, O™ 2(u,a) = lim, o =z exists for any a € B"

and is uppersemicontinuous.
Proof See [13] Lemma 2.2. The basic reason is that a homogeneous of degree zero extension
is essentially admissiable, with some replacement near the origin by suitable rescalings of the
minimizing sequence.

For the limit Radon measure g and the limit map u, we have the following Caccioppolli
type inequality.
Lemma 4.3  There is an €9 > 0 such that for any 6 € (0, %) there exists a Cy > 0 such that
if #Bar(@)) €2 for Ba,.(a) C B", then

@2
w(Br(a) eu(Bzr(a))
rn—2 (2r)n—2

fBgr(a) |u ~ UBs,.(a) ‘2
(2r)" ’

Coy (4.1)

)
where UB,, (a) = \Bi,‘(a)\ .
Proof See [13] Lemma 2.4 and Lemma 2.6.
Now we state two consequences of the Caccoppolli inequality (4.1).

Proposition 4.4  There exist g > 0 and Cy > 0 such that if ”QB;";ZL ) < €2 for Ba.(a) C B®
then

#Br(a) _ Jpo@ % = B ()]

-2 =0 (2r)" (4.2)

Proof (4.2) follows from (4.1) and a covering argument (see Simon [14]).
Proposition 4.5 There exists an €y > 0 such that if % < €2 for Ba.(a) C B™, then
u € C*®(B,(a),S?).
Proof First observe that (4.2) implies that if % < e% then we have the reverse Holder
inequality:
fBT(a) [Vul? < fBZT(a uB2r(a)|2
=2 - (2r)

(4.3)
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It is well known that a weakly harmonic map v € H*(B",S?) satisfying (4.3) enjoys the
partial regularity as above. The reader can also see [13] Theorem 2.3.
Remark 4.6 A direct consequence of (4.2) and Proposiition 4.6 is the following: There exist
¢o > 0 and Cy > 0 such that if for B, (a) C B", “Brol®) < 2 thep
"o

“(Ln(a))gclro—% vo««g%o. (4.4)
In particular, there exists a nornnegative f € L> (B (a)) such that
v = f(x)dx. (4.5)
Proof  Proposition 4.5 implies that u € C*°(By (a), S$?) and
HVUHCO(B%l(a)) < Cyrg (4.6)
Therefore (4.2) implies
ML_(S))§01<L)2,VO<T§T—O. (4.7)
rm 0 2

This implies (4.4). (4.5) follows from (4.4).
In fact, we have

Proposition 4.7  There exists an eg > 0 such that if “(B;# < e, thenv =0 in Bro (a).

To
Assuming for the moment the conclusion of Proposition 4.7, we have the following theorem.
Theorem 4.8  Under the above notations, set ¥ = {a € B" : ©"2(u,a) > €3}. Then
(i) ¥ is a closed subset and H"2(X N B,.) is finite for any 0 < r < 1.
(ii) ¥ is an (n — 2)-dimensional rectifiable set.
(iii) u € C*°(B™\ X, 8?).
(iv)v=0in B"\ Y and u; — u in H}

loc(B"\ X, 87).
Proof (i) follows from the Vitali’s covering Lemma. (iii) follows from Proposition 4.5. (iv)
follows from Proposition 4.7. (ii) has been proved by [13] Theorem 3.5 (see also Lin [15]).

Now we return to the proof of Proposition 4.7.

Proof of Proposition 4.7 For n = 2,3, we can refer to the proof by [13, Lemma 3.2]. For
n > 4, the original proof of [13, Lemma 3.2] has a mistake, we outline a proof that is a suitable
modification of that of Luckhaus’ extension Lemma (see [16]). Since the proof is based on
inducation on n > 4, for simplicity we only consider the n = 4 case.
To prove f =0 in Bry, it suffices to show that for any a € Bro, there exists o(r) > 0, with
lim, 0 d(r) = 0, such that
v(By(a)) < 8(r)r", Y0 < r < %0 (4.8)
By scalings, we may assume that ¢ = 0 and 7o = 2. From Proposition 4.5 and (4.6), we

have u € C*°(Ba, S?) with
[Vullco(s,) < Ceo. (4.9)

By the Fubini’s theorem, we may assume that {u;} € C° N H'(B,,S?) is the minimizing
sequence such that u; — u weakly in H'(By, S?) and
/ |Vu,|? < Cep, Vi >1, lim lu; —ul? = 0. (4.10)
0B 100 0B
Now we need to prove the following Lemma.
Lemma 4.9  For any 6 € (0,1), there exists a sequence of maps v; € CON HY (B \ By_s,5?)
such that

vilop, = ui,vilop, 5 = u<ﬁ>, (4.11)
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=)

+0(i71). (4.12)

and

/ Vo2 < C5 (|Vui2 +
Bi\Bi_s 8B,

o0 +(55)

Assuming Lemma 4.9 for the moment, we can prove (4.8) as follows. Define another sequence
of maps @; € C° N H(By,S?) by

x
i = H(T55) rem
vi(x), x € By \ Bi_s.

+C6t

Then we have

/ |Vul?> + v(B;) = lim |V, |? < hm/ |V, |?
Bl 11— 00 Bl 71— 00 Bl
= lim <(15)”2/ |vu\2+/ |V1}i|2)
t—oo B Bi\Bi_s
g/ |Vu2+06</ Vu|2+u(8Bl)).
B, OB,

This gives v(B1) < Cdu(0B1). Rescaling back to the original scales, we prove (4.8). Hence
f=0in B%. The proof of Proposition 4.7 is complete.

Proof of Lemma 4.9  As mentioned before, Lemma 4.9 has been proved by [13] Lemma 3.2 for
n = 3. Now we want to show that Lemma 4.9 also holds for n = 4.
First we follow [16] to conclude that there exists a triangularization of S by boxes of side
lengths &, {A;}F, with L < 673, such that
' 2
w(is))

5;/% (IVMF + ‘v“<1—5>
2)- (4.13)

SC’/ (|Vui|2—|—Vu|2—|— uz—u<—)
53 1-6

By bi-Lipschitz transformation, we may assume that each sub-annual region F; = {(r,) :
1—-0<r<1,0 €A,} can be identified by G; = [1 —§,1] x A; for 1 < j < L. Observe that
0G; = ({1} x Aj)U ({1 =0} x Aj) U ([1 —6,1] x 0A;.

For 1 < j < L, applying Lemma 4.9 for n = 3, we conclude that there exists a map
v; € CONHY([1—4,1] x dA;,S?) such that

2
+

Uz'\{1}xaAj = Uz‘|{1}><0Ajv Uz‘\{1—5}xaAj = U<15>
- {1-6}x0A;
and

VvﬂgCé/ Vuﬂ-y‘vu(;) ui—u< : )
/[1—6,1]><6A]- | | A | | 1-9 1—6

Now define w; € C°(8G;, S?) by letting w; = u; on {1} x Aj, w; = u(1=5) on {1 -8} x A,
and w; = v; on [1 —4,1] X 9A;.

We now divide it into two cases:

(1) a = [w;] € U3(S?) is trivial: In this case we know that w; has a continuous, H!-
extension w; : G; — S2 such that

/G_ [Va|? < C(/ac. |Vw12>. (4.15)

J J

2
. (4.14)

2
+ 06!

oA,
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Therefore we can use the same construction as that in the proof of Lemma 4.2 (see also
[13, Lemma 2.2]) to find an essentially homogeneous of degree zero extension map w; € C° N

H'(G},S?) of w; such that for any € > 0
/ Vi < 05/ |Vwi\2+0i_1/ Vi |? < C6 |Vwi|2+i_10(/ Vwi|2). (4.16)
G le? G; le? G;

(2) a = [w;] € TI3(S?) is nontrivial: Although w; doesn’t have continuous extension from
G; to S?%, the theorem of White [17] implies that ! € II3(S?) can be represented by a map
fi € C1(S3,8?) such that f; = p; in S®\ B,, for some p; € S?, with ¢; — 0, and

/ Vi <t (4.17)
Be.

Now we first modify w; on a small ball By, C [1 —4,1] x JA; to obtain w; such that
[W;] = [w;] = @, W; = p; in B, C [1—9,1] x 0A;, and

/ ‘V?I)l|2 = / |V’LU1|2 + 0(61) (418)
aa, aa,

Next we glue w; with f; along. 0B, C [1— (5,.1] x 0A; and denote the resulting map by ;.
It is readily seen that [w;] € I13(S?) is trivial,

)

{1-0} x4,

Wil{1yxa,; = Uil{1yxa, Wil{i—syxa, = U(ﬂ)

and

/ \vwﬁg/ |Vw;|> + Ci™ ' + O(e;). (4.19)
j 0G;

J

Now we can follow the same construction as in (1) to obtain an extension w; € CY N
H'(G;,5?) such that @; = u; on {1} x Aj, w; = u(t=5) on {1 — 6} x A;, and

/ |V, |? < 05/ |Vw;|> + 0@, &)
j 0G,;

< |2 '
_can V) +‘Vu<1_5>

< |2 '
_Cd{/Aj [Vu;| +‘Vu<1_5>
NE=)

Finally we repeat the above construction over G; for 1 < j < L to obtain an extension map
w; € CON HY(By \ By_s,S?) that satisfies (4.11) and

L
Vi|? < C§ / VuiQ—l-’Vu( ' )
/31\315' p<osd [ vl —
L .
+C6 (5/ vm2+‘vu<—>
; BAJ| | 1-9

2
U; — U S +03G™h.
[1-5,1]xA, <1 —5) ) )

This, combined with (4.13), implies (4.12). Therefore the proof of Lemma 4.9 is complete.

2

+/ |Vvi|2} + 0@ &)
[1-6,1]x8A,

2 2
.2 )
—1—5/8Aj [V, +’Vu(1_6>

} + 0371 €). (4.20)

44671

2

2

467t
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