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Abstract

We consider the heat flow of Yang-Mills-Higgs functional where the base manifold is a Rie-
mannian surface and the fiber is a compact symplectic manifold. We show that the corresponding
Cauchy problem admits a global weak solution for any H'-initial data. Moreover, the solution is
smooth except finitely many singularities. We prove an energy identity at finite time singularities
and give a description of the asymptotic behavior at time infinity.

1 Introduction

Suppose (X, g) is a compact Riemann surface without boundary, G is a compact Lie group equipped
with a metric, g is the Lie algebra of G and g* is the dual of g, and P is a principal G-bundle
on ¥. Let (M,w) be a compact symplectic manifold which supports a Hamiltonian action of G
with moment map p: M — g*, and 7 : F = P Xxg M — X be the associated fiber bundle with
fiber M. Then G extends to an equivariant action on F, and u extends to a map on the bundle
u: F — P Xxu g% Denote the space of smooth connections on P by .o, the space of smooth
sections on F by .#. Denote the W¥P-Sobolev completions of the spaces &7 and . by <, p and
4. p respectively. Then for a pair (A, ¢) € & 2 X 7 2, the Yang-Mills-Higgs functional is defined
by

E(A,6) = |Falliags) + DA aqs) + 1(6) — gy, (11)

where F4 is the curvature of A, D4 is the exterior derivative associated with connection A, and
¢ € g* is a fixed central element.

The Yang-Mills-Higgs (or YMH) functional is a composition of the famous Yang-Mills func-
tional, the kinetic energy functional and the Higgs potential energy functional. Since the YMH
functional appears naturally in the classical gauge theory, it has generated a lot of interests among
both physicists and mathematicians during the past decades. For example, the Ginzburg-Landau
equation in the superconductivity theory coincides with the variational equation of YMH functional.
The critical points of the YMH functional are known as Yang-Mills-Higgs fields and the YMH func-
tional is an appropriate Morse function to study the underlying spaces ([I}, 13}, 17, 23], 27]). On the
other hand, it is also well-known that the minimal YMH fields are the so-called symplectic vortices
and their moduli space can be used to define invariants on symplectic manifolds with Hamiltonian
actions [3] [16].
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A natural method to study the existence of critical points is the heat flow method. If we denote
the formal adjoint operators of the exterior derivative D4 and the covariant derivative V4 by D%
and V% respectively, then the equation of heat flow of Yang-Mills-Higgs functional can be written

as
0A )
r i —D3Fq— ¢*Daog,
(1.2)
D¢

5¢ = ~DaDad = ((@®) = 0) - Viu(®).

Here V denotes the connection induced by the metric on (M, w) and ¢* D 4¢ stands for the element
in the dual space of Q!(AdP) consisting of AdP-valued 1-forms, with AdP = P x 44 g, which is
defined as follows:

/<¢*DA¢, B)dv, ::/(DA¢, Bé)dvg, ¥ B € Q' (AdP).
b 2

Here we would like to mention a few relevant references from the vast literatures concerning
both the YMH flow and the closely related Yang-Mills flow. The heat flow of Yang-Mills functional
was first suggested by Atiyah and Bott [I] and has been studied by many people. For example,
Rade [19] studied the Yang-Mills heat flow in dimensions 2 and 3, and Struwe [25] has studied
the Yang-Mills flow in dimension 4 and showed both the existence and uniqueness of local smooth
solutions, while Schlatter [20, 2I] has described the blow-up phenomenon and long time behavior
of the Yang-Mills flow. Recently, Hong, Tian and Yin [I2] have applied the Yang-Mills a-flow to
construct a weak solution of the Yang-Mills flow in dimension 4. For the YMH flow of a vector
bundle over 4 dimensional manifold, results similar to [25] 20] were obtained by Fang and Hong [§].
Hong and Tian [11] have also studied the asymptotic behavior of both the Yang-Mills flow and the
YMH flow in higher dimensions. It is worth mentioning that the Yang-Mills flow and the YMH
flow have also been employed in the study of the existence of Hermitian-Einstein metrics and the
so-called Hitchin-Kobayashi correspondence(cf. [6, 29, 22| [10, [14]). For more related results, we
refer to the book by Feehan [9] and references therein.

The equation of heat flow of YMH functional has its independent interest from the analytic
point of view. It is a coupled quasilinear degenerate parabolic system with critical nonlinearities:
the first equation in is analogous to the Yang-Mills flow, while the second equation in
can be viewed as the gauged heat flow of harmonic maps. Thus it is natural to expect that the
equation of YMH flow should reflect some features that are common with respect to both the
Yang-Mills flow and the heat flow of harmonic maps. It is worthwhile to mention that (i) since the
dimension of the base manifold (X, g) is two, the nonlinearity of first equation of YMH flow
becomes subcritical, while the nonlinearity of second equation of YMH flow is critical; (ii) since
the fiber is a compact manifold that may support nontrivial harmonic maps from S?, the second
equation of YMH flow may develop finite time singularity. Recall that the critical dimension
of Yang-Mills flow is four in which the Yang-Mills functional is conformally invariant. Rade [19]
has showed that the Yang-Mills flow admits a global smooth solution in subcritical dimensions 2
and 3, while the existence of global smooth solutions to the Yang-Mills flow in dimension 4 is an
outstanding open problem. Yu [3I] showed the local existence of the YMH flow in dimension 2
with smooth initial data and studied the bubbling analysis at the first singular time. In this paper,
we will show that a weaker version of Rade’s result holds for the YMH flow , namely there
exists a global weak solution of that is smooth away from finitely many points. Note that



finite time singularities do occur for harmonic map heat flows in dimension two [2, [4] (see also [30]
for other related work), which could be regarded as a special case of the YMH flow.
Before stating our results, we first give the definition of weak solutions.

Definition. For 0 < T < 400 and (Ao, ¢o) € 2 X S12, a pair of sections (A, @) is called a weak
solution to the YMH flow equation under the initial condition

(Aa ¢)’t:0 = (A07 ¢0)7 (13)

on the interval [0,T), if
(i) (A, ¢) € CO((0,T), ) x (cO([o,T],yo,g) N LQ([O,T),YLQ)), and Fa € L*([0,T), L?).
(ii) the following holds:

T T
/ / (A, 0,B) dvydt = / / ((Fa, DAB) + (D, Bo)) dvgydt;

T T
| [o0wianar= [ [ ((Das.Daw) + ((ute) = V(o). ) dvyt,
for any test functions B € H&([O,T],%g) N LQ([O,T),%72), and ¢ € H&([O,T),yovg)) N
L*([0,T), #1,2).
(iii) (A, @) satisfies in L?-sense.
Now we state our main theorem on the existence of global weak solutions to the YMH flow.

Theorem 1.1. Let (Ao, o) € 12 X A12. There exist a global weak solution (A, p) to the YMH

flow and such that
i) the energy inequality E(A(t), p(t)) < E(Ao, ¢o) holds for all 0 <t < 400, and

A€ CY([0,00), 9 2); € CO[0,00), S2); Fa € L¥([0,00),L*); Dap € L>([0,00), L?).

i1) there exist a positive integer L < [%], and gauge transformations {s;}L, C %o, and
0=To<Th <Tp < --- <Tp < 400 such that for 1 < i < L, (sfA,si¢) € C’OO(EX

(Ti—1, T\ {(24,T3), - - - ,(a:;'.(i),Ti)}) for some j(i) < (5((1\04)). Here a(M) > 0 is defined by

(M) = inf { /S2 |Vh|? dvg, : h € C(S?, M) is a nontrivial harmonic map}.

iii) for each 1 < i < L, there exist finitely many nontrivial harmonic maps w;; : S* — M,

1 <5< Ly with Ly < %, such that
L;
li E(A(). 6(0)) = EAT). () + Y [ [V o, (15)
i =1



iv) a) there exist t; T 0o, a sequence of gauge transformations {s;} C %2, a set of finitely many

points S = {x1,- -,z C B, with kg < %, and a Yang-Mills-Higgs field (Aso, Poo) €
' x S such that stA(t;) — As in HY(X), sid(t;) = doo in HY(X), and si¢(t;) — ¢oo in

H! (2\S), as i — oo; b) there exist finitely many nontrivial harmonic maps wy : S* —

M,1<p<pg< ag((OM)) such that
Po
lim E(A(L:), 6(t:)) = E(Ano, boo) + D E(wy); (1.6)
i—00 =1

and c¢) the images of {wp}gozl and that of ¢oo are connected.

It is an interesting question whether the global weak solution given by Theorem is unique
in a certain class of weak solutions, which we plan to investigate in the future.

The paper is organized as follows. In section 2, we review some preliminary facts on connections
and curvatures on G-bundles. In section 3, we utilize the DeTurck’s trick to obtain the local
existence of unique smooth solutions to the YMH flow . In section 4, we establish a priori
estimates of smooth solutions to under the smallness condition. In section 5, through smooth
approximations of H'-initial data and applications of the results from section 3 and section 4, we
show the existence of local weak solutions to under H'-initial data. In section 6 and section 7,
by extending the bubbling analysis for YMH fields to approximate YMH fields with L?-controlled
tension fields, we obtain both the energy identity at finite singular time and asymptotic behavior
at time infinity for the global weak solutions to . In section 8, by utilizing Uhlenbeck’s gauge
fixing techniques, we are able to extend the existence of local weak solutions to global weak solutions
to (1.2)). The details of proof of Theorem are included in that of Theorem 5.1, Theorem 7.1,
Theorem 7.2, and Theorem 8.3.

2 Preliminaries

First we recall some basic definitions of connections on bundles. Let AdP := Px 44 g be the adjoint
bundle of the principal G-bundle P. The space o7 of connections on P is an affine space modelled
on QY (AdP), here Q*(AdP) denotes the space of AdP-valued k-forms for & > 1. Namely, if we fix
a reference connection D,y on P, then

o = {DA =Dyeptalac Ql(AdP)}.

Any connection A € o7 gives rise to a covariant derivative V4 and an exterior differential operator
D4, which is the anti-symmetric part of V4, on the principal G-bundle P. The curvature of a
connection A € o7 is defined by

Fa:=DjoDy e Q*(AdP).

The covariant derivative V 4 can be extended to the associated bundle F as follows. Given a local
trivialization of F, let ¥ : F|y — U x M be the coordinate map. Then a section ¢ € . is locally
equivalent to a map u € C*°(U, F) and the connection A can be written as D A‘U =d+ A, where
A= Aydz® is a g-valued 1-form. The covariant derivative V 4¢ is then defined by

VA¢‘U =du+ A - u,
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where the action of A on the map u, A - u, is induced by the symplectic action of G on M. More
precisely, by the action of G' on M, every { € g corresponds to a symplectic vector field X¢ by

d
Xe(y) == p tzoewp(ﬁt) -y, Yy € M.

Then the action of the g-valued 1-form A on u is given by
A-u= A, - udz® = Xy, (u)dz®.

The operation of covariant derivative V 4 on the (vertical) tangent bundle T'F" is slightly different.
Denote the Levi-Civita connection induced by the metric h on M by V, then we can define V4 :
NTFY) - T(TF’ x T*Y) by

ViV =VV+A.V:=VV+VyXy,  da®, VeT(TF).

The covariant derivative V4 also extends to T'F'-valued p-forms. Namely, we can define V4 :
WPITF’) ->T(TF @Q(X)®T*Y) by

VaAn®@w) =Van@w+n® Vw, n®w € QP (TF"),

where V is the Levi-Civita connection on Y. The exterior derivative D4 is defined through the
projection QP(TF?) @ T*Y — QP(TF?) in the standard way.
We will also need the following basic facts. For any connection A, we have the first Bianchi
identity:
DaFy =0, (2.1)

and the second Bianchi identity:
D3 D3 Fy =0. (2.2)

There are two Laplace operators for the connection A on fiber bundles. Namely, the Hodge

Laplacian
Ag = DEDA + DADZ,

and the rough Laplacian VV 4. The well-known Weitzenbock formula describes the difference of
these two Laplace operators on vector bundle valued forms. For example, the Weitzenbock formula
for ® € OP(AdP) is

ViVa® = Ap® + Fu#P + Ry#2, (2.3)

where Ry is the Riemannian curvature of the base manifold > and # denotes a multi-linear map
with smooth coefficients. Note that for a fiber bundle where the fiber M is a Riemannian manifold
with curvature tensor Ry, an extra term emerges in the Weitzenbock formula. More precisely, for
a section ¢ € ., there is a pull-back bundle ¢*TF on ¥. The curvature on ¢*TF contains not
only F4 but also the pull-ball curvature ¢*Rj;. Therefore, for a section ¥ € QP (¢*TF), we have

VaVa¥ = AV + FA#Y + Re#V + Ry #do#do# V. (2.4)

This is the case when we apply this formula on ¥ = D 4¢.

Notations: For simplicity, we will omit the subscription A and simply use D, F,V, A instead of
Dy, Fa,Va,A4 if no confusions may occur.



3 Local smooth solutions

In this section, we will show both the existence and uniqueness of local smooth solutions to the
YMH flow for any smooth initial data (Ao, ¢o). First, fix a smooth reference connection. For
example, we may choose the initial connection Ag as the reference connection. Then any connection
D corresponds to a 1-form a € QY(AdP) by

D:A0+a.
The curvature of A is
Fa=DyoDsg=Fs,+Doa+aha=Fy,+Daa—aAla,

since Daa = Dy,a + [a,a]. Then the equation (1.2]) can be written as

% = —D%Daa — D3 Fa, + Di(aAa) — ¢"Dag, )
3.1

0

O = —DADAG — (u(9) — ) - V(o).

It is well-known that that the first equation of A in the system is degenerate, since the Yang-
Mills functional is invariant under gauge transformations. To overcome this difficulty, we adapt
DeTurck’s trick and consider a gauged system equivalent to that is parabolic. Our main result
in this section is the following.

Theorem 3.1. For any smooth initial data (Ao, ¢o) € o x .7, there exist a T > 0 and a unique
smooth solution (A, @) to the Yang-Mills-Higgs flow equation in 3 x [0,7T), with (A, ¢)|t=0 =
(Ao, ¢o)-

Proof. We consider the following perturbed system for A and ¢:

da _ -D'F - ¢*Dé - DD"a,
g(% (3.2)
5 =~V Do~ (u(d) — ) Vu(d) + (D'a)o,

under the initial condition (@(0),#(0)) = (0, ¢g), where
D=Dy, a=D- Ay, F=F4, V=Vg.

If we denote the Hodge Laplacian on QP(AdP) by A := DD + DD" and the Laplace-Beltrami
operator on I'(F) by AN =tr (vz), then the above system can be written as follows:

da +Aa=-D"Fy+ D" (ana)— ¢*Do,
6%75 (3.3)
5~ A'0=—(u(d) — ) - Vu(d) + (D"a)g,

under the initial condition (@(0), ¢(0)) = (0, ¢p). Note that the Hodge Laplacian A and the Laplace-
Beltrami operator A differs by a sign when applied to Q°(F). Then one can verify that the system



(13.3) is a quasilinear parabolic system. The standard parabolic theory implies that for any smooth
initial data (Ag, ¢o), there exists a unique smooth solution (a, ¢) € C*([0,T), o/ x ) to for
some 0 < T = T'(Ao, ¢o) < +0oo (see for example [§] for a proof).

Next we choose a family of gauge transformations {S(t)}o<t<7, which satisfies the following
ordinary differential equation:

s .
- b (3.4)
S(0) = id.

We claim that the pair (A(t), ¢(t)) = S(t)*(A(t), #(t)), 0 < t < T, is a solution to the YMH flow
equation ([1.2)). Indeed, since

1
D:SoﬁoSil, ds = —Siloﬁosfl7
dt dt
we have, by (3.4),
- -1
g;l:ZfODOS_l—I—SOaa?OS_I—I—SODOdS

=So(-D'aoD-DF—¢Dp—DD'a+DoDa)oS"
=So(—D'F —¢*Dp) oSt
= _DZFA - ¢*DA¢7

where we have used the identity:

* *

DoD'a=DDa+ D ao D.
Also, since ¢ = S o ¢, we have

8¢ dS - 8%

ot @ T
— So(D'a)edtSo(~ VDb (ud) ) Vu(d) + (D))
=S50 (=V'Dé— (u(d) —c)- Viu(9))
= —VaDad — (u(¢) —¢) - V(o).

Moreover, the initial condition is preserved under the gauge transformation. Therefore we obtain
a local smooth solution (A, ¢) € C*([0,T), < x ) to the original YMH flow equation by
solving the gauged parabolic system and the gauge transformations .

The uniqueness part can be shown from the observation that we can reverse the above process
and obtain a local smooth solution to from a local smooth solution to the YMH flow equation
through the gauge transformations. In fact, suppose (A, ¢) € C*([0,T), &/ x .¥) is a solution
to the YMH flow equation , then we first solve the following equation to get a family of gauge
transformations: s

% _ _p*DS - D*
dt S ° Sa, (3.5)

S(0) = id.



Note that this is a parabolic system of S. Indeed, write D = Dy + a, we have

D*DS = DjDyS + Dj(aS) 4+ a*(DyS) + a*aS
= D{DyS + (Dja)S + 2a*(DyS) + a*aS.

Since S can be viewed as a 0-form, we have D§S = 0 and hence AyS = D;DyS. Thus the equation
is a parabolic system and has a unique local smooth solution S € C*°(]0,T)).

A straightforward calculation shows that the pair (A(t), ¢(t)) = (S™1)*(A(t), ¢(t)), 0 < t < T,
is a solution to the system . In fact, the gauge transformation S we get from (3.5) is exactly the
same gauge transformation we obtain from . To see this, note that since D™ = (S~1)*(D*) =
S~1oD*0S and

a=D—Ay=8S'oDoS—D+a,

there holds
SoD'a=D*oSa=D*o(DoS—SoD+Sa)=D*DS + D* o Sa.

Thus the equation (3.4) and (3.5)) are identical.
Now we can complete the proof of uniqueness. Suppose that we have two local smooth solutions

(A1, ¢1), (A2, ¢2) € C([0,T), o x.%) of the YMH flow equation (1.2)), then one solves the equation
to get two smooth gauge transformations Sy (t), Sa(t), 0 < ¢t < T, and hence two local smooth
solutions (a1, ¢1), (@2, #2) to the system with same initial value. By the uniqueness theorem
of , we have (a1, ¢1) = (@2, ¢2), 0 < t < T. On the other hand, since the parabolic system (3.5)
is equivalent to the equation , it follows from the uniqueness of ordinary differential equations
that S; = S. This in turn implies that (A1, ¢1) = (A2, ¢2) for 0 < ¢ < T. This completes the
proof. O

4 A priori estimates

In this section, we will derive some a priori estimates of the local smooth solution obtained in the
last section.

For 0 < T < 400, suppose (4, ¢) € C=([0,T), /) x C>=([0,T),.7) is a smooth solution to the
YMH flow equation (L.2), with the initial value (Ao, ¢9) € & x .. We first derive the evolution
equation for the curvature F4 of A under the YMH flow equation . By the definition of F' and
a direct calculation, we have

OF 4 _ 0 D4 0D 4 0A

0
(DaoDy) =

L= D D = Dy(—).
at ot gr CPATPA ACp)
Hence, under the YMH flow equation ((1.2), F4 satisfies:
OF . N
8—;‘ = —DD%Fa — Da(¢* D). (4.1)

Note that it is not hard to see
Da(¢*Dad) = Dad#Da¢ + ¢" Fa.
The equation (4.1)) is a parabolic equation, since by the first Bianchi identity (2.1), we have

AFy = DyD%Fy.



Applying the Weitzenbock formula ([2.3]), we can rewrite (4.1)) as

OF N X
i = ~VAVaFa — Re#tFa — FA#Fa — Dad#Dad — 6" Fag. (42)
Now we set the energy density of (A(t), ¢(t)) by
e(A(t), ¢(t)) = [Fa* + [Dad () + u(e(t)) - e,
the (total) Yang-Mills-Higgs energy of (A(t), ¢(t)) by
£(0) 1= E(A(). 6(0) = [ e(Alt).0(0) v,
and the local Yang-Mills-Higgs energy of (A(t), ¢(t)) by
E(t, Br(x)) := / e(A(t), o(t)) dvg,
Br(z)
where Br(z) := {y eX: dy,z) < R} C X denotes the geodesic ball with center x and radius R,

and d(-,-) denotes the distance function on (%, g).

Since the YMH flow equation (1.2)) is the negative gradient flow of the YMH functional, we

have the following global energy inequality.

Lemma 4.1. (energy inequality) For 0 <t < T, it holds

// 24 )dvgdt<5()

Proof. From the equation (|1.2]), we have

d€

dA o
= = 2/ (<D;;FA +¢"Dag, 50) + (VaVad + (u(9) —¢) - Vu(9), £>) dvg

9¢

2y 2
—1%)d
/ (’ P+ 15)
Integrating this inequality on [0, ¢] yields (4.3)).

We also have the following local energy inequality.

(4.3)

Lemma 4.2. (local energy inequality) There exist Ry > 0 and Cy > 0 depending only ¥ such that

forO<t<T and z € X, it holds

Ct

(4.4)

Proof. Let n € C§°(B2r) such that 0 <7 <1, n=1on Bg, and |dn| < %. Then we can calculate

1d

oA 26
- 2 — 2 el 2 i
5 ap | el o du, /277 (Dad, 50) dvg+/z17 (DA, Da0) du,

09

+ [P AT vyt [P u0) - 0 Vute) - 5 d

9



Rearranging terms in the right side and integrating by parts, we have

1d
2 dt

(A O dvg = [ PDADAG + () — ) V(o). 52) duy
% %

0A
+ / 2(DAFa + 6" Dad, ) dvg
/d DA¢, dvg /d FA, )dvg.

From the equation ((1.2) and Young’s inequality, we obtain

C

1d , 1 [ o 06, A,
53 ety <=5 [ P(50R + 150 v+ 25

Dad|? + |Fal?) dv,.
2 dt 9 /E(’ A¢‘+‘A|)Ug

Integrating on [0, t], we arrive at

E(t, Br(z / / ’ ’% 2) d
BR
< £(0, Bog(x / / (IDag|® + |Fal?) dugdt.

This and the energy inequality (4.3) now yield the local energy inequality (4.4]).

O

Next, we will derive a Bochner type formula for smooth solutions to the YMH flow equation

(1.2). In order to do this, we first set for any A > 0,

= VA [Fal2 4 [Dagl*.

Recall that for any smooth section ® of & x .7, there holds

1 *
3 00[®" = —(ViVA®, ) + |[V4P[”

(4.5)

Lemma 4.3. (Bochner formula) Let (A, ¢) € C*([0,T), o x.¥) be a smooth solution of the YMH
flow equation . There exists a constant C' > 0 depending only on ¥, o7, and . such that

0

(57 = D9)e1(4,0) < C(1+ [Fal + |Dagl*)é1(A, 9)

holds on ¥ x (0,T).

Proof. First, applying the identity (4.5)), we have

1

39| Fal* = —(ViVaFa, Fa) + |V aFal.
Second, applying the equation (4.2)), we have

\FAP —(V*VFE4 + Fa#Fa+ Re#Fa, Fa) — Fa#DA¢#D ¢ — (Fag, Fad)
—(V*VEy, Fa) + C(1+4 |Fa| + |Rx|)|Fal> + C|Fa||Da¢|?.

2815
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Combining these two inequalities yields

1,0
5(@ — Ag)|Fal? + [VaFal* < C(1+ |Fa|)|Fal* + C|Fal|Dagl*.
Direct calculations imply that
1,0 1,0
(815 Ag)|Fal? = §(§—A )(V1+[FaP)®

= VITTEAR( 5~ A, ) VIHTEAP ~ [V TH TP

Recall that by Kato’s inequality, it holds that

[V|Fal| <

and hence we have that

2 F 2 VF
’vAFA‘Q—)VW‘ > |VaFa|” |[Fal|V] g”
1—|—|FA‘
> |VaFa|* — |VIFal|* >0

It is clear that by substituting (4.8)) into (4.7)) and applying (4.9)), we obtain

0

(57 = Ag) V1+IFa? < C(L+ [Fa])|Fa] + C|Dag|”

Next we will make a similar calculation on |D4|?. By (4.5), we have
1 *
38[Dadl* = ~(ViVaDag, Dag) + |VaDa¢l”

Applying the YMH flow equation ([1.2]), we have

m’D adl* = (D <§i’> Dag) + <<;DA>¢,DA¢>

—<DA (DADad + Vh(e) ) DA¢> —((DAFa+¢"Dad)é, Dag)
~(DaD3Dad, Dad) = V*h(9) (Dad, Dad) — ((DaFa)9, Dad) — |6"Dag|”
Here h(¢) := 3|u(¢) — ¢|>. Applying the Weiztenbock formula (2.4)), we have

DD Da¢p = AaDa¢p — D3 DaDs¢p
= ViaVaDa¢+ Fa#Da¢ + Re#Da¢ + Ru#Da¢#Da¢#Da¢ — Dy(Fag)
= ViaVaDa¢+ Fa#Da¢ + Re#Da¢ + Ry#Da¢#Da¢#Da¢

— (D4Fa)¢p — Fa#Da¢.

Combining these two equations together, it is not hard to see that

0

(5~ Ag)IDagl* < =V aDad|* + C(1+|Fal +|Das|*)| Dasl”.

Putting (4.10) together with (4.11)) yields Bochner’s formula (4.6)). The proof is complete.

11
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Now we will prove an e-gradient estimate for smooth solutions (A, ¢) of the YMH flow equation
(1.2). For any point z := (x,t) € ¥ x (0,7, denote the parabolic ball, with center z and radius
R >0, by

Pr(z) := {(y,s) ENXR|yeBp(a), t—R*<s< t}.
Lemma 4.4. (e-regularity) There exist positive constants €y, Ry, Cy depending only on ¥, <, and

& such that for any zo = (zo,t0) € ¥ x (0,T) and 0 < R < min {Ro, 1o}, if

sup / (IFal + |Dagl?) dvg < e, (4.12)
Br(zo)

to—R2<t<tg

then for any 0 < r < R, it holds that

sup  (|Fal +|Dagl?)(2) <

—_ 4.13
2€Py (z0) (R—r)? (413)

Proof. Let ig = ig(X) > 0 denote the injectivity radius of ¥ and 0 < Ry < min{4o, \/€p,1}. Note
that ‘F‘BR (z0) 1S 2 trivial fiber bundle. For 0 < R < Ry, define v : [0, R] — Ry by
0

v(r) = (R — 7“)2 sup ( 1+ |Fal?2 + |DA¢>|2)(Z).
z€Pr(z0)

Assume that v attains its maximum over [0, R] at ro € (0, R). Let 21 := (z1,t1) € Py (20) be such

that
eo = (VI+IEaP+ Do) (z1) = sup (V14 [Fal2 +|Dasl?)(2).

2€Pr (20)

It is clear that for any 0 <r < R,

v(r) <w(rg) = (R—10)* sup (V1+|Fal2+ \DAqﬁ\Q)(z) = (R —70)%eo. (4.14)

2€Pr; (20)
Observe that if (R —rg)%ep < 4, then we would have
v(r) <w(rg) = (R—10)%¢ <4, V0O <7 <R,
which implies . Hence we may assume
(R —10)%eq > 4. (4.15)
For A\ > 0, define the parabolic dilation Py : R? x R — R? x R by

Py(z,t) = (A, \°t).

1

Denote py = e, 2 and define the rescaled pair (¢,,, A,,) and the metric g,, by

Gpo(2) = O(21 + Ppo(2))s Apo(2) = poA(21 4 Ppy(2))s gpo(x) = g(a1 + poz),
Trog— T1
Po

for z € Prg (PPO—I(ZO — 21)) and z € Bm<

PO 0]

). It is easy to check that

[Ea,, |*(2) = | Fal* (Poy(2)), |Daayybpo|*(2) = 02| Dad]*(Poy(2))-
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Note that (4.15]) is equivalent to

R—
po < = o (4.16)
Observe that since
N 2
8 (s 800)(2) = (Voh+|Fa 2+ [Dayyom|”) (2)
= p%/e\l(¢, A) (21 + Ppy(2)),
for all z € Pro (P 1 (2 — 21)>, it follows that
) Po
Cp0(Apgs $p0)(0) = pie1(A, ¢)(21) = egeo = 1.
From (4.14)), we have that P, (21) C Pr+r, (20) and hence by the definition of v(r), it holds
2
sup €1 (Apg, Gpo)(2) = P sup  €1(4, ¢)(2)
z€P1(0) 2€Pp4 (21)
_ —~ _ R —To\—2 R + To
Sept  swp @(49)(x) =e (—5—) v(=5) (4.17)

2€P Rirg (20)
Biro

R—’r‘o
2

<egt- _2(R —79)%ep = 4.
0

From Bochner’s formula (4.6) for (¢, A) and straightforward calculations, we have that

0 R 0 N
(5 = o) (s 80) (2) = 98] (55 — D)2 (4, 0) | (P (=)
< Cpy(L+ |Fal + [Dagl?)er (A, ) (Ppy(2))
= C(Pg =+ ’FA,;O‘ + ‘DA,;O ¢po|2)€pg (Apoa ¢po) (2)
< Cé\pg (AP0> ¢p0) (Z)7 (418)

where we have used (4.17)) and the fact pg < 1 in the last step. Thus, by Moser’s Harnack inequality
for parabolic equations, we obtain

1= é\pé (Apoa ¢p0) (0)<C é\pg (Aﬂm ¢po) = CPEQ / e1(4, ¢)
P1(0) Ppy(21)

< C sup / /6\1 (Aa (b)
Bpg (1)

t1—pg<t<t

(4.19)

<C sup / (14 |Fal+ |DA¢|2)
Br(zo)

to—R2<t<tg
< Cleo + R3) < Ceo.

This is clearly impossible if we choose a sufficiently small ¢y > 0. Thus (4.15)) doesn’t hold, which
implies
-1 R — ro
2>
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and hence v(r) < 4 for all 0 <r < R. In particular, we have

sup €1(¢, A)(z) = 5——z0(r) £ 53
z€P(20) (R - T)Q (R - T)2
This completes the proof. ]

Based on the e-regularity Lemma[4.4] we can derive point-wise estimates for higher order deriva-
tives of smooth solutions (¢, A) of the YMH flow equation (1.2), under the small energy condition
(4.12]).

Lemma 4.5. Under the same assumptions as in Lemma[{.4), there holds

sup (RIHVITFA| + RYVY9)) < C (1 €0) (4.20)

for anyl € Z*.

Proof. Note that when [ = 1, (4.20)) follows directly from Lemma By a simple scaling argument,
we may assume R = 2 and zp = (0,0). In order to establish (4.20) for all [ > 2, we need to show

J

From Lemma [£.4] we have the following estimate

(VS Fal + [VyoP) < C(l,eo)/ (g, A), V1> 2. (4.21)

142-1(0) P2(0)

sup (Fal + [Dad) < Cleo). (4.22)
]P’%(O)

We prove (4.21)) by an induction on [. Consider the case [ = 2, we may assume for simplicity that
9| By(0) is the euclidean metric. Let n € C§°(B2(0)) such that 0 <7 < 1,7 =1 on B% (0),n=0

outside B% (0), and |Vn| < 8. Multiplying 1) by n?2Fy, integrating the resulting equation over
B»(0), and applying integration by parts and Holder’s inequality, we obtain

1d
/ |Fal*n® = —/ (IVaAFA*n? 4+ (VaFa, FAVD?)) —/ n*(Rs#F4, Fa)
2dt Jp,(0) Ba(0) Ba(0)

_ / 2 FadtFa, Fi) — / P(Dad#Dad+ 0" Fad. Fa)  (493)
B2(0) B2(0)

1
< —2/ |V aFal? +0/ (1Fal® + [FaP’ + [Dagl").
By (0) B%(O)

By Fubini’s theorem, we can find t, € (—4, —(%)2) such that

/ (Fal2 + [DadP)(t) < C / (IFal? + |1DadP2). (4.24)
By (0) P2(0)
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Integrating (4.23) over ¢ € [ts, 0] and applying (4.24)) and (4.22), we get

/ Fa(0 / / IV AF A
B5 Ty

< / Fal’(t) + C / (EAI + |Faf® + 1Dadl)
B5(0) P35 (0)

<c | (FaP+DagP) +C / (FAI + D adlY)
P2(0) P%(O)

< C(e) /IP o UEAP +1D40%), (4.25)

To obtain a similar estimate for ¢, we take V4 to both sides of the YMH flow equation ((1.2)s so
that it holds
0 0A

at(VAqb) = —VaViVad — V?h(¢) Vad + g2 (4.26)

where h(¢) = %\,u(qﬁ) — 2. Multiplying 1| by 1n?V 4¢, integrating the resulting equation on
Bs(0), applying integration by parts and Hoélder’s inequality, and using the equation (1.2]);, we
obtain that, for any 0 < § < 1,

1d * *
23 [ IVl <= [ (FVAVAGP + (V4T a0 VadViR))
Bs(0)

B3(0)
+ V2h()||V 40P 0% + / v
/BQ@‘ 2h(6)|| Va0 \atH Ad|r”
1
§_2/ nQ}v;vm}QM/ n? 8—\ +05—1/ 7|V ag|?
B»(0) B»(0) ¢ B>(0)
1
< —2/ nQ}vszqb}QHé/ 772!DZFA!2+C5‘1/ 7|V agf*
B»(0) B(0) B2(0)
< —2/ nQ}vsz¢}2+06/ 772!VAFA\2+05‘1/ |V agl”
B»(0) B2(0) B2(0)

Integrating this inequality over [t.,0] and applying (4.24)), we obtain

0
/ IV402(0 / / n \v;vmf < 05/ / |V aFal*+ 05! e(A, ¢). (4.27)
B2(0) t« J B2(0) t« J B2(0) P2 (0)

Adding (4.25) and (4.27)) and choosing a sufficiently small § > 0, we obtain

0
Lo caoos [ (vl v <ce [ dao )
BQ(O) Ty BQ( ]PQ(O)
Note that by integrating by parts, applying Ricci’s identities for interchanging derivatives, and

(4.22]), we have that

0 0 0
[ [owwiel <z [ [ wavaol+o [ [ (9nPIvaoP +719a0f)
ta B2(0) Ty BQ(O) ty BQ(O)

0
<9 / / 2|V a6 + Cleo) / e(4, ),
t. JBo(0) P> (0)
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where the constant C' > 0 depends on the curvature F4 and the curvatures of ¥ and M. Combining
with yields for [ = 2.

For any k£ > 3, we assume that holds for all [ < k. We need to show that it also holds for
I =k+1. To do it, first apply the operator V];x to both sides of the YMH flow equation 2 of
¢ the operator VZ_I to both sides of the YMH flow equation . After interchanging the order
of derivatives, we obtain a system in the following form:

O (Vh6) = VA5 6+ QE(V a6, Fa) + V5 (VA(4)), w0
4.30
%(V’j{lFA) = —V4VEFA + O5(Vag, Fa) + Vi (g(Fa, 0)).

where Q’f, Qg are lower order terms depending on derivatives of V¢ and F4 up to order k — 1,
and

9(Fa,¢) = —Rs#Fa — Fa#tF4 — Dag#Dad — ¢*Fao.

More precisely, QF comes from changing Vﬁ(%‘f) to %(Vfﬁlgb), and VE V4 Vaé to V¥ VaVhe. If

we denote the total curvature of the fiber bundle by R which involves Ry, Ry and F4, we have
QY (Vag, Fa) =Y VR(V4Va0, ViVad) ViV a0, (4.31)

where the sum is taken over all indices a, b, c,d > 0 satisfying a + b+ ¢+ d = k — 1. Then one can
verify that

|3 VAR(VAV a9, VAV A6) VEV a9
<CY |VHFA|- |V Fal - [V Vag] - [V Va9, (4.32)

where C > 0 is a constant depending on Ry and Ry, and the indices satisfy

0<g1,-  yJr4s <k—-1;, j1+-+jys=k—-1;, s2>3. (4.33)
Moreover, we have '
IVE(VR()] < CD IVidel- Vo] (4.34)
where C' is a constant depending on h and the indices i1, - ,i, > 1 satisfy i1 +---i, = k.

Thus multiplying (4.30); by n?V%¢ and integrating on By(0), we get

d

— n?|VEel? + / (VA )2

dt J B, (0) Ba(0)

<c nQIV,'Z¢I2+C/ 72| QF(IVh | + C
B> (0) B3 (0)

= I+ I1I+1]I.

V(TR Vol (4.35)

B4 (0)
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By (4.31)) and (4.32), we have

II <C 2 Fa|" |V ag|* [VEe]> + C / 2 Ea|" "V ag|* |V FAl| VR )
Bs(0) B>(0)

+c§j/ PV EA| - [V EAl - V5V ag] - V5V 40] [V 9]
F2(0 (4.36)

<Cleo) [P (Thol + V5 FaP)
B>(0)

+CZ/BZ(0> PRIV AR [V Fa2 - [V 4012 - [V 9 40,
where the sum in the last term is taken over all the indices satisfying with g1, Jrgs < k—2.
Recall the Sobolev embedding for a section ¥ in dimension 2
1]z < Ol ¥z < C¥| g2, Vg >1
where [|U||yy1,2 is the usual Sobolev norms of |®| and
I g = Wl + [Va¥]

is the Sobolev norms with respect to V 4. It follows that that for all ¢ > 1,5 < k — 2, we have

k—1
IV Fallze < ClIVyFallgre < CYIViFal e,
i=1

and

k—1
IV VadllLe < CIV  bllme < C YV 6o
i=1
Applying this and the Holder inequality in (4.36)), we get

k—1
<)y ([ PVEaE 49 (437)
i—1 B2(0)
By (4.34) and a similar argument, we have

k—1
11T < Cle) Y (/ n ‘Vi;“dz) (4.38)
=1

Now inserting (4.37)) and (4.38)) back into (4.35]), we arrive at

k—1
d T
g 7’| Viel* + / IVET@1> < Cleo) ) ( / 2(IVaFaP + Vi el ))
B3(0) B3(0) i—1 \/B2(0)

Consequently, integrating this inequality on ¢ as we did before and using the induction assumption,
we obtain the desired bound

k—1
/ / TEOP < Clen) Y ( / / 2(|ViyFal? + [V o ))
tx B2 i=1 tx B2
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The estimate on VZF '4 can be achieved in the same way. Namely, Q’g emerges from interchang-
ing the order of derivatives on F4. Since we have

k
]v’;—lv;vAFA _ Vzv’;FA’ <O |VAFa#VE Fy,
=0

it is easy to verify that the following estimate holds:
k
‘QS(VA¢’FA)’ + ‘szl(g(FA,ﬁb))‘ <0 (IVZAFAHVZ"FM T |vf4+1¢,|vizﬂ¢’>
i=0
+C 3T IVARAIVEeIVEL
0<j1+j2+js<k

Then multiplying the equation 1' by fole '4 and integrating by parts, we may obtain the
desired bounds (4.21)) for [ =k + 1.

Finally, (4.21) together with the parabolic Sobolev embedding theorems completes our proof.

O

Remark 4.6. In dimension two, the assumption (4.12)) in Lemma can be weaken to that there
exists Ry > 0 depending on (¢g, Ag) and €y > 0 such that

sup / |Da¢|? dv, < €. (4.39)
Br, (z0)

to—R3<t<tg

In fact, it follows from Hoélder’s inequality and the energy inequality (4.3) that

/ [Faldvy < Vol(Br, (o)) ( /
Brg(20) B

€0

CVEWO)
5 Local weak solutions of the YMH flow

1
\FA|2dvg) ‘< C(g(t))%Ro < 0(5(0))%1%0 < eo,

R (%0)

provided Ry <

In this section, we will establish the local existence of weak solutions to the initial value problem
of the YMH flow equation (1.2), with any initial data (Ao, ¢o) € @2 x 1 2. For simplicity, we
will denote, for 0 < T < +ooand 1 < p < 00,1 < ¢ < 00,

LP(LY) := LP([0,T),LY(X)), LP(H") := L([0,T), H (%)), H'(L?) := H'([0,T), LY (%)).
Now we state the theorem on the local existence of weak solutions.

Theorem 5.1. Assume (Ao, o) € 12X .S 2, there exist 0 < Ty < 400 and a weak solution (A, ¢)
to the YMH flow equation and the initial condition on the interval [0,Ty). Moreover,
(A, ¢) enjoys the properties that Fa € L®(L?), ¢ € L>°(H"), and there exists a gauge transforma-
tion s € %12 such that (s*A, s*¢) € C>((0,Ty), o x ). Finally, if 0 < Ty < 400 is the mazimal
time interval for the weak solution, then

lim sup max/ e(A(t), ¢(t)) dvg > a(M), ¥V R > 0, (5.1)
1Ty €% JBp(z)
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where a(M) > 0 is a positive constant given by
a(M) := inf { / IVh|[?dvg, : h € C°°(S?, M) is a nontrivial harmonic map}. (5.2)
S2

Proof. We divide the proof into five steps:

Step 1: Smooth approxzimation of initial data. Since P x g M is a smooth manifold and dim(X) = 2,
it follows from Schoen-Uhlenbeck’s density Lemma (cf. [26]), a local trivialization of the bundle
F, and the partition of unity that there exists a sequence of smooth sections ¢ € . such that
% — ¢ in HY(X). It is standard that there is a sequence of smooth sections Aj € & such that
AP — Ag in HY(X). Thus we may assume a uniform energy bound of (A2, ¢%):

En(0) := E(AG, ¢5) < C(=1+£(0)). (5.3)

Applying Theorem we conclude that there exist 7;, > 0 and a unique smooth solution (A4, ¢,) €
C*>([0,T},), o x.&) to the YMH heat flow equation and the initial condition with (Ag, ¢o)
replaced by (A, ¢3). We may assume that 75, > 0 is the maximal time interval for (A, ¢p).

Step 2: A uniform lower bound of T,,. Let ¢y and Ry be the constants given by Lemma [£.4] Let
€p > 0 and Ry > 0 be the constants given by lemma Since (AR, #%) — (Ao, ¢o) in H(X), there
exists a uniform R; € (0, Ry) independent of n such that

T€eEY

En(0,2R;) = max/ e(Ag, ¢p) dvg < . (5.4)
BQR1($) 2

Then by Lemma there exists 6y € (0,1), depending only on ¥, £(0) and R;, such that for
T = min {T,,,060R?} > 0 there holds

En(t, Ry) := max / e(An(t), dn(t)) dvg < En(0,2Ry) + CT Ry %E,(0)
TEL BRI (z)
< JHCTIRTA(1+€(0)
< o, (55)

forall 0 <t < T}l

Now we want to show T}, > HOR%. Suppose, otherwise, T,, < HOR%. Then we have T}, = Tﬁ <
0o R? so that holds for 0 < t < T,,. Applying Lemma and Lemma we can conclude
that for any 0 < 0 < T;, it holds

-1 l +
51711p (x,t)enzagfgmn) (|V FAn’ + }VAngan < C(l,Ry,€,0), VI € ZT. (5.6)

Applying 1} (with § = %) and taking [-order derivatives VlA to the equation || forl>1,itis
not hard to see that for any | € Z*, (A,(t), ¢,(t)) is uniformly bounded in C*() for 0 < ¢ < T,.
Therefore there exists (A, (Ty), dn(Ty)) € & x ¥ such that

tlﬁl‘%ll (An(t)v¢n(t)) = (An(Tn)7¢n(Tn)) in Cl(z)v VieZ".

This contradicts the maximality of 7;,. Thus we must have that T, > HOR% for all n > 1.
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Step 3: Weak convergence of (A, én) in X x [0,0gR3]. From the energy inequality (4.3), we have

0o R
sup & / : / 8¢n 8An ) dvgdt < &£,(0) < C. (5.7)

0<t<6yR? ot

This and direct calculations imply that ||A,(t) € H'([0,60R}]) c C 2 ([0, 60 R3]) and satisfies

the estimate: for any 0 <t <t9 < GOR%,

HL2(2)

0A 1 1
A, (t Ap(ts) )<HJ t —to]2 < Clty — to|3. 5.8
\H 2y~ 14000 | < |2 sy~ 1 < Cl =t 59)
By (5.3} ., and (5.7), we also have that ¢, is bounded in L?([0, 0yR3], .71 2), i.e
sup H‘b”HL%[O,GORﬂ,Hl(E)) < CE&,(0) < C. (5.9)

It follows from (5.7), (5.8)), and (5.9) that we may assume that there exist a connection A €
L>([0,00R3], o2) and ¢ € L*([0,600R7], 71 2) such that after passing to a subsequence,

Ap — A weak® in L°(L?); ¢, — ¢ in L*(H') and ¢, — ¢ in L*(L?). (5.10)

From (5.3)), we may assume that there exist F' € L>([0,00R?], L*(X)), v € L>([0,00R?], L*(X))
such that after passing to a subsequence,

Fa, = F; Da, ¢, — 1 in L*(L?). (5.11)

Step 4: Uhlenbeck’s gauge firings and smooth convergence of (An, ¢n). In order to show (A4, ¢) is a
weak solution of and , we need to identify F' and v with F4 and Da¢ respectively. To
achieve this, we need to control the connections A,, through Uhlenbeck’s gauge fixing techniques.
To do it, we adopt the argument by [I2] Lemma 3.7. First note that (A, ¢5) satisfies the smallness
condition:

max En(t, R1) < €. (5.12)

0<t<OoR?

Hence, by Lemma and Lemma there exists C' > 0 such that for any n, (A,, ¢,) satisfies,
for any k£ > 0,

Ceo

HvlﬁanAn(t)HLw( %) = T4k

V0 <t<BR2. (5.13)

vk+1¢ .

94000 oy < O
Set tg = 0gR?. Using (5.13) with & = 0, we can apply Uhlenbeck’s gauge fixing (see [28] Theorem
1.5) to obtain a sequence of Coulomb gauge transforms s,, € % 5 such that A, (t9) = s}, (A4,)(to) € &

and satisfies

k—1
< C(HAn(to)HLz(E) +3 V4, Fa, (tO)HLm(E)) < CO(k,to,e0), VE>1. (5.14)

H.Zn(to)’ ok(s) ~ —

Set an = sk (¢p). Since 1} is invariant under time-independent gauge transforms, (ﬁn, an) is also
a solution of (1.2)) in [0,?o]. Set

(L Ry) = maX/B ( )e(ﬁn(t),an(t))dvg.

€Y
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Then, since the local Yang-Mills-Higgs energy &, (t, R1) is invariant under gauge transformations,

(5.12) holds for (A, ), i.e.,
max &,(t,R1) = max &,(t,R1) < e.

0<t<6yR? 0<t<0yR?
so that by Lemma and Lemma M (5.13)) holds for (Zn, Eﬁn), ie.,
Ce ~ Ce
k 0 k+1 0 2
V5 Fa, O] poe sy < 4k ‘vgn En(B)[ oo ) < B V0 <t<6Ri. (5.15)

Now we take afvlg of both sides of the equation 1} for (Zn, q~5n) for any k,l > 1, and apply

n

and to conclude that (A, bn) € C®(T X (0,tp]) satisfies
(An, n)

< C(k,o,t k> 6 < tg. 1
Ck2x[5t0})_c(”0’60)’v _0,V0< < 1o (5 6)

From , We may assume there exists (A qﬁ) € C((0,tp], o x .#) such that after passing to a

subsequence (A n,qbn) (N, gg) in C*(X x [0,p]) for any k > 1 and 0 < § < to. Since ( n,qbn are

smooth solutions of on X x (0,tp], it follows that (ﬁ (5) is also a smooth solution of
Since A, (tg) = s;"l(An)(to) = s, dsp + 5,1 Ay (to)sn, it follows from and - that

ldsnll p2(s) < C (1 4n(to) | L2y + 1 4n(t0) | 2(5)) < C. (5.17)

Thus we may assume there exists s € ¢4 5 such that after passing to a subquence, s, — s in H (%)
and s, — s in L?(X). This, combined with , implies that (AV, 5) = (S*A, s*qb) or equivalently
(A, 9) = ((3*1)*11, (3*1)*$> in ¥ x (0,%p]. Since is invariant under time-independent gauge
transformations, we conclude that (F,¢) = (Fa,Da¢), and (4, ¢) is a weak solution of in
% % [0,to] and satisfies (L.3).

Step 5: Characterization of a finite maximal time interval Ty. Let g > 0 be given by Lemma [.4]
First we claim if 0 < Ty < +oc is the maximal time interval for a weak solution (A, ¢) constructed
through step 1 to step 4, then

lim sup max/ e(A(t), o(t)) dug > 6—0, V' R>0. (5.18)
T, TEZ Br(z) 2
For, otherwise, there exists Ry > 0 such that for any sufficiently small § > 0,

e(A(t), ¢(t)) dvg < 2.

E(Ty — 6%, 2Ry) := max 5

red /BzRo(x)x{To—cSQ}

This, combined with lemma implies that there exists 6y € (0,1) such that for Ty — 6% < t <

To — 5% + (90R0)2,

Ot~ (Ty - )
Rj

E(t, Ry) < E(Tp — 6%, 2Ry) + £(0) < %0 + CORE(0) < €.

By choosing § = 6y Ry, this implies that

sup E(t, Ry) < eo. (5.19)
To—02R2<t<Ty
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From (5.19)), we can repeat the argument from step 1 to step 4 to conclude that there exists a
s € 9 5 such that (s*A(Tp), s*¢(Tp)) € o/ x .7 and hence Tj is not a maximal time interval. This
contradicts the definition of Ty. The improvement of § in (5.18) to a(M) in (5.1 follows from the
blow-up analysis performed near Ty, see section 6 below. O

For the uniqueness of weak solutions, we have
Theorem 5.2. If the initial data belongs to W?P for p > 2, then the weak solution is unique.

Proof. The proof follows exactly as the smooth case in Theorem Note that when A € WP, p >
2, the coefficients of equation belong to C° and the uniqueness of solutions to the ordinary dif-
ferential equation is guaranteed. Thus the arguments in the proof of uniqueness part of Theorem [3.]
holds the same in this case. O

6 Compactness of approximate YMH fields

In [24], the first author discussed in detail the convergence and blow-up behavior of a sequence of
YMH fields. It was shown that a sequence of YMH fields with bounded YMH energy converges to a
YMH field along with possibly finitely many bubbles, i.e., nontrivial harmonic maps from S?, which
are attached to the limiting YMH field. This phenomenon, referred as bubble tree convergence, has
first been established in the study of compactness of harmonic maps from Riemann surfaces, see
for example [18].

Extending the arguments in [24], we can prove the bubble tree convergence of a sequence of
approximate YMH fields, which is needed to describe the asymptotic behavior of the YMH heat flow
at both finite singular times and the time infinity. More precisely, for a pair (A4, ¢) € 12 X 7 2,
set

T1(A,¢) = DiFa+¢"Dag; ma(A,¢) = DiDad + (u(9) — ¢) - V().

We will show the bubble tree convergence of a sequence (A, ¢,,) € & 2 X .71 2, with bounded YMH
energies E( Ay, ¢n), satisfying

171 (An, &) L2y + [172(An, é0) |l L2(s) < C- (6.1)

Theorem 6.1. Suppose (A, ¢p) € 12 X A2 is a sequence of fields, with bounded YMH ener-
gies E(An, ¢n), which satisfies . Then there exist a subsequence of (An, dn), still denoted as
(An, dn), a set of finitely many points x = {x1,x2, -+ ,xx} C X, and an approximate YMH field
(Aoos Poo) € Gao X S o, with L?-tension fields T1(Aoo, Poo) and T2(Aoc, boo), such that the following
properties hold:

1. There ezist gauge transformations {s,} C % 2 such that s}, A, — A in HY(Z) and s)¢, —
Poo in HL (X x).

2. There exist finitely many nontrivial harmonic maps w;; : S? » M,1<i<k1<j<I, such
that
Tim E(An, ¢n) = E(Aso b)Y Elwig),

1<i<k,1<j<l

where E(w;j) = / ‘Vwij}2dvgo is the Dirichlet energy of w;j.
SZ
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3. The images of the bubbles {w;j}1<i<k1<j<i and the limiting map ¢oo are connected.

Theorem has been proved by [24] for YMH fields (A, ¢n), i.e, 71(An, @n) = 12(An, én) = 0.
It turns out the argument in [24] can be modified to prove Theorem on approximate YMH fields
satisfying the condition (6.1]). Here we sketch a proof. First we need the following lemma.

Lemma 6.2. There exists g > 0 such that for xg € X andrg > 0 if A € 527172‘3 (o) s a connection
on the ball Byy(z0) C X, with DY Fa € L*(By,(x0)), which satisfies

TOHFAHLQ(BT )) S 607 (62)

o(@o

then there exists a gauge transformation s € % o such that the following estimate holds:

HS*AHH?(B%O(:EO)) < C(ro)(1FallL2 (B, (2o)) + 1PAF Al L2(Bry (20)))- (6.3)
Proof. If we define A(x) = r9A(zo +10z) and g(x) = g(xo +rox) for x € By, then by simple scaling
arguments we have that A € 42%1,2}31, with D}Fg € L?(By), and satisfies

HD%FEHLZ(BQ = T(Q)HDZFAHH(BTO(%) = HDEFAHB(BTO(EO)’

and

/ |Fg|2 dvg, = / r8|FA\2dvg < 6(2).
By B?"()(Z'O)

Thus we may assume, for simplicity, that o = 0 and 7o = 1. Since A € 7 o satisfies (6.2)), it

follows from [28] Theorem 1.3 that there exists a gauge transform s € ¥ o such that A=sA
satisfies

d*A =0,

‘/THHl(Bl) < CHFAHH(BI)' (6.4)

Using d*A = 0, we obtain the following elliptic equation:
AA+ [A dA] + [A,[A, A]] = DF;. (6.5)

By Sobolev’s embedding H'(B;) — L%(By) for any 1 < g < +00, and the standard W?2P-estimate
on 1’ we have that for any 1 < p <2, A € W*P(B3) and
4

HAVHWQJ’(BQ) < C(H‘ZHHl(Bl) + HD%FZHB(&)) S C(HFA||L2(31) + ”DZFAHLQ(&))'
4

This, combined with Sobolev’s embedding W2?(B3) < C°(B:), yields A € C9(B3) and

3 3
4 4

3
1

Al e 5,y < CUFAlL2 ) + IDAFAlL2(5,))-
1

Now we can apply W22-estimate to 1) to obtain that A € W 22(B.) satisfies the desired estimate
2
(6.3). This, after scaling back to the original scale, completes the proof. O

Following the gluing procedure given by [28] and Lemma we obtain the following proposition.
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Proposition 6.3. For any A > 0, there exists C(A) > 0 such that if A € o4 2, with D Fa € L*(%),
has

[ Fall2my < A, (6.6)

then there is a gauge transform s € %, 9 such that A=s*Ac ol o satisfies

HEHHQ(E) < C(A)<HFAHL2(2) + HDZFAHL%Z))' (6.7)

Proof. Choose 0 < rg < ¢, we have

TOHFAHH(BTO(%)) S €0

holds for any zp € ¥X. Since X is compact, there exist a positive integer kg < Cry 2 and points
{1, -+, 2K, } C ¥ such that ¥ is covered by {B%o (xi) hi<i<ko,- Applying Lemmaon each By, (x;),
1 < i < ko, and using the gluing technique by [2§], we can find a gauge transform s € ¥ » such
that A = s*A € o o satisfies, for 1 <14 < ko,

MH?I?(B%O(M < C00) (1Fall L2, ooy + 1P3FAll 25, ) (6:8)
It is clear that follows by summing up over 1 < i < kg. Since ds = sA — gs, it is easy

to see that s € % 5. This completes the proof. O

Before presenting the proof of Theorem [6.1] we recall the well-known bubble-tree convergence
result of a sequence of approximate harmonic maps, with bounded Dirichlet energies and L2-tension
fields, which was proved in [5] and [15].

Theorem 6.4. Let {u,} C H*(B1, M) have uniformly bounded Dirichlet energies &(un, B1) and
have their tension fields T(uy) = Aguy + H(uy)(dun, du,) uniformly bounded in L*(By). Then
there exist an approzimate harmonic map us € H?*(B1, M), with tension field T(us) € L*(B1),
such that after passing to a subsequence, u, bubble tree converges to us,. More precisely, there exist
finitely many points x = {x1,x2, - ,x} C By such that the following properties hold:

1. uy, converges to us strongly in H} (B \ x).

2. There exist finitely many bubbles (i.e. mnontrivial harmonic maps) wi; : S? - M,1<i<
k,1<j<lI, such that

lim €(un, Br) = Euoe, Br) + Y. Ewyy),

n—oo
1<i<k,1<5<1
where 0 < r < 1 is such that x C B,.
3. The images of the bubbles {wz‘j}lgigk,lgg‘gl and the limiting map us, are connected.

Now we are ready to prove Theorem
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Proof of Theorem[6.1. Since A, has uniformly bounded L2-curvatures, PNroposition implies that
there exists a sequence of gauge transformations {s,} C % 2 such that A, := s} A, € o/ 2 satisfies

“Z”“HQ(E) S C(HFATLHB(E) + HDZnFAnHLZ(Z)>
< C(I1Faullezcsy + 111 (An, 0l r2es) + 1D A, dnllr2s)) < C. (6.9)

Therefore there exists A € &/ o such that A, — A strongly in H'(X). Set q~5n = 57 (¢n). It follows
that (Zn € 2. Now we claim that on each local chart U of ¥, &n can be viewed as a sequence of
approximate harmonic maps from (U, g) to M, with “uniformly bounded L?-tension fields T(in) In
fact, since F ‘U is a trivial bundle, we can identify ¢, on U as a map u, from U to M. To write
the equation of u,, we isometrically embed M into some Euclidean space RY and let II denote
its second fundamental form. Write Dy = d + A, and D}n =d + Z;*L It is easy to see that

Ay = —A,. Hence we have, on U,

T(un) 1= Aguy + (uy,) (duy,, duy,)
= 79(An, dn) — ((dn) — OV u(dn) — d* Ay - Uy — 24, - duy — A2 - . (6.10)

Here A, is the Laplace operator with respect to the metric g in U. Applying (6.9) to (6.10)), we
obtain that

I (un )l 20y

< ClIm1(Ans 60) 2y + 172(Ans S0 22w + 1, 2wy + 1D 5, Ol 2]

< C[H7—1<Am¢n)HL2(U) + |72 (An, @)l 2wy + 1Fa, L2y + HDAn%”B(U)}
<C.

This implies that 7(uy,) is uniformly bounded in L?(U). Thus we may apply Theorem on each
local chart U to conclude that ¢, bubble-tree converges to a limit section ¢ € 722, namely the
properties 2 and 3 in Theorem 6.1 hold. This completes the proof. ]

7 Asymptotic behavior of YMH flow at finite time singularities
and time infinity

In this section, we will discuss the asymptotic behaviors of the global weak solution (A, ¢) to the
YHM flow equation under the initial condition , established in Theorem 5.1, at each
possible finite singular time T;, 1 <+¢ < L, and at time infinity. The main results of this section are
consequences of the compactness properties on approximate YMH fields obtained in the previous
section.

Theorem 7.1. For (Ao, ¢o) € 12X 12, assume that 0 < T} < 400 is the mazimal time interval
for the local weak solution (A, @) to the YMH flow equation , under the initial condition ,
constructed by Theorem 5.1. Then the following properties hold:

1. There ezists a pair (A(T), ¢(T)) € yax .S such that (A(t), d(t)) — (A(T), ¢(T)) in L*(X),
and ¢(t) — ¢(T) in HY(X), ast — T~.
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£(0)

2. There exist a set of finitely many points x := {1, -+ ,x} C X, with k < o and a gauge
transformation s € % o such that (s*A(t), s*¢(t)) converges to (s*A(T), s*¢(T')) in Cpe.(3\x),
ast —T7.

3. There ewist finitely many nontrivial harmonic maps w;; : S? 5 M,1<i<k1<j<Isuch
that
lim E(A(t), o(t)) = E(AT), 6(T) + > E(wy). (7.1)

t—T—
1<i<k,1<j<l

Proof. We may assume, after a suitable gauge fixing, that (A, ¢) € C*°(X x (0,7T)). Since (4, ¢) €
C([0,T],L?(%)) and ¢ € L>=([0,T], H*(X)), the property 1 follows easily. For the property 2, define
the energy concentration set x C X by

X = ﬂ {m €X: limsup/ (|FA|2 + [Dag* + |u(¢) — c|2)(t) dvg > eo}. (7.2)
=0 17— JBo(2)

By (4.3) and a simple covering argument, we can show that x = {z,--- 21} C 3 is a set of finitely
many points, with L < €0 por any xog € X\ x, it follows from (l that there exist rg > 0 and

do > 0 such that EO

/ (IFal* + [Dag|? + [u(¢) — ¢?) (t) dvg < €0, VT =65 <t <T.
Bro(xo)

Hence, for any compact set K C X\ x, by a simple covering argument there exists r; = r1(K) > 0
such that

sup [ o (EAP 4 1DA0P +u9) — ) oy < o, YT =} <0< T. (7.3)
S Br1 T

Hence by Lemma [4.4) and Lemma [4.5 we have that

max ||V, Fa| + \vglqj‘HLw(B < Cll, e, K), V1> 0.

r2
ny (@)x (1= 1)
Similar to the argument in the proof of Theorem 5.1, this, combined with the YMH flow equation
2 2
1) and the fact A(t) € C>(X) for t =T — °}, implies that (4, ¢) € C™ (K%l x [T'—ZL,T1) and

(4, 9)]| < C(le, K), V1>0. (7.4)

ct (K%X[T_ﬁ,T])

Here K, := {z € ¥ : dist(z, K) < r} denotes r-neighborhood of K, for r > 0. It follows from
and the property 1 that (A(t), ¢(t)) — (A(T), #(T)) in COO(K%) as t — T'~. This yields property
2, since K C ¥\ x is arbitrary.

For the property 3, we may assume, for simplicity, that x = {2} only consists of a single point.
First we need to show
Claim 1. There exists a constant m > ¢y such that

e(A(t), o(t)) dvg = e(A(T), 6(T)) dvg + My, (7.5)
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for t — T, as convergence of Radon measures on Y. Here as in the section 1,

e(A(t), 6(t) = (IFal® +[Vagl* + |u(e) — (1),

and ., denotes the delta mass centered at zg.
The proof is based on Lemma and can be carried out similarly to [I5] Lemma 4.1. For
the convenience of readers, we sketch it here. For x = {z¢} and (A(¢), ¢(t)) — (A(T),o(T)) in
H} (3 \ {z0}) by the property 2, we have that Fa@g — Fyr) in L?(¥). Hence, for given two

sequences tf — T~ there exist m; > €p, j = 1,2, such that
e(A(t]), () dvg — e(A(T), §(T)) dvg + m by, for i — oo,

as convergence of Radon measures, for j = 1, 2. It suffices to show m; = mgy. For any € > 0, choose

9 > 0 such that / e(A(T), ¢(T)) dvg < €. Thus we have
Bas(wo)

my > / e(A(tll),(;ﬁ(t%)) dvg — €
Bas (o)

Z/Bé(xo)e(A(t?),qﬁ(t%))dvg—C‘ il \/t / 5 !)\—6

> / e(A(2), 6(12)) dvy — 2¢ > mo — 2e.
Bs(zo)

This yields m; > mq. Similarly, we have ms > m;. Hence m; = mg and ([7.5]) follows.
To simplify the presentation, assume further that (¥,9) = (R?, dz?), 2o = (0,0) € R?, and
T = 0. From ([7.5]), there exist ¢; 1 0 and A; | 0 such that

lim e(A, ) (z,t;) de = m. (7.6)
t; 10 By

Define A;(z,t) = N ANz, t; + A2t), ¢i(x, 1) = p(Niz, t; + A2t) for (x,t) € R? x [~2,0]. Then (A;, ¢;)
solves the scaled version of the YMH heat flow equation ([1.2)):

—D% Fa, — N¢;Da,¢5,

a‘?;f Z (7.7)

= D}, Da,di — Mi(u(6) — ) - V(ul1)),

and satisfies

/_02 /Rz <A;2}8£i}2 8@ / 22 /11&2 | &b!?) — 0, as i — oo. (7.8)

Therefore, by Fubini’s theorem, there exists 7; € (—1, —3) such that

991 2
2 92 (0 m) = 0. (7.9)

. -2

27



From the local energy inequality (4.4), we also have
/ e(A, @) (x,t; + No1;) > / e(A, ¢)(z,t;) — CR72£(0) > m + o(1) — CR2£(0).
BRra, By,
This and (7.5)) imply that
lim lim e(A, d)(z,t; + N27;) = m. (7.10)
R—+00 1—00 BR/\i

Define B;(z) = A;(x,7;) and ;(z) = ¢i(x,7;) for x € R% Tt follows from the (7.10), (7.9), and
- ) that (B;, ;) € & x . satisfies:

/ (A2|FB, 1P + [Dp,wil* + X (i) — cf?) (z) = / e(A, ¢)(z,t; + A7) =m+o(1), (7.11)
Br Bpga

/ \Bi(x)P—/ A (2, ti + A\jmi) < C, (7.12)
Br BRa,

/ |Fp,(2)]" = )\?/ |Fal*(z,t; + M2m) < mA7, (7.13)
BR BR)\~

* 2 8Al
| s Fa@f < cf (%
Br Br

[ D5 D@ <€ [ (P 4 NIDAGE) (it + M) < O +on). (715)
Br Br ¢

+ M |Da,di*) (2, t; + Ai7i) < Clo(1) + A2)AZ, (7.14)

and

From (7.12} (7.13), and (7.14)), we can apply Lemma to conclude that on Bp there exist a
sequence of gauge transformations {s;} C % o such that B; := s} B; satisfies

1Bill g,y < CR(1F8 28 + 1D, Fellias) < CRIN. (7.16)

Thus we may assume that B; converges to 0 weakly in H?(Bgr) and strongly in H'(Bg). While
1) implies that 1; = s]1); satisfies

/ | D% D i(x)|” :/ | D%, D i(x)|? < OA2 + o(1). (7.17)
Br ¢ Br

From 1) and 1 , we can verify, similar to that of Theorem 6.1, that {1’/;1} is a sequence of

approximate harmonic maps, whose tension fields 7(1;) have HT(%) < C);. Now we need

HL2(BR)

Claim 2. After passing to a subsequence, @Zl converges to a constant map in LZ(B R)-
To see this, observe that

/jBR‘lzi(x)—Sf¢i(x,—A[ )| /}qﬁ,xn — i, — A% <4/ /BRlaq% L0, (718)
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/ | Daz a,5561](@, =2 2t:) = / \DAi¢i!2($,—>\{2tz’)=/ |Dad[*(x,0) = 0, (7.19)
Br Br Bry,

/ st As(r, A% [* < 2/ ‘szi(:n,—)\iQti)—§¢($)‘2+2/ |Bi(a)|?
Br Br Br

<2 [ sidle X% - siditw ) +2 [ |Bio)”
Br Br
/ ’A A;Qti)—Ai(x,n)f#—Q/ ’El(l’)f
Br

<4/ / ’m LéJéme%o. (7.20)

Claim 2 now follows from ((7.18)), (7.19)), and (7.20).

For each R > 0, we now can apply Theorem 6.4 to 1;2 on Bpg to conclude that there exist Np

bubbles {wl,R}l]iRp with Np < %, such that

and

ig& |DB¢Z E:Sw”g (7.21)

We may assume that there exists an integer d € [1, ﬁM)] such that for Ng = d for R >> 1. Note

that for [ =1,---,d, {Wl, R} k-1 1S a sequence of harmonic maps from S? to M whose energies are
uniformly bounded. Hence we can apply the energy identity result for harmonic maps (cf. [18]) to

conclude that for [ =1, ,d, there exist N; bubbles {le }j with N; < ( M) such that
N,
li = ). .22
Jdim &(wy,r) ;5(%) (7.22)
Hence we have
d N
lim lim |DB¢1 =3 ) E(wiy)- (7.23)
R—00 1—00 =1 =

It is readily seen that the proof of property 3 will be complete if we can show

*=0. (7.24)

lim lim
R—o0 i—00 Br

Set #; = t; + A?7;. Apply Uhlenbeck’s gauge fixing for A(-, ) on By, for a small §p > 0 (here dp > 0

is chosen so that for 1 < p < 2, / |F4|P(x,%;) is small, which is possible since / |Fa)? (2, 8) <
350 R2
£(0)), we obtain a sequence of gauge transformations «; € % o such that A;(z) = of A(x, a) satisfies

f@:omBMH&mm&&§0Wu@wB (7.25)

(Bsg)”
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Set Ez(az) = )\izzl\i()\ix,t:) for x € Bj -1 Then we have

/ Af’FBigz/ AﬁyFB_\Q:/ |dC; + N[C, ¢
BR BR ' BR
where C;(z )—A\()\x t)formEB(S)\_

From and -, we see that A solves the elliptic equation:

0(afA)
ot

Here Ag denotes the standard Laplace operator on R2. It follows from (7.27) that C; solves

(7.26)

NoAi(z) = —(Aftd A + Aigt At A; — 0} 6D 3 0} ¢) (2, ) — (z,%), in Bs,.  (7.27)

e ~ O(arA .
NoCi(z) = =N (Ai#dA; + A#AH#A; — af¢D 1.5 0) (i, i) — A?%Zt)()\ix, t;)

= N4+ L+IL+ 10, (7.28)
in B50Ai_1' It is easy to see

/ IVoCi? :/ IVodi[>(#) < C. (7.29)
B, -1 )

B
0] 0

Using (|7.25)) and ((7.9), we can estimate

| o L )
HHHL%(B& < O NE@ s | A 2, ) < O A1 3,y < OV
0A
. 1 1
15045, ) = ON | A4z, ) < CAZ,
182, oy < CHlIDA,01 00125,y = ONIPAE 125,y < OX

and

a5, =% [, 1@ =" [ 1@ =om >0

302
Applying W23 -estimate to the equation (|7.28)), we conclude that C; € W2§( 70 ), and
2X;
4
IV0Cill g ) < [Z 151,35, 1y * I¥0C 220, 0
< C(K)[1+o(1)+ )\f] (7.30)

for any compact subset K C B, . Hence we may assume, after passing to a subsequence, that

22,
C; — C in H} _(R?). From (7.28)) and (7.29)), we see that

loc

AgC =0 in RQ, / |VOC|2 < +00.
R2
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Thus C must be a constant. This implies that for any R > 0,

lim |VoCy|? = 0. (7.31)

1—00 BR

Observe that by ((7.25))

1 ~
/ |>\Z?Ci|4:/ |4, < €, and /
B. .1 B

5 B, -1
60>\i 0 60/\72

IVo(A2Cy)|? = Ai/ VoA |” — 0.
Bs,

~ 1 ~
Thus we may assume that there exists a constant C such that A?C; — C in Li (R?). Since

~ 1
/ IC* = lim NCif < C
Br, Bj,

1—00

holds for any L > 0, we must have C = 0. Hence for any R > 0, we have

lim [ NG, G =0 (7.32)
1—00 BR
It is clear that (7.24]) follows from (7.26)), (7.31)) and ([7.32). The proof is now complete. O

For the asymptotic behavior of the global weak solution constructed by Theorem 5.1 at time
infinity, we have

Theorem 7.2. For (Ao, ¢o) € <12 X S12, assume that (A, $) is the global weak solution to the
YMH flow equation , under the initial condition , constructed by Theorem 5.1. Then the
following properties hold:

1. There exist t; T 4+00, a sequence of gauge transformations {s;} C %2, a set of finitely many
points X = {x1,- - ,x} C X, with k < %(?), and a Yang-Mills-Higgs field (Aso, doo) € A XS
such that sfA(t;) — A in HY(X), sto(ti) — doo in HY(X), and sié(t;) = doo in HY (E\%),
as 1 — 00.

2. There exist finitely many nontrivial harmonic maps w;;j : S? > M,1<i<k1<j<Isuch
that
lim E(A(t:), (1)) = E(Ase boc) + > Ewi). (7.33)

1—00
1<i<k,1<5<!

S0yl g >

Proof. For simplicity, we may assume that (4, ¢) € C*°((0,+00), o/ x .). From (4.3)), there exist
t; T +oo and 0 < Ly < 400 such that

hjn 5(A(tz), ¢(tz)) = L(), (7.34)
and A o
. 2 2 N
Jim. Z(y—(%| —HT‘% )(z,t;) = 0. (7.35)
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Set (Ai(z), ¢i(z)) = (A(z,t;), p(x,t;)) for x € X. Then (A;,¢;) € & x . is a sequence of
approximate YMH fields, with un1forrnly bounded YMH energies such that its tension fields

T1(Ai, ¢i) = at A1) and 1o(A;, ¢i) = (%( i). Hence it follows from that
lim [l (A5, 00| s + >|72<Az-,¢z»>um)} ~0. (7.36)

Applying Lemma 6.2 to (4;, ¢;), we conclude that there exist gauge transformations {s;} C %, a
YMH field (Ao, o) € 9o 2 X S22 such that

sTA; = A in HY(X), sid; — ¢oo in HY(X).

The remaining parts of Theorem except the smoothness of (A, Po), follow directly from
Theorem While smoothness of YMH fields in % > X %3 9, after suitable gauge transformations,
can be done by the bootstrap arguments (see, e.g., [23] Theorem 3.3). O

8 Existence of global weak solutions of the YMH flow

In this section, we indicate how to extend the local weak solution (A, ¢) to the YMH flow equation
and beyond the first singular time to a global weak solution eventually.

Note that, different form higher dimension cases, an isolated singular point of a H' connection
A on a Riemann surface, in general, may not be removed even if the curvature F' vanishes. This
can be illustrated by the following example.

Let D* = {z € R?| 0 < |z| < 1} be the punctured disk, and P is a principal U(1)-bundle over
D*. Let a € R be a constant. Then A = adf is a well defined smooth connection on P. Obviously,
the curvature F' is identically zero on the disk. However, A can be extended to the whole disk by
a gauge transformation if and only if the holonomy Hol(A) = €*™® equals to identity.

The next theorem shows that the limit connection A(7') obtained in Theorem [5.1| belongs to H*
after a gauge transformation, which is needed for an extension of weak solutions to beyond T'.

Theorem 8.1. Assume 0 < T1 < +00 is the first singular time for the local weak solution (A, @)
of the YMH flow equation and (1.5 (-/ constructed by Theorem 5.1. Then there exists a time-
independent gauge tmnsformatzon s € o such that (A (;5) ( *A(Ty), *qb(Tl)) € g X 2.

Proof. Let {t;}?2, C [0,71) be a sequence approaching 77. By Theorem we have

(Ak, 0r) = (A(tr), $(tr)) = (A(T1), ¢(T1)) in L*(Z). (8.1)

Since (Ag, ¢x) is smooth and the curvatures Fa, of connection Ay satisfies ||Fa,||r2(x) is uni-
formly bounded. Then by Uhlenbeck’s compactness theorem(Theorem 1.5 in [28]), there exists a
subsequence still denoted by Ag, and a sequence of gauge transformations {si} C %2 o such that
Ak = s}, Ay, converges weakly in L(%) to a limit connection Ac &7 2. In particular, Ak is bounded
in H(X). Since

Zk = s,;ldsk + S,;lAkSk,

it follows that B
ldskllzz(sy < N Akllz2cs) + 1Akl L2z
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is bounded. Hence s; weakly converges in H!(¥) to a limit gauge transformation s € % 5. Then
one easily check that Ay converges to s*A(Ty) weakly in L!'(X). By the uniqueness of limit, we find
that s*A(T)) = A € 9 5. It is easy to check that s*¢(T1) € .#] o, since s, ¢(T}) € H(Z) N L®(D).
This completes the proof. ]

Remark 8.2. It was shown by Struwe [25] Lemma 3.6 and Schlatter [21] Lemma 2.4 that for Yang-
Mills flow, the connection can be extended to C(H') as long as the curvature dose not concentrate.
This is obtained by considering the evolution equation for the curvature F', which turns out to be
a well-behaved parabolic equation. One may suspect that for the YMH flow in dimension two, the
connection A may belong to CO(H'), since the curvature does not concentrate in the subcritical
dimension two. However, this may not be true since the section ¢ may concentrate and blow up at
the singular time 77 so that the equation for the curvature is not well-defined at T7. Thus we have
to invoke Uhlenbeck’s theorem to ensure the connection A(77) € 7 2 only after a suitable gauge
transformation.

Applying Theorem [8.1 we can prove the following theorem on the existence of global weak
solutions to (|1.2]).

Theorem 8.3. Let (Ag, o) € 2 X SA12. There exist a global weak solution (A, ) to the YMH
flow and such that

i) the energy inequality E(A(t), d(t)) < E(Ao, o) holds for all 0 <t < 400, and
A€ C°([0,00), 92); ¢ € CO([0,00), F,2); Fa € L*([0,00), L*); Dag¢p € L>([0, 00), L?).
it) There exist a positive integer L < [%L and gauge transformations {s;}-, C %2, and
0=To<Th <Tp, <--- <Tp < 400 such that for 1 < i < L, (sfA,si¢) € C'OO(EX
(T, TN T, (@), T)Y) for some (i) < [0

Proof. i) By Theorem there exists a local weak solution (A(t),¢(t)) to the YMH flow equa-
tion on the time interval [0,77) with initial data (Ao, ¢p). Assume 0 < T} < +oo is the
maximal time interval. Then T} can be characterized by Theorem Let (A1, ¢1) be the limit
of (A(t),¢(t)) in L*(X) as t — Ty. Then by Theorem [8.1, we may find a gauge transformation
51 € %12 such that

(A1, ¢1) == s5(A1,61) € Ha X S 2.

Now at time 71, we set (gl, 51) as the initial data and apply Theorem again to obtain a local
weak solution (A(t), ¢(t)) of the YMH flow on some time interval [T7,7%). Since the YMH
heat flow equation is invariant under time-independent gauge transformations, (Ai(t),#1(t)) :=
(sfl)*(ﬁ(t), o(t)), Ty <t < Ty, is still a solution to the YMH flow . Since

(A1, 1) = (A(Th), ¢(T1)) = (A1(Th), $1(T1)),

we can patch (A(t), ¢(t)), 0 <t <Ti, and (A1(t), p1(t)), T1 <t < T, at T} to form a new solution,
still denoted by (A(t), #(t)), to the YMH flow (1.2)) on the time interval [0, T%) such that

A(t) € CO([07T2)7L2); F(t) € LOO([OvTQ)vLQ);Qs(t) € CO([07T2)7L2)7DA¢ € Lw([07T2]7L2)
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T5 can again be characterized by Theorem Now we can repeat the above process inductively.
Since at each singular time T;, there is an energy loss of amount at least a(M) by Theorem [5.1

the process stops after at most L steps, for some L < [oi(]e[))} Therefore, we obtain a global weak
solution of the YMH flow (|1.2)), which satisfies the properties stated in Theorem [8.3 O
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