T Available online at www.sciencedirect.com _—
Journal of

She o ScienceDirect Differential
’ S Equations
ELSEVIER Journal of Differential Equations 285 (2021) 640-662 —_——

www.elsevier.com/locate/jde

Regularity of distributional solutions to stochastic
acoustic and elastic scattering problems ~

Peijun Li, Xu Wang *

Department of Mathematics, Purdue University, West Lafayette, IN 47907, USA
Received 30 October 2020; accepted 4 March 2021

Abstract

This paper is concerned with the well-posedness and regularity of the distributional solutions for the
stochastic acoustic and elastic scattering problems. We show that the regularity of the solutions depends on
the regularity of both the random medium and the random source.
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1. Introduction

The acoustic and elastic wave equations are two fundamental equations to describe wave prop-
agation. They have significantly applications in diverse scientific areas such as remote sensing,
nondestructive testing, geophysical prospecting, and medical imaging [5]. In practice, due to the
unpredictability of the environments and incomplete knowledge of the systems, the radiating
sources and/or the host media, and hence the radiated fields may not be deterministic but rather
are modeled by random fields [7]. Their governing equations are some forms of stochastic differ-
ential equations and their solutions are random fields instead of their deterministic counterparts
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of regular functions [4,11,13]. Regularity theory of stochastic wave equations has played an im-
portant role in the study of partial differential equations and attracted a lot of attention [6,12,21].
As is known, a basic problem in classical scattering theory is the scattering of a time-harmonic
wave by an inhomogeneous medium. This paper is concerned with the well-posedness and regu-
larity of the solutions for the time-harmonic stochastic acoustic and elastic scattering problems.

For the case of acoustic waves, it is to find the induced pressure u which satisfies the
Helmholtz equation

Au+k*(1+pu=f inRY, (1.1)

where d = 2 or 3, k > 0 is the wavenumber, p describes the inhomogeneous medium and is
assumed to be a microlocally isotropic generalized Gaussian random field (cf. Definition 2.1)
defined in a bounded domain D,, and f is assumed to be either a microlocally isotropic gen-
eralized Gaussian random field in a bounded domain Dy or a point source given by a delta
distribution. In addition, the pressure u is required to satisfy the Sommerfeld radiation condition

. d—1 .
lim |x| 2 (8|x‘u—1ku)=0. (1.2)

|x]—00

The elastic analogue is to find the displacement u satisfying the Navier equation
pAu+ O+ wW)VV - -u+ k> +Mu=f inRY, (1.3)

where I is the identity matrix in RY, the Lamé parameters 1 and A satisfy o > 0 and A +
21 > 0 such that the linear operator A* := uA 4+ (A + n)VV- is uniformly elliptic (cf. [20,
(10.4)]), M represents the anisotropic, inhomogeneous medium and is assumed to be a R4xd.
valued microlocally isotropic generalized Gaussian random field in a bounded domain Dy, and
S is either a microlocally isotropic generalized Gaussian random field in a bounded domain D ¢
or a point source given by a delta distribution. By [2], the displacement admits the Helmholtz
decomposition

u=u,+us inR?\ (DyUDy),

where up and u; are the compressional and shear wave components, respectively, and are re-
quired to satisfy the Kupradze—Sommerfeld radiation condition

‘xlll_r)noo [x]| 2 (8‘x|up — leup) = ‘xlll_r)noo |x] 2 (8‘x|us — 1/<sus) =0, (1.4)

where
ip =k/ 42w 2, e =K/

are called the compressional and shear wavenumbers, respectively.

Recently, the microlocally isotropic generalized Gaussian random fields are adopted to char-
acterize the random coefficients of some stochastic wave equations. The associated covariance
operators can be viewed as classical pseudo-differential operators. These random fields may be
too rough to be classical functions, and should be interpreted as distributions instead. Classical
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regularity estimates are not applicable for these stochastic equations due to the roughness of the
random coefficients. The well-posedness of these equations in the distribution sense and regu-
larity of the distributional solutions need to be investigated. We refer to [3,17] and [15,16] for
the study of the well-posedness of the solutions for the acoustic and elastic wave equations with
random potentials and sources, respectively. However, it remains open for the well-posedness
and regularity of the solutions for the stochastic acoustic and elastic wave scattering problems in
random media with random sources. The goal of this paper is to examine the well-posedness and
regularity of the distributional solutions for the stochastic acoustic scattering problem (1.1)—(1.2)
and the stochastic elastic scattering problem (1.3)—(1.4) by using a unified approach.

This paper is organized as follows. In Section 2, we introduce some Sobolev spaces of real
order and the microlocally isotropic generalized Gaussian random fields. Sections 3 and 4 address
the well-posedness and regularity of the solutions for the stochastic acoustic and elastic scattering
problems, respectively.

2. Preliminaries

In this section, we briefly introduce Sobolev spaces of real order and microlocally isotropic
generalized Gaussian random fields, which are used in this paper.

2.1. Sobolev spaces
Let C3°(D) be the set of smooth functions compactly supported in D C R4, and D(D) be the
space of test functions, which is C§°(D) equipped with a locally convex topology (cf. [1]). The

dual space D'(D) of D(D) is called the space of distributions on D equipped with a weak-star
topology. Define the product

(u, v) ::/u(x)mdx

D
for u € D'(D) and v € D(D). The distributional partial derivative of u € D’(D) satisfies
(@u, y) = (=D (u, 9°y)

for any ¥ € D(D) and multi-index ¢ = (¢1, ..., {q)-
For any positive integer n and 1 < p < 0o, the Sobolev space WP (D) is defined by

W"P(D)={ueLP(D):3*ueLP(D) for 0<|¢|<n},

which is equipped with the norm

lullwnroy:={ D 19%ulf

0=<[¢|=n

For any r € R4, let r = n 4+ p with n = [r] being the largest integer smaller than r and
u € (0, 1), and define
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W"P(D) = {u e W"P(D): 3" ulwurpy <oo for [¢|=n}

equipped with the norm

Sl=

lellwrr oy = [ Nl fnp oy + D 105ulfun iy |
¢ ]=n

where

, |ue(x) —u(y)|”
|M|WM.F(D) = / dedy

D D
is the Slobodeckij semi-norm. Denote by W'” (D) the closure of C3°(D) in W"7(D).
For any r € Ry, the Sobolev space W~"7(D) of negative order is defined as the dual of
W(;’q(D) with % + 5 = 1 equipped with the norm

lullw-rrpy == sup [{u, v)].
veWn4(D), |vliwrapy=<1

If D =Y, there is another kind of Sobolev spaces defined through the Bessel potential. Let
S(R9) be the Schwartz space of rapidly decreasing smooth functions, i.e.,

SRY) :={¢p € C*R?Y): sup [x°37¢(x)| < oo for all multi-indices ¢ and 7},

xeRd

and S’(R?) be the dual space of S(RY). Then D(RY) ¢ S(R%) and S’ (RY) c D'(R?). For any
s € R, define the Bessel potential 7* : S(R?) — S(R¥) of order s by

Tui=(I—N)3u=F[(1+]-Hial,

where F~! is the inverse Fourier transform. It is easy to verify that
(T u, v)2Rdy = (U, T0) 2mey Y, v € SR,
where (-, ) ;2(Ra) is the inner product in L*(RY) satisfying
(u, U)Lz(Rd) = {(u,v).

Based on the Bessel potential, we introduce the following Sobolev space of order s € R:

H?RY ={ueSRY : J°u € LP(RY)).
Denote H*(R?) := H%2(R?), which is a Hilbert space with the inner product

(u, V) gs ey = (Tu, jsv)Lz(Rd)
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and the induced norm
Il s way := 1T  ull 2 (Ray -
For any set D C RY, define
H(D)={ueD'(D):u=i|p forsomeextensionii € H* (]R{d)}.

Then it holds H*(D) = W52(D) for any real s > 0 and H™"(D) = W—"2(D) for any integer
n > 0 with equivalent norms (cf. [9,20]).

2.2. Microlocally isotropic generalized Gaussian random fields

Denote by (€2, F, P) a complete probability space, where 2 is a sample space, F is a o-
algebra on €2, and P is a probability measure on the measurable space (€2, F). Define D :=
D(R?) and D' := D'(R?). A real-valued field p is said to be a generalized random field if, for
each w € €, the realization p(w) belongs to D’ and the mapping

weQr— (p),¥) eR @2.1)

is a random variable for all ¢ € D.

In particular, a generalized random field is said to be Gaussian if (2.1) defines a Gaussian ran-
dom variable for all ¢ € D. A generalized Gaussian random field p € D’ is uniquely determined
by its expectation Ep € D’ and covariance operator Q, : D — D’ defined by

(Ep.¢) :=E(p,¥) V¢ eD,
(Qpv1, ¥2) :=E[(p, Y1) —E(p, ¥1)(p, ¥2) —E(p, ¥2))] V1, Y2 €D.

It follows from the continuity of Q, and the Schwartz kernel theorem that there exists a
unique kernel function KC,, (x, y) satisfying

(O ¥2) = / / Kt YY1 () P20Vdxdy Y. o €D.

R4 R4

The regularity of the covariance operator O, determines the regularity of the random field p.
Definition 2.1. A generalized Gaussian random field p on R? is called microlocally isotropic
of order —m with m > 0 in D if its covariance operator Q, is a classical pseudo-differential

operator having an isotropic principal symbol ¢ (x)|&|™" with the micro-correlation strength
¢ € C;°(D) being compactly supported in D and ¢ > 0.

Note that the covariance operator with a principle symbol ¢ (x)|&|~" has similar regularity as
the fractional Laplacian. To investigate the regularity of microlocally isotropic Gaussian random
fields defined above, we introduce the centered fractional Gaussian fields (cf. [18,19]) defined by

B (x) = (=A)"TW(x), xeR? (2.2)
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where (—A)_% is the fractional Laplacian and W € D’ denotes the white noise. It is shown
in [19] that h,, is a microlocally isotropic Gaussian random field of order —m satisfying Def-
inition 2.1 with ¢ = 1. Hence the fractional Gaussian field &, defined by (2.2) has the same
regularity as the microlocally isotropic Gaussian random field p of order —m in Definition 2.1.

In particular, if m € (d, d + 2), the fractional Gaussian field /,, defined above is a translation
of a classical fractional Brownian motion. More precisely,

B (X) = (i, 8(x —) —8()), xeR?

has the same distribution as the classical fractional Brownian motion with Hurst parameter H =
’"T_d € (0,1) up to a multiplicative constant, where §(-) is the Dirac function centered at the
origin.

Taking advantages of the relationship between the microlocally isotropic Gaussian random
fields and the fractional Gaussian fields defined in (2.2), we conclude this section by providing
the regularity of microlocally isotropic Gaussian random fields, whose proof can be found in

[19].

Lemma 2.2. Let p be a microlocally isotropic Gaussian random field of order —m in D with
m € [0,d +2).

() Ifm e (d,d+?2), then p € C%%(D) almost surely for all « € (0, mT_d).
(ii) Ifm €10, d], then p € WmTﬂi_e’p(D) almost surely for any € > 0 and p € (1, 00).

Remark 2.3. For a microlocally isotropic Gaussian random field p in Definition 2.1, its kernel
has the form KC,, (x, y) = ¢ (x)KCy,, (x, y) +r(x, y), where ¢, is the leading term with strength
¢ and r is a smooth residual (cf. [14]).

3. The acoustic scattering problem

In this section, we consider the Helmholtz equation (1.1) and study the well-posedness for the
acoustic scattering problem under the following assumptions on the medium p and the source f.

Assumption 1. Let the medium p be a real-valued centered microlocally isotropic Gaussian
random field of order —m , with m, € (d — 1,d] in a bounded domain D, C R?. The principal
symbol of its covariance operator has the form ¢, (x)|&|~™» with ¢, € C5°(D,) and ¢, > 0.

Assumption 2. Let the real-valued source f satisfy one of the following assumptions:

(i) f is a centered microlocally isotropic Gaussian random field of order —m ¢ with m ¢ € (d —
1,d] in a bounded domain Dy C R?. The principal symbol of its covariance operator has
the form ¢ ¢ (x)|&|™"/ with ¢ € C5°(Dy) and ¢ > 0.

(i) f=—8(- — y)a is a point source with y € R¢ and some fixed constant a € R.

For such rough p and f, the Helmholtz equation (1.1) should be interpreted in the distribution
sense. First let us consider the equivalent Lippmann—Schwinger integral equation.
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3.1. The Lippmann—Schwinger equation

Based on the fundamental solution

i
JHo klx = yD). d=2,

Dy(x,y, k)= 3.1)

eiklx—yl
——, d=3,
4m|x — y|

of the equation Au + k*u = —8(- — y) in R?, the Lippmann—Schwinger integral equation has
the form

u(x) — K / By (r, 2, ) p(u()dz = — f ®y(x, 2, k) f (2)dz. (3.2)

R4 R4

Define two operators

(Hyv)(x) 1=/¢d(x,z,k)v(z)dz,
R4

(Kv)(x) i=/‘1>d(x,z,k)p(z)v(z)dz,
Rd

which have the following properties.

Lemma 3.1. Let p satisfy Assumption 1. Let D C R? be a bounded set and G C R¢ be a bounded
set with a locally Lipschitz boundary.

(1) The operator Hy : HO_/S(D) — HB(G) is bounded for any B € (0, 1].
(ii) The operator Hy : Wo_y’p(D) — WY4(G) is compact for any q € (2,00), v € (0, (é -
%)d + 1) and p satisfying % + é =1.
(iii) The operator Ky : WY 4(G) — W?9(G) is compact for any q € (2, ﬁ) and y €
(=

7, (3 = d + 1.

Proof. (i) It follows from [5, Theorem 8.1] that Hy is bounded from C%%(D) to C%%(G) with
respect to the corresponding Holder norms || - [|co«(py and || - [|c2.«(g)- Define spaces X :=
C%¥(D) and Y := C>%(G) with scalar products

(f1. fx = (f1. D pp2ray V1. fr€X

and

(81, 82)y == (81, 82)ypray V81,82€Y,
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respectively, where f~, and g; are the zero extensions of f; and g; in R¢ \ D and R¢ \ G, respec-
tively. It is easy to verify that the products defined above satisfy

1, )x = UP2 00, TP 2 o) o ay = / (1+ EPYP2f1(6) fo6)de
R

S Al | 2l 2®ay S 1 Allcowpyll f2llcowp)

and

81,820y = (JP &1, IP @) 2 ay S 1811 o ey 182 ll ey S 1811l c2e (6 1820l 02 ()
where the notation a < b denotes a < Cb for some constant C > 0.

We claim that there exists a bounded operator V : Y — X definedby V = (I — A)H(I — A)
such that

(Hef.9)y=(f,Vg)x VfeX gel.
In fact, forany g€ Y,
||Vg||c0-a(D) = = A)H (I — A)g||c04>r(1)) S IHkU - A)g”clot(p)
SN = A)glicoag) S I8llcre(g)-

Furthermore,

(Hif. @)y =(PH f. TP ) 2gay = (Hi f. TP @) 12 Ra)

= (Hef TP8) 2y = / b4 FE( + 1EDPE(E)ds
Rd

= [ Foa-+iery=[a+Emdaea +iemie |
R

= / FOU +EPP2Va®)de = (JP2 7, P2V ) ey
R4

=(f,Vex,
whgre ﬁDd is the Fourier transform of ®,(x, y, k) with respect to x — y and satisfies —|& |2&>d($) +
k*®,4 (&) = —1. The claim is proved.

It follows from the claim and [5, Theorem 3.5] that Hy : X — Y is bounded with respect to
the norms induced by the scalar products on X and Y. More precisely, we have

IHy flly = 1Hi f ey S W Ix =1 lgs—2) S W la-6(0) (3.3)
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for any f € X and B < 1. It then suffices to show that (3.3) also holds for any f € H~#(D).
Noting that the subspace C;°(D) C X is dense in L2(D) (cf. [1, Section 2.30]) and H 1 (D) =

L2(D)”.H”_I‘D) (cf. [1, Section 3.13]), we get that (3.3) holds for any f € H~!(D), and hence
for any f € H #(D) since H#(D) c H~'(D).

(ii) For parameters p, g and y given above, we choose 8 = 1 such that y < g3, % — % < [ll,
and hence the embeddings

Wy 7Dy Hy P (D), HP(G)— W"(G)

are compact according to the Kondrachov compact embedding theorem (cf. [1]). Combining with
the result in (i) yields that Hk is compact from W_V’p(D) to WY 4(G).

(iii) Note that p € w6 for any € > 0 and p’ > 1 according to Lemma 2.2. Then for
any y € (d o (— — —)d + 1), there exist € > 0 and p’ > 1 such that 2 d —€ > —y and
mp—d
% - %ﬂ/ < = w1th p= and p satlsfymg + - =1, which leads to
m/) —d

w, > © P (D,) = Wy """(D,)

according to the Kondrachov compact embedding theorem, and hence p € W, vp (D). It then
follows from [14, Lemma 2] that pv € W(;V’p(Dp) for any v € W9 (G) with

lovilw-r.r S lollw-rsllvllwra. (3.4

Consequently, for any v € W"9(G), we have Kyv = Hi(pv) € W”4(G), which implies that
Ky : WY4(G) — WY 4(G) is compact according to (ii). O

Before showing the well-posedness of the Lippmann—Schwinger equation (3.2), we present
the unique continuation principle which ensures the uniqueness of the solution of (3.2).

Theorem 3.2. Let p satisfy Assumption 1. If u € C’/D’,%p(Rd) with y € (0, (— — —)d %) and

q € @2, 2 - 2) is a solution of the homogeneous equation

Au+k*(1+ p)u=0
in the distribution sense, then u = 0.
Proof. For any fixed k > 0, define an auxiliary function v(x) := e 1y (x) with

— (kt,0,---,0,ikvVi2+ D eCd, t>1
such that 1 - n = —k? and lim,_, o || = 00, which satisfies
(A +2in - Vv =—k*pu.

The equation above is equivalent to
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v=Gy(pv),
where v e W21 » (R?) and the operator G, is defined by

kZ

1
GDw=5 [|E|2+2n~$

f ] (x)
with & = (&1, -, &) e R%

We first give the estimate of the operator G,,. Let D C R? be a bounded domain containing
the supports of both # and p. For any f, g € C;°(D), we still denote the zero extensions of f and
gin R4 by f and g, respectively. For any s € [0, %], by denoting £~ := (&, - - - ,Ed_l)T e R4-!
and £~ = (&, -+ ,&4_1) | e RIZwithéE™~ =0if d =2, we get

— k2 J—
G,f,8)=(G,f,8)=| ———— ¢(&)d
(G f.8) =(Cot. &) $'5'2+2”'5f(§)g(5) ¢

2
ZR/,, EP + 2kiE) fzﬂc s, O
K o
R CE R Y R T s
k2 PR ey
sz £ 12 — k212 + £2 4 2ik/72 + 1&4 f(©)&(&)dE
’ A - —_—
ZJ e P szz S ;3'?2)1/( e, @I @
2 N R
+J -2 — szz S;i'z)ikmsd T FET e ®)ds
=:14+11
with
Q= {EIIIS_I—kﬂ > E} _ {s:|s—| R E}
2 ) 5
and
QH::{55||€_|—kt|<k—t}:{g;k_[<|§—|<&}’
2 2 5
where the transformation of variables (&) + kt, &, -+ €))7 > (€1, &, -+, £7)T and the fact

f(E1—kt, &, -+, Eq) = e &1 f (&, &, -+, &) are used.
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The first term I satisfies

k2 1 2\s .
ns Sl T FIT gl
o [(E7P =22 +ED? + 427 + DgZ ]
k(1 2)s e

-/ Shal{) \T ST gldg

o LETI— k)2 +EDE| + k)% + §)) + 4k27 ]

k2 1 2\s o

<[ B 77T sl

4 1IE 1= kel (g1 + k)2 + 5D

2k 1 2ys —
= QB T 71T aae

f ((E~|+kD2+ED2

(E:1E~|> 3Ly

N / (1+E»)*
} (&~ |+ k)2 + &)

{e:ls— 1< a1 <4

T FI1T S gld&

N / (1+ &)
(& |+ k)2 + )3

(&1~ 1< 1eg 1> A1)

Iﬁllﬁldé]

2k
=i (I + 1 + 131, (3.5)
where in the third step we use the fact
(€717 = K22+ ED> + 421 + DES
= (|§*|2 +E7+ k2t2)2 — ACPNET + 478
=[(e7 P —k0? + &3] [P+ kn? + 7] + 44783,

For sufficiently large ¢ > 0, the following estimates hold:

| =7 1
NS [ T IT s S e oo,
{&:181> 24 )
1+ 51D === = 1
LS leﬂflljﬂgldé,i Wllﬂmﬁ(m”gnwsw)
(&:11<kr)

and
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/ (L+IETP+ED ——
B

I3 < T FIIT 5 glde

(&1~ 1< lga 1> 4

< / ('E'zs + %) T FIIT—glds
~ [€al |Eq|1 =28
(E:1E- 1< 151> &)

1
SW”f”H—S(D)”g”H—S(D)v

which, together with (3.5), lead to

2s
< 25 W =) I8l = @)-

For term 1II, a simple calculation yields

RA+ P TF®T 56 J
|12 — k212 + &3 + 2ik/1% + 1&4

{64 <g— 1< 150> 4

II=

N KA+ ED TS FE)T5g#) J
£ 12 — K22 4+ £2 4 2ik/12 + 1&,
(&4 <l <3 gy <4y

=1 + 1,

where II; satisfies

K2(1+ €%

77|77
rd§

(1612 — k262 + £D2 + 4k2(2 + DEF]?

| <

(&4 <1< g 1> 4

k2 —2s
[ (a7

gl <igm1<Bjgs>4)
2s
gm||f||H*X(D)||g||H7s(D).

A

It then suffices to estimate II. Define a function

k2
£ 12 — K22 4+ £2 4 2ik/12 + 1&,

m(§) :=

and the transformation of variables & — &* = (§/, —&,) with
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2kt
/: __1 —
= (1)
<2kt >d‘2
== -1
[t

such that |£'| = 2kt — |£~|. Clearly, the transformation maps the subdomain

and the Jacobian

i

Ji(§) = ‘det 0F

kt kt
Qp:=1{: =5 < |71 <kt,|8q] < 5}
to the subdomain
_ 3kt kt
Qy:={&:kt <|§ |<T,|Ed|<?}-

Hence, 11, satisfies

I = / me &)L+ [E2) T F(€) T~ g (6)de

QUQy

- / [m© 0+ T FOT 5@

Q

e E (18P T €T €€ |ds

2/ [me (&) +m: (%) J:(6)] (1 + 2 T F (&) T g (6)de

Q

+ [ mena@[av gy - a+ Py | 77O T 6

Q)
+ / miE) 1)1+ 8P [T FE*) — T F(6)] T g(E)de
Q)

+ / mi 61, )1+ [6* 2 T F &[T 86 — T5(6)]de
Q)
=:1Ip1 +1Ipp + I3 + 4.

For any & € Q2,, we define the function
h(EZ) = me(€) +me (691 €)1,
If d = 2, it can be easily shown that
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k* k*

|12 — k212 + £7 + 2ik/12 + 184 " |&/12 — k22 + &3 — 2ik/12 + 1&,

_ RO + 1812 - 2000 + 26)

08P — K22 1 £D2 + 46202 + DE]° [P — 22 46D + 422 + e’

h(ED) =

is decreasing with respect to &2 € 7 €10, K ’ =——) and hence

2
2k <1

) 3 -
h(gg) = h(0) = (IE-| +kt)(Bkt — |E—]) ™~ 12

If d = 3, similarly, we have

h(E2) <h(0) = k2 ! (7D
(gd)i ( )_ —k2t2 |$ |2 kztz
k? 2kt 1

TET(E |+ kDG — £ Y 12

As a result, we obtain

k2s
Ty < /(1 S oWl mlglam. (9

By the mean value theorem, similar to the estimate of h(éﬁ) above, we get for some 9 € (0, 1)
that

miE)E [ +18" P = A +16]

s—1
=|m &) @s (14018 P+ 1 -0)ER) (8" — 18P

s—1 k2

R - D2 - 161 |
B s(tvoiE?+a-0kP) S

|&/12 — k22 4+ £2 — 2ik/12 + 1&4

which leads to

st
M| S E||f||H*S(D)||g||H*S(D)~ (3.10)

To estimate II>3 and Il4, we employ the following characterization of wlp (]Rd) introduced in
[10].

Lemma 3.3. For 1 < p < oo, the function u € WH?(R?) if and only if there exist g € L? (R?)
and C > 0 such that
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lu(x) —u(y)] < Clx — yl(g(x) +g(y)).

Moreover, we can choose g = M (|Vul), where M is defined by

1
M) = sup ey / | £ O)ldy

and is called the Hardy—Littlewood maximal function of f.

For f, g € Cg°(D), we have ﬁ, 7—‘\g e S(RY) ¢ H'(R?). An application of Lemma 3.3
gives

T=FE) =T F®| S|l = Il [MAVT = FED + MATT FD©)].
where M(|Vﬁ|) satisfies
IMAYT = Pl 2@y S IVT = Fllaey S 1T = 82T Fll 2 ey
== 220 +1- P72 FOll 2ga

= +1-D20 =873 FOll g

S flE-s oy

according to [22, Theorem 2.1], and the same for g. The above estimates then lead to

k1+2s o — —
23] S 15 / [MAVTFDED + MAVT FE|ITg(8)lde
Q2
1+42s

N ﬂ||f||Hﬂ'(D)||g||Hﬂ'(D)

and

14+2s
[Thy4] S tlﬁ”f”flﬂ'(p)||g||H—S(D),

which, together with (3.9) and (3.10), yield

(14 kK>
M| S — 55— 1/ =) I8l = ()- G.1D

We conclude from (3.6)—(3.8) and (3.11) that

(1 +k)k*
HGpfi ) S W”f”H—S(D) llgll -5y
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for any f, g € C3°(D), which can be easily extended to f, g € H~*(D) by taking the procedure
used in the estimate of (3.3). Hence, we get

(14 k)k>
1Goll =y me0) S 125

which, together with [14, Proposition 2], leads to

(1 + k)9k2s9
NGyl cow-r-r Dy, wrapy) S EPEnTa

where p satisfies § + ; =1,6 =(; = 5)d + land y =65 € (0. (; — 3)§ + 7). Utilizing (3.4)
gives

(1+k)?k>0
lvllwrapy = 1Gy(pv)lwram) S t(l_—zs)g”p”W*%ﬁ(D)”v”W%‘I(D)y

where p = ﬁ. The proof is completed by letting ¢ — oo. O

Theorem 3.4. Let p satisfy Assumption 1. Then the Lippmann—Schwinger equation (3.2) ad-
mits a unique solution u € Wl};’cq (R?) almost surely with y € (‘FT”’, (% — %)% + %) and q €

2d
(2, m), Where
(i) m=m, Amy if the condition (i) in Assumption 2 holds
or
(ii) m =m,, if the condition (ii) in Assumption 2 holds.

Proof. Let G C R be any bounded set with a locally Lipschitz boundary. Based on the defini-
tion of the operator Ky, the Lippmann—Schwinger equation can be written in the form

(I — kK*Ki)u = —Hy f, (3.12)

where the operator I — k*Ky : W¥*4(G) — W?-4(G) is Fredholm according to Lemma 3.1. It
follows from the Fredholm alternative theorem that (3.12) has a unique solution u € W"-4(G) if

(I —kK’Kpu=0 (3.13)

has only the trivial solution u = 0, which has been proved in Theorem 3.2.
Next is to show Hy f € W74(G). We consider the following two cases:
If the condition (i) in Assumption 2 holds, for any ¢, y given above and p satisfying % + é =

1, there exist € > 0 and p’ > 1 such that

myg —d

few, > "Dy wy (D)
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and hence Hy f € W?9(G) according to Lemma 3.1.
If the condition (ii) in Assumption 2 holds, it holds Hy f = ®4(-, y, k) € WP (G) for any
pe,3— %) according to [19, Lemma 3.1]. Then there exists p’ =3 — % — € for a sufficiently

small € > 0 satisfying # - ITTV < é, such that

Whr(G) = W(G),
and hence Hy f = ®4(-, y, k) €e WY1(G). O
3.2. Well-posedness

Now we present the well-posedness on the solution of (1.1)—(1.2) in the distribution sense by
showing the equivalence to the Lippmann—Schwinger equation.

Theorem 3.5. Let p satisfy Assumption 1. The acoustic scattering problem (1.1)—(1.2) is well-

defined in the distribution sense, and admits a unique solution u € Wl);’cq (RY) almost surely with
11

y € (d%m, (3 - j)% + %) and q € (2, ﬁ), where
(i) m=m, Amy if the condition (i) in Assumption 2 holds

or

(ii) m =m,, if the condition (ii) in Assumption 2 holds.

Proof. First we show the existence of the solution of (1.1)—(1.2). Specifically, we show that

the solution of the Lippmann—Schwinger equation (3.2) is also a solution of (1.1)—(1.2) in the
distribution sense. Suppose that u* € W;;’Cq (R9) is the solution of (3.2) and satisfies

w0~ [ @utrzop@u @dz = [ @urzkf@dz 3 e
R4 R
Note that the Green tensor ® is the fundamental solution for the operator A + k>1:
(A+K)P4(,2,k) = —8(- —2),
where the Dirac delta function § is a distribution, i.e., § € D’. It indicates that, for any v € D,
(A +E)Pa(,2.k), ¥) = —(3( — 2. 9) = =¥ ().

We obtain for any ¥ € D that

(Au* + Ku* + k2 pu*, ¥)

=k2< / <A+k2> <I>d(~,z,k)p(z)u*(z)d2ﬂ/f>
R4
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— < / (A + kz) ®4(x,2z,k) f(z)dz, 1//> + I (ou*, )
R4

=k2/p<z>u*(z)((A+k2) P2, k), ) dz
R

- [ r@((8+8) @aorrw)az 4 2 out )
R4
= [ peu @U@z + [ @z R on” )
R4 R4
=(f,¥).
Hence, u* € W};’Cq (R?) is also a solution of (1.1)—(1.2) in the distribution sense, which shows the
existence of the solution of (1.1)-(1.2) according to Theorem 3.4.
The uniqueness of the solution of (1.1)—(1.2) can be proved by using the same procedure as
that of the Lippmann—Schwinger equation. Let uo be any solution of (1.1) with f = 0 in the

distribution sense. It then suffices to show that ug is also a solution of (3.13) with f =0, i.e.,
ug = 0. In fact, ug satisfies

Aug + k2u0 = —kzpuo

in the distribution sense, where p € W="7(D,), ug € W) (R?) and hence pug € W, " (D,)

loc
with p = % according to the proof of Lemma 3.1. Let B, be an open ball with radius r large

enough such that D, C B;.

Moreover, it has been shown in Theorem 3.4 that ®4(-, y, k) € WI’P/(B,) — WY4(B,) with
p=3- % — € for a sufficiently small € > 0. It then indicates that

/ Du(x, 2, k) [Auo(z) 4 kzuo(z)] dz
B,

=—k2/<I>d(x,z,k)p(z)uo(z)dz. 3.14)
B,

Define the operator T by
= [ ute.z [av + v @ s
B,
for ¥ € D. By the similar arguments as those in the proof of [15, Lemma 4.3], we obtain

(T)(x) = =¥ (x) + / [Palx,z, k)0 (2) — 3, Pa(x, 2, k) (2)]ds(2),

3B,
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where v is the unit outward normal vector on the boundary 9 B;. Then (3.14) turns to be

uop(x) — f [de(x, z,k)oyup(z) — 0, Pg(x, z, k)uo(z)]ds(z)
JdB,

e f Bu(x, 2 k)p (Do (2)dz.
B,

Let r — oo and applying the radiation condition, we get

uo(x) = K2 / By, 2. b p(uo(2)dz,
Rd

which implies that u is also a solution of the Lippmann—Schwinger equation (3.2) with f =0,
and hence uy = 0 according to Theorem 3.4. O

4. The elastic scattering problem

In this section, we discuss the well-posedness of the elastic wave equation (1.3) in the distri-
bution sense, where the medium M and the source f satisfy the following assumptions.

Assumption 3. Let the medium M = (M;;)axa be a R?*4_valued and centered microlocally
isotropic Gaussian random field of order —mps with my € (d — 1,d] in a bounded domain
Dy € R?. The principal symbol of the covariance operator of each component M; j has the form
¢ij (X)|E]7"M with ¢;; € C°(Dy), ¢ij >0andi, j=1,---,d.

Remark 4.1. For a random medium M = (M;;)4xq, if the components are centered microlocally

isotropic Gaussian random fields of different orders, denoted by —m;, then M satisfies Assump-

tion 3 with mp := min; je1,... ¢y m;j. Moreover, for any component M;; with m;; > myy, it

holds (]5,‘ = 0.

Assumption 4. Let the R?-valued source f satisfy one of the following assumptions:

(i) f is a centered microlocally isotropic Gaussian random vector field of order —m ¢ with
my € (d —1,d] in a bounded domain Dy C R?. The principal symbol of its covariance
operator has the form A ¢ (x)|§|™™/ with Ay € C3°(Dy; R4*d),

(i) f = —8(-— y)a is a point source with y € R and some fixed vector a € R¢.

In the sequel, we denote by
_yd _ _ T. .

the Cartesian product vector space, and use notations W7 := (W"?(R%))¢ and H" := W"? for
simplicity.
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4.1. The Lippmann—Schwinger equation

Similarly, we consider the equivalent Lippmann—Schwinger equation for the elastic wave scat-
tering problem. Denote by ®,4(x, y, k) € C?*¢ the Green tensor for the Navier equation which
has the following form:

1 1
D4(x,y, k)= —<I>d(x y,Kg)IJr — Vi VT[CDd(x Y, ks) — Pga(x, y,Kp)] 4.1

where I is the d x d identity matrix and @, is the fundamental solution for the Helmholtz
equation and is defined in (3.1).
Based on the Green tensor ®; given in (4.1), the Lippmann—Schwinger equation has the form

u(x) —k2/<l>d(x,z,k)M(z)u(z)dz = —f@d(x,z,k)f(z)dz. 4.2)
R4 R4

Define two operators Hy and K by

(Hyv)(x) = / ®,(x, z, k)v(2)dz,

Rd

(Krv)(x) = / ®4(x,z, )M (2)v(2)dz,
R4

which have the following properties.

Lemma 4.2. Let M satisfy Assumption 3. Let D C R? be a bounded set and G C R? be a
bounded set with a locally Lipschitz boundary.

(1) The operator Hy : Haﬁ(D) — HF (G) is bounded for any g € (0, 1].
(ii) The operator Hy, : W(;y’p(D) — WY9(G) is compact for any q € (0, 00), y € (0, (é —
%)d + 1) and p satisfying 1 +5 L—1.
(iii) The operator Ky : W7 q(G) — WV 4(G) is compact almost surely for any g € (2
and y € (<=5 (— —DHd+1.

> 2d— 2 mM)

Proof. Noting that the linear operator in (1.3) is uniformly elliptic and Hy is bounded from
C%*(D) to C*%(G) (cf. [8, Theorem 6.8]), we may obtain the result in (i) by following essen-
tially the same procedure as that for Lemma 3.1. The details are omitted for brevity.

The proof of (ii) can also be obtained by using the same procedure as the proof of Lemma 3.1
and noting that the embeddings

w,""(D) — Hgﬁ(D), HP(G) — W"1(G)

hold by choosing 8 = 1 such that y < 8 and % - % <

Q=
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myg—d /
It then suffices to show (iii). Note that M € (W M= —ep y4xd almost surely for any € > 0 and

p’ > 1 according to Lemma 2.2, and there must exist € > 0 and p’ > 1 such that the embedding

mpyg—d —6,[)/ —y ‘5
W() : (DM)C_>W() (D)

holds according to the Kondrachov compact embedding theorem with p = %. Hence, M €
(W77 (R4))?*4 and Mv € WP almost surely for any v € W?*7(G) with

IMolly—ro S 1My @etyyisall0llwra

according to [14, Lemma 2], where

1 1

d 2 d 2
M| y—r.yaa = | D My ey | 5 I0llwra == D 11011500 e
i,j=1 j=1
for any v = (vy,--- ,vg) . As a result, for any v € W»4(G), we get Kyv = Hy(Mv) €

WY-4(G) almost surely, which completes the proof. O

Theorem 4.3. Let M satisfy Assumption 3. Then the Lippmann—Schwinger equation (4.2) admits
a unique solution u € W};g almost surely with y € (d_Tm, (l — %)% + %) and q € (2, Mfﬁ),

where !
(1) m =mpy A mg if the condition (i) in Assumption 4 holds
or

(il) m = myy if the condition (ii) in Assumption 4 holds.

Note that, according to the Helmholtz decomposition, the solution u of the homogeneous
elastic wave equation with f =0 in (1.3) can be decomposed into the compressional part u,
and the shear part us such that u = up + us. Both up, and u; satisfy the Helmholtz equation
with Sommerfeld radiation condition (cf. [16]). Hence, the proof of Theorem 4.3 can be ob-
tained similarly by following the same procedure as the proof of Theorem 3.4 utilizing the fact
®,(-, v, k) € (WP (G)?*4 with p’ € (1,3 — %) shown in [15, Lemma 4.1]. The details are
omitted for brevity.

4.2. Well-posedness

Now we present the existence and uniqueness of the solution of (1.3)—(1.4) in the distribution
sense by utilizing the Lippmann—Schwinger equation for the elastic scattering problem.

Theorem 4.4. Let M satisfy Assumption 3. The elastic scattering problem (1.3)—(1.4) is well-

defined in the distribution sense, and admits a unique solution u € W}’Og almost surely with
d— 1 1\d 1 2d
v E( zm, (E - j)f + j) and q € (2, 3d—2—2m)’ where
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(1) m =mpy ANmy if the condition (i) in Assumption 4 holds
or
(il) m = myy if the condition (ii) in Assumption 4 holds.

Proof. To show the existence of the solution, we first show that the solution of the Lippmann—
Schwinger equation (4.2) is also a solution of (1.3)—(1.4) in the distribution sense. Suppose that

u* € W) is the solution of (4.2) and satisfies

u*(x)—k2/<1>d(x,z,k)M(z)u*(z)dz=—/<1>d(x,z,k)f(z)dz, x eRY.
R4 R4

The Green tensor ®, is the fundamental solution of the equation

(A*+ k@4, y, k) = —8(-— W,

where A* := uA + (u+ A)VV-. For any ¥ € D, it is easy to note that

(A* + K@y, v, k), ¥) = — (8¢ — DI, ¥) =P ().

Hence, for any ¥ € D, we get
(A*u* + k(1 + M)u*, §)

- k2< / (A% +#2) @ul, 2 oM @ ()dz, ,,,>

Rd

_< / (A*+k2) <I>d(~,z,k)f(z)dz,'/f>+k2<M”*"/’>
Rd

=2 [ (@) {(87+#) @ac 2.0, ¥) 2
Rd

~ [ @7 ((a7 ) Qa0 )z + 0" )

Rd

= —k? / (M()u*(2)) " ¥ (@)dz + / @Y @dz + kK (Mu*, ¥)
R4 R4
=(f.¥).
Hence, u* € W}’U’f is also a solution of (1.3)—(1.4) in the distribution sense, which shows the
existence of the solution of (1.3)-(1.4) according to Theorem 4.3.

The uniqueness of the solution of (1.3)—(1.4) is obtained based on the same procedure as the
proof of Theorem 3.5. O
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