SIMPLE HIRONAKA RESOLUTION IN CHARACTERISTIC ZERO
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ABSTRACT. Building upon works of Villamayor and Bierstone-Milman we give a proof of the canonical
Hironaka principalization and desingularization. The idea of "homogenized ideals” introduced in the paper
gives a priori the canonicity of algorithm and radically simplifies the proof.
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0. INTRODUCTION

In the present paper we give a short proof of the Hironaka theorem on resolution of singularities. Recall
that in the classical approach to the problem of embedded resolution originated by Hironaka (see [25]) and
later developed and simplified by Bierstone-Milman (see [10]) and Villamayor (see [33]) we construct an in-
variant which plays the role of a measure of singularities. The invariant is upper semicontinuous and defines
a stratification of the ambient space. This invariant drops after the blow-up of the maximal stratum. It is
defined locally in a non-canonical way on the tower of admissible blow-ups. Since it determines the centers of
the resolution and is independent of any choices we can patch up local desingularizations to a global one. Such
an invariant carries a rich information about singularities and the resolution process. What adds to complex-
ity is that it ”lives” on the rich structures encoding the desingularization (or Bierstone-Milman’s towers of
local blow-ups with admissible centers and Villamayor’s generalized basic objects). Recently Encinas-Hauser
minimized the amount of data which should be carried by such objects by introducing mobiles (see [17]).

The idea of forming the invariant is based upon the observation due to H. Hironaka that the resolution
process controlled by the order or Hilbert-Samuel function can be reduced to the resolution process on
some smooth hypersurface, called a hypersurface of mazimal contact (see [25], [5]). The reduction to a
hypersurface of maximal contact is not canonical and for two different hypersurfaces of maximal contact we
get two different objects loosely related but having the same invariant.

The approach we propose in this paper is based upon the above mentioned reduction procedure and two
simple observations.

(1) The resolution process defined as a sequence of the suitable blow-ups of ambient spaces can be applied
simultaneously not only to the given singularities but rather to a class of equivalent singularities.
This means that we can modify singularities before resolving them.

(2) In the equivalence class we can choose a convenient representative given by the homogenized ideals
introduced in the paper. The restrictions of homogenized ideals to different hypersurfaces of maxi-
mal contact define locally analytically isomorphic singularities. Moreover the local isomorphism of
hypersurfaces of maximal contact is defined by a local analytic automorphism of the ambient space
preserving all the relevant resolutions.
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As a consequence neither constructing painstaking structures nor studying elaborate invariants are re-
quired for the proof of the resolution theorems. All we need is the existence of a canonical functorial resolution
in lower dimensions. The use of an invariant controlling the whole resolution procedure is now not essential
and can be completely avoided. Despite that, we introduce the invariant in the process of constructing the
algorithm mainly to mark the progress towards the desingularization.

The algorithm we formulate here is essentially the same as the one found by Hironaka and simplified by
Bierstone-Milman and Villamayor.

Although the preliminary set-up (with some modifications and refinements) and general strategy of the
proof build upon works of Villamayor (see [33], [34], [35]) the present proof leads to essentially the same
invariant as in Bierstone-Milman papers (see [10], [11], [12])

The presented proof is elementary, constructive and self-contained.

The methods used in this paper can be applied to desingularization of analytic space; we deal with the
analytic case in a separate paper.

1. FORMULATION OF THE MAIN THEOREMS

All algebraic varieties in this paper are defined over a ground field of characteristic zero. The assumption
of characteristic zero is only needed for the local existence of a hypersurface of maximal contact (Lemma
2.7.4).

We give a proof of the following Hironaka Theorems (see [25]):
(1) Canonical Principalization

Theorem 1.0.1. Let T be a sheaf of ideals on a smooth algebraic variety X. There exists a princi-
palization of T, that is, a sequence

X=X X, &2 Xy e— Xje— ... — X, =X
of blow-ups o; : X;_1 < X; of smooth centers C;_1 C X;_1 such that

(a) The exceptional divisor E; of the induced morphism o' = o10...00; : X; — X has only simple

normal crossings and C; has simple normal crossings with F;. B
(b) The total transform o"*(Z) is the ideal of a simple normal crossing divisor E which is a natural

combination of the irreducible components of the divisor E,..
The morphism ()?,7?) — (X,Z) defined by the above principalization commutes with smooth mor-
phisms and embeddings of ambient varieties. It is equivariant with respect to any group action not
necessarily preserving the ground field K.

(2) Weak-Strong Hironaka Embedded Desingularization

Theorem 1.0.2. Let Y be a subvariety of a smooth variety X over a field of characteristic zero.
There exists a sequence

Xo=X I X, & Xy e— X;e— . — X, = X

of blow-ups o; : X;_1 +— X; of smooth centers C;_1 C X;_1 such that

(a) The exceptional divisor E; of the induced morphism o' = o10...00; : X; — X has only simple
normal crossings and C; has simple normal crossings with E;.

(b) LetY; C X; be the strict transform of Y. All centers C; are disjoint from the set Reg(Y) C Y;
of points where Y (not Y;) is smooth (and are not necessarily contained in Y;).

(¢) The strict transform Y =Y, of Y is smooth and has only simple normal crossings with the
exceptional divisor E,..

(d) The morphism (X,Y) — (X,Y) defined by the embedded desingularization commutes with
smooth morphisms and embeddings of ambient varieties. It is equivariant with respect to any
group action not necessarily preserving K.

(e) (Strengthening of Bravo-Villamayor) (see [14])

O'*(Iy) = I}?’IE‘D
where I is the sheaf of ideals of the subvariety Y C X and I is the sheaf of ideals of a simple

normal crossing divisor E which is a natural combination of the irreducible components of the
divisor E,..
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(3) Canonical Resolution of Singularities

Theorem 1.0.3. Let Y be an algebraic variety over a field of characteristic zero.

There exists a canonical desingularization of Y that is a smooth variety Y together with a proper
birational morphism resy : Y — Y which is functorial with respect to smooth morphisms. For any
smooth morphism ¢ : Y~' — Y there is a natural lifting ¢~5: Y’ — Y which is a smooth morphism.

In particular resy : Y — Y is an isomorphism over the nonsingular part of Y. Moreover resy is
equivariant with respect to any group action not necessarily preserving the ground field.

2. PRELIMINARIES

To simplify our considerations we shall assume that the ground field is algebraically closed. At the end
of the paper we deduce the theorem for an arbitrary ground field of characteristic zero.

2.1. Resolution of marked ideals. For any sheaf of ideals Z on a smooth variety X and any point x € X
we denote by
ord,(Z) := max{i | Z C m.}

the order of Z at x. (Here m, denotes the maximal ideal of z.)

Definition 2.1.1. (Hironaka (see [25], [27]), Bierstone-Milman (see [10]),Villamayor (see [33])) A marked
ideal (originally a basic object of Villamayor) is a collection (X,Z,E, ), where X is a smooth variety,
7 is a sheaf of ideals on X, p is a nonnegative integer and FE is a totally ordered collection of divisors
whose irreducible components are pairwise disjoint and all have multiplicity one. Moreover the irreducible
components of divisors in F have simultaneously simple normal crossings.

Definition 2.1.2. (Hironaka ([25], [27]), Bierstone-Milman (see [10]),Villamayor (see [33])) By the support
(originally singular locus) of (X,Z, E, 1) we mean

supp(X,Z,E, ) :=={x € X | ord,(Z) > u}.

Remarks. (1) The ideals with assigned orders or functions with assigned multiplicities and their supports
are key objects in proofs of Hironaka, Villamayor and Bierstone-Milman (see [25]. Hironaka intro-
duced the notion of idealistic exponent. Then various modifications of this definition were considered
in the papers of Bierstone-Milman (presentation of invariant) and Villamayor ( basic objects). In our
proof we stick to Villamayor’s presentation of his basic objects (and their resolutions). Our marked
ideals are essentially the same notion as basic objects. However because of some technical differences
and in order to introduce more suggestive terminology we shall call them marked ideals.

(2) Sometimes for simplicity we shall represent marked ideals (X,Z, E, ) as couples (Z, u) or even ideals
7.

(3) For any sheaf of ideals Z on X we have supp(Z, 1) = supp(Z).

(4) For any marked ideals (Z, u) on X, supp(Z, i) is a closed subset of X (Lemma 2.6.2).

Definition 2.1.3. (Hironaka (see [25], [27]), Bierstone-Milman (see [10]),Villamayor (see [33])) By a reso-
lution of (X,Z, E, 1) we mean a sequence of blow-ups o; : X; — X;_1 of disjoint unions of smooth centers
Ci—1 C X,

Xo=X X, & X, & X — . X,
which defines a sequence of marked ideals (X;,Z;, E;, ) where

) Ci Csupp(Xi, i, By, ).

) C; has simple normal crossings with F;.

) Z; =Z(D;) "o} (Z;—1), where Z(D;) is the ideal of the exceptional divisor D; of o;.

) E; =05(E;—1) U{D;}, where o{(F;_1) is the set of strict transforms of divisors in F;_;.

) The order on o§(E;_1) is defined by the order on F,;_; while D; is the maximal element of E;.
)

Definition 2.1.4. The sequence of morphisms which are either isomorphisms or blow-ups satisfying condi-
tions (1)-(5) is called a multiple test blow-up. The number of morphisms in a multiple test blow-up will be
called its length.
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Definition 2.1.5. An extension of a multiple test blow-up (or a resolution) (X;)o<i<m 1S a sequence
(X?)o<j<m’ of blow-ups and isomorphisms Xg = X = ... =X} | « X} =... =X, ; « .. X =
.= X}, where X = X;.

Remarks. (1) The definition of extension arises naturally when we pass to open subsets of the considered
ambient variety X.
(2) The notion of a multiple test blow-up is analogous to the notions of test or admissible blow-ups
considered by Hironaka, Bierstone-Milman and Villamayor.

2.2. Transforms of marked ideal and controlled transforms of functions. In the setting of the above
definition we shall call

(Zis ) = 0§ (Ziz1, 1)

a transform of the marked ideal or controlled transform of (Z,u). It makes sense for a single blow-up in a
multiple test blow-up as well as for a multiple test blow-up. Let ¢’ := 010...00; : X; — X be a composition
of consecutive morphisms of a multiple test blow-up. Then in the above setting

(T, 1) = (T, ).
We shall also denote the controlled transform o°(Z, i) by (Z, u); or [T, ).
The controlled transform can also be defined for local sections f € Z(U). Let o : X < X’ be a blow-up of
a smooth center C' C supp(Z, p) defining transformation of marked ideals 0°(Z, u) = (Z/, ). Let f € Z(U)

be a section of a sheaf of ideals. Let U’ C ¢~ 1(U) be an open subset for which the sheaf of ideals of the
exceptional divisor is generated by a function y. The function

g=y "(foo) e Z(U')
is a controlled transform of f on U’ (defined up to an invertible function). As before we extend it to any
multiple test blow-up.

The following lemma shows that the notion of controlled transform is well defined.

Lemma 2.2.1. Let C C supp(Z, u) be a smooth center of the blow-up o : X «— X' and let D denote the
exceptional divisor. Let I denote the sheaf of ideals defined by C. Then

(1) T C I,
(2) 07(Z) € (Zp)".

Proof. (1) We can assume that the ambient variety X is affine. Let uq,...,u, be parameters generating Z¢
Suppose f € T\ Z}. Then we can write f =Y  cou®, where either |a| > p or |a| < p and ¢, & Ze. By the
assumption there is a with |a| < p such that ¢, € Zo. Take o with the smallest |a]. There is a point z € C
for which ¢, () # 0 and in the Taylor expansion of f at = there is a term ¢, (z)u®. Thus ord,(Z) < p. This
contradicts to the assumption C' C supp(Z, ).

(2) 0*(Z) C o*(Ze)* = (Ip)*. ]

2.3. Hironaka resolution principle. Our proof is based upon the following principle which can be traced
back to Hironaka and was used by Villamayor in his simplification of Hironaka’s algorithm:

(1) (Canonical) Resolution of marked ideals (X,7, F, u)
I

(2) (Canonical) Principalization of the sheaves 7 on X
I

(3) (Canonical) Weak Embedded Desingularization of subvarieties Y C X
I

(4) (Canonical) Desingularization

(1)=(2) It follows immediately from the definition that a resolution of (X,Z,,1) determines a princi-
palization of Z. Denote by o : X «— X the morphism defined by a resolution of (X,Z,0,1). The controlled
transform (i 1) := 0°(Z, 1) has the empty support. Consequently, V(f) = 0, and thus 7 is equal to the
structural sheaf Og. This implies that the full transform ¢*(Z) is principal and generated by the sheaf of
ideal of a divisor whose components are the exceptional divisors. The actual process of desingularization is
controlled by some invariant and is often achieved before (X,Z, E, 1) has been resolved (Proposition 3.0.8) .
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(2)=(3) Let Y C X be an irreducible subvariety. Assume there is a principalization of sheaves of ideals
Zy subject to conditions (a) and (b) from Theorem 1.0.1. Then in the course of the principalization of Zy
the strict transform Y; of Y on some Xj; is the center of a blow-up. At this stage Y; is nonsingular and has
simple normal crossing with the exceptional divisors. In the algorithm this moment is detected by some
invariant.

(3)=(4) Every algebraic variety admits locally an embedding into an affine space. Thus we can show that
the existence of canonical embedded desingularization independent of the embedding defines a canonical
desingularization. The patching of local desingularizations is controlled by an invariant independent of
embeddings into smooth ambient varieties, provided the dimensions of the ambient varieties are the same.

2.4. Functorial properties of multiple test blow-ups.
Lemma 2.4.1. Let ¢ : X’ — X be a smooth morphism. Then

(1) For any sheaf of ideals T on X and any 2’ € X', x = ¢(2') € X we have ord, (¢*(Z)) = ord,(Z).

(2) Let E be a set of divisors with smooth disjoint components such that all components of all divisors
have simultaneously simple normal crossings. Then the inverse images ¢~1(D) of divisors D € E
have disjoint components and all the components of the divisors ¢~1(D) have simultaneously simple
normal crossings.

Proof. The assertions can be verified locally. Assume ¢ is of relative dimension . Then it factors (locally)
as ¢ = mip where ¢ : Upr — X X A" is étale and 7 : X X A” — X is the natural projection. Let ' := 1 (z').
Since ¢ defines a formal analytic isomorphism * : (/Q\muy XxAr (/Q\m/, x the assertion of the lemma are
satisfied for ¥. Moreover they are satisfied for the natural projection 7 and for the composition ¢ = wyp. O

Proposition 2.4.2. Let X; be a multiple test blow-up of a marked ideal (X,Z,E, 1) defining a sequence of
marked ideals (X;,Z;, E;, ). Given a smooth morphism ¢ : X' — X, the induced sequence X| := X' xx X,
is a multiple test blow-up of (X', T', E', u) such that

(1) ¢ lifts to smooth morphisms ¢; : X! — X;.

(2) (X)) defines a sequence of marked ideals (X[, I}, B!, u) where I = ¢¥(Z;), the divisors in E. are the

inverse images of the divisors in E; and the order on E! is defined by the order on E;.
(3) If (X;) is a resolution of (X,Z,E,u) then (X]) is an extension of a resolution of (X',T', E', ).

Proof. The pullback of the blow-up o;41 : X; « X;41 by the smooth morphism is either the blow-up of
the smooth center C! = o '(C;) or antisomorphism if o; '(C') = ). Since ¢; : X/ — X; is smooth for any
' € X[ and z = ¢i(z), ord, (¢F(Z;)) = ord,(Z;). Thus C! C supp(Z], u). Moreover C! has simple normal
crossings with E!. The other properties of multiple test blow-ups are satisfied. O

Definition 2.4.3. We say that the above multiple test blow-up (X/) is induced by ¢; and X. We shall
denote (X]) and the corresponding marked ideals (X',Z', E’, i) by

¢*<XZ) = lev ¢*(X171—17E17N) = (X/ 7 E;’M)

(R A B

2.5. Equivalence relation for marked ideals. Let us introduce the following equivalence relation for
marked ideals:

Definition 2.5.1. Let (X,Z, Ez,uz) and (X,J,E7, puy) be two marked ideals on the smooth variety X.
Then

(X,I, EI”U/I) ~ (X7J7E.77/’[/..7)
if
(1) Ez = E7 and the orders on Fz and on E 7 coincide.
(2) supp(X,Z, Bz, pzr) = supp(X, T, Eg, pug).
(3) All the multiple test blow-ups Xo = X X, — X, — X, of (X,Z,Ezr,uz) are
exactly the multiple test blow-ups of (X, J, E7, u7) and moreover we have
Supp(Xi>Iia Eia ,LLI) = Supp(Xia ‘-7155 Eia Mj)

Example 2.5.2. For any k € N, (Z, u) ~ (Z¥, kp).
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Remark. The marked ideals considered in this paper satisfy a stronger equivalence condition: For any smooth
morphisms ¢ : X' — X, ¢*(Z, n) ~ ¢*(J, p). This condition will follow and is not added in the definition.

2.6. Ideals of derivatives. Ideals of derivatives were first introduced and studied in the resolution context
by Giraud. Villamayor developed and applied this language to his basic objects.

Definition 2.6.1. (Giraud, Villamayor) Let Z be a coherent sheaf of ideals on a smooth variety X. By
the first derivative (originally extension) D(Z) of T we mean the coherent sheaf of ideals generated by all
functions f € 7 with their first derivatives. Then the i-th derivative D*(Z) is defined to be D(D'~(I)). If
(Z, ) is a marked ideal and i < p then we define

DT, ) = (D (D), p— ).

Recall that on a smooth variety X there is a locally free sheaf of differentials Qx,x over K generated
locally by duy,...,du, for a set of local parameters ui,...,u,. The dual sheaf of derivations Dery (Ox)

is locally generated by the derivations %. Immediately from the definition we observe that D(Z) is a

coherent sheaf defined locally by generators f; of Z and all their partial derivatives %. We see by induction

. lal ¢

that D*(Z) is a coherent sheaf defined locally by the generators f; of Z and their derivatives 8(9“5’ for all
multiindices a = (o, ..., a,), where |a| ;= a1 + ... + a, <.

Remark. In characteristic p the partial derivatives % gl;‘ (where al = a!- ... - a,!) are well defined and are

called the Hasse-Dieudonné derivatives. They should be used in the definition of the derivatives of marked
ideals. One of the major sources of problems is that unlike in characteristic zero

D'(D'(Z)) ¢ D ().
Lemma 2.6.2. (Giraud, Villamayor) For any i < p— 1,
supp(Z, p1) = supp(D* (L), p — ).
In particular ~ supp(Z, p) = supp(DH~Y(Z),1) = V(D*"YZ) s a closed set. O

We write (Z,u) C (J,p) fZ C J.
Lemma 2.6.3. (Giraud, Villamayor) Let (Z,u) be a marked ideal and C' C supp(Z, p) be a smooth center
andr < p. Let 0 : X «— X' be a blow-up at C. Then
o°(D"(Z, 1)) € D" (0°(Z, p))-
Proof. First assume that » = 1. Let uq,...,u, denote the local parameters at . Then the local parameters

at 2’ € 07! (x) are of the form uj = - for i < m and u} = u; for i > m, where u,, = u;, =y denotes the
local equation of the exceptional divisor.

The derivations 8%1 of Oy x extend to the derivations of the rational field K (X). Note also that

ou’; 8o . . ou’; 1 . au’ ou’; .
3u]i :uiia Z<m51§]§n7 Bu;:_ﬁuj’ J <m; 8u: =1, 6u:n:07]>m,
6u; o .
du; — 5”', 1 Z m.
This gives
9 _ 1 o0 _ 10 ; . o _ _1¢, _0 / o) . 0
By = wm o0 = youw 1 S1<m Gug = ~yWiger T U150 — ~ U )

82426%1_,m<i§n.

We see that any derivation D of Ox induces a derivation yo*(D) of Ox:. Thus the sheaf yo*(
Derg(Ox)) of such derivations is a subsheaf of
Derg(Ox/) locally generated by

0 .
<m and yw,z>m.
i

9 iem 2

8Ug ) ) y3y7
In particular yo*(D(Z)) C D(c*(Z)). For any sheaf of ideals J on X’ denote by yo*(D)(J) C D(J) the
ideal generated by J and the derivatives D’(f), where f € J and D’ € yo*(
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Derg(Ox)). Note that for any f € J and D’ € yo*(
Derk(0Ox)), y divides D'(y) and

D'(yf) =yD'(f)+D'(y)f € yo"(D)T)+yT =yo"(D)(T).
Consequently, yo*(D)(yJ) C yyo* D)(j) and more generally yo*(D)(y*J) C y*yo*(D)(J). Then
yo™(D(T)) € yo™(D)(0*(1)) = yo™ (D)(y"o"(1)) < y"yo"(D)(c*(T)) € y*D(0°(T)).
Then
o°(D(T)) = y~"*o*(D(Z)) C D(o
Assume now that r is arbitrary. Then C' C supp(Z, ) = supp(D*(Z,
0*(D'T) = o*(D(D" (1)) C D(o*D" (1))

))-

‘(z
u)) for i < r and by induction on r,
CD'(0°(2)). O

As a corollary from Lemma 2.6.3 we prove the following

Lemma 2.6.4. A multiple test blow-up (X;)o<i<k of (Z,p) is a multiple test blow-up of D¥(Z,p) for 0
7 < u and

IN

[DY(Z, w)]k C D! (T, ).

Proof. Induction on k For k=0 evidentl. Let opy1 @ X «— Xg41 denote ‘phe blow-up with a center C, C
supp(Ik‘, w) = supp(D? (Zy, 1)) C supp([D? (Z, w)]k)- Then by induction [DJ (Z, W)]k1 = 05,1 [DV(Z, )]k <
0611 (D7 (Zi, ). Lemma 2.6.3 gives o, (D (Zi, p)) C Dio,, (T, 1) = DI (Tisr, )- =

Lemma 2.6.5. Let ¢ : X' — X be an étale morphism of smooth varieties and Z be a sheaf of ideals on X.
Then

Proof. Since ¢ is étale, for any points ' € X’ and ¢(2’) = = we have @x/,x’ o~ @%X, and ¢* (D/(\Z))gC =

(D(ﬁ)))xl Since @w x is faithfully flat over O, x and (6(?)) =DI)- @x x we get the equality of stalks
¢*(D(Z)), = D(¢*(Z)), which determines the equality of sheaves ¢*(D(Z)) = D(¢*(Z)). O

2.7. Hypersurfaces of maximal contact. The concept of the hypersurfaces of maximal contact is one of
the key points of this proof. It was originated by Hironaka, Abhyankhar and Giraud and developed in the
papers of Bierstone-Milman and Villamayor.

In our terminology we are looking for a smooth hypersurface containing the supports of marked ideals
and whose strict transforms under multiple test blow-ups contain the supports of the induced marked ideals.
Existence of such hypersurfaces allows a reduction of the resolution problem to codimension 1.

First we introduce marked ideals which locally admit hypersurfaces of maximal contact.

Definition 2.7.1. (Villamayor (see [33])) We say that a marked ideal (Z, i) is of mazimal order (originally
simple basic object) if max{ord,(Z) | x € X} < p or equivalently D*(Z) = Ox.

Lemma 2.7.2. (Villamayor (see [33])) Let (Z,u) be a marked ideal of mazximal order and C' C supp(Z, i)
be a smooth center. Let o : X «— X' be a blow-up at C C supp(Z, ). Then o(Z, u) is of maximal order.

Proof. If (Z, u) is a marked ideal of maximal order then D#(Z) = Ox. Then by Lemma 2.6.3, D*(c°(Z, 1)) D
c¢(D*(I),0) = Ox. O

Lemma 2.7.3. (Villamayor (see [33])) If (Z, ) is a marked ideal of mazimal order and 0 < i < u then
DYT, ) is of maximal order.

Proof. D*~1(D(Z,n)) = DH(Z, ) = Ox. O

Lemma 2.7.4. (Giraud) Let (Z,u) be the marked ideal of mazimal order. Let o : X «+ X' be a blow-up at
a smooth center C C supp(Z, ). Let uw € DH=HZ, n)(U) be a function of multiplicity one on U, that is, for
any x € V(u), ord;(u) = 1. In particular supp(Z,u) NU C V(u). Let U' C o= (U) C X’ be an open set
where the exceptional divisor is described by y. Let u' := 0(u) = y~1o*(u) be the controlled transform of u.
Then

(1) o € D1 (0T ).
(2) v is a function of multiplicity one on U’.
(3) V(u') is the restriction of the strict transform of V(u) to U’.
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Proof. (1) v’ = o0°(u) = u/y € o¢(D'1(Z)) C D*~(o°(2)).

(2) Since u was one of the local parameters describing the center of blow-ups, v’ = u/y is a parameter,
that is, a function of order one.

(3) follows from (2). O

Definition 2.7.5. We shall call a function
u € T(T)(U) := D HZ(U))

of multiplicity one a tangent direction of (Z,u) on U.

As a corollary from the above we obtain the following lemmas:

Lemma 2.7.6. (Giraud) Let w € T(Z)(U) be a tangent direction of (Z,p) on U. Then for any multiple test
blow-up (U;) of (Zjy,p) all the supports of the induced marked ideals supp(Z;, p) are contained in the strict
transforms V(u); of V(u). O

Remarks. (1) Tangent directions are functions defining locally hypersurfaces of maximal contact.
(2) The main problem leading to complexity of the proofs is that of noncanonical choice of the tangent
directions. We overcome this difficulty by introducing homogenized ideals.

Lemma 2.7.7. (Villamayor) Let (Z, 1) be the marked ideal of mazimal order whose support is of codimension
1. Then all codimension one components of supp(Z, u) are smooth and isolated. After the blow-up o : X «—
X' at such a component C' C supp(Z, n) the induced support supp(Z’, u) does not intersect the exceptional
divisor of o.

Proof. By the previous lemma there is a tangent direction u € D*~1(Z) whose zero set is smooth and
contains supp(Z,u). Then D*~Y(Z) = (u) and Z is locally described as Z = (u*). The blow-up at the
component C locally defined by w transforms (Z,u) to (Z/, u), where 0*(Z) = y*Ox, and Z' = 0°(Z) =
y Ho*(Z) = Ox, where y = u describes the exceptional divisor. O

Remark. Note that the blow-up of codimension one components is an isomorphism. However it defines a
nontrivial transformation of marked ideals. In the actual desingularization process this kind of blow-up may
occur for some marked ideals induced on subvarieties of ambient varieties. Though they define isomorphisms
of those subvarieties they determine blow-ups of ambient varieties which are not isomorphisms.

2.8. Arithmetical operations on marked ideals. In this sections all marked ideals are defined for the
smooth variety X and the same set of exceptional divisors E. Define the following operations of addition
and multiplication of marked ideals:

(1) (Z,pz) + (T, pg) == (I + J"T, uzpyg), or more generally (the operation of addition is not asso-
ciative)

(Ti 1) + o (T ) = (TYHm TR b Tt s ).
(2) (Ia,u'I) : (jaﬂj) = (I J,/JI‘{*,LLJ).

Lemma 2.8.1. (1) supp((Z1, p1) + - + (T, om)) = supp(Z1, 1) N ... N supp(Zp, ). Moreover
multiple test blow-ups (Xi) of (Zi,p1) + ... + (T, pm) are exactly those which are simultaneous
multiple test blow-ups for all (Z;, ;) and for any k we have the equality for the controlled transforms
(Zj, pz )k

(Zrs )i + -+ s pan )k = [(Z1s 1) + -+ (Lo )i
(2)
supp(Z, pz) Nsupp(J, pg) 2 supp((Z, pz) - (T, 17 ))-
Moreover any simultaneous multiple test blow-up X; of both ideals (Z,uz) and (T, py) is a multiple

test blow-up for (Z,uz) - (J,pg), and for the controlled transforms (Ty, uz) and (Jx, pg) we have
the equality

(T, uz) - (T, ng) = (T, uz) - (T 11.7)] k-
Proof.

(1) To simplify notation we restrict ourselves to the case of two marked ideals. The proof for n > 2
marked ideals is exactly the same. We have
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supp((Z, uz) + (T, i) = supp(Z*7 + J"*, pzpy) = supp(I7, prpg) Nsupp(THE, pzpg )=
supp(Z, piz) Nsupp(J, g )-
Suppose now all multiple test blow-ups of (Z, uz) + (J,us) of length k > 0 are exactly simultaneous

multiple test blow-ups for (Z,uz) and (J,pg) and [(Z,pz) + (T, 06 0)le = Tk, z) + (Tky 7). Let opia
denote a blow-up of smooth center Cj contained in supp[(Z, uz) + (J, ps)]k. Then

(Z,uz) + (T, )41 = 05y (Tho i) + (T 7)) = (127 0f (T + TF uzpg)) =
(y=H2ra o (L) pzpng ) + (Y~ HR7of (Te)!* pzig) = (y "2 o (ZIk), uz) + (Y19 03 (Tk), bg) =
O'z(Ik,/JI) + Ulz(jk;,uj) = (Ik+17[1,1') + (jk+17/~‘6.7)'

(2) If ord,(Z) > pz and ord,(J) > py then ord,(Z - J) > puz + py. This implies that
supp(Z, uz) Nsupp(J, uy) 2 supp((Z, uz) - (J, 7). Suppose now all simultaneous multiple test blow-ups
of (Z,uz) and (J, pg) of length k > 0 are multiple test blow-ups for (Z, uz) - (7, 17) and there is equality

(T, pz) - (T, ng) = (T, puz) - (T 5 7))k

Let 011 denote the blow-up of a smooth center Cy contained in supp(Zg, pz) - (JTk, pp7) C supp(Z,x pz) N
supp(Jg, 7). Then

(T, uz) - (T, p7)]k1 = 051 (T, piz) - (Theo 7)) = (y_(”1+”j)02+1(zk~7k)a/i1 + 7)) 2
(o (Th), pz) - (Y "7 03 (Tn), wg) = 0u(Ti, i) - 03 ( Ty 7)) = (Tit1, piz) - (T, o7 )-

O

Remark. The operation of multiplication of marked ideals is associative while the operation of addition is
not. However we have the following lemma.

Lemma 2.8.2. ((Zy1, p1) + (Za, pn2)) + (Zs, p3) =~ (Z1, p1) + ((Za, p2) + (Zs, p3))

Proof. It follows from Lemma 2.8.1 that the supports of the two marked ideals are the same. Moreover by
the same lemma the supports remain the same after consecutive blow-ups of multiple test blow-ups. O

2.9. Homogenized ideals and tangent directions. Let (Z, ) be a marked ideal of maximal order. Set
T(Z) := D* 7. By the homogenized ideal we mean

H(Z, 1) = (HIT),p) =T +DI-T(I)+...+DIT-T(I) +...+ D T-TT)* L, )

Lemma 2.9.1. Let (Z,u) be a marked ideal of mazimal order.

(1) If p =1, then (H(Z),1) = (Z,1).

(2) HZ)=(Z+DI-T(T)+...+DT-T(Z)' +...+ D+ T -T(T)* '+ DT -T(T)* +....

(3) (H(Z),n) = (T, u)+D(I u) (T(I%l) ~~~+Di(17u)-(T(I)71)i+~--+D"‘1(Z,u)~(T(I)71)“‘1'
(4) If p > 1 then H(D(Z, n)) 2 D(H(Z, 1)) O
(5) T(H(Z,p) =T(Z, u)

Remark. A homogenized ideal features two important properties:

(1) Tt is equivalent to the given ideal.
(2) It ”looks the same” from all possible tangent directions.

By the first property we can use the homogenized ideal to construct resolution via the Giraud Lemma 2.7.6.
By the second property such a construction does not depend on the choice of tangent directions.

Lemma 2.9.2. Let (Z, ) be a marked ideal of mazimal order. Then

(1) (Z,p) = (H(Z), p)-
(2) For any multiple test blow-up (Xi) of (T, ),

(H(D), i = (T, e + [P, )] - (L), D] + .. [PPHT, )] - (@), DI
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Proof. Since H(Z) D Z, every multiple test blow-up of H(Z, u) is a multiple test blow-up of (Z, ). By
Lemma 2.6.4, every multiple test blow-up of (Z, i) is a multiple test blow-up for all D¥(Z, u1) and consequently,
by Lemma 2.8.1 it is a simultaneous resolution of all (D!(Z) - T(Z)%, u) = (DY(Z), pn — i) - (T(Z)*, i) and
supp(H(Z, 1)x) = Ny supp(D(Z) - T(T)Y, ) = (Vi supp(D'(Z), p — i) - (T(T)', i) 2
MYy supp(D'(Z, 1)k = supp(Zy, ).

Therefore every multiple test blow-up of (Z, 1) is a multiple test blow-up of H(Z, u) and by Lemmas 2.9.1(3)
and 2.8.1 we get (2). O

Lemma 2.9.3. Let ¢ : X' — X be a smooth morphism of smooth varieties and let (X,Z,0,u) be a marked
ideal. Then

¢"(H(Z)) = H(¢"(Z)).

Proof. A direct consequence of Lemma 2.6.5 .

Although the following Lemmas 2.9.4 and 2.9.5 are used in this paper only in the case £ = () we formulate
them in slightly more general versions.

Lemma 2.9.4. Let (X,Z,E,u) be a marked ideal of maximal order. Assume there exist tangent direc-
tions u,v € T(I We = DFYZ, 1), at x € supp(Z,p) which are transversal to E. Then there exists an

automorphism (buv ofX = Spec(@%x) such that
(1) G (HE), = (D).

v
Supp(f7 w) :=V(T(Z,pn)) is contained in the fixed point set of ¢.

Proof. (0) Construction of the automorphism Guo-

Find parameters uo, . .., u, transversal to v and v such that v = uy,us,...,u, and v, us, ..., u, form two
sets of parameters at x and divisors in F are described by some parameters u; where i > 2. Set

(Z/;u'u(ul) =, a;uv(ui) =u; for i>1
(1) Let h:=v —u € T(Z). For any f € Z,

- af 10%f 10'f
F () = hotig, ... un) = R S 9T pig
d)m)(f) f(ul + , U2, y U ) f(u17 y Un ) aul 9! au% +.o+ il au =+
The latter element belongs to
~ o~ o~ ——1 ~ ——pu—1 ~
T+DT-T(@)+...+DT-T(T) +...+D*'T.-T(T) =HI.
. ~ —p—i—1 —
Hence 37,,(T) C HI. Analogously &,,(D'T) C D'T + DT - T(T) + DT T@ T =MD

In particular by Lemma 2.9.1, ¢, (T ( ),1) C H(T ( ), 1) = (T(I), ). This gives

&, (DT -T(T))CcDT-T(T) +...+ D 'T-T(Z) < MHI.
By the above ¢7,(HZ), C (HI), and since the scheme is noetherian, ¢*,(HZ), = (HZ),.

(2)(3) Follow from the construction.

(4) The fixed point set of gg* is defined by u; = (i) L(ui),i=1,...,n, that is, h = 0. But h € D*~1(T) is
0 on supp(Z, p). O

Lemma 2.9.5. (Glueing Lemma) Let (X,Z,E, 1) be a marked ideal of mazimal order for which there
exist tangent directions u,v € T(Z, ) at © € supp(Z, u) which are transversal to E. Then there exist étale
neighborhoods ¢y, ¢, : X — X of 1 = ¢,(T) = ¢,(T) € X, where T € X, such that

(1) Z(X,H(I),E,u): :(X,H(I),E,,U,)
(2) ¢u(u) =} (v).

Set (X,I,FE,u):

=9
(3) Foranyg € bupp(y 7,

7( H(I)aEv.u): T)(XvH(Iva.u))'
E, 1), ¢u(y) = ¢0(7).
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(4) For any multiple test blow-up (X;) of (X,Z,0,u) the induced multiple test blow-ups ¢y (X;) and
o5 (X;) of (X,Z,E, ) are the same (defined by the same centers). Set (X;) := ¢5(X;) = ¢ (X5).
For any v, € supp(X;,Z;, By, 1) and the induced morphisms ¢ui, duvi : Xi — Xi, dui(¥;) = dui(¥;)-

Proof. (0) Construction of étale neighborhoods ¢,,¢, : U — X.

Let U C X be an open subset for which there exist us, ..., u, which are transversal to u and v on U such
that w = uy,us,...,u, and v,us,...,u, form two sets of parameters on U and divisors in F are described
by some u;, where ¢ > 2. Let A™ be the affine space with coordinates x1,...,x,. Construct first étale
morphisms ¢1, ¢o : U — A" with

o7 (x;) = u; forall i and ¢3(x1) =v, ¢5(z;) =u; for i>1.
Then
Y =U X An U
is a fiber product for the morphisms ¢; and ¢3. The morphisms ¢, ¢, are defined to be the natural
projections ¢, ¢, : X — U such that ¢1¢, = ¢2¢,,. Set
w1 = ¢y, (u) = (10u)" (21) = (d200) (21) = ¢y (v),
(5) w; = ¢4(u) = $h(us) for i > 2.

(1) Let h := v — u. By the above the morphisms ¢, and ¢, coincide on ¢, 1(V(h)) = ¢, (V(h)). If
7 € X be a pomt such that ¢, (y) € supp(X,Z, E, u) then § & supp(¢(H(Z)) = supp(H(¢%(Z)) and we
have the equality of stalks ¢ (H(Z)y = H(¢},(Z)y = Ox 5. On the other hand ¢,(y) & supp(X,Z, E, 1) and

oy (H(Z)g = H(dy(T)g = Ox -
Let 7 € X be a point such that ¢, (7) =y € supp(X,Z, E ,u) Then ¢, (7) . Denote by ¢U) and ;i)\u)g
v

the induced morphisms of completions. We have the equality qﬁm, = (QASU) (ngS ) where gbuv is given as in
the proof of Lemma 2.9.4. Consequently, for any such 7,

(HI)g = 0 (HI)g = (6u)5(dy 1 V5(HI),.

9L (HI)y = (u)5(H

We get the equality of stalks ¢}, (HZ)y = ¢ (H

Also ¢f(E) = ¢} (FE) by construction and ¢ (7
(2) Follows from the construction.

(3) Let h := v —u. The subset of X for which ¢;(z) = ¢2(x) is described by h = 0. Consequently ¢,, = ¢,
over ¢F(h) = 0. In particular these morphisms are equal over supp(Z, 1) = supp(H(Z), u).

for all points y € X and for sheaves ¢ (HZ) = ¢%(HI).

HI)y = (03)5(HI)y = 64(HI)y.
L)y
I) = ¢3(TT).

(4) Let Cy C supp(Z, 1) be the center of o7. Let ub,...,u], be parameters transversal to u = u; and
v = u+ h on U such that Cj is described by uy = w4 = ... = u,, = 0 for some m > 0 or equivalently
v=uh=...=ul,, =0. Note that for any i = 2,...n we have that

¢ (ui) — ¢y (i) € (T (T) = ¢3(T(1)).

v (3), ¢u = ¢, over ¢%(h) = 0. In particular Cy := ¢, 1(Co) = ¢, 1(Co) C X. Let 51 : X; — X be a
blow-up of X at Cjy. Then both morphisms ¢, and ¢, lift to the étale morphisms ¢,1,dv1 : X1 — X1 by
the universal property of a blow-up. Observe that

$u1(T(T)1,1) = ¢1y (Z(D) ™1 0™ (T(2))) = ¢31 (Z(D) ™" - 0™ (T(T))) = ¢pa (T(T)1).-
Fix 7,1 € supp(é31 (Z1), 1) C supp(dyy (T(Z)1),1) and y1 = du1(Fuy) € supp(Zi, p) C supp(7(Z1),1). Then
for 7 :=71(7g,1) € supp(¢u(I), w) and y := 01(y1) € supp(Z, 1) we have the equalities
Pu(y) = 0u(y) =y
Find parameters ui,us,...,u, at y, by replacing us, ..., u, if necessary by their linear combinations, such
that the parameters at y; are given by uj; := ;= for 1 <4 <m and uj; := u; for i > m.

Then w; = ¢ (u;) for i = 1,...,n define parameters at a point ¥ such that the parameters at g,; are
given by wj; := - for i < m and why = w; for i > m.
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Let U,, C X;i be the neighbourhood defined by the parameter w,,. The subset U,, is described by all
points z for which (u,,/yp)(x ) # 0, where yp is a local equation of the exceptional divisor. Then a point

is in supp (¢} (7 (Z1)), 1) N ¢ (Un) if (931 (um) /y5)(T) # 0. But for T € supp(¢y, (7(Z1), 1),
(@01 (um) /yp) (@) = (D01 (um) /yp) (2) + dia (h) /yp(x) = (¢ (um) /yp) (@),
where ¢}, (h)/yp € ¢51(T(Z)1). This implies that
supp(¢51 (T(Z1)), 1) N & (Un) = supp(651 (T (Z1)), 1) N ¢y, (Unn)-

O (i) = 031 (wn) = 6l jj;> € GL(T(T) = 3(T(D))-

Then the forms of ¢,; and ¢,; do not change:
wiy = (Pu1)™(uyy) = (P01)" (V1) = (Po1)"(u) + 1)
(Pu1)™(wf1) — (Du1) " (wir) = ur)" (uwiy) = (¢o1)"(uz) for i >2.

Thus ¢u1 = ¢p1 over (¢y1)*(h') =0 for b’ € T(Z); C D*~1Z;. Since V(I') 2 supp(Z1, 1) we may continue
by induction. O

The above lemma can also be generalized as follows:

Lemma 2.9.6. Let G be the group of all automorphisms (E of )?g; acting trivially on the subscheme defined
by T(Z), that is, ¢*(f) — f € T(Z) for any f € K[X,]. Then

(1) H(Z) is preserved by G, i.e. ¢*(H(T))e = H(T)s for any ¢ € G.

(2) G acts transitively on the set of tangent directions u € T(Z) transversal to E.
(3) Any multiple test blow-up (X;) of (Z,p) is G-equivariant.

(4) G acts trivially on the subscheme defined by T(T); C X;.

Since this lemma is not used in the proof and all details but a few are the same as for the proof of Lemma
2.9.4 we just point out the differences.

Proof. In the proof of property (1) of Lemma 2.9.4 we use the Taylor formula for n unknowns

~ 0] f of 102 [ 2 0% f 10%f

(f) = hi,... han —-h ——hy ~hiho
o) = Jlurt byt ha) = [ g bk i bt g e M Gy, i g
In the proof of property (4) we notice that (;5 is described by qS* (u;) = u; +h;, where h; € T(Z). By a suitable
linear change of coordinates we can assume that

h2

(1) The center C' C supp(Z, ) of the blow-up o is described at « by u; = ... = u,, = 0.

(2) The coordinates at a point 1 € o~ (z) Nsupp(Zy, u) are uj = L
i >m. N R

(3) The automorphism ¢ lifts to an automorphism ¢’ preserving x; such that

(a) For i < m, (QAS’)*(u;) = JZIZ; = qff;f:;:j: = u; + g; , where g; € T(Z);.

(b) For i > m, ((E’)*(u;) = u; + h; =} + g, where v, = u; and g; = h; € o*(T(Z)) C T(Z)1. O

; for

2.10. Coefficient ideals and Giraud Lemma. The idea of coefficient ideals was originated by Hironaka
and then developed in papers of Villamayor and Bierstone-Milman. The following definition modifies and
generalizes the definition of Villamayor.

Definition 2.10.1. Let (Z, 1) be a marked ideal of maximal order. By the coefficient ideal we mean
“w

C(Z,p) = (DT, pu—1i).

i=1
Remark. The coefficient ideals C(Z) feature two important properties.
(1) C(Z) is equivalent to Z.
(2) The intersection of the support of (Z, 1) with any smooth subvariety S is the support of the restriction
of C(Z) to S:
supp(Z) NS = supp(C(Z);s)-
Moreover this condition is persistent under relevant multiple test blow-ups.
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These properties allow one to control and modify the part of support of (Z, i) contained in S by applying
multiple test blow-ups of C(Z),s.

Lemma 2.10.2. C(Z, p) ~ (Z, p).

Proof. By Lemma 2.8.1 multiple test blow-ups of C(Z, u1) are simultaneous multiple test blow-ups of D¢(Z, i)
for 0 < i < p—1. By Lemma 2.6.4 multiple test blow-ups of (Z,u) define the multiple test blow-up
of all DY(Z,u). Thus multiple test blow-ups of (Z,u) and C(Z,u) are the same and supp(C(Z,u))r =

N supp(D'Z, pu — i)i, = supp(Z, ). 0

Lemma 2.10.3. Let (X,Z,E,pu) be a marked ideal of maximal order whose support supp(Z, ) does not
contain a smooth subvariety S of X. Assume that S has only simple normal crossings with E. Then

supp(Z, ) NS C supp((Z, p)|s)-

Let 0 : X' — X be a blow-up with center C C supp(Z,u) NS. Denote by S C X' the strict transform of
S CX. Then

o°((Z, mw)ys) = (0°(Z, 1))y s-
Moreover for any multiple test blow-up (X;) with all centers C; contained in the strict transforms S; C X;

of S, the restrictions o;s, : Si — Si—1 of the morphisms o; : X; — X;_1 to S; define a multiple test blow-up
(Si) of (Z,p)s such that

Proof. The first inclusion holds since the order of an ideal does not drop but may rise after restriction to a
subvariety. Let x1, ...,z describethe subvariety S of X at a point p € C. Let p’ € S’ map to p. We can find
coordinates x1, ..., Tk, Y1, - - ., Yn_k Such that the center of the blow-up is described by x1,..., Tk, Y1, .., Ym
and the coordinates at p’ are given by

Y= 21 Y T = Tk Yms Y1 = Y1 Yo+ Ym = Yms Y1 = Ymtls 2 Yn = Un

where the strict transform S’ C X’ of S is described by 1, ...,2). Then we can write a function f € Z(U)
as f =Y caf(y)z®, where cof(y) are formal power series in y;. The controlled transform f' = o°(f) =
y~H(f o o) can be written as

f, = chaf(y)xlaa
where ¢, ; = y,}“ﬂala*(caf). But then fig = (cos))s and

(s = (cop)isr = Yt o™(cop) s = yml'a™ ((cop)|s) = ym'o™ (fis) = o°(fs)-
The last part of the theorem follows by induction:

supp(Zi+1, 1) N Si1 = supp(o5y1(Zi, 1)) N Siv1 € supp(oigays, ) ((Zi, p)s,)
supp((0it15;)(Z, 1)1s)i = supp((Z, p1)|5)i+1,

[(Iv U)\S]i+1 = o-ic—&-l\Si[(Iv ,U)|S]i = U§+1|Si((Ii7U')|Si) = (0-7?+1(IL'7/“‘L))ISi+1 = (Ii’:u)‘SHJ'
O

Lemma 2.10.4. Let (X,Z,FE,u) be a marked ideal of mazimal order whose support supp(Z,p) does not
contain a smooth subvariety S of X. Assume that S has only simple normal crossings with E. Then

supp(Z, 1) N S = supp(C(Z, p1)s)-

Moreover let (X;) be a multiple test blow-up with centers C; contained in the strict transforms S; C X; of
S. Then

(1) The restrictions o;|s, : S; — Si—1 of the morphisms o; : X; — X;_1 define a multiple test blow-up
(S1) of C(Z. 1) 5.

(2) supp(Zi, ) N S; = supp[C(Z, ), s]:-

(3) BEvery multiple test blow-up (S;) of C(Z, u)|s defines a multiple test blow-up (X;) of (Z, ) with centers
C; contained in the strict transforms S; C X; of S C X.
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Proof. By Lemmas 2.10.2 and 2.10.3, supp(Z, u) NS = supp(C(Z, 1)) NS € supp(C(Z, i)} s)-

Let x1,...,2k,y1,.-.,Yn—k be local parameters at x such that {z; = 0,...,2 = 0} describes S. Then
any function f € Z can be written as
f = Z Caf(y)xav

where ¢, (y) are formal power series in ;.
Now = € supp(Z, ) NS iff ord,(co) > p — |of for all f € T and || < p. Note that

oo (X alel(f) plal(1
af|S ( >|S€ (T)s

al Oz~

and consequently supp(Z,u) NS = mfeI,\algu supp(cafis, i — |af) D supp(C(Z, pu)s)-

Assume that all multiple test blow-ups of (Z, i) of length k with centers C; C S; are defined by multiple
test blow-ups of C(Z, u)|s and moreover for i < k,

supp(Z;, ) N S; = supp|[C(Z, p)|sli-
For any f € Z define f = fy € T and fit1 = o§(fi) = y; "o*(fi) € Z;41. Assume moreover that for any
fez,
fe =" capr(y)a®,
where cqfi|s, € (stk)C(D”’“’“(I)‘S). Consider the effect of the blow-up of Cj at a point 2’ in the strict
transform of Si41 C Xg41. By Lemmas 2.10.2 and 2.10.3,
supp(Zy 41, 1) N Sgy1 = supp[C(Z, p)]x+1 N Sky1 € supp[C(Z, p1)|x+1)5,., = supp[C(Z, 1) s]rt1

Let x1,...,x; describe the subvariety Sy of X;. We can find coordinates x1,...,2k, Y1, Yn—k, DY
taking if necessary linear combinations of yi,...,%yn_x, such that the center of the blow-up is described by
T1,.. Tk, Y1, -, Ym and the coordinates at x’ are given by

Ty =21 Yy T = T Yms YL = Y1 Y3 Y = Yo Yma1 = Yl -5 Uy = Yo
Note that replacing y1, ..., Yn— with their linear combinations does not modify the form fi = > casi(y)z*.
Then the function fry1 = 0°(fx) can be written as

frern =Y caprr ()2’
el

where cafk+1 = Ym 0%41(carr). Thus

Cafk+1|Skt1 — (O—k+1\5k+1 )C(CakaSk) € (O—F‘s—':_l'_l)c(pui‘al(z)\s) = (O—k+1)c(DM7‘al(I))|Sk+1

and consequently

Supp(Z1, 1) N Ska1 = (] SUPD(Cafhit|susss i — |e) 2 supp[C(T, ) slkr1 = supp(C(T, i) ks1)[5,45 -
FETL |a|<p

O

A direct consequence of the above lemma is the following result:

Lemma 2.10.5. Let (X,Z,E,u) be a marked ideal of mazimal order whose support supp(Z, p) does not
contain a smooth subvariety S of X. Assume that S has only simple normal crossings with E. Let (X;) be
its multiple test blow-up such that all centers C; are either contained in the strict transforms S; C X; of S
or are disjoint from them. Then the restrictions o;5, : S; — Si—1 of the morphisms o; : X; — X;_1 define
a multiple test blow-up (S;) of C(Z, )5 and

supp(Z;, 1) N S; = supp[C(Z, 1) s]i-
As a simple consequence of the Lemma 2.10.4 we formulate the following refinement of the Giraud Lemma.

Lemma 2.10.6. Let (X,Z,0, ) be a marked ideal of mazimal order whose support supp(Z, u) has codimen-
sion at least 2 at some point x. Let U 3 x be an open subset for which there is a tangent direction u € T(T)
and such that supp(Z, ) NU is of codimension 2. Let V(u) be the regular subscheme of U defined by wu.
Then for any multiple test blow-up X; of X,

(1) supp(Z;, i) is contained in the strict transform V(u); of V(u) as a proper subset.
(2) The sequence (V(u);) is a multiple test blow-up of C(Z, 1)}y (u)-
(3) supp(Zi, 1) NV (u); = supp[C(Z, 1) v (w)):-
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(4) Bvery multiple test blow-up (V(u);) of C(Z, p)|v () defines a multiple test blow-up (X;) of (Z, ).
O

Lemma 2.10.7. Let ¢ : X' — X be a smooth morphism of smooth varieties and let (X,Z,0, 1) be a marked
ideal. Then

Proof. A direct consequence of Lemma 2.6.5. U

3. RESOLUTION ALGORITHM

The presentation of the following Hironaka resolution algorithm builds upon Villamayor’s and Bierstone-
Milman’s proofs.

Let Sub(FE;) denote the set of all divisors of E;. For any subset in Sub(FE;) write a sequence consisting of all
elements of the subset ordered lexicographically followed by the infinite sequence of zeros (D1, Da,...,0,...).
We shall assume that 0 < D for any D. Then for any two subsets A; = {D}}ie; and Ay = {D?};c s for
which {D} }icr N {D?}jes # 0 we write

A < Ay
if for the corresponding sequences (Di, D, ...,0,...) < (D%, D3,...,0,...).

Let Q>( denote the set of nonnegative rational numbers and let
620 = Q>0 U {oo}.

Denote by QC;O the set of all infinite sequences in 620 with a finite number of nonzero elements. We equip

Q;oo with the lexicographical order.

Proposition 3.0.8. For any marked ideal (X,Z,E, 1) such that T # 0 there is an associated resolution
(Xi)o<i<mx, called canonical, satisfying the following conditions:

(1) There are upper semicontinuous invariants inv, v and p defined on supp(X;,Z;, E;, i) with values in
Q>0 X Q%,, Q¢ and Sub(E;) respectively.

(2) The centers C; of blow-ups are reqular and defined by the set where (inv,p) attains its mazimum.
They are components of the maximal locus of inv.

(3) (a) For any x € supp(Xit1,Zit1, Fit1, 1) and o(z) € C;, either inv(x) < inv(o(x)) or

inviy1(z) = inv(o(z)) and p(x) < p(o(zx)).
(b) For any x € supp(Xit1,Zit1, Eiv1,p) and o(x) ¢ Cy, inv(z) = inv(o(z)), p(z) = p(o(z)) and
u(z) = (o (2)).

(4) For any étale morphism ¢ : X' — X the induced sequence (X]) = ¢*(X;) is an extension of
the canonical resolution of X' such that for the induced marked ideals (X!, I/, E., 1) and z’ €
supp(X!,Z!, El, 1), we have inv(¢;(z')) = inv(a'), v(e:(z')) = v(z') and p(p;(z)) = p(z’) €
Sub(E!) C Sub(E;).

Proof. Induction on the dimension of X. If X is 0-dimensional, Z # 0 and g > 0 then supp(X,Z,pu) = 0
and all resolutions are trivial.

The invariants inv, v and p will be defined successively in the course of the resolution algorithm using the
inductive assumptions and property (2).

Step 1 Resolving a marked ideal (X, 7, E, 1) of maximal order.

The process of resolving the marked ideals of maximal order is controlled by an auxilary invariant inv
defined in Step 1. The invariant inv will then be defined for any marked ideals in Step 2.

Before we start our resolution algorithm for the marked ideal (7, u) of maximal order we shall replace it
with the equivalent homogenized ideal C(H(J, ut)). Resolving the ideal C(H(J, u)) defines a resolution of
(J, ) at this step. To simplify notation we shall denote C(H(J, u)) by (J,R)-

Step la Reduction to the nonboundary case. For any multiple test blow-up (X;) of (X,J, E, 1)
we shall identify (for simplicity) strict transforms of F on X; with E.
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For any = € X;, let s(x) denote the number of divisors in E through z and set
s; = max{s(x) | z € supp(J:)}

Let s = so. By assumption the intersections of any s > so components of the exceptional divisors
are disjoint from supp(7, 7). Each intersection of divisors in E is locally defined by intersection of some
irreducible components of these divisors. Find all intersections H,a € A, of s irreducible components of
divisors E such that supp(J,7) N H, # 0. By the maximality of s, the supports supp(J|gs) C H, are
disjoint from H?,, where o’ # a.

Step laa Eliminating the components H? contained in supp(7, ).

Let HS C supp(J, 7). If s > 2 then by blowing up C' = H? we separate divisors contributing to H?, thus
creating new points all with s(z) < s. If s = 1 then by Lemma 2.7.7, HS C supp(J, &) is a codimension one
component and by blowing up HS we create all new points off supp(J, ).

For all x € H: C supp(J, Qi) set
inv(z) = (s(r),00,0,...,0,...), v(z)=0, p(z)=070.

This definition, as we see below, is devised so as to ensure that all HS C supp(J,7) will be blown up first
and we reduce the situation to the case where no HJ is contained in supp(J,#).

Step lab Moving supp(J,7) and HS apart .

After the blow-ups in Step laa we arrive at X,, for which no H? is contained in supp(J p,z), where p = 0
if there were no such components and p = 1 if there were some.

Construct the canonical resolutions of 71,‘ ys- By Lemma 2.10.4 each such resolution defines a multiple

test blow-up of (7, %) (and of (J,7)) . Since the supports supp(J ;) C H are disjoint from H,, where

o' # «, these resolutions glue to a unique multiple test blow-up (X;);<j, of (J, %) such that s;, < s. To
control the glueing procedure and ensure its uniqueness we define for all x € supp(J, ) N HS the invariant

inv(z) = (s(x),invy (@), vz=vz .. P7=0F,.

The blow-ups will be performed at the centers C C supp(J, %) N HS for which the invariant (inv, p) attains
its maximum. Note that by the maximality condition for any H; the irreducible components of the centers
are contained in H} or are disjoint from them. Therefore by Lemma 2.10.5,

supp(J i, 1) s = supp(J 4, 1) N HY.

By applying this multiple test blow-up we create a marked ideal (7 j,, 1) with support disjoint from all H3.
Summarizing the above we construct a multiple test blow-up (X;)o<i<;, subject to the conditions:

(1) (Hg;)o<i<j, is an extension of the canonical resolution of 7| Hs -

at

(2) There are invariants inv, 7 and p defined for 0 < i < j; and all € supp(J;, ) N HE, such that

inv(z) = (s(z), vy, . (7)), vz =vz ... Pz =rz7

i|HS "

(3) The blow-ups of X; are performed at the centers where the invariant (inv, p) attains its maximum.
(4) Supp(jjlaﬁ) n H;jl =0.

Conclusion of the algorithm in Step la. After performing the blow-ups in Steps laa and lab
for the marked ideal (7,%1) we arrive at a marked ideal (J,,,7) with s;, < sop. Now we put s = s;, and
repeat the procedure of Steps laa and lab for (J,,,7). Note that any H, ajr On Xy, is the strict transform
of some intersection Hy'! of s = s, divisors in E on X. Moreover by the maximality condition for all s;,
where i < j; and a # o/, the set supp(J;, ) N Hi, is either disjoint from H.' or contained in it. Thus
for 0 < i < 4y, all centers C; have components either contained in H.2' = H?, or disjoint from them and by
Lemma 2.10.5,

supp(J i, 1) s, = supp(J i, ) N H,.
Moreover if we repeat the procedure in Steps laa and lab the above property will still be satisfied until
either (7i,ﬂ)| ms are resolved as in Step lab or H; disappear as in Step laa.

We continue the above process till s;, = s, = 0. Then (X;)o<;<, is a multiple test blow-up of (X, J, E, i)
such that supp(J,, i) does not intersect any divisor in E. Therefore (X j)o<j<r and further longer multiple
test blow-ups (X;)o<j<r, for any r < ro can be considered as multiple test blow-ups of (X, 7,0, 7) since
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starting from X, the strict transforms of E play no further role in the resolution process since they do not
intersect supp(J;, ) for j > r.

Note that in Step la all points @ € supp(J;, i) for which s(z) > 0 were assigned their invariants inv, v
and p. (They are assigned the invariants at the moment they are getting blown-up. The invariants remain
unchanged when the points are transformed isomorphically.) The invariants are upper semicontinuous by
the semicontinuity of the function s(x) and the inductive assumption.

Step 1b. Nonboundary case
Let (X;)o<j<r be the multiple test blow-up of (X, 7,0, %) defined in Step la.
Step 1ba. Eliminating the codimension one components of supp(J,.,7)-

If supp(J,, i) is of codimension 1 then by Lemma 2.7.7 all its codimension 1 components are smooth
and disjoint from the other components of supp(J,,%). These components are strict transforms of the
codimension 1 components of supp(J, 7). Moreover the irreducible components of the centers of blow-ups
were either contained in the strict transforms or disjoint from them. Therefore E, will be transversal to all
the codimension 1 components. Let codim(1)(supp(J;, 7)) be the union of all components of supp(J;, 7))
of codimension 1. We define the invariants for € codim(1)(supp(J,, ) to be

inv(z) = (0,0,0,...,0,...), v(x)=0, plx)=0.

This definition, as we see below, is devised so as to ensure that all codimension 1 components will be blown
up first.

By Lemma 2.7.7 blowing up the components reduces the situation to the case when supp(J,z) is of
codimension > 2.

Step 1bb. Eliminating the codimension > 2 components of supp(J,, i)-

After Step 1ba we arrive at a marked ideal supp(J p, i), where p = r if there were no codimension one

components and p = r + 1 if there were some and we blew them up.

For any = € supp(J,7) \ codim(1)(supp(J,%) C X find a tangent direction u € D*~1(J) on some
neighborhood U, of . Then V(u) C U, is a hypersurface of maximal contact. By the quasicompactness of
X we can assume that the covering defined by U, is finite. Let U,; C X; be the inverse image of U,, and let
V(u); C U, denote the strict transform of V(u). By Lemma 2.10.6, (V(u);)o<i<p is & multiple test blow-up
of (V(u),7|v(u), 0,72). In particular the induced marked ideal for i = p is equal to

T vy, = V(Wp, Tpv ), (Ep \ E)|v ), )

Construct the canonical resolution of (V(u);)p<i<m, of the marked ideal Jpjv(u),- Then the sequence

(V(w)i)o<i<m, is aresolution of (V(u),?‘v(u), (0, ) which defines, by Lemma 2.10.6, a resolution (Uy;)o<i<m.,
of (Uu,j\Uu, (0, 1z). Moreover both resolutions are related by the property

Supp(jﬂUm) = Supp(7i|V(u)¢)'
We shall construct the resolution of (X, 7,0, %) by patching together extensions of the local resolutions
(Uui)o<i<m, -
For x € supp(J p, 1) N Uy, define the invariants

E(x) = (Oainvjp‘v(u)p (2)), vi= Vjp\v(u)p (z), plz):= PT (2).

IV (u)p
We need to show that these invariants do not depend on the choice of u.

Let « € supp(J p, 1) NUypNUyp. By Glueing Lemma 2.9.5 for any two different tangent directions u and v
we find étale neighborhoods ¢y, ¢, : U*” — U := U, NU, and their liftings ¢pu, ¢py : Uy — Up := Uup MUy,
such that

(1) X;)W :igfpu)_l(v(u)p) = ((bpv)_iv(v)p)' o
@) U Ty By 1) o= (bpu) " (Ups T ps Epy 18) = (0p0) " (Up, T s Ep, ).
(3) There exists y € supp(U;,“’777;U, Epv, ) such that ¢, (T) = ¢py (T).

By the functoriality of the invariants we have

invjp\v(u)p (l‘) = invjzl\)xgv (f) = inV7p|V(,U)p (33)
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Analogously V7p\v<u)p($) = VT v, (z) and pjpw(u)p(x) = p?,,‘vmp,(x)' Thus the invariants inv, v
and p do not depend on the choice of the tangent direction.

Define the center C), of the blow-up on X, to be the maximal locus of the invariant (inv, p). Note that
for any tangent direction w, either Cp, N Uy, defines the first blow-of the canonical resolution of
(V(w)p, T piv(w)y» Bolv(u),s ) or Cp N Uyp = 0 and the blow-up of C, does not change V(u), C Uyy.

Blowing up C), defines X,,;; and we are in a position to construct the invariants on X, and define the
center of the blow-up Cp+1 C X1 as before.

By repeating the same reasoning for j = p+1,...,m we construct the resolution (X;)p<i<m of
(Xp, Tp, Ep \ E, i) satisfying the following properties.

(1) For any wu, the restriction of (X;)p<i<m to (V(u);)p<i<m is an extension of the canonical resolution

of (V(u)p, Tpiv(w), s Eplv(w), Fo)- B
(2) There are invariants inv, & and p defined for all points = € supp(J;, ), p < i < m, such that

inv(z) = (O,invjimu)i), v(z) = Vji\v(u)i(x)7 p(x) == qu/(u)i(z)'

7

(3) The blow-ups of X; are performed at the centers where the invariant (inv, p) attains its maximum.
(4) supp(Tm,7) = 0.
The resolution (X;)p<i<m of (Xp, Tp, Ep \ B, Ti) defines the resolution (X;)o<i<m of (X, 7,0,7) and of
(X, T, E,n).
In Step 1b all points x € supp(J, fi) with s(x) = 0 were assigned the invariants inv, v and p. They are
upper semicontinuous by the inductive assumption.

Commutativity of the resolution procedure in Step 1 with étale morphisms.

Let ¢ : X’ — X be an étale morphism. In Step la we find a sequence i ;== 0 < i1 < ... <t =7r<m
such that s;, > s;; > ... > s;, and for 4y < ¢ < 4,41, we have s; = s;,. Moreover the resolution process for
(Xi)il<i<il+1 is reduced to resolving J gz - In Step 1b we reduce the resolution process for (X;);, <i<m t0

<i< i <i<

resolving 7ik|V(u)ik )
Let s} > s} >...> s  be the corresponding sequence defined for the canonical resolution (X7)o<j<m:
of
(X', T E' 1) = ¢"(X, 7. E. ).
Let ¢*(X;)o<i<m denote the resolution of (J', ) induced by (X;)o<i<m. In particular X = ¢*(X,). We
want to show the following:

Lemma 3.0.9. (1) ¢"(Xi)o<i<m is an extension of (X})o<j<m: -
(2) For 2/ € supp(¢*(Ji)) we have the equalities of invariants inv(z') = inv(¢i(2')), v(z') =
v(¢i(2")) and p(a') = p(¢i(2')).

Proof. Denote by s(¢*(X;)) the maximum number of ¢*(E) through a point in supp(¢*(J;)). In particular
s(¢*(X;)) < s; for any index 0 < i < m.
Assume that for the index [ we can find index I’ such that
* 4 — - —
¢ (XimjimEim:u’) = (le'l,vjjlmEJ/'l,ap’)'(*)
(This assumption is satisfied for I = 0.)

(1) If s(¢*(Xy,)) < s; then the centers C; of blow-ups in the sequence (X;);,<i<i, ., are contained in
the intersections of s;, divisors in E and do not hit the images ¢;(¢*(X);). Thus ¢*(X;)s<i<iry,
consists of isomorphisms. The property (x) will be satisfied for [ + 1 (and for the same ).

(2) If s(¢*(X;,)) = si, > 0 then the intersections (H')2 of s = s(¢*(X;,)) = s;, divisors are inverse images
of H;, and the resolution process ¢*(X;);<i<i,,, is reduced to resolving ¢* (7“\11’3” ). Moreover by

the property (%),

/
) = T

(T \ms, .
l ajyr
for some I’ such that s;, = s;,.
By commutativity of étale morphisms with the canonical resolution in lower dimensions we know

that all resolutions {(H')3,}i<i<i,, induced by ¢*(X;)i<i<i,, are extensions of the canonical
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— H?, preserve the invariants

resolutions of 721/I(H’)3' Moreover the restrictions ¢ (gs, + (H')g,

inv, i and p. Thus ¢*(X;)i, <i<i,,, is an extension of (Xz{)jzlﬁiéjuﬂ' Moreover for i; <14 < ;41 and

2’ € supp(¢: (T4, 1)) N (H')S,;, and = = ¢;(z') we have
() = (s(a), inv(d’?(j)mm)s @) = (s(z), inv(ji‘Hé)(z)) = inv(z).

Analogously v(2') = v(x) and p(z’) = p(x). The property (x) is satisfied for [ + 1 (and I’ + 1).
(3) If s(¢*(X;i,)) = si, = 0 then the resolution process for (X;);, <i<m is reduced to the canonical
resolution of 7ik|V(u)ik. on a hypersurface of maximal contact V(u);,. Also the resolution process

of 7;“ ~ ¢*(J;,) is reduced to the to canonical resolution of 7;k|V(u)ik = (b*(jik\v(u)ik) on

the hypersurface of maximal contact V' (u);,. Since the inverse image of hypersurface of maximal
contact is a hypersurface of maximal contact by the same reasoning as before (replacing H? with
V(u)) we deduce that ¢*(X;);, <i<m is an extension of (Xj);,,<i<m. Moreover for i <i < m and
@' € supp(T;, 1),

nv(2’) = inv(di(2")), v(@) =v(di(2'), di(p(a’)) = p(ei(a)).

The lemma is proven.

Step 2. Resolving of marked ideals (X,Z, E, ).
For any marked ideal (X,Z, E, u) write

I= MI)N(D),

where M(Z) is the monomial part of Z, that is, the product of the principal ideals defining the irreducible
components of the divisors in F, and N(Z) is a nonmonomial part which is not divisible by any ideal of a
divisor in E. Let

ordr(zy := max{ord,(N(Z)) | x € supp(Z, u1)}.

Definition 3.0.10. (Hironaka, Bierstone-Milman,Villamayor, Encinas-Hauser) By the companion ideal of
(Z, p) where I = N(Z)M(Z) we mean the marked ideal of maximal order

O(I ) _ (N(I),Ord_/\/(z)) + (M(I)Jl — Ord/\/’(l—)) if Ol“dN’(I) < W,
i (N(I)’OrdN(I)) if OI‘dN(I) > L.

In particular O(Z, u) = (Z, ) for ideals (Z, u) of maximal order.

Step 2a. Reduction to the monomial case by using companion ideals

By Step 1 we can resolve the marked ideal of maximal order (J,uys) := O(Z,u) using the invariant
invo(z,,). By Lemma 2.8.1, for any multiple test blow-up of O(Z, u1),

supp(O(Z, p1)); = supp[N(Z), ordp ()]s N supp[M(Z), p — ordpr(uz))i =
supp[N(Z), ordp(z)li N supp(Zi, p).

Consequently, such a resolution leads to the ideal (Z,,, u) such that ordyr(z,,) < ordyy(z). This resolution

is controlled by the invariants inv, v and p defined for all = € supp(N(Z), ordyr(z)) N supp(Zs, 1),

inv(z) = (

Then we repeat the procedure for (Z,,, u). We find marked ideals (Z,,, 1) = (Z, ), (Zyys 14)5 - - -5 (Zr,,, , i) such
that ordy(z,) > ordy(z,,) > ... > ordy(z,, ). The procedure terminates after a finite number of steps when
we arrive at the ideal (Z,,,, 1) with ordy(z, y =0 or with supp(Z;,,, ) = 0. In the second case we get the
resolution. In the first case Z,,, = M(Z, ) is monomial.

orda () —
@) ,IHVO(I,H)(I)>, v(z) =vorw(®), pE)=pozu(®).

In Step 2a all points = € supp(Z, 1) for which ord.(Z) # 0 were assigned the invariants inv, y1, p. They are
upper semicontinuous by the semicontinuouity of ord, and of the invariants inv, u, p for the marked ideals
of maximal order.

Step 2b. Monomial case Z = M(Z).
Define the invariants

inv(z) = (0,...,0,...), v(x)=

Let 1, ...,z define equations of the components DY, ..., Df € E through z € supp(X,Z, E,u) and Z

be generated by the monomial z%+% at x. In particular v(z) = %
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Let p(xz) = {D;,,...,D;, } € Sub(E) be the maximal subset satisfying the properties

(1) i, +...+a; > p.
(2) Forany j =1,...,0, a;, +...+a;; + ...+ a; < p.

Let R(x) denote the subsets in Sub(FE) satisfying the properties (1) and (2). The maximal components of
the supp(Z, 1) through x are described by the intersections (., D where A € R(z). The maximal locus
of p determines at most o one maximal component of supp(Z, 1) through each z.

After the blow-up at the maximal locus C = {z;, = ... = x;, = 0} of p, the ideal T = (z%>%) is equal to
T’ = (g m @ %% i the neighborhood corresponding to zi;, where a = a;, +...+a;, —p < a;;. In
particular the invariant v drops for all points of some maximal components of supp(Z, pt). Thus the maximal
value of v on the maximal components of supp(Z, 1) which were blown up is bigger than the maximal value of
v on the new maximal components of supp(Z, p). Since the set iZZO of values of v is discrete the algorithm
terminates after a finite number of steps. O

Commutativity of the resolution procedure in Step 2 with étale morphisms. The reasoning is
the same as in Step 1. Let ¢ : X’ — X be an étale morphism. In Step 2a we find a sequence rg := 0 < r; <
... < rp =rsuch that ordN(ITO) > ordyyz,) > ... > ordyzg,, ) and forr; <4 <7jqq, Ord/\/(zrj) = ordn(z,)-
Moreover the resolution process for (Z;),;<i<r;,, is reduced to resolving the marked ideal of maximal order
O(Z,,). Let ordy(z,,) > ordy(z, ) > ... > OrdN(I{pk/) be the corresponding sequence defined for the

canonical resolution of (Z', u) = ¢*(Z, u).

Lemma 3.0.11. (1) (¢*(X3))o<i<m is an extension of (X])o<j<m-
(2) Forx' € supp(¢*(Z;)) we have the equalities of invariants inv(z') = inv(¢;(z')), v(z') = v(gi(z))
and pla') = p(n (')

Proof. Note that all morphisms ¢; : ¢*(X;) — X; preserve the order of the nonmonomial part at a point
x € supp(¢;(Z;)). Assume that for the index | we can find an index !’ such that
¢* (XTL I IT"[ I E?"l bl ﬂ) = (Xglal/ vI{al/ ’ Egljl/ I ﬂ)

(1) If ordy(z,,) > OrdN(Gﬁil 1,, = ordy/(z, ) then the centers of blow-ups of (Xi)r <i<r, are contained
in the loci of the points z for which ord, (N (Z;)) = ordy(z,,,- Therefore they are disjoint from
images of ¢*(X;). Consequently, ¢*(X;)r <i<r,,, consists of isomorphisms.

(2) If ordy(z,,) = Ord/\/(dﬁilfn) = ordy(z, ) then ¢y, (0(Z,)) = O(¢y,(Zy,). By commutativity of the

canonical resolution in Step 1 we get for any z’ € supp(O(¢5(Z;)), and any r; < i < ri4q,
inv(z') = (ordpr(g+1z, ), HO((ﬁ*(L))(I/)) = (ordn(zy), ﬁo(zi)(qﬁi(l”))) = inv(¢;(z)).

Analogously v(z') = v(¢i(z')), ¢i(p(z’)) = p(¢i(2’)) and ¢*(X;)r <i<r,,, is an extension of the part
of the resolution of (X7)p, <i<p,,-

(3) IfZ,, = M(Z,,) and I}, , = ¢*(Z,) = M(¢*(Z;,)) are monomial the resolution process is controlled
by the invariant p. The set of values of p on X’ can be identified via ¢* with subset of a set of
values of p on X: Sub(E’) C Sub(E). By definition p and v commute with smooth morphisms:
p(ep(z") = p(2’) and v(¢p(z')) = v(z’). The blow-ups on (X),, <;<m are performed at the centers
where p attains its maximum. Thus the induced morphisms on ¢*(X),, <i<m either are blow-
ups performed at the centers where p attains a maximum or are isomorphisms. Consequently,
¢*(Xi)r<i<m is an extension of (X7)p, , <i<m O

3.1. Summary of the resolution algorithm. The resolution algorithm can be represented by the follow-
ing scheme.

Step 2. Resolve (Z, p).
Step 2a. Reduce (Z, p1) to the monomial marked ideal Z = M(Z).

4
If 7 # M(Z), decrease the maximal order of the nonmonomial part A'(Z) by resolving the companion
ideal O(Z, p). For € supp(O(Z, p)), set

inv(z) = (ord, (N (7))t WV o(z.0).
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Step 1. Resolve the companion ideal (7, p7) := O(Z, p) :
Replace J with J = C(H(J)) ~ J. (*)
Step 1a. Move apart all strict transforms of E and supp(J, p1).

4

Move apart all intersections H of s divisors in E

(where s is the maximal number of divisors in F through points in supp(Z, ut)).

)

Step laa. If J|g: = 0 for some H3 C supp(J), blow up Hj. For z € H set
inv(z) = (ord,(N(T)) /i, $,00,0,...), v(z)=0, p(z)=0.

Step lab. If 7|H; # 0 for any «, resolve all 7|Ha For x € supp(J, pu) N HS set
) =

inv(e) = (ode V(D) /s invg (@), vle) = vz (@), p(2) = g7, (2).

Blow up the centers where (inv, p) is maximal.

Step 1b If the strict transforms of E do not intersect supp(J, u1), resolve (T, ).

)

Step 1ba. If the set codim(1)(supp(J) of codimension one components is nonempty,
blow it up. For z € supp(J, 1) = codim(1)(supp(J) set
inv(z) = (ord, (N (J))/u,0,00,0), v(z)=0, p(x)=0.
Step 1bb. Simultaneously resolve all 7 |y(,) (by induction), where V (u) is a hypersurface of
maximal contact. For z € supp(7, 1) \ codim(1)(supp(7)) set

inv(z) = (ord, (N(7) /e s(2). imvy (@), vl@)=vy,  (0). p@)=pz, (@)

Blow up the centers where (inv, p) is maximal.
Step 2b. Resolve the monomial marked ideal Z = M(Z).
(Construct the invariants inv, p and v directly for M(Z).)

Remarks. (1) (*) The ideal J is replaced with H(J) to ensure that the invariant constructed in Step
1b is independent of the choice of the tangent direction w.
We replace H(J) with C(H(J)) to ensure the equalities supp(J|s) = supp(J) NS, where S = H,
in Step la and S = V(u) in Step 1b.

(2) If 4 = 1 the companion ideal is equal to O(Z,1) = (N(Z), par(z)) so the general strategy of the
resolution of Z, u is to decrease the order of the nonmonomial part and then to resolve the monomial
part.

(3) In particular if we desingularize Y we put p = 1 and Z = Zy to be equal to the sheaf of the subvariety
Y and we resolve the marked ideal (X,Z,0, ). The nonmonomial part N(Z;) is nothing but the
weak transform (0%)¥(Z) of Z.

3.2. Desingularization of plane curves. We briefly illustrate the resolution procedure for plane curves.

Let C C A? be a plane curve defined by F(x,y) = 0 (for instance 2% +y® = 0). We assign to the curve C
the marked ideal (X,Z¢,0,1). The nonmonomial part of a controlled transform of the ideal Z¢ is the ideal
of the strict transform of the curve (In general it is the weak transform of the subvariety). In particular
Ic =N(Z¢).

In Step 2a we form the companion ideal which is equal to J := O(Z¢) = (Z¢, pt), where p is the maximal
multiplicity. Resolving O(Z¢) will eliminate the maximal multiplicity locus of C' and decrease the maximal
multiplicity of the ideal of the strict transform of C'. The maximal multiplicity locus of C is defined by
supp(Zc, p) = V(D*~Y(Z¢)), which is a finite set of points for a singular curve.

In the example p = 2 and J = O(Z¢) = (Z¢,2), T(J) = (D(Zc),1) = ((z,y*),1), supp(Zc,2) =
V(z,y*) ={(0,0)}.
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In Step 1 we resolve the companion ideal J = (Z¢, u). First replace J with J := C(H(J)). In the
example

J = C(H(T)) = H(T) = (2*, 2", 5°).
Since at the beginning there are no exceptional divisors we go directly to Step 1b.
Step 1b. For any point p with multiplicity ¢ we find a tangent direction u € T(Z, 1) at p. In particular
u =z for p = (0,0). Then assign to p the invariant
inv(p) = (1,0, 0rd,(Jjv(w)) /!, 00,0,...).

In general for local coordinates u,v at p we have Jjy(,) = (v™, pu!) and we can write the invariant as

inv(p) = (1,0,m/pl,00,0,...), v(p)=0, plp) =0.
In the example Jjy () = Jjv(z) = (¥°,2) and
inv(p) = (2,0,5/2,00,0,...).
The resolution of J}y () consists of two steps: Reducing to the monomial case in Step 2a and resolving the

monomial case in Step 2b. We blow up all points for which this invariant is maximal. After the blow-ups
J|v (u) 1s transformed as follows:

(0™, 1) = (e ™, 1)
If supp(y7o ™, p!) = 0 then J|v (u) is resolved and the multiplicity of the corresponding points drops. Other-

exc
wise 0°(T ) v (u) = (ymoH, u!) is monomial for all points with the highest multiplicity. The assigned invariant
is

inv(p’) = (1£,0,0,0,0,...), v(p)=(m—p)/ul, p(p) = Dexc.
In the example 0°(y°,2) = (y3,.,2) and inv(p’) = (2,0,0,...) and v(p’) = 3/2. The equation of the strict
transform of C' at the point with the highest multiplicity changes as follows
(6) ?+y’ =02 +yd.=0
After the next blow-up the invariants for all points with the highest multiplicity are equal

inv(p”) = (11,0,0,0,0,...) v(p)=(m—=2ul)/u! p(p")= D
We continue blow-ups till m —Iu! < p!. At this moment supp(c®(J)|v(v)) = 0 and the marked ideal J}y () is
resolved (as in Step 1b). Resolving Jjv (4 is equivalent to resolving J and results in dropping the maximal
multiplicity. In the example after the second blow-up 5 — 2 -2 < 2 and the maximal multiplicity drops to 1.
(7) z2+ygxczo'_>x2+yéxc:0

After all points with the highest multiplicity are eliminated and the maximal multiplicity of points drops
we reconstruct our companion ideals for the controlled transform of Z¢. The companion ideal of 0°(Z¢) is
equal to J' := (Z¢r, '), where Zeo is the ideal of the strict transform and g’ is the highest multiplicity.
As before supp(J’) defines the set of points with the highest multiplicity. In our example the curve C’ is
already smooth and p' = 1. However the process of the embedded desingularization is not finished at this
stage. Some exceptional divisors may pass through the points with the highest multiplicity. In the course of
resolution of 7’ we first move apart all strict transforms of the exceptional divisors and the set of points with
multiplicity p/. This is handled in Step 1a by resolving 7‘ gs- The maximum number of the exceptional
divisors passing through points of supp(J’) can be s =2 or s = 1. If s = 2 then the assigned invariants are
inv(p') = (1',2,00,0,...), v(p)=0, p(p)=0.

The blow-up of the point separates the divisors. If s = 1 then H] = D,, is a single divisor,
. —
inv(p') = (¢, 1,0rdy (N'(T p, ) /1),0,...), v(@) =0, p@p) =0,
where A (7?,3&) = ((v™), w'!). We resolve this ideal as above: First we eliminate the nonmonomial part

N (71 p,,) and then resolve the resulting monomial ideal 7? D.-

In our example the second exceptional divisor .. = 0 passes through the point p”: z =y . = 0.
—
N(j‘Da) = (,1}2’1) — (y(lalx(;71) — (ODHI)

P4+ Ye =0 = Yt Yme=0 — 14y, =0
inv(p”) = (1,1,2,0...),v(p") =0, — inv(p"”)=(1,1,0,...),v(p") =1
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After the ideals are resolved the strict transforms of all exceptional diviors are moved away from the set
of points with highest multiplicity and we arrive at Step 1b. If 4/ = 1 we stop the resolution procedure.
At this moment the invariant for all points of the strict transform of C' is constant and equal to inv(p) =
(1,0,00,0,...), p(p) =0. The strict transform of C is now smooth and has simple normal crossings with
exceptional divisors. It defines a hypersurface of maximal contact.

If ' > 1 we repeat the procedure for Step 1b described above. After the ideals Jjy (,/) are resolved the
highest multiplicity drops. The procedure terminates when the invariant is constant along C' and equal to

inv(p) = (1,0, 00,0, ...), u(p) = 0.

4. CONCLUSION OF THE RESOLUTION ALGORITHM

4.1. Commutativity of resolving marked ideals with smooth morphisms. Let (X,Z,0,u) be a
marked ideal and ¢ : X’ — X be a smooth morphism of relative dimension n. Since the canonical resolution
is defined by the invariant it suffices to show that inv(¢(x)) = inv(z). Let U’ C X’ be a neighborhood

of z such that there is afactorization ¢ : U’ X x A" 5 X , where ¢’ is étale and 7 is the natural
projection. The canonical resolution (X; x A™) of p*(X,Z, E, i) is induced by the canonical resolution (X;)
of (X,Z,F,u) and the invariants inv, pu and p are preserved by 7. Then for 2’ € supp(X',Z',E',u) N U’
we have inv(¢(2’)) = inv(m(¢'(z))) = inv(¢’(z')). Since ¢’ is étale, the resolution Do (X3) =" (X; x A™)
is an extension of the canonical resolution of Z;;, and inv(¢'(z)) = inv(z). Finally inv(¢(z)) = inv(z).
Analogously u(6(z)) = p(x) and p(8(x)) = p(z).

4.2. Commutativity of resolving marked ideals (X,Z,(),1) with embeddings of ambient varieties.
Let (X,Z,0,1) be a marked ideal and ¢ : X — X’ be a closed embedding of smooth varieties. Then ¢ defines
the marked ideal (X',Z7,0,1), where Z' = ¢.(Z) - Ox,. We may assume that X is a subvariety of X’ locally
generated by parameters ug,...,ug. Then uy,...,ur € Z'(U’) = T(U’) define tangent directions on some
open U’ C X’. We run steps 2a and 1bb of our algorithm through. In step 2a we assign inv(z) = (1,invz(z))
(since the maximal order of Z = N(Z) is equal to 1, and Z = O(Z)) and in Step 1bb (nonboundary case
s(x) = 0) we assign

(8) invz/ (z) = (1,0, invz(v(qll)(ac)), v (x) = VIl

@), o) =pr,,,, @
passing to the hypersurface V(u;). By Step 1bb resolving (X',Z7,0, ) is locally equivalent to resolving
(V(u),I{,(u), (0, 1) with relation between invariants defined by (1). By repeating the procedure n times and

restricting to the tangent directions uq, ..., ux of the marked ideal Z on X we obtain:
(9) invz/(z) = (1,0,1,0,...,1,0,invz(x)), pr(x) =pz(z), vz (x)=v7(2).
Resolving (X', 7,0, ) is equivalent to resolving (X, Z, 0, ;1) with relation between invariants defined by (10).

4.3. Commutativity of resolving marked ideals with isomorphisms not preserving the ground
field.

Lemma 4.3.1. Let X, X’ be varieties over K and I be a sheaf of ideals on X. Let ¢ : X' — X be an
isomorphism over Q. Then ¢*(D(T)) = D (¢*(L)) for any i.

Proof. It suffices to consider the case i = 1. The sheaf D*(Z) is locally generated by functions f € Z regular
on some open subsets U and their derivatives D(f) . Then ¢*(D!(Z)) is locally generated by ¢*(f) and
¢*Df = ¢*D(¢*)"1¢* f. But for any derivarition D € Dery(O(U)), D' := ¢*D(¢*)~! € Derx(O(¢~1(U))
defines a K-derivation of O(¢~1(U)). O

Proposition 4.3.2. Let (X,Z,E,u) be a marked ideal. Let ¢ : X' — X be an isomorphism over Q. For
any canonical resolution (X;) of X the induced resolution (X)) := (X; xx X') is canonical. Moreover the

isomorphism ¢ lifts to isomorphisms ¢; : X] — X; such that Z
inv(¢(x)) = inv(z), v(g(z)) =v(z), plo(x)) = o(p(x)).

Proof. Induction on dimension of X. First assume that (X,Z, F, u) = (X, J,E, 1) is of maximal order
as in Step 1. Then, by the lemma, ¢(C(H(J))) = C(H(J)). Resolution algorithm in Step la is reduced



24 JAROSLAW WLODARCZYK

to resolution of the restrictions of marked ideals 7 to intersections of the exceptional divisors H;. This
procedure commutes with the isomorphism ¢. Moreover

v(p(z) = (s(d(@)),invig (@) = (s(),invg:(z)) = iv(z),
v(o(x) = vpmn(¢(@) = ym(x) = v(@), plo(@))=d(p(x)),

by the inductive assumption. In Step 1b we reduce resolution of the marked ideal to its restriction to a
hypersurface of maximal contact defined by u € D*~1(Z) on an open subset U. This procedure commutes
with ¢. The corresponding marked ideal (¢*(J), p) is restricted to the hypersurface of maximal contact
on ¢~}(U) defined by ¢*(u) € ¢*(D*~1(J)). The invariants defined in this step commute with ¢ by the
inductive assumption. In Step 2a we decompose arbitrary marked ideal into the monomial and nonmonomial
part. Since an isomorphism ¢ : X’ — X maps divisors in E’ to divisors in F it preserves this decomposition.
Consequently, it preserves companion ideals and the invariants inv, p, 4 defined in Step 2a. Also the invariants
defined in Step 2b are preserved by ¢. Therefore ¢ commutes with canonical resolutions.

4.4. Resolving marked ideals over a non-algebraically closed field. Let (X,Z, F, u) be a marked
ideal defined over a field K. Let K be the algebraic closure of K. Then the base change K — K defines
the G = Gal(K/K)-invariant marked ideal (X,Z, E, 1) (over K). The canonical resolution (X,Z, E,pu) is
G-equivariant and defines canonical resolution of (X,Z, E, u) over K. This resolution commutes with smooth

morphisms and embeddings of the ambient varieties over K and with isomorphisms over Q.

4.5. Principalization. Resolving the marked ideal (X,Z,0,1) determines a principalization commuting
with smooth morphisms, group actions and embeddings of the ambient varieties.

The principalization is often reached at an earlier stage upon transformation to the monomial case (Step
2b). This moment is detected by the invariant inv, which becomes equal to inv(z) = (0,...,0,...). (However
the latter procedure does not commute with embeddings of ambient varieties)

4.6. Weak embedded desingularization. Let Y be a closed subvariety of the variety X. Consider the
marked ideal (X,Zy,,1). Its support supp(Zy, 1) is equal to Y. In the resolution process of (X, Zy,0,1),
the strict transform of Y is blown up. Otherwise the generic points would be transformed isomorphically,
which contradicts the resolution of (X,Zy,{,1). At the moment where the strict transform is blown up the
invariant along it is the same for all its points and equal to

inv(z) = (1,0;1,0;...;1,0;00;0,0,0,...),
where (1,0) is repeated n times. This value of invariant can be computed for the generic smooth point
of Y. We apply Step 2a (ord,(Z) = 1,7 = O(Z)) and Step 1b (nonboundary case s(x) = 0) passing to a
hypersurface n times. Each time after running through 2a and 1b we adjoin a couple (1,0) to the constructed

invariant. After the n-th time we arrive at Step 1ba where the algorithm terminates and oo followed by zeros
is added at the end of the invariant.

4.7. Bravo-Villamayor strengthening of the Weak Embedded Desingularization. The following
theorem is a generalization of Bravo-Villamayor strengthening of the Weak Embedded Desingularization.

Theorem 4.7.1. Let Y be a reduced closed subscheme of a smooth variety X andY = JY; be its decompo-
sition into the union of irreducible components. There is a canonical resolution of a subschemeY C X, that
is, a sequence of blow-ups (X;)o<i<r subject to conditions (a)-(d) from Theorem 1.0.2 such that the strict

transforms Y; of Y; are smooth and disjoint. Moreover the full transform of Y is of the form
(@)"(Zy) = M((0)"(Zv)) - Ty,

where Y = Uf’z cXisa disjoint union of the strict transforms Y; of Y;, Iy is the sheaf of ideals of}~/ and
M((0)*(Zy)) is the monomial part of (6)*(Zy).

Proof. Consider the canonical resolution procedure for the marked ideal (X,Zy,0,1) (and in general for
(X,Z,E, u)) described in the proof of Proposition 3.0.8. We shall modify the construction of the invariants
in the canonical resolution. In Step 1 we define inv’, p/, v/ in the same way as before. In Step 2 we modify
the definition of the companion ideal to be

O'(T, 1) = (M(Z),1) ifordy(z) < 1and p=1and M(Z) # Ox,
’ O(Z, ) otherwise.
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We define invariants as follows. If ordyr(z) <1 and p =1 and (M(Z)) # Ox we set

inV/(l‘) = (3/2, 0,0,.. .), I//(x) = V(M(I),l)(l'); p’(x) = p(M(I),l)(x)
defined as in Step 2b. Otherwise we put as before

. ordar(z) —
inv(z) = <M(I),IHV0(I,M)($)>, v(z) = voa, (@), p@) = po.m ().

Note that the reasoning is almost the same as before. The difference occurs for resolving marked ideals
(Z,1) in Step 2 when we arrive at the moment when max{ord,(N(Z))} = 1. Let v!(x) denote the first
coordinate of the invariant inv. Note that v!(z) = 3/2 for all points of supp(Z, 1) for which Z is not purely
nonmonomial. First resolve its monomial part as in Step 2b (for all points with v*(z) = 3/2). The blow-ups
are performed at exceptional divisors for which p(z) is maximal. We arrive at the purely nonmonomial case
(v!(x) = 1) and continue resolution as before.

Let us order the codimensions of the components Y; in a increasing sequence 1 := codimY; < ... <7y :=
codimYy,.

We shall run Steps 1-2 of this procedure with the above modifications till the strict transform of one of
the components Y; is the center of the next blow-up. At this point the invariants are constant along this
strict transform and are equal to

inv(z) = (1,0;1,0;...51,0;00;0,0,0,...), v (x)=0 p'(z)=10

where (1,0) is repeated ry times. (These are the values of the invariants for a generic smooth point of 171)

Claim: Let (Z,1) be a marked ideal on X such that Yy is an irreducible component of supp(Z). Moreover
assume that T = Ty, in a neighborhood of a generic point of Y1. At the moment of the (modified resolution
process) for which

max(inv(z)) = (1,0;1,0;...;1,0;00;0,0,0,...)

the controlled transform of (Z,1) is equal to Iy, in the neighborhood of the strict transform Y: of Y7.

We prove this claim by induction on codimension. Note that when we run Step 2a of the algorithm
at some point we arrive at a marked ideal for which max(v!(z)) = 1. At this stage Z = N(Z) is purely
nonmonomial and O’(Z) = (Z,1). Note that starting from this point the controlled transform of Z remains
nonmonomial for all points with v*(z) = 1. Then we go to Step 1 and construct C(H(Z,1)) = (Z,1). In
Step la we run the algorithm arriving at the nonboundary case in Step 1b. At this point we restrict Z to a
smooth hypersurface of maximal contact V(u). If we are in Step 1ba this hypersurface is the strict transform
of Y7. Moreover the order of the controlled transform ¢°(Z) of Z is 1 along the strict transform of Y7 and
thus 0°(Z) is the ideal of this strict transform (in the neighborhood of the strict transform).

In case 1bb we apply the (modified) canonical resolution to the restriction Zjy (). This restriction Zjy ()
satisfies the assumption of the claim for Y3 C V(u) (we skip indices here). By the inductive assumption the

controlled transform o°(Z)|v () of (Zjv(u), 1) is locally equal to the ideal of the strict transform Vi C ‘//_(\17)
of Y. Since u € 0¢(Z) it follows that 0¢(Z) = Zy, (in the neighborhood of Y1). The claim is proven.

All the strict transforms of codimension r are isolated. We continue the (modified) canonical resolution
procedure ignoring these isolated components. We arrive at the moment where some codimension ro > 71
component is the center of the blow-up and the invariant inv is equal to

inv(z) = (1,0;1,0;...51,0;00;0,0,0,...), V'(z)=0, p'(z)=0,

where (1,0) is repeated ro times. Again by the claim the controlled transform of all codimension ro > r;
components coincide with the strict transform and are isolated. Starting from this moment those components
are ignored in the resolution process. We continue for all r;. At the end we principalize all components if
there are any which do not intersect the strict transforms of Y;.

4.8. Desingularization. Let Y be an algebraic variety over K. By the compactness of Y we find a cover
of affine subsets U; of Y such that each U; is embedded in an affine space A™ for n >> 0. We can assume
that the dimension n is the same for all U; by taking if necessary embeddings of affine spaces A*¥: c A™.
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Lemma 4.8.1. Let ¢1,¢2 : Y C A™ be two embeddings defined by two sets of generators gi,...,g, and
hi,..., hy respectively. Define three embeddings V; : Y — A?" fori=0,1,2 such that

\IIO('T) = (gl(.'L‘), s 79n($)7h1($)7' : '7hn($))7
\Ijl(x) = (91(:6),...,gn(x),O,...,O),
Uo(2) = (0, .,0, b (), hn()).

Then there are automorphisms ®1, o of A2 such that fori=1,2,

D,y = V.

Proof. Fix coordinates z1,...,Tpn,%1,---,Yn on A?". Find polynomials w;(z1,...,7,) and v;(z1,...,2,)
such that fori=1,...,n,

wi(h17~~~7hn):gi7 Ui(gh"wgn):h’i‘
Set

Dy (21, T, Y1y -5 Yn) = (X1, -5 Tny Y1 — 0(T1, -+, T0),y oy Yn — On (X1, - T0),

Do(T1yee oy Ty Y1y ey Un) = (@1 — W1 (Y1s- ooy Yn)ye v s @ — WYLy« -« s Un)s Y1y - -« Yn)-
O

Proposition 4.8.2. For any affine variety U there is a smooth variety U along with o birational morphism
res: U — U subject to the conditions:

(1) For any closed embedding U C X into a smooth affine variety X, there is an embedding U C X into
a smooth variety X which is a canonical embedded desingularization of U C X.

(2) For any open embeddmg V < U there is an open embedding of resolutions V < U which is a lifting
of V.— U such that V-
res;' (V) is an isomorphism over V.

Proof (1) Consider a closed embedding of U into a smooth affine variety X (for example X = A").
The canonical embedded desingularization U C X of U C X defines the desingularization U — U. This
desingularization is independent of the ambient variety X. Let ¢1 : U C X7 and ¢o : U C X3 be two
closed embeddings and let U; C X, be two embedded desingularizations. Find embeddings v¢; : X; — A"
into affine space A™. They define the embeddings ¥;¢; : U — A". By Lemma 4.8.1, there are embeddings
U; : A™ — A2" such that U9p1¢y = Uathapy : U — A>". Since embedded desingularizations commute with
closed embeddings of ambient varieties we see that the [71 are isomorphic over U.

(2) Let V' — U be an open embedding of affine varieties. Assume first that V' = U; = U \ V(f), where
f € K[U] is a regular function on U. Let U C X be a closed embedding into an affine variety X. Then
U C Xp is a closed embedding into an affine variety Xp = X \ V(F) where F is a regular function
on F' which restricts to f. Since embedded desingularizations commute with smooth morphisms the open
embedding Xz C X defines the open embedding of embedded desingularizations (5(\;, [7;) C (X,U) and the
open embedding of desingularizations [,J\} cU.

Let V C U be any open subset which is an affine variety. Then there are desingularizations
resy : V — V and
resy : U—U. Suppose the natural birational map vV —

res,}l(V) is not an isomorphism over V. Then we can find an open subset Uy C V such that

resy (Uy) —

resEl(U £) is not an isomorphism over Uy. But Uy = V; and by the previous case

resy (Uy) ~ UNf = f/; ~

res;t (V). O

Let U; be an open affine cover of X. For any two open subsets U; and U; set U;; := U; N U;. For any
U; and U;; we find canonical resolutions U; and U;; respectively. We define X to be a variety obtained

by glueing a; along ﬁij. Then X is a smooth variety and X — X defines a canonical desingularization
independent of the choice of U;;.
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4.9. Commutativity of non-embedded desingularization with smooth morphisms.

Lemma 4.9.1. Let ¢ : U — A™ and ¢ : V — A™ be closed embeddings of affine varietes U and V. Let
¢ :U — V be an étale morphism at 0 € U. Then there exists a variety X C A™ containing U and smooth
at 0 and a morphism ® : X — A" extending the morphism ¢ : U — V and which is étale at 0.

Proof. Let T := x,...,2, and ¥ := y1,...,Ym be coordinates on A" and A™ respectively. Let ¢g; :=
¢*(x1), ..., gn 1= ¢*(xy) be generators of the ring K[V] C K[U]. Write K[V] = K[z1,...,2.)/([1(T), ..., fi(T)).
Extending the set of generators of K[V] to a set of generators of K[U] gives

K[U] = K[mlw~oaxnvylw--vym]/(fl(f)"'7fl(f)ah1(fvy)v“whr(fvy))'

Since ¢ is étale at 0 the functions x4, ..., z, generate the maximal ideal of
Oov = K[[#1, s Zny Y1y Ul /(1 (@)oo fis by b)) = K[z, oy 20])/ (1 ooy 1) = Opv.
Choose a maximal subset {h;,,...,h;.} C {h1,...,h.} for which z1,...2n, hiy,..., hi, € %
are linearly independent. Then s = m and (x1,...%n, hiy, ..., hi ) = (1, .-, Tny Y1, - -+, Ym) define the set
of parameters at x.
The subvariety X = {(z,y) | hsy, = ... = h;,, =0} C A™ is smooth at 0 and the restriction pjx : X — A"

of the natural projection p : A™™™ — A" is étale at 0. Consequently, U’ — V is étale at 0 where
U’ = Spec(K|[[z1,.-sTnyY1s-- s Uml]/(f1(z), ... fi(x), hiy (z,9), ..., hi,, (2,9)). Also the closed embedding
U — U’ is étale at 0. Then U is a component of U’. O

Every smooth morphism ¢ : U — V of relative dimension r locally (for some open U’ C U) factors
through an étale morphism ) : U’ — V x A" followed by the natural projection p : V x A" — V. By
the above and the lemma for any smooth morphism ¢ : U — V and « € U we can find a neighborhood
U, C U of x and a smooth morphism of embedded varieties (U,, Xy, ) — (V, Xy) where Xy, and Xy are
smooth. Commutativity of embedded desingularizations with étale morphisms implies commutativity of
nonembedded desingularizations.

REFERENCES

[1] S. S. Abhyankar. Desingularization of plane curves. In Algebraic Geometry, Arcata 1981, Proc. Symp. Pure Appl. Math.
40. Amer. Math. Soc., 1983.

[2] S. S. Abhyankar. Good points of a hypersurface. Adv. in Math., 68:87-256, 1988.

[3] D. Abramovich and A. J. de Jong, Smoothness, semistability, and toroidal geometry, J. Alg. Geom. 6, 1997, p. 789-801.

[4] D. Abramovich and J. Wang, Fquivariant resolution of singularities in characteristic 0, Math. Res. Letters 4, 427-433

(1997).

J. M. Aroca, H. Hironaka, and J. L. Vicente. Theory of mazimal contact. Memo Math. del Inst. Jorge Juan, 29, 1975.

]
[6] J. M. Aroca, H. Hironaka, and J. L. Vicente. Desingularization theorems. Memo Math. del Inst. Jorge Juan, 30, 1977.
[7] E. Bierstone and P. Milman. Relations among analytic functions I. Ann. Inst. Fourier, 37(1):187-239, 1987.
[8] E. Bierstone and P. Milman. Relations among analytic functions II. Ann. Inst. Fourier, 37(2):49-77, 1987.
[9] E. Bierstone and P. Milman. Semianalytic and subanalytic sets.Publ. Math. IHES, 67:5-42, 1988.
[10] E. Bierstone and P. Milman. Uniformization of analytic spaces. J. Amer. Math. Soc., 2:801-836, 1989.
[11] E. Bierstone and P. Milman. A simple constructive proof of canonical resolution of singularities. In T. Mora and C.

Traverso, editors, Effective methods in algebraic geometry, pages 11-30. Birkhuser, 1991.

[12] E. Bierstone and D. Milman, Canonical desingularization in characteristic zero by blowing up the mazimum strata of a
local invariant, Invent. math. 128, 1997, p. 207-302.

[13] E. Bierstone and D. Milman, Desingularization algorithms, I. Role of exceptional divisors ITHES/M/03/30

[14] Bravo, A., Villamayor, O.: A strengthening of resolution of singularities in characteristic zero. London Math. Soc.

[15] F. Bogomolov and T. Pantev. Weak Hironaka theorem. Math. Res. Letters, 3(3):299-309, 1996.

[16] V. Cossart. Desingularization of embedded excellent surfaces. Thoku Math. J., 33:25-33, 1981.

[17] S. Encinas and H. Hauser. Strong resolution of singularities in characteristic zero. Comment. Math. Helv. 77 (2002)

821-845

[18] S. Encinas and O. Villamayor.Good points and constructive resolution of singularities. Acta Math., 181:109-158, 1998.

[19] S. Encinas and O. Villamayor. A course on constructive desingularization and equivariance. In H. Hauser, J. Lipman, F.
Oort, and A. Quirs, editors, Resolution of Singularities, A research textbook in tribute to Oscar Zariski, volume 181 of
Progress in Mathematics. Birkhuser, 2000.

[20] S. Encinas and O. Villamayor. A new theorem of desingularization over fields of characteristic zero. Preprint, 2001.

[21] J. Giraud. Sur la theorie du contact mazimal. Math. Zeit., 137:285-310, 1974.

[22] R. Hartshorne, Algebraic Geometry, Graduate Texts in Mathematics 52, Springer-Verlag, 1977.

(23] H. Hauser, The Hironaka Theorem on Resolution of Singularities (or A proof we always wanted to understand). Bull

Amer. Math. Soc.

[24] H. Hironaka, An example of a non-Kdalerian complez-analytic deformation of Kdahlerian complex structure, Annals of
Math. (2), 75, 1962, p. 190-208.



28 JAROSLAW WLODARCZYK

[25] H. Hironaka, Resolution of singularities of an algebraic variety over a field of characteristic zero, Annals of Math. vol
79, 1964, p. 109-326.

[26] H. Hironaka. Introduction to the theory of infinitely near singular points. Memo Math. del Inst. Jorge Juan, 28, 1974.

[27] H. Hironaka. Idealistic exponents of singularity. In Algebraic Geometry. The Johns Hopkins centennial lectures, pages
52-125. Johns Hopkins University Press, Baltimore, 1977.

(28] R. Goldin and B. Teissier. Resolving singularities of plane analytic branches with one toric morphism. Preprint ENS
Paris, 1995.

[29] A. J. de Jong, Smoothness, semistability, and alterations, Publ. Math. I.H.E.S. 83, 1996, p. 51-93.

[30] J. Lipman.Introduction to the resolution of singularities. In Arcata 1974, volume 29 of Proc. Symp. Pure Math, pages

187-229, 1975.

] K. Matsuki Notes on the inductive algorithm of resolution of singularities, preprint

] T. Oda. Infinitely very near singular points. Adv. Studies Pure Math., 8:363-404, 1986.

3] O. Villamayor. Constructiveness of Hironaka’s resolution. Ann. Scient. Ecole Norm. Sup. 4, 22:1-32, 1989.

] O. Villamayor. Patching local uniformizations. Ann. Scient. Ecole Norm. Sup. 4, 25:629-677, 1992.

] O. Villamayor. Introduction to the algorithm of resolution. In Algebraic geometry and singularities, La Rabida 1991,

pages 123-154. Birkhuser, 1996.

DEPARTMENT OF MATHEMATICS, PURDUE UNIVERSITY, WEST LAFAYETTE, IN-47907, USA

E-mail address: wlodar@math.purdue.edu, jwlodar@mimuw.edu.pl



