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Multiscale PDEs



Boundary value problem

Multiscale PDEs

(
L"u" = 0

Bu" = f
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Multiscale PDEs

❖ Offline: prepare basis functions/Green functions

❖ Online: solve with various boundary conditions

(
L"u" = 0

Bu" = f
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Discretization

Multiscale PDEs

{Green function

(
L"u" = 0
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u" =

Z
G"(x, y)f(y)dy
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u" 2 {G⇤(x, y)}
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U✏ = G✏ · f
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Discretization

Multiscale PDEs
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Multiscale PDEs

O(✏)
(
L⇤u⇤ = 0

Bu⇤ = f
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(
L"u" = 0

Bu" = f
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Asymptotic limit

u"
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<latexit sha1_base64="jHrO+Tg7o2iQzi16vTlppBHyXsU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhtnJbDJmdmaZ6RXCkn/w4kERr/6PN//GyeOgiQUNRVU33V1RKoVF3//2VlbX1jc2C1vF7Z3dvf3SwWHD6swwXmdaatOKqOVSKF5HgZK3UsNpEknejIY3E7/5xI0VWt3jKOVhQvtKxIJRdFIje+hQi91S2a/4U5BlEsxJGeaodUtfnZ5mWcIVMkmtbQd+imFODQom+bjYySxPKRvSPm87qmjCbZhPrx2TU6f0SKyNK4Vkqv6eyGli7SiJXGdCcWAXvYn4n9fOML4Kc6HSDLlis0VxJglqMnmd9IThDOXIEcqMcLcSNqCGMnQBFV0IweLLy6RxXgn8SnB3Ua5ez+MowDGcwBkEcAlVuIUa1IHBIzzDK7x52nvx3r2PWeuKN585gj/wPn8Aq4OPLQ==</latexit><latexit sha1_base64="jHrO+Tg7o2iQzi16vTlppBHyXsU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhtnJbDJmdmaZ6RXCkn/w4kERr/6PN//GyeOgiQUNRVU33V1RKoVF3//2VlbX1jc2C1vF7Z3dvf3SwWHD6swwXmdaatOKqOVSKF5HgZK3UsNpEknejIY3E7/5xI0VWt3jKOVhQvtKxIJRdFIje+hQi91S2a/4U5BlEsxJGeaodUtfnZ5mWcIVMkmtbQd+imFODQom+bjYySxPKRvSPm87qmjCbZhPrx2TU6f0SKyNK4Vkqv6eyGli7SiJXGdCcWAXvYn4n9fOML4Kc6HSDLlis0VxJglqMnmd9IThDOXIEcqMcLcSNqCGMnQBFV0IweLLy6RxXgn8SnB3Ua5ez+MowDGcwBkEcAlVuIUa1IHBIzzDK7x52nvx3r2PWeuKN585gj/wPn8Aq4OPLQ==</latexit><latexit sha1_base64="jHrO+Tg7o2iQzi16vTlppBHyXsU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhtnJbDJmdmaZ6RXCkn/w4kERr/6PN//GyeOgiQUNRVU33V1RKoVF3//2VlbX1jc2C1vF7Z3dvf3SwWHD6swwXmdaatOKqOVSKF5HgZK3UsNpEknejIY3E7/5xI0VWt3jKOVhQvtKxIJRdFIje+hQi91S2a/4U5BlEsxJGeaodUtfnZ5mWcIVMkmtbQd+imFODQom+bjYySxPKRvSPm87qmjCbZhPrx2TU6f0SKyNK4Vkqv6eyGli7SiJXGdCcWAXvYn4n9fOML4Kc6HSDLlis0VxJglqMnmd9IThDOXIEcqMcLcSNqCGMnQBFV0IweLLy6RxXgn8SnB3Ua5ez+MowDGcwBkEcAlVuIUa1IHBIzzDK7x52nvx3r2PWeuKN585gj/wPn8Aq4OPLQ==</latexit><latexit sha1_base64="jHrO+Tg7o2iQzi16vTlppBHyXsU=">AAAB7XicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jGCeUCyhtnJbDJmdmaZ6RXCkn/w4kERr/6PN//GyeOgiQUNRVU33V1RKoVF3//2VlbX1jc2C1vF7Z3dvf3SwWHD6swwXmdaatOKqOVSKF5HgZK3UsNpEknejIY3E7/5xI0VWt3jKOVhQvtKxIJRdFIje+hQi91S2a/4U5BlEsxJGeaodUtfnZ5mWcIVMkmtbQd+imFODQom+bjYySxPKRvSPm87qmjCbZhPrx2TU6f0SKyNK4Vkqv6eyGli7SiJXGdCcWAXvYn4n9fOML4Kc6HSDLlis0VxJglqMnmd9IThDOXIEcqMcLcSNqCGMnQBFV0IweLLy6RxXgn8SnB3Ua5ez+MowDGcwBkEcAlVuIUa1IHBIzzDK7x52nvx3r2PWeuKN585gj/wPn8Aq4OPLQ==</latexit>

0 "
<latexit sha1_base64="fqwPTjne27lw+4EvAOVSHJJLIKw=">AAACA3icbVA9SwNBEN2LXzF+ndppsxgEq3AngpZBG8sI5gNyR9jbzCVL9naP3b1ICAEb/4qNhSK2/gk7/42b5ApNfDDweG+GmXlRypk2nvftFFZW19Y3ipulre2d3T13/6ChZaYo1KnkUrUiooEzAXXDDIdWqoAkEYdmNLiZ+s0hKM2kuDejFMKE9ASLGSXGSh33yMMBh9gQpeQDxsGQKEg141Lgjlv2Kt4MeJn4OSmjHLWO+xV0Jc0SEIZyonXb91ITjokyjHKYlIJMQ0rogPSgbakgCehwPPthgk+t0sWxVLaEwTP198SYJFqPksh2JsT09aI3Ff/z2pmJr8IxE2lmQND5ojjj2Eg8DQR3mQJq+MgSQhWzt2LaJ4pQY2Mr2RD8xZeXSeO84nsV/+6iXL3O4yiiY3SCzpCPLlEV3aIaqiOKHtEzekVvzpPz4rw7H/PWgpPPHKI/cD5/ACG/lzA=</latexit><latexit sha1_base64="fqwPTjne27lw+4EvAOVSHJJLIKw=">AAACA3icbVA9SwNBEN2LXzF+ndppsxgEq3AngpZBG8sI5gNyR9jbzCVL9naP3b1ICAEb/4qNhSK2/gk7/42b5ApNfDDweG+GmXlRypk2nvftFFZW19Y3ipulre2d3T13/6ChZaYo1KnkUrUiooEzAXXDDIdWqoAkEYdmNLiZ+s0hKM2kuDejFMKE9ASLGSXGSh33yMMBh9gQpeQDxsGQKEg141Lgjlv2Kt4MeJn4OSmjHLWO+xV0Jc0SEIZyonXb91ITjokyjHKYlIJMQ0rogPSgbakgCehwPPthgk+t0sWxVLaEwTP198SYJFqPksh2JsT09aI3Ff/z2pmJr8IxE2lmQND5ojjj2Eg8DQR3mQJq+MgSQhWzt2LaJ4pQY2Mr2RD8xZeXSeO84nsV/+6iXL3O4yiiY3SCzpCPLlEV3aIaqiOKHtEzekVvzpPz4rw7H/PWgpPPHKI/cD5/ACG/lzA=</latexit><latexit sha1_base64="fqwPTjne27lw+4EvAOVSHJJLIKw=">AAACA3icbVA9SwNBEN2LXzF+ndppsxgEq3AngpZBG8sI5gNyR9jbzCVL9naP3b1ICAEb/4qNhSK2/gk7/42b5ApNfDDweG+GmXlRypk2nvftFFZW19Y3ipulre2d3T13/6ChZaYo1KnkUrUiooEzAXXDDIdWqoAkEYdmNLiZ+s0hKM2kuDejFMKE9ASLGSXGSh33yMMBh9gQpeQDxsGQKEg141Lgjlv2Kt4MeJn4OSmjHLWO+xV0Jc0SEIZyonXb91ITjokyjHKYlIJMQ0rogPSgbakgCehwPPthgk+t0sWxVLaEwTP198SYJFqPksh2JsT09aI3Ff/z2pmJr8IxE2lmQND5ojjj2Eg8DQR3mQJq+MgSQhWzt2LaJ4pQY2Mr2RD8xZeXSeO84nsV/+6iXL3O4yiiY3SCzpCPLlEV3aIaqiOKHtEzekVvzpPz4rw7H/PWgpPPHKI/cD5/ACG/lzA=</latexit><latexit sha1_base64="fqwPTjne27lw+4EvAOVSHJJLIKw=">AAACA3icbVA9SwNBEN2LXzF+ndppsxgEq3AngpZBG8sI5gNyR9jbzCVL9naP3b1ICAEb/4qNhSK2/gk7/42b5ApNfDDweG+GmXlRypk2nvftFFZW19Y3ipulre2d3T13/6ChZaYo1KnkUrUiooEzAXXDDIdWqoAkEYdmNLiZ+s0hKM2kuDejFMKE9ASLGSXGSh33yMMBh9gQpeQDxsGQKEg141Lgjlv2Kt4MeJn4OSmjHLWO+xV0Jc0SEIZyonXb91ITjokyjHKYlIJMQ0rogPSgbakgCehwPPthgk+t0sWxVLaEwTP198SYJFqPksh2JsT09aI3Ff/z2pmJr8IxE2lmQND5ojjj2Eg8DQR3mQJq+MgSQhWzt2LaJ4pQY2Mr2RD8xZeXSeO84nsV/+6iXL3O4yiiY3SCzpCPLlEV3aIaqiOKHtEzekVvzpPz4rw7H/PWgpPPHKI/cD5/ACG/lzA=</latexit>



Multiscale PDEs
Example: fluid limit

�v ·rxu
" +

1

"
S[u"] = 0

<latexit sha1_base64="9lIosWzBqaL8/TXWSaAK06aQYCY="></latexit><latexit sha1_base64="9lIosWzBqaL8/TXWSaAK06aQYCY="></latexit><latexit sha1_base64="9lIosWzBqaL8/TXWSaAK06aQYCY="></latexit><latexit sha1_base64="9lIosWzBqaL8/TXWSaAK06aQYCY="></latexit>

S[u] = �(x)

Z

V
u(x, v0)� u(x, v)dv0

<latexit sha1_base64="RGtLIIMoCF0v1Xuk4UfDYzqD4B4="></latexit><latexit sha1_base64="RGtLIIMoCF0v1Xuk4UfDYzqD4B4="></latexit><latexit sha1_base64="RGtLIIMoCF0v1Xuk4UfDYzqD4B4="></latexit><latexit sha1_base64="RGtLIIMoCF0v1Xuk4UfDYzqD4B4="></latexit>

Crx ·
✓
1

�
rxu

⇤(x)

◆
= 0

<latexit sha1_base64="RXkYl9esVOJBiI7v//0A+H3yZwY="></latexit><latexit sha1_base64="RXkYl9esVOJBiI7v//0A+H3yZwY="></latexit><latexit sha1_base64="RXkYl9esVOJBiI7v//0A+H3yZwY="></latexit><latexit sha1_base64="RXkYl9esVOJBiI7v//0A+H3yZwY="></latexit>

u"(x, v)
<latexit sha1_base64="ZK3roJ3ofz3zVIjBQO0UGIl2jiM=">AAAB+3icbVBNSwMxEJ31s9avtR69BItQQcquCHosevFYwX5Au5Zsmm1Ds8mSZEtL6V/x4kERr/4Rb/4b03YP2vpg4PHeDDPzwoQzbTzv21lb39jc2s7t5Hf39g8O3aNCXctUEVojkkvVDLGmnAlaM8xw2kwUxXHIaSMc3M38xpAqzaR4NOOEBjHuCRYxgo2VOm4hfWoPsaKJZlyK0uhieN5xi17ZmwOtEj8jRchQ7bhf7a4kaUyFIRxr3fK9xAQTrAwjnE7z7VTTBJMB7tGWpQLHVAeT+e1TdGaVLoqksiUMmqu/JyY41noch7Yzxqavl72Z+J/XSk10E0yYSFJDBVksilKOjESzIFCXKUoMH1uCiWL2VkT6WGFibFx5G4K//PIqqV+Wfa/sP1wVK7dZHDk4gVMogQ/XUIF7qEINCIzgGV7hzZk6L86787FoXXOymWP4A+fzB8KslDw=</latexit><latexit sha1_base64="ZK3roJ3ofz3zVIjBQO0UGIl2jiM=">AAAB+3icbVBNSwMxEJ31s9avtR69BItQQcquCHosevFYwX5Au5Zsmm1Ds8mSZEtL6V/x4kERr/4Rb/4b03YP2vpg4PHeDDPzwoQzbTzv21lb39jc2s7t5Hf39g8O3aNCXctUEVojkkvVDLGmnAlaM8xw2kwUxXHIaSMc3M38xpAqzaR4NOOEBjHuCRYxgo2VOm4hfWoPsaKJZlyK0uhieN5xi17ZmwOtEj8jRchQ7bhf7a4kaUyFIRxr3fK9xAQTrAwjnE7z7VTTBJMB7tGWpQLHVAeT+e1TdGaVLoqksiUMmqu/JyY41noch7Yzxqavl72Z+J/XSk10E0yYSFJDBVksilKOjESzIFCXKUoMH1uCiWL2VkT6WGFibFx5G4K//PIqqV+Wfa/sP1wVK7dZHDk4gVMogQ/XUIF7qEINCIzgGV7hzZk6L86787FoXXOymWP4A+fzB8KslDw=</latexit><latexit sha1_base64="ZK3roJ3ofz3zVIjBQO0UGIl2jiM=">AAAB+3icbVBNSwMxEJ31s9avtR69BItQQcquCHosevFYwX5Au5Zsmm1Ds8mSZEtL6V/x4kERr/4Rb/4b03YP2vpg4PHeDDPzwoQzbTzv21lb39jc2s7t5Hf39g8O3aNCXctUEVojkkvVDLGmnAlaM8xw2kwUxXHIaSMc3M38xpAqzaR4NOOEBjHuCRYxgo2VOm4hfWoPsaKJZlyK0uhieN5xi17ZmwOtEj8jRchQ7bhf7a4kaUyFIRxr3fK9xAQTrAwjnE7z7VTTBJMB7tGWpQLHVAeT+e1TdGaVLoqksiUMmqu/JyY41noch7Yzxqavl72Z+J/XSk10E0yYSFJDBVksilKOjESzIFCXKUoMH1uCiWL2VkT6WGFibFx5G4K//PIqqV+Wfa/sP1wVK7dZHDk4gVMogQ/XUIF7qEINCIzgGV7hzZk6L86787FoXXOymWP4A+fzB8KslDw=</latexit><latexit sha1_base64="ZK3roJ3ofz3zVIjBQO0UGIl2jiM=">AAAB+3icbVBNSwMxEJ31s9avtR69BItQQcquCHosevFYwX5Au5Zsmm1Ds8mSZEtL6V/x4kERr/4Rb/4b03YP2vpg4PHeDDPzwoQzbTzv21lb39jc2s7t5Hf39g8O3aNCXctUEVojkkvVDLGmnAlaM8xw2kwUxXHIaSMc3M38xpAqzaR4NOOEBjHuCRYxgo2VOm4hfWoPsaKJZlyK0uhieN5xi17ZmwOtEj8jRchQ7bhf7a4kaUyFIRxr3fK9xAQTrAwjnE7z7VTTBJMB7tGWpQLHVAeT+e1TdGaVLoqksiUMmqu/JyY41noch7Yzxqavl72Z+J/XSk10E0yYSFJDBVksilKOjESzIFCXKUoMH1uCiWL2VkT6WGFibFx5G4K//PIqqV+Wfa/sP1wVK7dZHDk4gVMogQ/XUIF7qEINCIzgGV7hzZk6L86787FoXXOymWP4A+fzB8KslDw=</latexit>

u⇤(x)
<latexit sha1_base64="UW9iM+X8MAXCigln0Wc89Eymm3A=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6SrGF2MkmGzM4uM71iWPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95iPXRkTqDscx90M6UKIvGEUr3ScPHWqw/HTaLZbcijsDWSZeRkqQodYtfnV6EUtCrpBJakzbc2P0U6pRMMknhU5ieEzZiA5421JFQ278dHbwhJxYpUf6kbalkMzU3xMpDY0Zh4HtDCkOzaI3Ff/z2gn2L/1UqDhBrth8UT+RBCMy/Z70hOYM5dgSyrSwtxI2pJoytBkVbAje4svLpHFW8dyKd3teql5lceThCI6hDB5cQBVuoAZ1YBDCM7zCm6OdF+fd+Zi35pxs5hD+wPn8AVNCkBQ=</latexit><latexit sha1_base64="UW9iM+X8MAXCigln0Wc89Eymm3A=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6SrGF2MkmGzM4uM71iWPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95iPXRkTqDscx90M6UKIvGEUr3ScPHWqw/HTaLZbcijsDWSZeRkqQodYtfnV6EUtCrpBJakzbc2P0U6pRMMknhU5ieEzZiA5421JFQ278dHbwhJxYpUf6kbalkMzU3xMpDY0Zh4HtDCkOzaI3Ff/z2gn2L/1UqDhBrth8UT+RBCMy/Z70hOYM5dgSyrSwtxI2pJoytBkVbAje4svLpHFW8dyKd3teql5lceThCI6hDB5cQBVuoAZ1YBDCM7zCm6OdF+fd+Zi35pxs5hD+wPn8AVNCkBQ=</latexit><latexit sha1_base64="UW9iM+X8MAXCigln0Wc89Eymm3A=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6SrGF2MkmGzM4uM71iWPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95iPXRkTqDscx90M6UKIvGEUr3ScPHWqw/HTaLZbcijsDWSZeRkqQodYtfnV6EUtCrpBJakzbc2P0U6pRMMknhU5ieEzZiA5421JFQ278dHbwhJxYpUf6kbalkMzU3xMpDY0Zh4HtDCkOzaI3Ff/z2gn2L/1UqDhBrth8UT+RBCMy/Z70hOYM5dgSyrSwtxI2pJoytBkVbAje4svLpHFW8dyKd3teql5lceThCI6hDB5cQBVuoAZ1YBDCM7zCm6OdF+fd+Zi35pxs5hD+wPn8AVNCkBQ=</latexit><latexit sha1_base64="UW9iM+X8MAXCigln0Wc89Eymm3A=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6SrGF2MkmGzM4uM71iWPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95iPXRkTqDscx90M6UKIvGEUr3ScPHWqw/HTaLZbcijsDWSZeRkqQodYtfnV6EUtCrpBJakzbc2P0U6pRMMknhU5ieEzZiA5421JFQ278dHbwhJxYpUf6kbalkMzU3xMpDY0Zh4HtDCkOzaI3Ff/z2gn2L/1UqDhBrth8UT+RBCMy/Z70hOYM5dgSyrSwtxI2pJoytBkVbAje4svLpHFW8dyKd3teql5lceThCI6hDB5cQBVuoAZ1YBDCM7zCm6OdF+fd+Zi35pxs5hD+wPn8AVNCkBQ=</latexit>



Multiscale PDEs
Example: homogenization

u⇤(x)
<latexit sha1_base64="UW9iM+X8MAXCigln0Wc89Eymm3A=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6SrGF2MkmGzM4uM71iWPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95iPXRkTqDscx90M6UKIvGEUr3ScPHWqw/HTaLZbcijsDWSZeRkqQodYtfnV6EUtCrpBJakzbc2P0U6pRMMknhU5ieEzZiA5421JFQ278dHbwhJxYpUf6kbalkMzU3xMpDY0Zh4HtDCkOzaI3Ff/z2gn2L/1UqDhBrth8UT+RBCMy/Z70hOYM5dgSyrSwtxI2pJoytBkVbAje4svLpHFW8dyKd3teql5lceThCI6hDB5cQBVuoAZ1YBDCM7zCm6OdF+fd+Zi35pxs5hD+wPn8AVNCkBQ=</latexit><latexit sha1_base64="UW9iM+X8MAXCigln0Wc89Eymm3A=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6SrGF2MkmGzM4uM71iWPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95iPXRkTqDscx90M6UKIvGEUr3ScPHWqw/HTaLZbcijsDWSZeRkqQodYtfnV6EUtCrpBJakzbc2P0U6pRMMknhU5ieEzZiA5421JFQ278dHbwhJxYpUf6kbalkMzU3xMpDY0Zh4HtDCkOzaI3Ff/z2gn2L/1UqDhBrth8UT+RBCMy/Z70hOYM5dgSyrSwtxI2pJoytBkVbAje4svLpHFW8dyKd3teql5lceThCI6hDB5cQBVuoAZ1YBDCM7zCm6OdF+fd+Zi35pxs5hD+wPn8AVNCkBQ=</latexit><latexit sha1_base64="UW9iM+X8MAXCigln0Wc89Eymm3A=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6SrGF2MkmGzM4uM71iWPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95iPXRkTqDscx90M6UKIvGEUr3ScPHWqw/HTaLZbcijsDWSZeRkqQodYtfnV6EUtCrpBJakzbc2P0U6pRMMknhU5ieEzZiA5421JFQ278dHbwhJxYpUf6kbalkMzU3xMpDY0Zh4HtDCkOzaI3Ff/z2gn2L/1UqDhBrth8UT+RBCMy/Z70hOYM5dgSyrSwtxI2pJoytBkVbAje4svLpHFW8dyKd3teql5lceThCI6hDB5cQBVuoAZ1YBDCM7zCm6OdF+fd+Zi35pxs5hD+wPn8AVNCkBQ=</latexit><latexit sha1_base64="UW9iM+X8MAXCigln0Wc89Eymm3A=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6SrGF2MkmGzM4uM71iWPIVXjwo4tXP8ebfOEn2oIkFDUVVN91dQSyFQdf9dnIrq2vrG/nNwtb2zu5ecf+gYaJEM15nkYx0K6CGS6F4HQVK3oo1p2EgeTMYXU/95iPXRkTqDscx90M6UKIvGEUr3ScPHWqw/HTaLZbcijsDWSZeRkqQodYtfnV6EUtCrpBJakzbc2P0U6pRMMknhU5ieEzZiA5421JFQ278dHbwhJxYpUf6kbalkMzU3xMpDY0Zh4HtDCkOzaI3Ff/z2gn2L/1UqDhBrth8UT+RBCMy/Z70hOYM5dgSyrSwtxI2pJoytBkVbAje4svLpHFW8dyKd3teql5lceThCI6hDB5cQBVuoAZ1YBDCM7zCm6OdF+fd+Zi35pxs5hD+wPn8AVNCkBQ=</latexit>

rx ·
⇣
a(x,

x

"
)rxu

"
⌘
= 0

<latexit sha1_base64="cyXdlmzPIb0CVKQ9sWTb/C+dIlo="></latexit><latexit sha1_base64="cyXdlmzPIb0CVKQ9sWTb/C+dIlo="></latexit><latexit sha1_base64="cyXdlmzPIb0CVKQ9sWTb/C+dIlo="></latexit><latexit sha1_base64="cyXdlmzPIb0CVKQ9sWTb/C+dIlo="></latexit>

rx · (a⇤(x)rxu
⇤) = 0

<latexit sha1_base64="8+5W3poSKo5COZkjJ48fts2VURc=">AAACH3icbVDLSgNBEJyN7/iKevQyGITkEnZF1IsQ9OJRwWggG0PvZDYZMju7zPRKQsifePFXvHhQRLzlb5w8BE0saCiquunuChIpDLru0MksLC4tr6yuZdc3Nre2czu7dyZONeMVFstYVwMwXArFKyhQ8mqiOUSB5PdB53Lk3z9ybUSsbrGX8HoELSVCwQCt1Mid+AoCCY2uz5ox+pKHWIAHHwwWusUfj6Zjxdei1cYiPaduI5d3S+4YdJ54U5InU1w3cl9+M2ZpxBUyCcbUPDfBeh80Cib5IOunhifAOtDiNUsVRNzU++P/BvTQKk0axtqWQjpWf0/0ITKmFwW2MwJsm1lvJP7n1VIMz+p9oZIUuWKTRWEqKcZ0FBZtCs0Zyp4lwLSwt1LWBg0MbaRZG4I3+/I8uTsqeW7JuznOly+mcaySfXJACsQjp6RMrsg1qRBGnsgLeSPvzrPz6nw4n5PWjDOd2SN/4Ay/AU1MonE=</latexit><latexit sha1_base64="8+5W3poSKo5COZkjJ48fts2VURc=">AAACH3icbVDLSgNBEJyN7/iKevQyGITkEnZF1IsQ9OJRwWggG0PvZDYZMju7zPRKQsifePFXvHhQRLzlb5w8BE0saCiquunuChIpDLru0MksLC4tr6yuZdc3Nre2czu7dyZONeMVFstYVwMwXArFKyhQ8mqiOUSB5PdB53Lk3z9ybUSsbrGX8HoELSVCwQCt1Mid+AoCCY2uz5ox+pKHWIAHHwwWusUfj6Zjxdei1cYiPaduI5d3S+4YdJ54U5InU1w3cl9+M2ZpxBUyCcbUPDfBeh80Cib5IOunhifAOtDiNUsVRNzU++P/BvTQKk0axtqWQjpWf0/0ITKmFwW2MwJsm1lvJP7n1VIMz+p9oZIUuWKTRWEqKcZ0FBZtCs0Zyp4lwLSwt1LWBg0MbaRZG4I3+/I8uTsqeW7JuznOly+mcaySfXJACsQjp6RMrsg1qRBGnsgLeSPvzrPz6nw4n5PWjDOd2SN/4Ay/AU1MonE=</latexit><latexit sha1_base64="8+5W3poSKo5COZkjJ48fts2VURc=">AAACH3icbVDLSgNBEJyN7/iKevQyGITkEnZF1IsQ9OJRwWggG0PvZDYZMju7zPRKQsifePFXvHhQRLzlb5w8BE0saCiquunuChIpDLru0MksLC4tr6yuZdc3Nre2czu7dyZONeMVFstYVwMwXArFKyhQ8mqiOUSB5PdB53Lk3z9ybUSsbrGX8HoELSVCwQCt1Mid+AoCCY2uz5ox+pKHWIAHHwwWusUfj6Zjxdei1cYiPaduI5d3S+4YdJ54U5InU1w3cl9+M2ZpxBUyCcbUPDfBeh80Cib5IOunhifAOtDiNUsVRNzU++P/BvTQKk0axtqWQjpWf0/0ITKmFwW2MwJsm1lvJP7n1VIMz+p9oZIUuWKTRWEqKcZ0FBZtCs0Zyp4lwLSwt1LWBg0MbaRZG4I3+/I8uTsqeW7JuznOly+mcaySfXJACsQjp6RMrsg1qRBGnsgLeSPvzrPz6nw4n5PWjDOd2SN/4Ay/AU1MonE=</latexit><latexit sha1_base64="8+5W3poSKo5COZkjJ48fts2VURc=">AAACH3icbVDLSgNBEJyN7/iKevQyGITkEnZF1IsQ9OJRwWggG0PvZDYZMju7zPRKQsifePFXvHhQRLzlb5w8BE0saCiquunuChIpDLru0MksLC4tr6yuZdc3Nre2czu7dyZONeMVFstYVwMwXArFKyhQ8mqiOUSB5PdB53Lk3z9ybUSsbrGX8HoELSVCwQCt1Mid+AoCCY2uz5ox+pKHWIAHHwwWusUfj6Zjxdei1cYiPaduI5d3S+4YdJ54U5InU1w3cl9+M2ZpxBUyCcbUPDfBeh80Cib5IOunhifAOtDiNUsVRNzU++P/BvTQKk0axtqWQjpWf0/0ITKmFwW2MwJsm1lvJP7n1VIMz+p9oZIUuWKTRWEqKcZ0FBZtCs0Zyp4lwLSwt1LWBg0MbaRZG4I3+/I8uTsqeW7JuznOly+mcaySfXJACsQjp6RMrsg1qRBGnsgLeSPvzrPz6nw4n5PWjDOd2SN/4Ay/AU1MonE=</latexit>

u"(x,
x

"
)

<latexit sha1_base64="XrHTvDWU8ig4KqLpB04JGWIxViY=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpIGVGBF0W3bisYB/QGUsmzbShmWRIMqVlmD9w46+4caGIW7fu/BvTx6K2HrhwOOde7r0niBlV2nF+rNzK6tr6Rn6zsLW9s7tn7x/UlUgkJjUsmJDNACnCKCc1TTUjzVgSFAWMNIL+7dhvDIhUVPAHPYqJH6EupyHFSBupbZ8mj94ASRIrygQvDc+9UCKcDrN0Ts7O2nbRKTsTwGXizkgRzFBt299eR+AkIlxjhpRquU6s/RRJTTEjWcFLFIkR7qMuaRnKUUSUn07+yeCJUTowFNIU13Cizk+kKFJqFAWmM0K6pxa9sfif10p0eO2nlMeJJhxPF4UJg1rAcTiwQyXBmo0MQVhScyvEPWQC0SbCggnBXXx5mdQvyq5Tdu8vi5WbWRx5cASOQQm44ApUwB2oghrA4Am8gDfwbj1br9aH9TltzVmzmUPwB9bXL3m4nY0=</latexit><latexit sha1_base64="XrHTvDWU8ig4KqLpB04JGWIxViY=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpIGVGBF0W3bisYB/QGUsmzbShmWRIMqVlmD9w46+4caGIW7fu/BvTx6K2HrhwOOde7r0niBlV2nF+rNzK6tr6Rn6zsLW9s7tn7x/UlUgkJjUsmJDNACnCKCc1TTUjzVgSFAWMNIL+7dhvDIhUVPAHPYqJH6EupyHFSBupbZ8mj94ASRIrygQvDc+9UCKcDrN0Ts7O2nbRKTsTwGXizkgRzFBt299eR+AkIlxjhpRquU6s/RRJTTEjWcFLFIkR7qMuaRnKUUSUn07+yeCJUTowFNIU13Cizk+kKFJqFAWmM0K6pxa9sfif10p0eO2nlMeJJhxPF4UJg1rAcTiwQyXBmo0MQVhScyvEPWQC0SbCggnBXXx5mdQvyq5Tdu8vi5WbWRx5cASOQQm44ApUwB2oghrA4Am8gDfwbj1br9aH9TltzVmzmUPwB9bXL3m4nY0=</latexit><latexit sha1_base64="XrHTvDWU8ig4KqLpB04JGWIxViY=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpIGVGBF0W3bisYB/QGUsmzbShmWRIMqVlmD9w46+4caGIW7fu/BvTx6K2HrhwOOde7r0niBlV2nF+rNzK6tr6Rn6zsLW9s7tn7x/UlUgkJjUsmJDNACnCKCc1TTUjzVgSFAWMNIL+7dhvDIhUVPAHPYqJH6EupyHFSBupbZ8mj94ASRIrygQvDc+9UCKcDrN0Ts7O2nbRKTsTwGXizkgRzFBt299eR+AkIlxjhpRquU6s/RRJTTEjWcFLFIkR7qMuaRnKUUSUn07+yeCJUTowFNIU13Cizk+kKFJqFAWmM0K6pxa9sfif10p0eO2nlMeJJhxPF4UJg1rAcTiwQyXBmo0MQVhScyvEPWQC0SbCggnBXXx5mdQvyq5Tdu8vi5WbWRx5cASOQQm44ApUwB2oghrA4Am8gDfwbj1br9aH9TltzVmzmUPwB9bXL3m4nY0=</latexit><latexit sha1_base64="XrHTvDWU8ig4KqLpB04JGWIxViY=">AAACD3icbVDLSgMxFM3UV62vUZdugkWpIGVGBF0W3bisYB/QGUsmzbShmWRIMqVlmD9w46+4caGIW7fu/BvTx6K2HrhwOOde7r0niBlV2nF+rNzK6tr6Rn6zsLW9s7tn7x/UlUgkJjUsmJDNACnCKCc1TTUjzVgSFAWMNIL+7dhvDIhUVPAHPYqJH6EupyHFSBupbZ8mj94ASRIrygQvDc+9UCKcDrN0Ts7O2nbRKTsTwGXizkgRzFBt299eR+AkIlxjhpRquU6s/RRJTTEjWcFLFIkR7qMuaRnKUUSUn07+yeCJUTowFNIU13Cizk+kKFJqFAWmM0K6pxa9sfif10p0eO2nlMeJJhxPF4UJg1rAcTiwQyXBmo0MQVhScyvEPWQC0SbCggnBXXx5mdQvyq5Tdu8vi5WbWRx5cASOQQm44ApUwB2oghrA4Am8gDfwbj1br9aH9TltzVmzmUPwB9bXL3m4nY0=</latexit>



Multiscale PDEs

N✏N

{Green function {Green function

O(✏)

{Green matrixGreen matrix{

U⇤ = G⇤ · f
<latexit sha1_base64="nWfvkXfV3AGt3Q8+UxrugCVB5LU=">AAACG3icbZDLSsNAFIYnXmu9RV26GSyCq5IUQTdKwYUuK5i20NQymUzaoZMLMydCCX0PN76KGxeKuBJc+DZO0yja+sPAz3fOYc75vURwBZb1aSwsLi2vrJbWyusbm1vb5s5uU8WppMyhsYhl2yOKCR4xBzgI1k4kI6EnWMsbXkzqrTsmFY+jGxglrBuSfsQDTglo1DNr2A0JDFSQOeNblyjAZz/ksiAu9WP4hsG4Z1asqpULzxu7MBVUqNEz310/pmnIIqCCKNWxrQS6GZHAqWDjspsqlhA6JH3W0TYiIVPdLL9tjA818XEQS/0iwDn9PZGRUKlR6OnOfMPZ2gT+V+ukEJx2Mx4lKbCITj8KUoEhxpOgsM8loyBG2hAqud4V0wGRhIKOs6xDsGdPnjfNWtW2qvb1caV+XsRRQvvoAB0hG52gOrpCDeQgiu7RI3pGL8aD8WS8Gm/T1gWjmNlDf2R8fAHUGKHp</latexit><latexit sha1_base64="nWfvkXfV3AGt3Q8+UxrugCVB5LU=">AAACG3icbZDLSsNAFIYnXmu9RV26GSyCq5IUQTdKwYUuK5i20NQymUzaoZMLMydCCX0PN76KGxeKuBJc+DZO0yja+sPAz3fOYc75vURwBZb1aSwsLi2vrJbWyusbm1vb5s5uU8WppMyhsYhl2yOKCR4xBzgI1k4kI6EnWMsbXkzqrTsmFY+jGxglrBuSfsQDTglo1DNr2A0JDFSQOeNblyjAZz/ksiAu9WP4hsG4Z1asqpULzxu7MBVUqNEz310/pmnIIqCCKNWxrQS6GZHAqWDjspsqlhA6JH3W0TYiIVPdLL9tjA818XEQS/0iwDn9PZGRUKlR6OnOfMPZ2gT+V+ukEJx2Mx4lKbCITj8KUoEhxpOgsM8loyBG2hAqud4V0wGRhIKOs6xDsGdPnjfNWtW2qvb1caV+XsRRQvvoAB0hG52gOrpCDeQgiu7RI3pGL8aD8WS8Gm/T1gWjmNlDf2R8fAHUGKHp</latexit><latexit sha1_base64="nWfvkXfV3AGt3Q8+UxrugCVB5LU=">AAACG3icbZDLSsNAFIYnXmu9RV26GSyCq5IUQTdKwYUuK5i20NQymUzaoZMLMydCCX0PN76KGxeKuBJc+DZO0yja+sPAz3fOYc75vURwBZb1aSwsLi2vrJbWyusbm1vb5s5uU8WppMyhsYhl2yOKCR4xBzgI1k4kI6EnWMsbXkzqrTsmFY+jGxglrBuSfsQDTglo1DNr2A0JDFSQOeNblyjAZz/ksiAu9WP4hsG4Z1asqpULzxu7MBVUqNEz310/pmnIIqCCKNWxrQS6GZHAqWDjspsqlhA6JH3W0TYiIVPdLL9tjA818XEQS/0iwDn9PZGRUKlR6OnOfMPZ2gT+V+ukEJx2Mx4lKbCITj8KUoEhxpOgsM8loyBG2hAqud4V0wGRhIKOs6xDsGdPnjfNWtW2qvb1caV+XsRRQvvoAB0hG52gOrpCDeQgiu7RI3pGL8aD8WS8Gm/T1gWjmNlDf2R8fAHUGKHp</latexit><latexit sha1_base64="nWfvkXfV3AGt3Q8+UxrugCVB5LU=">AAACG3icbZDLSsNAFIYnXmu9RV26GSyCq5IUQTdKwYUuK5i20NQymUzaoZMLMydCCX0PN76KGxeKuBJc+DZO0yja+sPAz3fOYc75vURwBZb1aSwsLi2vrJbWyusbm1vb5s5uU8WppMyhsYhl2yOKCR4xBzgI1k4kI6EnWMsbXkzqrTsmFY+jGxglrBuSfsQDTglo1DNr2A0JDFSQOeNblyjAZz/ksiAu9WP4hsG4Z1asqpULzxu7MBVUqNEz310/pmnIIqCCKNWxrQS6GZHAqWDjspsqlhA6JH3W0TYiIVPdLL9tjA818XEQS/0iwDn9PZGRUKlR6OnOfMPZ2gT+V+ukEJx2Mx4lKbCITj8KUoEhxpOgsM8loyBG2hAqud4V0wGRhIKOs6xDsGdPnjfNWtW2qvb1caV+XsRRQvvoAB0hG52gOrpCDeQgiu7RI3pGL8aD8WS8Gm/T1gWjmNlDf2R8fAHUGKHp</latexit> U✏ = G✏ · f

<latexit sha1_base64="tdVI3vWnsoytvfLWAY7hXEq5SVo=">AAACI3icbZDNSgMxFIUz9a/Wv6pLN8EiuCozIiiCUnChywpOW+iMJZPJtKGZZEgyQhn6Lm58FTculOLGhe9iOq1SWy8EDt+5l9x7goRRpW370yosLa+srhXXSxubW9s75d29hhKpxMTFggnZCpAijHLiaqoZaSWSoDhgpBn0r8d+85FIRQW/14OE+DHqchpRjLRBnfKFFyPdU1HmDh88kijKBIeX8IfezFAPh0L/OtGwU67YVTsvuCicqaiAadU75ZEXCpzGhGvMkFJtx060nyGpKWZkWPJSRRKE+6hL2kZyFBPlZ/mNQ3hkSAgjIc3jGuZ0diJDsVKDODCd+Ybz3hj+57VTHZ37GeVJqgnHk4+ilEEt4DgwGFJJsGYDIxCW1OwKcQ9JhLWJtWRCcOZPXhSNk6pjV52700rtahpHERyAQ3AMHHAGauAW1IELMHgCL+ANvFvP1qs1sj4mrQVrOrMP/pT19Q3dZKWd</latexit><latexit sha1_base64="tdVI3vWnsoytvfLWAY7hXEq5SVo=">AAACI3icbZDNSgMxFIUz9a/Wv6pLN8EiuCozIiiCUnChywpOW+iMJZPJtKGZZEgyQhn6Lm58FTculOLGhe9iOq1SWy8EDt+5l9x7goRRpW370yosLa+srhXXSxubW9s75d29hhKpxMTFggnZCpAijHLiaqoZaSWSoDhgpBn0r8d+85FIRQW/14OE+DHqchpRjLRBnfKFFyPdU1HmDh88kijKBIeX8IfezFAPh0L/OtGwU67YVTsvuCicqaiAadU75ZEXCpzGhGvMkFJtx060nyGpKWZkWPJSRRKE+6hL2kZyFBPlZ/mNQ3hkSAgjIc3jGuZ0diJDsVKDODCd+Ybz3hj+57VTHZ37GeVJqgnHk4+ilEEt4DgwGFJJsGYDIxCW1OwKcQ9JhLWJtWRCcOZPXhSNk6pjV52700rtahpHERyAQ3AMHHAGauAW1IELMHgCL+ANvFvP1qs1sj4mrQVrOrMP/pT19Q3dZKWd</latexit><latexit sha1_base64="tdVI3vWnsoytvfLWAY7hXEq5SVo=">AAACI3icbZDNSgMxFIUz9a/Wv6pLN8EiuCozIiiCUnChywpOW+iMJZPJtKGZZEgyQhn6Lm58FTculOLGhe9iOq1SWy8EDt+5l9x7goRRpW370yosLa+srhXXSxubW9s75d29hhKpxMTFggnZCpAijHLiaqoZaSWSoDhgpBn0r8d+85FIRQW/14OE+DHqchpRjLRBnfKFFyPdU1HmDh88kijKBIeX8IfezFAPh0L/OtGwU67YVTsvuCicqaiAadU75ZEXCpzGhGvMkFJtx060nyGpKWZkWPJSRRKE+6hL2kZyFBPlZ/mNQ3hkSAgjIc3jGuZ0diJDsVKDODCd+Ybz3hj+57VTHZ37GeVJqgnHk4+ilEEt4DgwGFJJsGYDIxCW1OwKcQ9JhLWJtWRCcOZPXhSNk6pjV52700rtahpHERyAQ3AMHHAGauAW1IELMHgCL+ANvFvP1qs1sj4mrQVrOrMP/pT19Q3dZKWd</latexit><latexit sha1_base64="tdVI3vWnsoytvfLWAY7hXEq5SVo=">AAACI3icbZDNSgMxFIUz9a/Wv6pLN8EiuCozIiiCUnChywpOW+iMJZPJtKGZZEgyQhn6Lm58FTculOLGhe9iOq1SWy8EDt+5l9x7goRRpW370yosLa+srhXXSxubW9s75d29hhKpxMTFggnZCpAijHLiaqoZaSWSoDhgpBn0r8d+85FIRQW/14OE+DHqchpRjLRBnfKFFyPdU1HmDh88kijKBIeX8IfezFAPh0L/OtGwU67YVTsvuCicqaiAadU75ZEXCpzGhGvMkFJtx060nyGpKWZkWPJSRRKE+6hL2kZyFBPlZ/mNQ3hkSAgjIc3jGuZ0diJDsVKDODCd+Ybz3hj+57VTHZ37GeVJqgnHk4+ilEEt4DgwGFJJsGYDIxCW1OwKcQ9JhLWJtWRCcOZPXhSNk6pjV52700rtahpHERyAQ3AMHHAGauAW1IELMHgCL+ANvFvP1qs1sj4mrQVrOrMP/pT19Q3dZKWd</latexit>

(
L⇤u⇤ = 0

Bu⇤ = f
<latexit sha1_base64="5r5PxJiYZ6uAxBF5KP5TVb0PF0k="></latexit><latexit sha1_base64="5r5PxJiYZ6uAxBF5KP5TVb0PF0k="></latexit><latexit sha1_base64="5r5PxJiYZ6uAxBF5KP5TVb0PF0k="></latexit><latexit sha1_base64="5r5PxJiYZ6uAxBF5KP5TVb0PF0k="></latexit>

(
L"u" = 0

Bu" = f
<latexit sha1_base64="vqLtxWVEqvlBGNuSiovTjuPl0kE="></latexit><latexit sha1_base64="vqLtxWVEqvlBGNuSiovTjuPl0kE="></latexit><latexit sha1_base64="vqLtxWVEqvlBGNuSiovTjuPl0kE="></latexit><latexit sha1_base64="vqLtxWVEqvlBGNuSiovTjuPl0kE="></latexit>

u⇤ =

Z
G⇤(x, y)f(y)dy

<latexit sha1_base64="yiz9iWgslQIad0LIz4m/qIO30v8=">AAACFHicbVBNS8MwGE79nPOr6tFLcAgTZbQiuIsw8KDHCe4D1jrSLN3C0rQkqVjKfoQX/4oXD4p49eDNf2Pa9aCbDyQ8ed73Jc/7eBGjUlnWt7GwuLS8slpaK69vbG5tmzu7bRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl448us3rknQtKQ36okIm6Ahpz6FCOlpb55HN85SCp4AR3KFbzKX9WHk+QI+lV9OQFSIxGkgwlM+mbFqlk54DyxC1IBBZp988sZhDgOCFeYISl7thUpN0VCUczIpOzEkkQIj9GQ9DTlKCDSTfOlJvBQKwPoh0If7SxXf0+kKJAyCTzdmXmUs7VM/K/Wi5Vfd1PKo1gRjqcf+TGDKoRZQnBABcGKJZogLKj2CvEICYSVzrGsQ7BnV54n7dOabdXsm7NKo17EUQL74ABUgQ3OQQNcgyZoAQwewTN4BW/Gk/FivBsf09YFo5jZA39gfP4AQ4edCw==</latexit><latexit sha1_base64="yiz9iWgslQIad0LIz4m/qIO30v8=">AAACFHicbVBNS8MwGE79nPOr6tFLcAgTZbQiuIsw8KDHCe4D1jrSLN3C0rQkqVjKfoQX/4oXD4p49eDNf2Pa9aCbDyQ8ed73Jc/7eBGjUlnWt7GwuLS8slpaK69vbG5tmzu7bRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl448us3rknQtKQ36okIm6Ahpz6FCOlpb55HN85SCp4AR3KFbzKX9WHk+QI+lV9OQFSIxGkgwlM+mbFqlk54DyxC1IBBZp988sZhDgOCFeYISl7thUpN0VCUczIpOzEkkQIj9GQ9DTlKCDSTfOlJvBQKwPoh0If7SxXf0+kKJAyCTzdmXmUs7VM/K/Wi5Vfd1PKo1gRjqcf+TGDKoRZQnBABcGKJZogLKj2CvEICYSVzrGsQ7BnV54n7dOabdXsm7NKo17EUQL74ABUgQ3OQQNcgyZoAQwewTN4BW/Gk/FivBsf09YFo5jZA39gfP4AQ4edCw==</latexit><latexit sha1_base64="yiz9iWgslQIad0LIz4m/qIO30v8=">AAACFHicbVBNS8MwGE79nPOr6tFLcAgTZbQiuIsw8KDHCe4D1jrSLN3C0rQkqVjKfoQX/4oXD4p49eDNf2Pa9aCbDyQ8ed73Jc/7eBGjUlnWt7GwuLS8slpaK69vbG5tmzu7bRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl448us3rknQtKQ36okIm6Ahpz6FCOlpb55HN85SCp4AR3KFbzKX9WHk+QI+lV9OQFSIxGkgwlM+mbFqlk54DyxC1IBBZp988sZhDgOCFeYISl7thUpN0VCUczIpOzEkkQIj9GQ9DTlKCDSTfOlJvBQKwPoh0If7SxXf0+kKJAyCTzdmXmUs7VM/K/Wi5Vfd1PKo1gRjqcf+TGDKoRZQnBABcGKJZogLKj2CvEICYSVzrGsQ7BnV54n7dOabdXsm7NKo17EUQL74ABUgQ3OQQNcgyZoAQwewTN4BW/Gk/FivBsf09YFo5jZA39gfP4AQ4edCw==</latexit><latexit sha1_base64="yiz9iWgslQIad0LIz4m/qIO30v8=">AAACFHicbVBNS8MwGE79nPOr6tFLcAgTZbQiuIsw8KDHCe4D1jrSLN3C0rQkqVjKfoQX/4oXD4p49eDNf2Pa9aCbDyQ8ed73Jc/7eBGjUlnWt7GwuLS8slpaK69vbG5tmzu7bRnGApMWDlkouh6ShFFOWooqRrqRICjwGOl448us3rknQtKQ36okIm6Ahpz6FCOlpb55HN85SCp4AR3KFbzKX9WHk+QI+lV9OQFSIxGkgwlM+mbFqlk54DyxC1IBBZp988sZhDgOCFeYISl7thUpN0VCUczIpOzEkkQIj9GQ9DTlKCDSTfOlJvBQKwPoh0If7SxXf0+kKJAyCTzdmXmUs7VM/K/Wi5Vfd1PKo1gRjqcf+TGDKoRZQnBABcGKJZogLKj2CvEICYSVzrGsQ7BnV54n7dOabdXsm7NKo17EUQL74ABUgQ3OQQNcgyZoAQwewTN4BW/Gk/FivBsf09YFo5jZA39gfP4AQ4edCw==</latexit>

u" =

Z
G"(x, y)f(y)dy

<latexit sha1_base64="bOHnqRjIKsdySJ/nhXG/KIXNhTo=">AAACInicbVDLSsNAFJ34rPUVdelmsAgVpCQiWBdCwYUuK9gHNLFMJpN26GQSZibFEPotbvwVNy4UdSX4MU7aLmrrhRkO59zLPfd4MaNSWda3sbS8srq2Xtgobm5t7+yae/tNGSUCkwaOWCTaHpKEUU4aiipG2rEgKPQYaXmD61xvDYmQNOL3Ko2JG6IepwHFSGmqa14mD84QCRJLyiIOr6BDuYI3s2T58TQ9gUFZf06IVF+EmT+CadcsWRVrXHAR2FNQAtOqd81Px49wEhKuMENSdmwrVm6GhKKYkVHRSSSJER6gHuloyFFIpJuNTxzBY834MIiEftrgmJ2dyFAoZRp6ujP3KOe1nPxP6yQqqLoZ5XGiCMeTRUHCoIpgnhf0qSBYsVQDhAXVXiHuI4Gw0qkWdQj2/MmLoHlWsa2KfXdeqlWncRTAITgCZWCDC1ADt6AOGgCDJ/AC3sC78Wy8Gh/G16R1yZjOHIA/Zfz8AnSPo40=</latexit><latexit sha1_base64="bOHnqRjIKsdySJ/nhXG/KIXNhTo=">AAACInicbVDLSsNAFJ34rPUVdelmsAgVpCQiWBdCwYUuK9gHNLFMJpN26GQSZibFEPotbvwVNy4UdSX4MU7aLmrrhRkO59zLPfd4MaNSWda3sbS8srq2Xtgobm5t7+yae/tNGSUCkwaOWCTaHpKEUU4aiipG2rEgKPQYaXmD61xvDYmQNOL3Ko2JG6IepwHFSGmqa14mD84QCRJLyiIOr6BDuYI3s2T58TQ9gUFZf06IVF+EmT+CadcsWRVrXHAR2FNQAtOqd81Px49wEhKuMENSdmwrVm6GhKKYkVHRSSSJER6gHuloyFFIpJuNTxzBY834MIiEftrgmJ2dyFAoZRp6ujP3KOe1nPxP6yQqqLoZ5XGiCMeTRUHCoIpgnhf0qSBYsVQDhAXVXiHuI4Gw0qkWdQj2/MmLoHlWsa2KfXdeqlWncRTAITgCZWCDC1ADt6AOGgCDJ/AC3sC78Wy8Gh/G16R1yZjOHIA/Zfz8AnSPo40=</latexit><latexit sha1_base64="bOHnqRjIKsdySJ/nhXG/KIXNhTo=">AAACInicbVDLSsNAFJ34rPUVdelmsAgVpCQiWBdCwYUuK9gHNLFMJpN26GQSZibFEPotbvwVNy4UdSX4MU7aLmrrhRkO59zLPfd4MaNSWda3sbS8srq2Xtgobm5t7+yae/tNGSUCkwaOWCTaHpKEUU4aiipG2rEgKPQYaXmD61xvDYmQNOL3Ko2JG6IepwHFSGmqa14mD84QCRJLyiIOr6BDuYI3s2T58TQ9gUFZf06IVF+EmT+CadcsWRVrXHAR2FNQAtOqd81Px49wEhKuMENSdmwrVm6GhKKYkVHRSSSJER6gHuloyFFIpJuNTxzBY834MIiEftrgmJ2dyFAoZRp6ujP3KOe1nPxP6yQqqLoZ5XGiCMeTRUHCoIpgnhf0qSBYsVQDhAXVXiHuI4Gw0qkWdQj2/MmLoHlWsa2KfXdeqlWncRTAITgCZWCDC1ADt6AOGgCDJ/AC3sC78Wy8Gh/G16R1yZjOHIA/Zfz8AnSPo40=</latexit><latexit sha1_base64="bOHnqRjIKsdySJ/nhXG/KIXNhTo=">AAACInicbVDLSsNAFJ34rPUVdelmsAgVpCQiWBdCwYUuK9gHNLFMJpN26GQSZibFEPotbvwVNy4UdSX4MU7aLmrrhRkO59zLPfd4MaNSWda3sbS8srq2Xtgobm5t7+yae/tNGSUCkwaOWCTaHpKEUU4aiipG2rEgKPQYaXmD61xvDYmQNOL3Ko2JG6IepwHFSGmqa14mD84QCRJLyiIOr6BDuYI3s2T58TQ9gUFZf06IVF+EmT+CadcsWRVrXHAR2FNQAtOqd81Px49wEhKuMENSdmwrVm6GhKKYkVHRSSSJER6gHuloyFFIpJuNTxzBY834MIiEftrgmJ2dyFAoZRp6ujP3KOe1nPxP6yQqqLoZ5XGiCMeTRUHCoIpgnhf0qSBYsVQDhAXVXiHuI4Gw0qkWdQj2/MmLoHlWsa2KfXdeqlWncRTAITgCZWCDC1ADt6AOGgCDJ/AC3sC78Wy8Gh/G16R1yZjOHIA/Zfz8AnSPo40=</latexit>

u⇤ 2 {G⇤(x, y)}
<latexit sha1_base64="g53SX/p1RKba6Fcbwpy4dLkHZ1I=">AAACA3icbVDLSgMxFL1TX7W+qu50EyxCBSkzIuhKCi50WcE+oDOWTJq2oZnMkGTEMhTc+CtuXCji1p9w59+YTmehrQcunJxzL7n3+BFnStv2t5VbWFxaXsmvFtbWNza3its7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36w8uJ37ynUrFQ3OpRRL0A9wXrMYK1kTrFvfjOxUojlwnkJlfpo/xwPDpyx51iya7YKdA8cTJSggy1TvHL7YYkDqjQhGOl2o4daS/BUjPC6bjgxopGmAxxn7YNFTigykvSG8bo0Chd1AulKaFRqv6eSHCg1CjwTWeA9UDNehPxP68d6965lzARxZoKMv2oF3OkQzQJBHWZpETzkSGYSGZ2RWSAJSbaxFYwITizJ8+TxknFsSvOzWmpepHFkYd9OIAyOHAGVbiGGtSBwCM8wyu8WU/Wi/VufUxbc1Y2swt/YH3+ANr/lvw=</latexit><latexit sha1_base64="g53SX/p1RKba6Fcbwpy4dLkHZ1I=">AAACA3icbVDLSgMxFL1TX7W+qu50EyxCBSkzIuhKCi50WcE+oDOWTJq2oZnMkGTEMhTc+CtuXCji1p9w59+YTmehrQcunJxzL7n3+BFnStv2t5VbWFxaXsmvFtbWNza3its7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36w8uJ37ynUrFQ3OpRRL0A9wXrMYK1kTrFvfjOxUojlwnkJlfpo/xwPDpyx51iya7YKdA8cTJSggy1TvHL7YYkDqjQhGOl2o4daS/BUjPC6bjgxopGmAxxn7YNFTigykvSG8bo0Chd1AulKaFRqv6eSHCg1CjwTWeA9UDNehPxP68d6965lzARxZoKMv2oF3OkQzQJBHWZpETzkSGYSGZ2RWSAJSbaxFYwITizJ8+TxknFsSvOzWmpepHFkYd9OIAyOHAGVbiGGtSBwCM8wyu8WU/Wi/VufUxbc1Y2swt/YH3+ANr/lvw=</latexit><latexit sha1_base64="g53SX/p1RKba6Fcbwpy4dLkHZ1I=">AAACA3icbVDLSgMxFL1TX7W+qu50EyxCBSkzIuhKCi50WcE+oDOWTJq2oZnMkGTEMhTc+CtuXCji1p9w59+YTmehrQcunJxzL7n3+BFnStv2t5VbWFxaXsmvFtbWNza3its7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36w8uJ37ynUrFQ3OpRRL0A9wXrMYK1kTrFvfjOxUojlwnkJlfpo/xwPDpyx51iya7YKdA8cTJSggy1TvHL7YYkDqjQhGOl2o4daS/BUjPC6bjgxopGmAxxn7YNFTigykvSG8bo0Chd1AulKaFRqv6eSHCg1CjwTWeA9UDNehPxP68d6965lzARxZoKMv2oF3OkQzQJBHWZpETzkSGYSGZ2RWSAJSbaxFYwITizJ8+TxknFsSvOzWmpepHFkYd9OIAyOHAGVbiGGtSBwCM8wyu8WU/Wi/VufUxbc1Y2swt/YH3+ANr/lvw=</latexit><latexit sha1_base64="g53SX/p1RKba6Fcbwpy4dLkHZ1I=">AAACA3icbVDLSgMxFL1TX7W+qu50EyxCBSkzIuhKCi50WcE+oDOWTJq2oZnMkGTEMhTc+CtuXCji1p9w59+YTmehrQcunJxzL7n3+BFnStv2t5VbWFxaXsmvFtbWNza3its7DRXGktA6CXkoWz5WlDNB65ppTluRpDjwOW36w8uJ37ynUrFQ3OpRRL0A9wXrMYK1kTrFvfjOxUojlwnkJlfpo/xwPDpyx51iya7YKdA8cTJSggy1TvHL7YYkDqjQhGOl2o4daS/BUjPC6bjgxopGmAxxn7YNFTigykvSG8bo0Chd1AulKaFRqv6eSHCg1CjwTWeA9UDNehPxP68d6965lzARxZoKMv2oF3OkQzQJBHWZpETzkSGYSGZ2RWSAJSbaxFYwITizJ8+TxknFsSvOzWmpepHFkYd9OIAyOHAGVbiGGtSBwCM8wyu8WU/Wi/VufUxbc1Y2swt/YH3+ANr/lvw=</latexit>

u" 2 {G⇤(x, y)}
<latexit sha1_base64="E50scBPbaJt3vpAoGgjvQfJwyS0=">AAACCnicbVDLSgMxFM3UV62vUZduokWoIGVGBF1JwYUuK9gHdKYlk2ba0EwyJJniMHTtxl9x40IRt36BO//G9LHQ1gMXDufcy733BDGjSjvOt5VbWl5ZXcuvFzY2t7Z37N29uhKJxKSGBROyGSBFGOWkpqlmpBlLgqKAkUYwuB77jSGRigp+r9OY+BHqcRpSjLSROvZh0vaGSJJYUSY49Kip7KbtIaVLD6fpiTfq2EWn7EwAF4k7I0UwQ7Vjf3ldgZOIcI0ZUqrlOrH2MyQ1xYyMCl6iSIzwAPVIy1COIqL8bPLKCB4bpQtDIU1xDSfq74kMRUqlUWA6I6T7at4bi/95rUSHl35GeZxowvF0UZgwqAUc5wK7VBKsWWoIwpKaWyHuI4mwNukVTAju/MuLpH5Wdp2ye3derFzN4siDA3AESsAFF6ACbkEV1AAGj+AZvII368l6sd6tj2lrzprN7IM/sD5/ALo6mj0=</latexit><latexit sha1_base64="E50scBPbaJt3vpAoGgjvQfJwyS0=">AAACCnicbVDLSgMxFM3UV62vUZduokWoIGVGBF1JwYUuK9gHdKYlk2ba0EwyJJniMHTtxl9x40IRt36BO//G9LHQ1gMXDufcy733BDGjSjvOt5VbWl5ZXcuvFzY2t7Z37N29uhKJxKSGBROyGSBFGOWkpqlmpBlLgqKAkUYwuB77jSGRigp+r9OY+BHqcRpSjLSROvZh0vaGSJJYUSY49Kip7KbtIaVLD6fpiTfq2EWn7EwAF4k7I0UwQ7Vjf3ldgZOIcI0ZUqrlOrH2MyQ1xYyMCl6iSIzwAPVIy1COIqL8bPLKCB4bpQtDIU1xDSfq74kMRUqlUWA6I6T7at4bi/95rUSHl35GeZxowvF0UZgwqAUc5wK7VBKsWWoIwpKaWyHuI4mwNukVTAju/MuLpH5Wdp2ye3derFzN4siDA3AESsAFF6ACbkEV1AAGj+AZvII368l6sd6tj2lrzprN7IM/sD5/ALo6mj0=</latexit><latexit sha1_base64="E50scBPbaJt3vpAoGgjvQfJwyS0=">AAACCnicbVDLSgMxFM3UV62vUZduokWoIGVGBF1JwYUuK9gHdKYlk2ba0EwyJJniMHTtxl9x40IRt36BO//G9LHQ1gMXDufcy733BDGjSjvOt5VbWl5ZXcuvFzY2t7Z37N29uhKJxKSGBROyGSBFGOWkpqlmpBlLgqKAkUYwuB77jSGRigp+r9OY+BHqcRpSjLSROvZh0vaGSJJYUSY49Kip7KbtIaVLD6fpiTfq2EWn7EwAF4k7I0UwQ7Vjf3ldgZOIcI0ZUqrlOrH2MyQ1xYyMCl6iSIzwAPVIy1COIqL8bPLKCB4bpQtDIU1xDSfq74kMRUqlUWA6I6T7at4bi/95rUSHl35GeZxowvF0UZgwqAUc5wK7VBKsWWoIwpKaWyHuI4mwNukVTAju/MuLpH5Wdp2ye3derFzN4siDA3AESsAFF6ACbkEV1AAGj+AZvII368l6sd6tj2lrzprN7IM/sD5/ALo6mj0=</latexit><latexit sha1_base64="E50scBPbaJt3vpAoGgjvQfJwyS0=">AAACCnicbVDLSgMxFM3UV62vUZduokWoIGVGBF1JwYUuK9gHdKYlk2ba0EwyJJniMHTtxl9x40IRt36BO//G9LHQ1gMXDufcy733BDGjSjvOt5VbWl5ZXcuvFzY2t7Z37N29uhKJxKSGBROyGSBFGOWkpqlmpBlLgqKAkUYwuB77jSGRigp+r9OY+BHqcRpSjLSROvZh0vaGSJJYUSY49Kip7KbtIaVLD6fpiTfq2EWn7EwAF4k7I0UwQ7Vjf3ldgZOIcI0ZUqrlOrH2MyQ1xYyMCl6iSIzwAPVIy1COIqL8bPLKCB4bpQtDIU1xDSfq74kMRUqlUWA6I6T7at4bi/95rUSHl35GeZxowvF0UZgwqAUc5wK7VBKsWWoIwpKaWyHuI4mwNukVTAju/MuLpH5Wdp2ye3derFzN4siDA3AESsAFF6ACbkEV1AAGj+AZvII368l6sd6tj2lrzprN7IM/sD5/ALo6mj0=</latexit>


L⇤

B

�
· U⇤ =


0
f

�

<latexit sha1_base64="k5fHRkQzwkyHo7N3exXR2TlOuy0=">AAACc3icdVHLSgMxFM2M7/FVFdx0YWgV3FhmRNCNIrpx4aKC1UKnlkzmThuayQxJRixDf8DPc+dfuHFv2g5Sq14IHM459+TmJkg5U9p13y17bn5hcWl5xVldW9/YLG1tP6gkkxQaNOGJbAZEAWcCGpppDs1UAokDDo9B/3qkPz6DVCwR93qQQjsmXcEiRok2VKf06gfQZSIPYqIlexk6vgE9FeW3wyefKI19/5u6MiqIcMpLw8 Q4Crkx6XDOnf8y3eF0XDQT1ylV3Zo7LvwbeAWooqLqndKbHyY0i0FoyolSLc9NdTsnUjPKwaRnClJC+6QLLQMFiUG18/HOhvjAMCGOEmmO0HjMTnfkJFZqEAfGOZ53VhuRf2mtTEdn7ZyJNNMg6OSiKONYJ3j0AThkEqjmAwMIlczMimmPSEK1+SbHLMGbffJv8HBc89yad3dSvbwo1rGMyqiCDpGHTtElukF11EAUfVi71p6FrU+7bFfs/YnVtoqeHfSj7KMv7fS/0w==</latexit><latexit sha1_base64="k5fHRkQzwkyHo7N3exXR2TlOuy0=">AAACc3icdVHLSgMxFM2M7/FVFdx0YWgV3FhmRNCNIrpx4aKC1UKnlkzmThuayQxJRixDf8DPc+dfuHFv2g5Sq14IHM459+TmJkg5U9p13y17bn5hcWl5xVldW9/YLG1tP6gkkxQaNOGJbAZEAWcCGpppDs1UAokDDo9B/3qkPz6DVCwR93qQQjsmXcEiRok2VKf06gfQZSIPYqIlexk6vgE9FeW3wyefKI19/5u6MiqIcMpLw8 Q4Crkx6XDOnf8y3eF0XDQT1ylV3Zo7LvwbeAWooqLqndKbHyY0i0FoyolSLc9NdTsnUjPKwaRnClJC+6QLLQMFiUG18/HOhvjAMCGOEmmO0HjMTnfkJFZqEAfGOZ53VhuRf2mtTEdn7ZyJNNMg6OSiKONYJ3j0AThkEqjmAwMIlczMimmPSEK1+SbHLMGbffJv8HBc89yad3dSvbwo1rGMyqiCDpGHTtElukF11EAUfVi71p6FrU+7bFfs/YnVtoqeHfSj7KMv7fS/0w==</latexit><latexit sha1_base64="k5fHRkQzwkyHo7N3exXR2TlOuy0=">AAACc3icdVHLSgMxFM2M7/FVFdx0YWgV3FhmRNCNIrpx4aKC1UKnlkzmThuayQxJRixDf8DPc+dfuHFv2g5Sq14IHM459+TmJkg5U9p13y17bn5hcWl5xVldW9/YLG1tP6gkkxQaNOGJbAZEAWcCGpppDs1UAokDDo9B/3qkPz6DVCwR93qQQjsmXcEiRok2VKf06gfQZSIPYqIlexk6vgE9FeW3wyefKI19/5u6MiqIcMpLw8 Q4Crkx6XDOnf8y3eF0XDQT1ylV3Zo7LvwbeAWooqLqndKbHyY0i0FoyolSLc9NdTsnUjPKwaRnClJC+6QLLQMFiUG18/HOhvjAMCGOEmmO0HjMTnfkJFZqEAfGOZ53VhuRf2mtTEdn7ZyJNNMg6OSiKONYJ3j0AThkEqjmAwMIlczMimmPSEK1+SbHLMGbffJv8HBc89yad3dSvbwo1rGMyqiCDpGHTtElukF11EAUfVi71p6FrU+7bFfs/YnVtoqeHfSj7KMv7fS/0w==</latexit><latexit sha1_base64="k5fHRkQzwkyHo7N3exXR2TlOuy0=">AAACc3icdVHLSgMxFM2M7/FVFdx0YWgV3FhmRNCNIrpx4aKC1UKnlkzmThuayQxJRixDf8DPc+dfuHFv2g5Sq14IHM459+TmJkg5U9p13y17bn5hcWl5xVldW9/YLG1tP6gkkxQaNOGJbAZEAWcCGpppDs1UAokDDo9B/3qkPz6DVCwR93qQQjsmXcEiRok2VKf06gfQZSIPYqIlexk6vgE9FeW3wyefKI19/5u6MiqIcMpLw8 Q4Crkx6XDOnf8y3eF0XDQT1ylV3Zo7LvwbeAWooqLqndKbHyY0i0FoyolSLc9NdTsnUjPKwaRnClJC+6QLLQMFiUG18/HOhvjAMCGOEmmO0HjMTnfkJFZqEAfGOZ53VhuRf2mtTEdn7ZyJNNMg6OSiKONYJ3j0AThkEqjmAwMIlczMimmPSEK1+SbHLMGbffJv8HBc89yad3dSvbwo1rGMyqiCDpGHTtElukF11EAUfVi71p6FrU+7bFfs/YnVtoqeHfSj7KMv7fS/0w==</latexit>
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<latexit sha1_base64="hJMKvBwbXAphNVrA5/Ja9MC0uQg="></latexit><latexit sha1_base64="hJMKvBwbXAphNVrA5/Ja9MC0uQg="></latexit><latexit sha1_base64="hJMKvBwbXAphNVrA5/Ja9MC0uQg="></latexit><latexit sha1_base64="hJMKvBwbXAphNVrA5/Ja9MC0uQg="></latexit>

U" 2 span{G"}
<latexit sha1_base64="JGmiiGhlcfJMqMSgN05L1WACFvo="></latexit><latexit sha1_base64="JGmiiGhlcfJMqMSgN05L1WACFvo="></latexit><latexit sha1_base64="JGmiiGhlcfJMqMSgN05L1WACFvo="></latexit><latexit sha1_base64="JGmiiGhlcfJMqMSgN05L1WACFvo="></latexit>

U⇤ 2 span{G⇤}
<latexit sha1_base64="fwjj20jt+cDmoEsXUhq4BloVUtI=">AAACHXicdVDLSsNAFJ3UV62vqEs3g0VwVRIp6LLgQpcVTFtoYplMJ+3QySTM3Igl5Efc+CtuXCjiwo34N6ZpC/V1YOBwzrncO8ePBddgWZ9GaWl5ZXWtvF7Z2Nza3jF391o6ShRlDo1EpDo+0UxwyRzgIFgnVoyEvmBtf3Q+8du3TGkeyWsYx8wLyUDygFMCudQz625IYKiD1MluXKIBu1xiF9gdpDomMsNuOk9czBNZz6zaNasAtn6RuVVFMzR75rvbj2gSMglUEK27thWDlxIFnAqWVdxEs5jQERmwbk4lCZn20uJ3GT7KlT4OIpU/CbhQFydSEmo9Dv08WVz605uIf3ndBIIzL+UyToBJOl0UJAJDhCdV4T5XjIIY54RQxfNbMR0SRSjkhVYWS/iftE5qtlWzr+rVRmNWRxkdoEN0jGx0ihroEjWRgyi6R4/oGb0YD8aT8Wq8TaMlYzazj77B+PgCK7SjLg==</latexit><latexit sha1_base64="fwjj20jt+cDmoEsXUhq4BloVUtI=">AAACHXicdVDLSsNAFJ3UV62vqEs3g0VwVRIp6LLgQpcVTFtoYplMJ+3QySTM3Igl5Efc+CtuXCjiwo34N6ZpC/V1YOBwzrncO8ePBddgWZ9GaWl5ZXWtvF7Z2Nza3jF391o6ShRlDo1EpDo+0UxwyRzgIFgnVoyEvmBtf3Q+8du3TGkeyWsYx8wLyUDygFMCudQz625IYKiD1MluXKIBu1xiF9gdpDomMsNuOk9czBNZz6zaNasAtn6RuVVFMzR75rvbj2gSMglUEK27thWDlxIFnAqWVdxEs5jQERmwbk4lCZn20uJ3GT7KlT4OIpU/CbhQFydSEmo9Dv08WVz605uIf3ndBIIzL+UyToBJOl0UJAJDhCdV4T5XjIIY54RQxfNbMR0SRSjkhVYWS/iftE5qtlWzr+rVRmNWRxkdoEN0jGx0ihroEjWRgyi6R4/oGb0YD8aT8Wq8TaMlYzazj77B+PgCK7SjLg==</latexit><latexit sha1_base64="fwjj20jt+cDmoEsXUhq4BloVUtI=">AAACHXicdVDLSsNAFJ3UV62vqEs3g0VwVRIp6LLgQpcVTFtoYplMJ+3QySTM3Igl5Efc+CtuXCjiwo34N6ZpC/V1YOBwzrncO8ePBddgWZ9GaWl5ZXWtvF7Z2Nza3jF391o6ShRlDo1EpDo+0UxwyRzgIFgnVoyEvmBtf3Q+8du3TGkeyWsYx8wLyUDygFMCudQz625IYKiD1MluXKIBu1xiF9gdpDomMsNuOk9czBNZz6zaNasAtn6RuVVFMzR75rvbj2gSMglUEK27thWDlxIFnAqWVdxEs5jQERmwbk4lCZn20uJ3GT7KlT4OIpU/CbhQFydSEmo9Dv08WVz605uIf3ndBIIzL+UyToBJOl0UJAJDhCdV4T5XjIIY54RQxfNbMR0SRSjkhVYWS/iftE5qtlWzr+rVRmNWRxkdoEN0jGx0ihroEjWRgyi6R4/oGb0YD8aT8Wq8TaMlYzazj77B+PgCK7SjLg==</latexit><latexit sha1_base64="fwjj20jt+cDmoEsXUhq4BloVUtI=">AAACHXicdVDLSsNAFJ3UV62vqEs3g0VwVRIp6LLgQpcVTFtoYplMJ+3QySTM3Igl5Efc+CtuXCjiwo34N6ZpC/V1YOBwzrncO8ePBddgWZ9GaWl5ZXWtvF7Z2Nza3jF391o6ShRlDo1EpDo+0UxwyRzgIFgnVoyEvmBtf3Q+8du3TGkeyWsYx8wLyUDygFMCudQz625IYKiD1MluXKIBu1xiF9gdpDomMsNuOk9czBNZz6zaNasAtn6RuVVFMzR75rvbj2gSMglUEK27thWDlxIFnAqWVdxEs5jQERmwbk4lCZn20uJ3GT7KlT4OIpU/CbhQFydSEmo9Dv08WVz605uIf3ndBIIzL+UyToBJOl0UJAJDhCdV4T5XjIIY54RQxfNbMR0SRSjkhVYWS/iftE5qtlWzr+rVRmNWRxkdoEN0jGx0ihroEjWRgyi6R4/oGb0YD8aT8Wq8TaMlYzazj77B+PgCK7SjLg==</latexit>



Random Sampling
Green matrix

(
L"u"

i = 0 , in ⌦

u"
i = �i , on @⌦

<latexit sha1_base64="szagYVWKmXQVliMVABOJJIfU7Mc="></latexit><latexit sha1_base64="szagYVWKmXQVliMVABOJJIfU7Mc="></latexit><latexit sha1_base64="szagYVWKmXQVliMVABOJJIfU7Mc="></latexit><latexit sha1_base64="szagYVWKmXQVliMVABOJJIfU7Mc="></latexit>

G" =
⇥
u"
1, . . . , u

"
N"

⇤
<latexit sha1_base64="l2jMygH0JXcfosGKdxG4Xm1Dn+w="></latexit><latexit sha1_base64="l2jMygH0JXcfosGKdxG4Xm1Dn+w="></latexit><latexit sha1_base64="l2jMygH0JXcfosGKdxG4Xm1Dn+w="></latexit><latexit sha1_base64="l2jMygH0JXcfosGKdxG4Xm1Dn+w="></latexit>



Random Sampling
Singular value decomposition

G" =
<latexit sha1_base64="HDHa+eL0upjrHCKiRkOXhQkcSlQ=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyURQTdC0YUuK9gHNLFMppN26DzCzKRQQnHjr7hxoYhbv8Kdf+Ok7UJbD1w4nHMv994TJYxq43nfTmFpeWV1rbhe2tjc2t5xd/caWqYKkzqWTKpWhDRhVJC6oYaRVqII4hEjzWhwnfvNIVGaSnFvRgkJOeoJGlOMjJU67kHAkekrnt2MH4IhUiTRlEkBL2HHLXsVbwK4SPwZKYMZah33K+hKnHIiDGZI67bvJSbMkDIUMzIuBakmCcID1CNtSwXiRIfZ5IUxPLZKF8ZS2RIGTtTfExniWo94ZDvzg/W8l4v/ee3UxBdhRkWSGiLwdFGcMmgkzPOAXaoINmxkCcKK2lsh7iOFsLGplWwI/vzLi6RxWvG9in93Vq5ezeIogkNwBE6AD85BFdyCGqgDDB7BM3gFb86T8+K8Ox/T1oIzm9kHf+B8/gAwEpdD</latexit><latexit sha1_base64="HDHa+eL0upjrHCKiRkOXhQkcSlQ=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyURQTdC0YUuK9gHNLFMppN26DzCzKRQQnHjr7hxoYhbv8Kdf+Ok7UJbD1w4nHMv994TJYxq43nfTmFpeWV1rbhe2tjc2t5xd/caWqYKkzqWTKpWhDRhVJC6oYaRVqII4hEjzWhwnfvNIVGaSnFvRgkJOeoJGlOMjJU67kHAkekrnt2MH4IhUiTRlEkBL2HHLXsVbwK4SPwZKYMZah33K+hKnHIiDGZI67bvJSbMkDIUMzIuBakmCcID1CNtSwXiRIfZ5IUxPLZKF8ZS2RIGTtTfExniWo94ZDvzg/W8l4v/ee3UxBdhRkWSGiLwdFGcMmgkzPOAXaoINmxkCcKK2lsh7iOFsLGplWwI/vzLi6RxWvG9in93Vq5ezeIogkNwBE6AD85BFdyCGqgDDB7BM3gFb86T8+K8Ox/T1oIzm9kHf+B8/gAwEpdD</latexit><latexit sha1_base64="HDHa+eL0upjrHCKiRkOXhQkcSlQ=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyURQTdC0YUuK9gHNLFMppN26DzCzKRQQnHjr7hxoYhbv8Kdf+Ok7UJbD1w4nHMv994TJYxq43nfTmFpeWV1rbhe2tjc2t5xd/caWqYKkzqWTKpWhDRhVJC6oYaRVqII4hEjzWhwnfvNIVGaSnFvRgkJOeoJGlOMjJU67kHAkekrnt2MH4IhUiTRlEkBL2HHLXsVbwK4SPwZKYMZah33K+hKnHIiDGZI67bvJSbMkDIUMzIuBakmCcID1CNtSwXiRIfZ5IUxPLZKF8ZS2RIGTtTfExniWo94ZDvzg/W8l4v/ee3UxBdhRkWSGiLwdFGcMmgkzPOAXaoINmxkCcKK2lsh7iOFsLGplWwI/vzLi6RxWvG9in93Vq5ezeIogkNwBE6AD85BFdyCGqgDDB7BM3gFb86T8+K8Ox/T1oIzm9kHf+B8/gAwEpdD</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="auji9H/IE0dr08tpTsDxudgarlM=">AAAB93icbZDNSgMxFIXv1L9aq47uxE2wCK7KjBvdCIILXVawP9AZSybNtKFJZkgyhTIUN76KGxeK+CbufBszbRfaeiDwcU5C7j1Rypk2nvftlNbWNza3ytuVneru3r57UG3pJFOENknCE9WJsKacSdo0zHDaSRXFIuK0HY1uirw9pkqzRD6YSUpDgQeSxYxgY62eexQIbIZK5LfTx2CMFU0144lEV6jn1ry6NxNaBX8BNVio0XO/gn5CMkGlIRxr3fW91IQ5VoYRTqeVINM0xWSEB7RrUWJBdZjPVpiiU+v0UZwoe6RBM/f3ixwLrScisjeLgfVyVpj/Zd3MxJdhzmSaGSrJ/KM448gkqOgD9ZmixPCJBUwUs7MiMsQKE2Nbq9gS/OWVV6F1Xve9un/vQRmO4QTOwIcLuIY7aEATCDzBC7zBu/PsvDof87pKzqK3Q/gj5/MHrvyV1g==</latexit><latexit sha1_base64="auji9H/IE0dr08tpTsDxudgarlM=">AAAB93icbZDNSgMxFIXv1L9aq47uxE2wCK7KjBvdCIILXVawP9AZSybNtKFJZkgyhTIUN76KGxeK+CbufBszbRfaeiDwcU5C7j1Rypk2nvftlNbWNza3ytuVneru3r57UG3pJFOENknCE9WJsKacSdo0zHDaSRXFIuK0HY1uirw9pkqzRD6YSUpDgQeSxYxgY62eexQIbIZK5LfTx2CMFU0144lEV6jn1ry6NxNaBX8BNVio0XO/gn5CMkGlIRxr3fW91IQ5VoYRTqeVINM0xWSEB7RrUWJBdZjPVpiiU+v0UZwoe6RBM/f3ixwLrScisjeLgfVyVpj/Zd3MxJdhzmSaGSrJ/KM448gkqOgD9ZmixPCJBUwUs7MiMsQKE2Nbq9gS/OWVV6F1Xve9un/vQRmO4QTOwIcLuIY7aEATCDzBC7zBu/PsvDof87pKzqK3Q/gj5/MHrvyV1g==</latexit><latexit sha1_base64="CFuDwJayWmStmf889DCVYiRNND4=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiRudCMUXeiygn1AE8tkOmmHziPMTAolFDf+ihsXirj1K9z5N07aLLT1wIXDOfdy7z1Rwqg2nvftLC2vrK6tlzbKm1vbO7vu3n5Ty1Rh0sCSSdWOkCaMCtIw1DDSThRBPGKkFQ2vc781IkpTKe7NOCEhR31BY4qRsVLXPQw4MgPFs5vJQzBCiiSaMingJey6Fa/qTQEXiV+QCihQ77pfQU/ilBNhMENad3wvMWGGlKGYkUk5SDVJEB6iPulYKhAnOsymL0zgiVV6MJbKljBwqv6eyBDXeswj25kfrOe9XPzP66QmvggzKpLUEIFni+KUQSNhngfsUUWwYWNLEFbU3grxACmEjU2tbEPw519eJM2zqu9V/TuvUrsq4iiBI3AMToEPzkEN3II6aAAMHsEzeAVvzpPz4rw7H7PWJaeYOQB/4Hz+AC7Slz8=</latexit><latexit sha1_base64="HDHa+eL0upjrHCKiRkOXhQkcSlQ=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyURQTdC0YUuK9gHNLFMppN26DzCzKRQQnHjr7hxoYhbv8Kdf+Ok7UJbD1w4nHMv994TJYxq43nfTmFpeWV1rbhe2tjc2t5xd/caWqYKkzqWTKpWhDRhVJC6oYaRVqII4hEjzWhwnfvNIVGaSnFvRgkJOeoJGlOMjJU67kHAkekrnt2MH4IhUiTRlEkBL2HHLXsVbwK4SPwZKYMZah33K+hKnHIiDGZI67bvJSbMkDIUMzIuBakmCcID1CNtSwXiRIfZ5IUxPLZKF8ZS2RIGTtTfExniWo94ZDvzg/W8l4v/ee3UxBdhRkWSGiLwdFGcMmgkzPOAXaoINmxkCcKK2lsh7iOFsLGplWwI/vzLi6RxWvG9in93Vq5ezeIogkNwBE6AD85BFdyCGqgDDB7BM3gFb86T8+K8Ox/T1oIzm9kHf+B8/gAwEpdD</latexit><latexit sha1_base64="HDHa+eL0upjrHCKiRkOXhQkcSlQ=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyURQTdC0YUuK9gHNLFMppN26DzCzKRQQnHjr7hxoYhbv8Kdf+Ok7UJbD1w4nHMv994TJYxq43nfTmFpeWV1rbhe2tjc2t5xd/caWqYKkzqWTKpWhDRhVJC6oYaRVqII4hEjzWhwnfvNIVGaSnFvRgkJOeoJGlOMjJU67kHAkekrnt2MH4IhUiTRlEkBL2HHLXsVbwK4SPwZKYMZah33K+hKnHIiDGZI67bvJSbMkDIUMzIuBakmCcID1CNtSwXiRIfZ5IUxPLZKF8ZS2RIGTtTfExniWo94ZDvzg/W8l4v/ee3UxBdhRkWSGiLwdFGcMmgkzPOAXaoINmxkCcKK2lsh7iOFsLGplWwI/vzLi6RxWvG9in93Vq5ezeIogkNwBE6AD85BFdyCGqgDDB7BM3gFb86T8+K8Ox/T1oIzm9kHf+B8/gAwEpdD</latexit><latexit sha1_base64="HDHa+eL0upjrHCKiRkOXhQkcSlQ=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyURQTdC0YUuK9gHNLFMppN26DzCzKRQQnHjr7hxoYhbv8Kdf+Ok7UJbD1w4nHMv994TJYxq43nfTmFpeWV1rbhe2tjc2t5xd/caWqYKkzqWTKpWhDRhVJC6oYaRVqII4hEjzWhwnfvNIVGaSnFvRgkJOeoJGlOMjJU67kHAkekrnt2MH4IhUiTRlEkBL2HHLXsVbwK4SPwZKYMZah33K+hKnHIiDGZI67bvJSbMkDIUMzIuBakmCcID1CNtSwXiRIfZ5IUxPLZKF8ZS2RIGTtTfExniWo94ZDvzg/W8l4v/ee3UxBdhRkWSGiLwdFGcMmgkzPOAXaoINmxkCcKK2lsh7iOFsLGplWwI/vzLi6RxWvG9in93Vq5ezeIogkNwBE6AD85BFdyCGqgDDB7BM3gFb86T8+K8Ox/T1oIzm9kHf+B8/gAwEpdD</latexit><latexit sha1_base64="HDHa+eL0upjrHCKiRkOXhQkcSlQ=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyURQTdC0YUuK9gHNLFMppN26DzCzKRQQnHjr7hxoYhbv8Kdf+Ok7UJbD1w4nHMv994TJYxq43nfTmFpeWV1rbhe2tjc2t5xd/caWqYKkzqWTKpWhDRhVJC6oYaRVqII4hEjzWhwnfvNIVGaSnFvRgkJOeoJGlOMjJU67kHAkekrnt2MH4IhUiTRlEkBL2HHLXsVbwK4SPwZKYMZah33K+hKnHIiDGZI67bvJSbMkDIUMzIuBakmCcID1CNtSwXiRIfZ5IUxPLZKF8ZS2RIGTtTfExniWo94ZDvzg/W8l4v/ee3UxBdhRkWSGiLwdFGcMmgkzPOAXaoINmxkCcKK2lsh7iOFsLGplWwI/vzLi6RxWvG9in93Vq5ezeIogkNwBE6AD85BFdyCGqgDDB7BM3gFb86T8+K8Ox/T1oIzm9kHf+B8/gAwEpdD</latexit><latexit sha1_base64="HDHa+eL0upjrHCKiRkOXhQkcSlQ=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyURQTdC0YUuK9gHNLFMppN26DzCzKRQQnHjr7hxoYhbv8Kdf+Ok7UJbD1w4nHMv994TJYxq43nfTmFpeWV1rbhe2tjc2t5xd/caWqYKkzqWTKpWhDRhVJC6oYaRVqII4hEjzWhwnfvNIVGaSnFvRgkJOeoJGlOMjJU67kHAkekrnt2MH4IhUiTRlEkBL2HHLXsVbwK4SPwZKYMZah33K+hKnHIiDGZI67bvJSbMkDIUMzIuBakmCcID1CNtSwXiRIfZ5IUxPLZKF8ZS2RIGTtTfExniWo94ZDvzg/W8l4v/ee3UxBdhRkWSGiLwdFGcMmgkzPOAXaoINmxkCcKK2lsh7iOFsLGplWwI/vzLi6RxWvG9in93Vq5ezeIogkNwBE6AD85BFdyCGqgDDB7BM3gFb86T8+K8Ox/T1oIzm9kHf+B8/gAwEpdD</latexit><latexit sha1_base64="HDHa+eL0upjrHCKiRkOXhQkcSlQ=">AAACAnicbVDLSsNAFJ3UV62vqCtxM1gEVyURQTdC0YUuK9gHNLFMppN26DzCzKRQQnHjr7hxoYhbv8Kdf+Ok7UJbD1w4nHMv994TJYxq43nfTmFpeWV1rbhe2tjc2t5xd/caWqYKkzqWTKpWhDRhVJC6oYaRVqII4hEjzWhwnfvNIVGaSnFvRgkJOeoJGlOMjJU67kHAkekrnt2MH4IhUiTRlEkBL2HHLXsVbwK4SPwZKYMZah33K+hKnHIiDGZI67bvJSbMkDIUMzIuBakmCcID1CNtSwXiRIfZ5IUxPLZKF8ZS2RIGTtTfExniWo94ZDvzg/W8l4v/ee3UxBdhRkWSGiLwdFGcMmgkzPOAXaoINmxkCcKK2lsh7iOFsLGplWwI/vzLi6RxWvG9in93Vq5ezeIogkNwBE6AD85BFdyCGqgDDB7BM3gFb86T8+K8Ox/T1oIzm9kHf+B8/gAwEpdD</latexit>

G =
<latexit sha1_base64="HQqUdHIBTT4/MIhFiBovXeyfQXA=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUDdC0YUuK9gHtEPJpJk2NMmMSaZQhn6HGxeKuPVj3Pk3ZtpZaOuBwOGce7knJ4g508Z1v53C2vrG5lZxu7Szu7d/UD48aukoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG8zvz2hSrNIPpppTH2Bh5KFjGBjJb8nsBkpkd7N0DXqlytu1Z0DrRIvJxXI0eiXv3qDiCSCSkM41rrrubHxU6wMI5zOSr1E0xiTMR7SrqUSC6r9dB56hs6sMkBhpOyTBs3V3xspFlpPRWAns5B62cvE/7xuYsIrP2UyTgyVZHEoTDgyEcoaQAOmKDF8agkmitmsiIywwsTYnkq2BG/5y6ukdVH13Kr3cFmp3+R1FOEETuEcPKhBHe6hAU0g8ATP8ApvzsR5cd6dj8Vowcl3juEPnM8fD1iRnQ==</latexit><latexit sha1_base64="HQqUdHIBTT4/MIhFiBovXeyfQXA=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUDdC0YUuK9gHtEPJpJk2NMmMSaZQhn6HGxeKuPVj3Pk3ZtpZaOuBwOGce7knJ4g508Z1v53C2vrG5lZxu7Szu7d/UD48aukoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG8zvz2hSrNIPpppTH2Bh5KFjGBjJb8nsBkpkd7N0DXqlytu1Z0DrRIvJxXI0eiXv3qDiCSCSkM41rrrubHxU6wMI5zOSr1E0xiTMR7SrqUSC6r9dB56hs6sMkBhpOyTBs3V3xspFlpPRWAns5B62cvE/7xuYsIrP2UyTgyVZHEoTDgyEcoaQAOmKDF8agkmitmsiIywwsTYnkq2BG/5y6ukdVH13Kr3cFmp3+R1FOEETuEcPKhBHe6hAU0g8ATP8ApvzsR5cd6dj8Vowcl3juEPnM8fD1iRnQ==</latexit><latexit sha1_base64="HQqUdHIBTT4/MIhFiBovXeyfQXA=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUDdC0YUuK9gHtEPJpJk2NMmMSaZQhn6HGxeKuPVj3Pk3ZtpZaOuBwOGce7knJ4g508Z1v53C2vrG5lZxu7Szu7d/UD48aukoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG8zvz2hSrNIPpppTH2Bh5KFjGBjJb8nsBkpkd7N0DXqlytu1Z0DrRIvJxXI0eiXv3qDiCSCSkM41rrrubHxU6wMI5zOSr1E0xiTMR7SrqUSC6r9dB56hs6sMkBhpOyTBs3V3xspFlpPRWAns5B62cvE/7xuYsIrP2UyTgyVZHEoTDgyEcoaQAOmKDF8agkmitmsiIywwsTYnkq2BG/5y6ukdVH13Kr3cFmp3+R1FOEETuEcPKhBHe6hAU0g8ATP8ApvzsR5cd6dj8Vowcl3juEPnM8fD1iRnQ==</latexit><latexit sha1_base64="HQqUdHIBTT4/MIhFiBovXeyfQXA=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIUDdC0YUuK9gHtEPJpJk2NMmMSaZQhn6HGxeKuPVj3Pk3ZtpZaOuBwOGce7knJ4g508Z1v53C2vrG5lZxu7Szu7d/UD48aukoUYQ2ScQj1QmwppxJ2jTMcNqJFcUi4LQdjG8zvz2hSrNIPpppTH2Bh5KFjGBjJb8nsBkpkd7N0DXqlytu1Z0DrRIvJxXI0eiXv3qDiCSCSkM41rrrubHxU6wMI5zOSr1E0xiTMR7SrqUSC6r9dB56hs6sMkBhpOyTBs3V3xspFlpPRWAns5B62cvE/7xuYsIrP2UyTgyVZHEoTDgyEcoaQAOmKDF8agkmitmsiIywwsTYnkq2BG/5y6ukdVH13Kr3cFmp3+R1FOEETuEcPKhBHe6hAU0g8ATP8ApvzsR5cd6dj8Vowcl3juEPnM8fD1iRnQ==</latexit>



Thm. Let           be a n by n matrix and target rank                . Define 

Random Sampling
Randomized SVD

A
<latexit sha1_base64="+XxxJm3v8cPy5/3yExA4iak2YVE=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuqG5cVbC22Q8mkmTY0jyHJCGXoX7hxoYhb/8adf2OmnYW2HggczrmXnHuihDNjff/bK62srq1vlDcrW9s7u3vV/YO2UakmtEUUV7oTYUM5k7RlmeW0k2iKRcTpQzS+yf2HJ6oNU/LeThIaCjyULGYEWyc99gS2Iy2yq2m/WvPr/gxomQQFqUGBZr/61RsokgoqLeHYmG7gJzbMsLaMcDqt9FJDE0zGeEi7jkosqAmzWeIpOnHKAMVKuyctmqm/NzIsjJmIyE3mCc2il4v/ed3UxpdhxmSSWirJ/KM45cgqlJ+PBkxTYvnEEUw0c1kRGWGNiXUlVVwJweLJy6R9Vg/8enB3XmtcF3WU4QiO4RQCuIAG3EITWkBAwjO8wptnvBfv3fuYj5a8YucQ/sD7/AHM15D8</latexit><latexit sha1_base64="+XxxJm3v8cPy5/3yExA4iak2YVE=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuqG5cVbC22Q8mkmTY0jyHJCGXoX7hxoYhb/8adf2OmnYW2HggczrmXnHuihDNjff/bK62srq1vlDcrW9s7u3vV/YO2UakmtEUUV7oTYUM5k7RlmeW0k2iKRcTpQzS+yf2HJ6oNU/LeThIaCjyULGYEWyc99gS2Iy2yq2m/WvPr/gxomQQFqUGBZr/61RsokgoqLeHYmG7gJzbMsLaMcDqt9FJDE0zGeEi7jkosqAmzWeIpOnHKAMVKuyctmqm/NzIsjJmIyE3mCc2il4v/ed3UxpdhxmSSWirJ/KM45cgqlJ+PBkxTYvnEEUw0c1kRGWGNiXUlVVwJweLJy6R9Vg/8enB3XmtcF3WU4QiO4RQCuIAG3EITWkBAwjO8wptnvBfv3fuYj5a8YucQ/sD7/AHM15D8</latexit><latexit sha1_base64="+XxxJm3v8cPy5/3yExA4iak2YVE=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuqG5cVbC22Q8mkmTY0jyHJCGXoX7hxoYhb/8adf2OmnYW2HggczrmXnHuihDNjff/bK62srq1vlDcrW9s7u3vV/YO2UakmtEUUV7oTYUM5k7RlmeW0k2iKRcTpQzS+yf2HJ6oNU/LeThIaCjyULGYEWyc99gS2Iy2yq2m/WvPr/gxomQQFqUGBZr/61RsokgoqLeHYmG7gJzbMsLaMcDqt9FJDE0zGeEi7jkosqAmzWeIpOnHKAMVKuyctmqm/NzIsjJmIyE3mCc2il4v/ed3UxpdhxmSSWirJ/KM45cgqlJ+PBkxTYvnEEUw0c1kRGWGNiXUlVVwJweLJy6R9Vg/8enB3XmtcF3WU4QiO4RQCuIAG3EITWkBAwjO8wptnvBfv3fuYj5a8YucQ/sD7/AHM15D8</latexit><latexit sha1_base64="+XxxJm3v8cPy5/3yExA4iak2YVE=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuqG5cVbC22Q8mkmTY0jyHJCGXoX7hxoYhb/8adf2OmnYW2HggczrmXnHuihDNjff/bK62srq1vlDcrW9s7u3vV/YO2UakmtEUUV7oTYUM5k7RlmeW0k2iKRcTpQzS+yf2HJ6oNU/LeThIaCjyULGYEWyc99gS2Iy2yq2m/WvPr/gxomQQFqUGBZr/61RsokgoqLeHYmG7gJzbMsLaMcDqt9FJDE0zGeEi7jkosqAmzWeIpOnHKAMVKuyctmqm/NzIsjJmIyE3mCc2il4v/ed3UxpdhxmSSWirJ/KM45cgqlJ+PBkxTYvnEEUw0c1kRGWGNiXUlVVwJweLJy6R9Vg/8enB3XmtcF3WU4QiO4RQCuIAG3EITWkBAwjO8wptnvBfv3fuYj5a8YucQ/sD7/AHM15D8</latexit>

k � 2
<latexit sha1_base64="PxH84XFqhQFHEJNsNYvBvL1HIl4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2k3bpZpPuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJaPZpqgH9Gh5CFn1FipMya9IU5IrV+uuFV3AbJOvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJV6qcaEsjEdYtdSSSPUfra4d0YurDIgYaxsSUMW6u+JjEZaT6PAdkbUjPSqNxf/87qpCW/8jMskNSjZclGYCmJiMn+eDLhCZsTUEsoUt7cSNqKKMmMjKtkQvNWX10mrVvXcqvdwVanf5nEU4QzO4RI8uIY63EMDmsBAwDO8wpszcV6cd+dj2Vpw8plT+APn8wf3GY9A</latexit><latexit sha1_base64="PxH84XFqhQFHEJNsNYvBvL1HIl4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2k3bpZpPuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJaPZpqgH9Gh5CFn1FipMya9IU5IrV+uuFV3AbJOvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJV6qcaEsjEdYtdSSSPUfra4d0YurDIgYaxsSUMW6u+JjEZaT6PAdkbUjPSqNxf/87qpCW/8jMskNSjZclGYCmJiMn+eDLhCZsTUEsoUt7cSNqKKMmMjKtkQvNWX10mrVvXcqvdwVanf5nEU4QzO4RI8uIY63EMDmsBAwDO8wpszcV6cd+dj2Vpw8plT+APn8wf3GY9A</latexit><latexit sha1_base64="PxH84XFqhQFHEJNsNYvBvL1HIl4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2k3bpZpPuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJaPZpqgH9Gh5CFn1FipMya9IU5IrV+uuFV3AbJOvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJV6qcaEsjEdYtdSSSPUfra4d0YurDIgYaxsSUMW6u+JjEZaT6PAdkbUjPSqNxf/87qpCW/8jMskNSjZclGYCmJiMn+eDLhCZsTUEsoUt7cSNqKKMmMjKtkQvNWX10mrVvXcqvdwVanf5nEU4QzO4RI8uIY63EMDmsBAwDO8wpszcV6cd+dj2Vpw8plT+APn8wf3GY9A</latexit><latexit sha1_base64="PxH84XFqhQFHEJNsNYvBvL1HIl4=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoMeiF48V7Ae0oWy2k3bpZpPuboQS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikpeNUMWyyWMSqE1CNgktsGm4EdhKFNAoEtoPx3dxvP6HSPJaPZpqgH9Gh5CFn1FipMya9IU5IrV+uuFV3AbJOvJxUIEejX/7qDWKWRigNE1Trrucmxs+oMpwJnJV6qcaEsjEdYtdSSSPUfra4d0YurDIgYaxsSUMW6u+JjEZaT6PAdkbUjPSqNxf/87qpCW/8jMskNSjZclGYCmJiMn+eDLhCZsTUEsoUt7cSNqKKMmMjKtkQvNWX10mrVvXcqvdwVanf5nEU4QzO4RI8uIY63EMDmsBAwDO8wpszcV6cd+dj2Vpw8plT+APn8wf3GY9A</latexit>

Y = AR
<latexit sha1_base64="kKulhPAvO+3+MO/AebWIFVtksZ4=">AAACC3icbVDLSgMxFM3UV62vUZduQovgqsyIoBuh6sZlFfuQdiiZNNOGJpkhyQhlmL0bf8WNC0Xc+gPu/Bsz7SjaeiBwcs693HuPHzGqtON8WoWFxaXlleJqaW19Y3PL3t5pqjCWmDRwyELZ9pEijArS0FQz0o4kQdxnpOWPLjK/dUekoqG40eOIeBwNBA0oRtpIPbvc5UgPJU9uU3gKvz9n6Q+9Tnt2xak6E8B54uakAnLUe/ZHtx/imBOhMUNKdVwn0l6CpKaYkbTUjRWJEB6hAekYKhAnyksmt6Rw3yh9GITSPKHhRP3dkSCu1Jj7pjLbUM16mfif14l1cOIlVESxJgJPBwUxgzqEWTCwTyXBmo0NQVhSsyvEQyQR1ia+kgnBnT15njQPq65Tda+OKrXzPI4i2ANlcABccAxq4BLUQQNgcA8ewTN4sR6sJ+vVepuWFqy8Zxf8gfX+BStZmx8=</latexit><latexit sha1_base64="kKulhPAvO+3+MO/AebWIFVtksZ4=">AAACC3icbVDLSgMxFM3UV62vUZduQovgqsyIoBuh6sZlFfuQdiiZNNOGJpkhyQhlmL0bf8WNC0Xc+gPu/Bsz7SjaeiBwcs693HuPHzGqtON8WoWFxaXlleJqaW19Y3PL3t5pqjCWmDRwyELZ9pEijArS0FQz0o4kQdxnpOWPLjK/dUekoqG40eOIeBwNBA0oRtpIPbvc5UgPJU9uU3gKvz9n6Q+9Tnt2xak6E8B54uakAnLUe/ZHtx/imBOhMUNKdVwn0l6CpKaYkbTUjRWJEB6hAekYKhAnyksmt6Rw3yh9GITSPKHhRP3dkSCu1Jj7pjLbUM16mfif14l1cOIlVESxJgJPBwUxgzqEWTCwTyXBmo0NQVhSsyvEQyQR1ia+kgnBnT15njQPq65Tda+OKrXzPI4i2ANlcABccAxq4BLUQQNgcA8ewTN4sR6sJ+vVepuWFqy8Zxf8gfX+BStZmx8=</latexit><latexit sha1_base64="kKulhPAvO+3+MO/AebWIFVtksZ4=">AAACC3icbVDLSgMxFM3UV62vUZduQovgqsyIoBuh6sZlFfuQdiiZNNOGJpkhyQhlmL0bf8WNC0Xc+gPu/Bsz7SjaeiBwcs693HuPHzGqtON8WoWFxaXlleJqaW19Y3PL3t5pqjCWmDRwyELZ9pEijArS0FQz0o4kQdxnpOWPLjK/dUekoqG40eOIeBwNBA0oRtpIPbvc5UgPJU9uU3gKvz9n6Q+9Tnt2xak6E8B54uakAnLUe/ZHtx/imBOhMUNKdVwn0l6CpKaYkbTUjRWJEB6hAekYKhAnyksmt6Rw3yh9GITSPKHhRP3dkSCu1Jj7pjLbUM16mfif14l1cOIlVESxJgJPBwUxgzqEWTCwTyXBmo0NQVhSsyvEQyQR1ia+kgnBnT15njQPq65Tda+OKrXzPI4i2ANlcABccAxq4BLUQQNgcA8ewTN4sR6sJ+vVepuWFqy8Zxf8gfX+BStZmx8=</latexit><latexit sha1_base64="kKulhPAvO+3+MO/AebWIFVtksZ4=">AAACC3icbVDLSgMxFM3UV62vUZduQovgqsyIoBuh6sZlFfuQdiiZNNOGJpkhyQhlmL0bf8WNC0Xc+gPu/Bsz7SjaeiBwcs693HuPHzGqtON8WoWFxaXlleJqaW19Y3PL3t5pqjCWmDRwyELZ9pEijArS0FQz0o4kQdxnpOWPLjK/dUekoqG40eOIeBwNBA0oRtpIPbvc5UgPJU9uU3gKvz9n6Q+9Tnt2xak6E8B54uakAnLUe/ZHtx/imBOhMUNKdVwn0l6CpKaYkbTUjRWJEB6hAekYKhAnyksmt6Rw3yh9GITSPKHhRP3dkSCu1Jj7pjLbUM16mfif14l1cOIlVESxJgJPBwUxgzqEWTCwTyXBmo0NQVhSsyvEQyQR1ia+kgnBnT15njQPq65Tda+OKrXzPI4i2ANlcABccAxq4BLUQQNgcA8ewTN4sR6sJ+vVepuWFqy8Zxf8gfX+BStZmx8=</latexit>

where        is a matrix of size                                with entries randomly drawn 
i.i.d. normal distribution, where        is an oversampling parameter. If        is
approximately rank       , then with high probability,

R
<latexit sha1_base64="Fs/kUWyrCIWzs8Rjr/O1Om2yLlk=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5dVbC22Q8mkmTY0jyHJCGXoX7hxoYhb/8adf2OmnYW2HggczrmXnHuihDNjff/bK62srq1vlDcrW9s7u3vV/YO2UakmtEUUV7oTYUM5k7RlmeW0k2iKRcTpQzS+zv2HJ6oNU/LeThIaCjyULGYEWyc99gS2Iy2yu2m/WvPr/gxomQQFqUGBZr/61RsokgoqLeHYmG7gJzbMsLaMcDqt9FJDE0zGeEi7jkosqAmzWeIpOnHKAMVKuyctmqm/NzIsjJmIyE3mCc2il4v/ed3UxpdhxmSSWirJ/KM45cgqlJ+PBkxTYvnEEUw0c1kRGWGNiXUlVVwJweLJy6R9Vg/8enB7XmtcFXWU4QiO4RQCuIAG3EATWkBAwjO8wptnvBfv3fuYj5a8YucQ/sD7/AHmrJEN</latexit><latexit sha1_base64="Fs/kUWyrCIWzs8Rjr/O1Om2yLlk=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5dVbC22Q8mkmTY0jyHJCGXoX7hxoYhb/8adf2OmnYW2HggczrmXnHuihDNjff/bK62srq1vlDcrW9s7u3vV/YO2UakmtEUUV7oTYUM5k7RlmeW0k2iKRcTpQzS+zv2HJ6oNU/LeThIaCjyULGYEWyc99gS2Iy2yu2m/WvPr/gxomQQFqUGBZr/61RsokgoqLeHYmG7gJzbMsLaMcDqt9FJDE0zGeEi7jkosqAmzWeIpOnHKAMVKuyctmqm/NzIsjJmIyE3mCc2il4v/ed3UxpdhxmSSWirJ/KM45cgqlJ+PBkxTYvnEEUw0c1kRGWGNiXUlVVwJweLJy6R9Vg/8enB7XmtcFXWU4QiO4RQCuIAG3EATWkBAwjO8wptnvBfv3fuYj5a8YucQ/sD7/AHmrJEN</latexit><latexit sha1_base64="Fs/kUWyrCIWzs8Rjr/O1Om2yLlk=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5dVbC22Q8mkmTY0jyHJCGXoX7hxoYhb/8adf2OmnYW2HggczrmXnHuihDNjff/bK62srq1vlDcrW9s7u3vV/YO2UakmtEUUV7oTYUM5k7RlmeW0k2iKRcTpQzS+zv2HJ6oNU/LeThIaCjyULGYEWyc99gS2Iy2yu2m/WvPr/gxomQQFqUGBZr/61RsokgoqLeHYmG7gJzbMsLaMcDqt9FJDE0zGeEi7jkosqAmzWeIpOnHKAMVKuyctmqm/NzIsjJmIyE3mCc2il4v/ed3UxpdhxmSSWirJ/KM45cgqlJ+PBkxTYvnEEUw0c1kRGWGNiXUlVVwJweLJy6R9Vg/8enB7XmtcFXWU4QiO4RQCuIAG3EATWkBAwjO8wptnvBfv3fuYj5a8YucQ/sD7/AHmrJEN</latexit><latexit sha1_base64="Fs/kUWyrCIWzs8Rjr/O1Om2yLlk=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5dVbC22Q8mkmTY0jyHJCGXoX7hxoYhb/8adf2OmnYW2HggczrmXnHuihDNjff/bK62srq1vlDcrW9s7u3vV/YO2UakmtEUUV7oTYUM5k7RlmeW0k2iKRcTpQzS+zv2HJ6oNU/LeThIaCjyULGYEWyc99gS2Iy2yu2m/WvPr/gxomQQFqUGBZr/61RsokgoqLeHYmG7gJzbMsLaMcDqt9FJDE0zGeEi7jkosqAmzWeIpOnHKAMVKuyctmqm/NzIsjJmIyE3mCc2il4v/ed3UxpdhxmSSWirJ/KM45cgqlJ+PBkxTYvnEEUw0c1kRGWGNiXUlVVwJweLJy6R9Vg/8enB7XmtcFXWU4QiO4RQCuIAG3EATWkBAwjO8wptnvBfv3fuYj5a8YucQ/sD7/AHmrJEN</latexit>

n⇥ (k + p)
<latexit sha1_base64="jjpQU0ObZgkv3RCCvxrnAUpqR8U=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQEcKuCHoMevEYwTwgWcPsZJIMmZ1dZnqVsOQ/vHhQxKv/4s2/cZLsQRMLGoqqbrq7glgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwupn6zUeujYjUPY5j7od0oERfMIpWelCkgyLkhpRHZ/Fpt1hyK+4MZJl4GSlBhlq3+NXpRSwJuUImqTFtz43RT6lGwSSfFDqJ4TFlIzrgbUsVtav8dHb1hJxYpUf6kbalkMzU3xMpDY0Zh4HtDCkOzaI3Ff/z2gn2r/xUqDhBrth8UT+RBCMyjYD0hOYM5dgSyrSwtxI2pJoytEEVbAje4svLpHFe8dyKd3dRql5nceThCI6hDB5cQhVuoQZ1YKDhGV7hzXlyXpx352PemnOymUP4A+fzBwcDkYk=</latexit><latexit sha1_base64="jjpQU0ObZgkv3RCCvxrnAUpqR8U=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQEcKuCHoMevEYwTwgWcPsZJIMmZ1dZnqVsOQ/vHhQxKv/4s2/cZLsQRMLGoqqbrq7glgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwupn6zUeujYjUPY5j7od0oERfMIpWelCkgyLkhpRHZ/Fpt1hyK+4MZJl4GSlBhlq3+NXpRSwJuUImqTFtz43RT6lGwSSfFDqJ4TFlIzrgbUsVtav8dHb1hJxYpUf6kbalkMzU3xMpDY0Zh4HtDCkOzaI3Ff/z2gn2r/xUqDhBrth8UT+RBCMyjYD0hOYM5dgSyrSwtxI2pJoytEEVbAje4svLpHFe8dyKd3dRql5nceThCI6hDB5cQhVuoQZ1YKDhGV7hzXlyXpx352PemnOymUP4A+fzBwcDkYk=</latexit><latexit sha1_base64="jjpQU0ObZgkv3RCCvxrnAUpqR8U=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQEcKuCHoMevEYwTwgWcPsZJIMmZ1dZnqVsOQ/vHhQxKv/4s2/cZLsQRMLGoqqbrq7glgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwupn6zUeujYjUPY5j7od0oERfMIpWelCkgyLkhpRHZ/Fpt1hyK+4MZJl4GSlBhlq3+NXpRSwJuUImqTFtz43RT6lGwSSfFDqJ4TFlIzrgbUsVtav8dHb1hJxYpUf6kbalkMzU3xMpDY0Zh4HtDCkOzaI3Ff/z2gn2r/xUqDhBrth8UT+RBCMyjYD0hOYM5dgSyrSwtxI2pJoytEEVbAje4svLpHFe8dyKd3dRql5nceThCI6hDB5cQhVuoQZ1YKDhGV7hzXlyXpx352PemnOymUP4A+fzBwcDkYk=</latexit><latexit sha1_base64="jjpQU0ObZgkv3RCCvxrnAUpqR8U=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQEcKuCHoMevEYwTwgWcPsZJIMmZ1dZnqVsOQ/vHhQxKv/4s2/cZLsQRMLGoqqbrq7glgKg6777eRWVtfWN/Kbha3tnd294v5Bw0SJZrzOIhnpVkANl0LxOgqUvBVrTsNA8mYwupn6zUeujYjUPY5j7od0oERfMIpWelCkgyLkhpRHZ/Fpt1hyK+4MZJl4GSlBhlq3+NXpRSwJuUImqTFtz43RT6lGwSSfFDqJ4TFlIzrgbUsVtav8dHb1hJxYpUf6kbalkMzU3xMpDY0Zh4HtDCkOzaI3Ff/z2gn2r/xUqDhBrth8UT+RBCMyjYD0hOYM5dgSyrSwtxI2pJoytEEVbAje4svLpHFe8dyKd3dRql5nceThCI6hDB5cQhVuoQZ1YKDhGV7hzXlyXpx352PemnOymUP4A+fzBwcDkYk=</latexit> p

<latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit><latexit sha1_base64="C50pkrGeTYlIc0VWLblfqsQv1p8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipmQzKFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8A2hmM9A==</latexit>

kA� PY(A)k ⌧ �1
<latexit sha1_base64="SJJq3eueikeoa9OFgUPVIv8EGh0=">AAACK3icbVDJTsMwFHRYS9kCHLlYVEjlQJUgJDiWcuFYJLqgJooc122t2klkO0hVyP9w4Vc4wIFFXPkPnDZsLSNZGs97o/fe+BGjUlnWqzE3v7C4tFxYKa6urW9smlvbTRnGApMGDlko2j6ShNGANBRVjLQjQRD3GWn5w/Os3rohQtIwuFKjiLgc9QPaoxgpLXlmzbmFDkdqIHhylsLD70899ZIvfp2m5Z+mg8zCGHQk7XPk2Z5ZsirWGHCW2DkpgRx1z3x0uiGOOQkUZkjKjm1Fyk2QUBQzkhadWJII4SHqk46mAeJEusn41hTua6ULe6HQL1BwrP52JIhLOeK+7sw2ltO1TPyv1olV79RNaBDFigR4MqgXM6hCmAUHu1QQrNhIE4QF1btCPEACYaXjLeoQ7OmTZ0nzqGJbFfvyuFSt5XEUwC7YA2VggxNQBRegDhoAgzvwAJ7Bi3FvPBlvxvukdc7IPTvgD4yPTyKIqDQ=</latexit><latexit sha1_base64="SJJq3eueikeoa9OFgUPVIv8EGh0=">AAACK3icbVDJTsMwFHRYS9kCHLlYVEjlQJUgJDiWcuFYJLqgJooc122t2klkO0hVyP9w4Vc4wIFFXPkPnDZsLSNZGs97o/fe+BGjUlnWqzE3v7C4tFxYKa6urW9smlvbTRnGApMGDlko2j6ShNGANBRVjLQjQRD3GWn5w/Os3rohQtIwuFKjiLgc9QPaoxgpLXlmzbmFDkdqIHhylsLD70899ZIvfp2m5Z+mg8zCGHQk7XPk2Z5ZsirWGHCW2DkpgRx1z3x0uiGOOQkUZkjKjm1Fyk2QUBQzkhadWJII4SHqk46mAeJEusn41hTua6ULe6HQL1BwrP52JIhLOeK+7sw2ltO1TPyv1olV79RNaBDFigR4MqgXM6hCmAUHu1QQrNhIE4QF1btCPEACYaXjLeoQ7OmTZ0nzqGJbFfvyuFSt5XEUwC7YA2VggxNQBRegDhoAgzvwAJ7Bi3FvPBlvxvukdc7IPTvgD4yPTyKIqDQ=</latexit><latexit sha1_base64="SJJq3eueikeoa9OFgUPVIv8EGh0=">AAACK3icbVDJTsMwFHRYS9kCHLlYVEjlQJUgJDiWcuFYJLqgJooc122t2klkO0hVyP9w4Vc4wIFFXPkPnDZsLSNZGs97o/fe+BGjUlnWqzE3v7C4tFxYKa6urW9smlvbTRnGApMGDlko2j6ShNGANBRVjLQjQRD3GWn5w/Os3rohQtIwuFKjiLgc9QPaoxgpLXlmzbmFDkdqIHhylsLD70899ZIvfp2m5Z+mg8zCGHQk7XPk2Z5ZsirWGHCW2DkpgRx1z3x0uiGOOQkUZkjKjm1Fyk2QUBQzkhadWJII4SHqk46mAeJEusn41hTua6ULe6HQL1BwrP52JIhLOeK+7sw2ltO1TPyv1olV79RNaBDFigR4MqgXM6hCmAUHu1QQrNhIE4QF1btCPEACYaXjLeoQ7OmTZ0nzqGJbFfvyuFSt5XEUwC7YA2VggxNQBRegDhoAgzvwAJ7Bi3FvPBlvxvukdc7IPTvgD4yPTyKIqDQ=</latexit><latexit sha1_base64="SJJq3eueikeoa9OFgUPVIv8EGh0=">AAACK3icbVDJTsMwFHRYS9kCHLlYVEjlQJUgJDiWcuFYJLqgJooc122t2klkO0hVyP9w4Vc4wIFFXPkPnDZsLSNZGs97o/fe+BGjUlnWqzE3v7C4tFxYKa6urW9smlvbTRnGApMGDlko2j6ShNGANBRVjLQjQRD3GWn5w/Os3rohQtIwuFKjiLgc9QPaoxgpLXlmzbmFDkdqIHhylsLD70899ZIvfp2m5Z+mg8zCGHQk7XPk2Z5ZsirWGHCW2DkpgRx1z3x0uiGOOQkUZkjKjm1Fyk2QUBQzkhadWJII4SHqk46mAeJEusn41hTua6ULe6HQL1BwrP52JIhLOeK+7sw2ltO1TPyv1olV79RNaBDFigR4MqgXM6hCmAUHu1QQrNhIE4QF1btCPEACYaXjLeoQ7OmTZ0nzqGJbFfvyuFSt5XEUwC7YA2VggxNQBRegDhoAgzvwAJ7Bi3FvPBlvxvukdc7IPTvgD4yPTyKIqDQ=</latexit>

A
<latexit sha1_base64="+XxxJm3v8cPy5/3yExA4iak2YVE=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuqG5cVbC22Q8mkmTY0jyHJCGXoX7hxoYhb/8adf2OmnYW2HggczrmXnHuihDNjff/bK62srq1vlDcrW9s7u3vV/YO2UakmtEUUV7oTYUM5k7RlmeW0k2iKRcTpQzS+yf2HJ6oNU/LeThIaCjyULGYEWyc99gS2Iy2yq2m/WvPr/gxomQQFqUGBZr/61RsokgoqLeHYmG7gJzbMsLaMcDqt9FJDE0zGeEi7jkosqAmzWeIpOnHKAMVKuyctmqm/NzIsjJmIyE3mCc2il4v/ed3UxpdhxmSSWirJ/KM45cgqlJ+PBkxTYvnEEUw0c1kRGWGNiXUlVVwJweLJy6R9Vg/8enB3XmtcF3WU4QiO4RQCuIAG3EITWkBAwjO8wptnvBfv3fuYj5a8YucQ/sD7/AHM15D8</latexit><latexit sha1_base64="+XxxJm3v8cPy5/3yExA4iak2YVE=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuqG5cVbC22Q8mkmTY0jyHJCGXoX7hxoYhb/8adf2OmnYW2HggczrmXnHuihDNjff/bK62srq1vlDcrW9s7u3vV/YO2UakmtEUUV7oTYUM5k7RlmeW0k2iKRcTpQzS+yf2HJ6oNU/LeThIaCjyULGYEWyc99gS2Iy2yq2m/WvPr/gxomQQFqUGBZr/61RsokgoqLeHYmG7gJzbMsLaMcDqt9FJDE0zGeEi7jkosqAmzWeIpOnHKAMVKuyctmqm/NzIsjJmIyE3mCc2il4v/ed3UxpdhxmSSWirJ/KM45cgqlJ+PBkxTYvnEEUw0c1kRGWGNiXUlVVwJweLJy6R9Vg/8enB3XmtcF3WU4QiO4RQCuIAG3EITWkBAwjO8wptnvBfv3fuYj5a8YucQ/sD7/AHM15D8</latexit><latexit sha1_base64="+XxxJm3v8cPy5/3yExA4iak2YVE=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuqG5cVbC22Q8mkmTY0jyHJCGXoX7hxoYhb/8adf2OmnYW2HggczrmXnHuihDNjff/bK62srq1vlDcrW9s7u3vV/YO2UakmtEUUV7oTYUM5k7RlmeW0k2iKRcTpQzS+yf2HJ6oNU/LeThIaCjyULGYEWyc99gS2Iy2yq2m/WvPr/gxomQQFqUGBZr/61RsokgoqLeHYmG7gJzbMsLaMcDqt9FJDE0zGeEi7jkosqAmzWeIpOnHKAMVKuyctmqm/NzIsjJmIyE3mCc2il4v/ed3UxpdhxmSSWirJ/KM45cgqlJ+PBkxTYvnEEUw0c1kRGWGNiXUlVVwJweLJy6R9Vg/8enB3XmtcF3WU4QiO4RQCuIAG3EITWkBAwjO8wptnvBfv3fuYj5a8YucQ/sD7/AHM15D8</latexit><latexit sha1_base64="+XxxJm3v8cPy5/3yExA4iak2YVE=">AAAB8XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuqG5cVbC22Q8mkmTY0jyHJCGXoX7hxoYhb/8adf2OmnYW2HggczrmXnHuihDNjff/bK62srq1vlDcrW9s7u3vV/YO2UakmtEUUV7oTYUM5k7RlmeW0k2iKRcTpQzS+yf2HJ6oNU/LeThIaCjyULGYEWyc99gS2Iy2yq2m/WvPr/gxomQQFqUGBZr/61RsokgoqLeHYmG7gJzbMsLaMcDqt9FJDE0zGeEi7jkosqAmzWeIpOnHKAMVKuyctmqm/NzIsjJmIyE3mCc2il4v/ed3UxpdhxmSSWirJ/KM45cgqlJ+PBkxTYvnEEUw0c1kRGWGNiXUlVVwJweLJy6R9Vg/8enB3XmtcF3WU4QiO4RQCuIAG3EITWkBAwjO8wptnvBfv3fuYj5a8YucQ/sD7/AHM15D8</latexit>

k
<latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit><latexit sha1_base64="FN4g9GFe+3ziaTgM0DMwdUeUKp0=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipORmUK27VXYCsEy8nFcjRGJS/+sOYpRFKwwTVuue5ifEzqgxnAmelfqoxoWxCR9izVNIItZ8tDp2RC6sMSRgrW9KQhfp7IqOR1tMosJ0RNWO96s3F/7xeasIbP+MySQ1KtlwUpoKYmMy/JkOukBkxtYQyxe2thI2poszYbEo2BG/15XXSvqp6btVrXlfqt3kcRTiDc7gED2pQh3toQAsYIDzDK7w5j86L8+58LFsLTj5zCn/gfP4A0oWM7w==</latexit>

Halko, Martinsson, Tropp, 2011



Random Sampling
Randomized SVD

span{G} ⇡ span{G"R}
<latexit sha1_base64="OoT4whZZofRw3I9Eqk2xXyFvJgA="></latexit><latexit sha1_base64="OoT4whZZofRw3I9Eqk2xXyFvJgA="></latexit><latexit sha1_base64="OoT4whZZofRw3I9Eqk2xXyFvJgA="></latexit><latexit sha1_base64="OoT4whZZofRw3I9Eqk2xXyFvJgA="></latexit>

⇡<latexit sha1_base64="1q/1tZx1S5Cts5qr+pV12vBHIps=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9ol5JNs21oNglJVixLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUw1oS0iudTdCBvKmaAtyyynXaUpTiJOO9HkNvc7j1QbJsWDnSoaJngkWMwItk7q9LFSWj4NqjW/7s+BVklQkBoUaA6qX/2hJGlChSUcG9MLfGXDDGvLCKezSj81VGEywSPac1TghJowm587Q2dOGaJYalfCorn6eyLDiTHTJHKdCbZjs+zl4n9eL7XxdZgxoVJLBVksilOOrET572jINCWWTx3BRDN3KyJjrDGxLqGKCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILCEzgGV7hzVPei/fufSxaS14xcwx/4H3+AJNij7Y=</latexit><latexit sha1_base64="1q/1tZx1S5Cts5qr+pV12vBHIps=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9ol5JNs21oNglJVixLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUw1oS0iudTdCBvKmaAtyyynXaUpTiJOO9HkNvc7j1QbJsWDnSoaJngkWMwItk7q9LFSWj4NqjW/7s+BVklQkBoUaA6qX/2hJGlChSUcG9MLfGXDDGvLCKezSj81VGEywSPac1TghJowm587Q2dOGaJYalfCorn6eyLDiTHTJHKdCbZjs+zl4n9eL7XxdZgxoVJLBVksilOOrET572jINCWWTx3BRDN3KyJjrDGxLqGKCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILCEzgGV7hzVPei/fufSxaS14xcwx/4H3+AJNij7Y=</latexit><latexit sha1_base64="1q/1tZx1S5Cts5qr+pV12vBHIps=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9ol5JNs21oNglJVixLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUw1oS0iudTdCBvKmaAtyyynXaUpTiJOO9HkNvc7j1QbJsWDnSoaJngkWMwItk7q9LFSWj4NqjW/7s+BVklQkBoUaA6qX/2hJGlChSUcG9MLfGXDDGvLCKezSj81VGEywSPac1TghJowm587Q2dOGaJYalfCorn6eyLDiTHTJHKdCbZjs+zl4n9eL7XxdZgxoVJLBVksilOOrET572jINCWWTx3BRDN3KyJjrDGxLqGKCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILCEzgGV7hzVPei/fufSxaS14xcwx/4H3+AJNij7Y=</latexit><latexit sha1_base64="1q/1tZx1S5Cts5qr+pV12vBHIps=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVQY9FLx4r2A9ol5JNs21oNglJVixLf4QXD4p49fd489+YbfegrQ8GHu/NMDMvUpwZ6/vfXmltfWNzq7xd2dnd2z+oHh61jUw1oS0iudTdCBvKmaAtyyynXaUpTiJOO9HkNvc7j1QbJsWDnSoaJngkWMwItk7q9LFSWj4NqjW/7s+BVklQkBoUaA6qX/2hJGlChSUcG9MLfGXDDGvLCKezSj81VGEywSPac1TghJowm587Q2dOGaJYalfCorn6eyLDiTHTJHKdCbZjs+zl4n9eL7XxdZgxoVJLBVksilOOrET572jINCWWTx3BRDN3KyJjrDGxLqGKCyFYfnmVtC/qgV8P7i9rjZsijjKcwCmcQwBX0IA7aEILCEzgGV7hzVPei/fufSxaS14xcwx/4H3+AJNij7Y=</latexit>



Random Sampling
Green matrix

(
L"u"

i = 0 , in ⌦

u"
i = �i , on @⌦

<latexit sha1_base64="szagYVWKmXQVliMVABOJJIfU7Mc="></latexit><latexit sha1_base64="szagYVWKmXQVliMVABOJJIfU7Mc="></latexit><latexit sha1_base64="szagYVWKmXQVliMVABOJJIfU7Mc="></latexit><latexit sha1_base64="szagYVWKmXQVliMVABOJJIfU7Mc="></latexit>

(
L"wi = 0 , in ⌦

wi = ri , on @⌦
<latexit sha1_base64="fds3xXdAxX2JLD/HVH7Ye0qRcOQ="></latexit><latexit sha1_base64="fds3xXdAxX2JLD/HVH7Ye0qRcOQ="></latexit><latexit sha1_base64="fds3xXdAxX2JLD/HVH7Ye0qRcOQ="></latexit><latexit sha1_base64="fds3xXdAxX2JLD/HVH7Ye0qRcOQ="></latexit>

G = [w1, . . . , wk+p]
<latexit sha1_base64="mkk+s64TaQo2s4R/m3zsm9pEt1w=">AAACFnicbVDLSsNAFJ34rPVVdelmsAiCtSQi6EYoutBlBfuAJITJdNIOnTyYubGU0K9w46+4caGIW3Hn3zhpu9DWAwOHc+7lzjl+IrgC0/w2FhaXlldWC2vF9Y3Nre3Szm5TxamkrEFjEcu2TxQTPGIN4CBYO5GMhL5gLb9/nfutByYVj6N7GCbMDUk34gGnBLTklU6ckEBPhtnNCF9iR7AA7IFnVRzRiUFVBl7WP05G2JG82wPXK5XNqjkGnifWlJTRFHWv9OV0YpqGLAIqiFK2ZSbgZkQCp4KNik6qWEJon3SZrWlEQqbcbBxrhA+10sFBLPWLAI/V3xsZCZUahr6ezEOoWS8X//PsFIILN+NRkgKL6ORQkAoMMc47wh0uGQUx1IRQyfVfMe0RSSjoJou6BGs28jxpnlYts2rdnZVrV9M6CmgfHaAjZKFzVEO3qI4aiKJH9Ixe0ZvxZLwY78bHZHTBmO7soT8wPn8AwqmfHA==</latexit><latexit sha1_base64="mkk+s64TaQo2s4R/m3zsm9pEt1w=">AAACFnicbVDLSsNAFJ34rPVVdelmsAiCtSQi6EYoutBlBfuAJITJdNIOnTyYubGU0K9w46+4caGIW3Hn3zhpu9DWAwOHc+7lzjl+IrgC0/w2FhaXlldWC2vF9Y3Nre3Szm5TxamkrEFjEcu2TxQTPGIN4CBYO5GMhL5gLb9/nfutByYVj6N7GCbMDUk34gGnBLTklU6ckEBPhtnNCF9iR7AA7IFnVRzRiUFVBl7WP05G2JG82wPXK5XNqjkGnifWlJTRFHWv9OV0YpqGLAIqiFK2ZSbgZkQCp4KNik6qWEJon3SZrWlEQqbcbBxrhA+10sFBLPWLAI/V3xsZCZUahr6ezEOoWS8X//PsFIILN+NRkgKL6ORQkAoMMc47wh0uGQUx1IRQyfVfMe0RSSjoJou6BGs28jxpnlYts2rdnZVrV9M6CmgfHaAjZKFzVEO3qI4aiKJH9Ixe0ZvxZLwY78bHZHTBmO7soT8wPn8AwqmfHA==</latexit><latexit sha1_base64="mkk+s64TaQo2s4R/m3zsm9pEt1w=">AAACFnicbVDLSsNAFJ34rPVVdelmsAiCtSQi6EYoutBlBfuAJITJdNIOnTyYubGU0K9w46+4caGIW3Hn3zhpu9DWAwOHc+7lzjl+IrgC0/w2FhaXlldWC2vF9Y3Nre3Szm5TxamkrEFjEcu2TxQTPGIN4CBYO5GMhL5gLb9/nfutByYVj6N7GCbMDUk34gGnBLTklU6ckEBPhtnNCF9iR7AA7IFnVRzRiUFVBl7WP05G2JG82wPXK5XNqjkGnifWlJTRFHWv9OV0YpqGLAIqiFK2ZSbgZkQCp4KNik6qWEJon3SZrWlEQqbcbBxrhA+10sFBLPWLAI/V3xsZCZUahr6ezEOoWS8X//PsFIILN+NRkgKL6ORQkAoMMc47wh0uGQUx1IRQyfVfMe0RSSjoJou6BGs28jxpnlYts2rdnZVrV9M6CmgfHaAjZKFzVEO3qI4aiKJH9Ixe0ZvxZLwY78bHZHTBmO7soT8wPn8AwqmfHA==</latexit><latexit sha1_base64="mkk+s64TaQo2s4R/m3zsm9pEt1w=">AAACFnicbVDLSsNAFJ34rPVVdelmsAiCtSQi6EYoutBlBfuAJITJdNIOnTyYubGU0K9w46+4caGIW3Hn3zhpu9DWAwOHc+7lzjl+IrgC0/w2FhaXlldWC2vF9Y3Nre3Szm5TxamkrEFjEcu2TxQTPGIN4CBYO5GMhL5gLb9/nfutByYVj6N7GCbMDUk34gGnBLTklU6ckEBPhtnNCF9iR7AA7IFnVRzRiUFVBl7WP05G2JG82wPXK5XNqjkGnifWlJTRFHWv9OV0YpqGLAIqiFK2ZSbgZkQCp4KNik6qWEJon3SZrWlEQqbcbBxrhA+10sFBLPWLAI/V3xsZCZUahr6ezEOoWS8X//PsFIILN+NRkgKL6ORQkAoMMc47wh0uGQUx1IRQyfVfMe0RSSjoJou6BGs28jxpnlYts2rdnZVrV9M6CmgfHaAjZKFzVEO3qI4aiKJH9Ixe0ZvxZLwY78bHZHTBmO7soT8wPn8AwqmfHA==</latexit>

G" =
⇥
u"
1, . . . , u

"
N"

⇤
<latexit sha1_base64="l2jMygH0JXcfosGKdxG4Xm1Dn+w="></latexit><latexit sha1_base64="l2jMygH0JXcfosGKdxG4Xm1Dn+w="></latexit><latexit sha1_base64="l2jMygH0JXcfosGKdxG4Xm1Dn+w="></latexit><latexit sha1_base64="l2jMygH0JXcfosGKdxG4Xm1Dn+w="></latexit>



Algorithm
❖ Offline Stage

❖ Domain decomposition

❖ Prepare basis using random sampling

❖ Online Stage

❖ Use continuity across local domains and global 
boundary condition

(
L"u" = 0

Bu" = f
<latexit sha1_base64="vqLtxWVEqvlBGNuSiovTjuPl0kE="></latexit><latexit sha1_base64="vqLtxWVEqvlBGNuSiovTjuPl0kE="></latexit><latexit sha1_base64="vqLtxWVEqvlBGNuSiovTjuPl0kE="></latexit><latexit sha1_base64="vqLtxWVEqvlBGNuSiovTjuPl0kE="></latexit>



Algorithm
Domain decomposition

⌦ = [M
m=1⌦m

<latexit sha1_base64="Y2v0GzQ3yeiYQM9Xrzv9MzDd0EQ=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclUQE3RSKbtyIFewDmhgm05t26EwSZiZCCd258VfcuFDErb/gzr9x+lho64ELh3Pu5d57wpQzpR3n21pYXFpeWS2sFdc3Nre27Z3dhkoySaFOE57IVkgUcBZDXTPNoZVKICLk0Az7lyO/+QBSsSS+04MUfEG6MYsYJdpIgX3g3QjoElzBHs3SIBcVd3h/jSdqIAK75JSdMfA8caekhKaoBfaX10loJiDWlBOl2q6Taj8nUjPKYVj0MgUpoX3ShbahMRGg/Hz8xxAfGaWDo0SaijUeq78nciKUGojQdAqie2rWG4n/ee1MR+d+zuI00xDTyaIo41gneBQK7jAJVPOBIYRKZm7FtEckodpEVzQhuLMvz5PGSdl1yu7taal6MY2jgPbRITpGLjpDVXSFaqiOKHpEz+gVvVlP1ov1bn1MWhes6cwe+gPr8wdIfJhL</latexit><latexit sha1_base64="Y2v0GzQ3yeiYQM9Xrzv9MzDd0EQ=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclUQE3RSKbtyIFewDmhgm05t26EwSZiZCCd258VfcuFDErb/gzr9x+lho64ELh3Pu5d57wpQzpR3n21pYXFpeWS2sFdc3Nre27Z3dhkoySaFOE57IVkgUcBZDXTPNoZVKICLk0Az7lyO/+QBSsSS+04MUfEG6MYsYJdpIgX3g3QjoElzBHs3SIBcVd3h/jSdqIAK75JSdMfA8caekhKaoBfaX10loJiDWlBOl2q6Taj8nUjPKYVj0MgUpoX3ShbahMRGg/Hz8xxAfGaWDo0SaijUeq78nciKUGojQdAqie2rWG4n/ee1MR+d+zuI00xDTyaIo41gneBQK7jAJVPOBIYRKZm7FtEckodpEVzQhuLMvz5PGSdl1yu7taal6MY2jgPbRITpGLjpDVXSFaqiOKHpEz+gVvVlP1ov1bn1MWhes6cwe+gPr8wdIfJhL</latexit><latexit sha1_base64="Y2v0GzQ3yeiYQM9Xrzv9MzDd0EQ=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclUQE3RSKbtyIFewDmhgm05t26EwSZiZCCd258VfcuFDErb/gzr9x+lho64ELh3Pu5d57wpQzpR3n21pYXFpeWS2sFdc3Nre27Z3dhkoySaFOE57IVkgUcBZDXTPNoZVKICLk0Az7lyO/+QBSsSS+04MUfEG6MYsYJdpIgX3g3QjoElzBHs3SIBcVd3h/jSdqIAK75JSdMfA8caekhKaoBfaX10loJiDWlBOl2q6Taj8nUjPKYVj0MgUpoX3ShbahMRGg/Hz8xxAfGaWDo0SaijUeq78nciKUGojQdAqie2rWG4n/ee1MR+d+zuI00xDTyaIo41gneBQK7jAJVPOBIYRKZm7FtEckodpEVzQhuLMvz5PGSdl1yu7taal6MY2jgPbRITpGLjpDVXSFaqiOKHpEz+gVvVlP1ov1bn1MWhes6cwe+gPr8wdIfJhL</latexit><latexit sha1_base64="Y2v0GzQ3yeiYQM9Xrzv9MzDd0EQ=">AAACB3icbVDLSsNAFJ34rPUVdSnIYBFclUQE3RSKbtyIFewDmhgm05t26EwSZiZCCd258VfcuFDErb/gzr9x+lho64ELh3Pu5d57wpQzpR3n21pYXFpeWS2sFdc3Nre27Z3dhkoySaFOE57IVkgUcBZDXTPNoZVKICLk0Az7lyO/+QBSsSS+04MUfEG6MYsYJdpIgX3g3QjoElzBHs3SIBcVd3h/jSdqIAK75JSdMfA8caekhKaoBfaX10loJiDWlBOl2q6Taj8nUjPKYVj0MgUpoX3ShbahMRGg/Hz8xxAfGaWDo0SaijUeq78nciKUGojQdAqie2rWG4n/ee1MR+d+zuI00xDTyaIo41gneBQK7jAJVPOBIYRKZm7FtEckodpEVzQhuLMvz5PGSdl1yu7taal6MY2jgPbRITpGLjpDVXSFaqiOKHpEz+gVvVlP1ov1bn1MWhes6cwe+gPr8wdIfJhL</latexit>

u =
MX

m=1

um ⇡
MX

m=1

Gmcm
<latexit sha1_base64="jsDqPL+LBANml/jorFiP0gV44Do=">AAACInicbVDLSsNAFJ34rPUVdelmsAiuSiKCuigUXehGqGAf0NQwmU7aoTNJmIdYQr7Fjb/ixoWirgQ/xmmbhW09cOFwzr3ce0+QMCqV43xbC4tLyyurhbXi+sbm1ra9s9uQsRaY1HHMYtEKkCSMRqSuqGKklQiCeMBIMxhcjvzmAxGSxtGdGiakw1EvoiHFSBnJt881rEBPau6nvOJm9zdQ+9xDSSLix2nd40j1BU+vMp9D7HPfLjllZww4T9yclECOmm9/et0Ya04ihRmSsu06ieqkSCiKGcmKnpYkQXiAeqRtaIQ4kZ10/GIGD43ShWEsTEUKjtW/EyniUg55YDpHd8pZbyT+57W1Cs86KY0SrUiEJ4tCzaCK4Sgv2KWCYMWGhiAsqLkV4j4SCCuTatGE4M6+PE8ax2XXKbu3J6XqRR5HAeyDA3AEXHAKquAa1EAdYPAEXsAbeLeerVfrw/qatC5Y+cwemIL18wuz7aPJ</latexit><latexit sha1_base64="jsDqPL+LBANml/jorFiP0gV44Do=">AAACInicbVDLSsNAFJ34rPUVdelmsAiuSiKCuigUXehGqGAf0NQwmU7aoTNJmIdYQr7Fjb/ixoWirgQ/xmmbhW09cOFwzr3ce0+QMCqV43xbC4tLyyurhbXi+sbm1ra9s9uQsRaY1HHMYtEKkCSMRqSuqGKklQiCeMBIMxhcjvzmAxGSxtGdGiakw1EvoiHFSBnJt881rEBPau6nvOJm9zdQ+9xDSSLix2nd40j1BU+vMp9D7HPfLjllZww4T9yclECOmm9/et0Ya04ihRmSsu06ieqkSCiKGcmKnpYkQXiAeqRtaIQ4kZ10/GIGD43ShWEsTEUKjtW/EyniUg55YDpHd8pZbyT+57W1Cs86KY0SrUiEJ4tCzaCK4Sgv2KWCYMWGhiAsqLkV4j4SCCuTatGE4M6+PE8ax2XXKbu3J6XqRR5HAeyDA3AEXHAKquAa1EAdYPAEXsAbeLeerVfrw/qatC5Y+cwemIL18wuz7aPJ</latexit><latexit sha1_base64="jsDqPL+LBANml/jorFiP0gV44Do=">AAACInicbVDLSsNAFJ34rPUVdelmsAiuSiKCuigUXehGqGAf0NQwmU7aoTNJmIdYQr7Fjb/ixoWirgQ/xmmbhW09cOFwzr3ce0+QMCqV43xbC4tLyyurhbXi+sbm1ra9s9uQsRaY1HHMYtEKkCSMRqSuqGKklQiCeMBIMxhcjvzmAxGSxtGdGiakw1EvoiHFSBnJt881rEBPau6nvOJm9zdQ+9xDSSLix2nd40j1BU+vMp9D7HPfLjllZww4T9yclECOmm9/et0Ya04ihRmSsu06ieqkSCiKGcmKnpYkQXiAeqRtaIQ4kZ10/GIGD43ShWEsTEUKjtW/EyniUg55YDpHd8pZbyT+57W1Cs86KY0SrUiEJ4tCzaCK4Sgv2KWCYMWGhiAsqLkV4j4SCCuTatGE4M6+PE8ax2XXKbu3J6XqRR5HAeyDA3AEXHAKquAa1EAdYPAEXsAbeLeerVfrw/qatC5Y+cwemIL18wuz7aPJ</latexit><latexit sha1_base64="jsDqPL+LBANml/jorFiP0gV44Do=">AAACInicbVDLSsNAFJ34rPUVdelmsAiuSiKCuigUXehGqGAf0NQwmU7aoTNJmIdYQr7Fjb/ixoWirgQ/xmmbhW09cOFwzr3ce0+QMCqV43xbC4tLyyurhbXi+sbm1ra9s9uQsRaY1HHMYtEKkCSMRqSuqGKklQiCeMBIMxhcjvzmAxGSxtGdGiakw1EvoiHFSBnJt881rEBPau6nvOJm9zdQ+9xDSSLix2nd40j1BU+vMp9D7HPfLjllZww4T9yclECOmm9/et0Ya04ihRmSsu06ieqkSCiKGcmKnpYkQXiAeqRtaIQ4kZ10/GIGD43ShWEsTEUKjtW/EyniUg55YDpHd8pZbyT+57W1Cs86KY0SrUiEJ4tCzaCK4Sgv2KWCYMWGhiAsqLkV4j4SCCuTatGE4M6+PE8ax2XXKbu3J6XqRR5HAeyDA3AEXHAKquAa1EAdYPAEXsAbeLeerVfrw/qatC5Y+cwemIL18wuz7aPJ</latexit>



Algorithm
Offline: random basis
(
L"wm

i = 0 , in ⌦m

wm
i = rmi , on @⌦m

<latexit sha1_base64="qJScoDqJk619l91yPp+At8dpLxE="></latexit><latexit sha1_base64="qJScoDqJk619l91yPp+At8dpLxE="></latexit><latexit sha1_base64="qJScoDqJk619l91yPp+At8dpLxE="></latexit><latexit sha1_base64="qJScoDqJk619l91yPp+At8dpLxE="></latexit>

Gm =
⇥
wm

1 , . . . , wm
km

⇤
<latexit sha1_base64="sdF/O3D40fITXLwUhv02po0d4vM=">AAACG3icbVBNS8NAFNzU7/pV9ehlsQgeSkmKoBeh6EGPCtYWmjRstpt26W4Sdl8sJfR/ePGvePGgiCfBg//Gbc1BWwcWhpn3eDsTJIJrsO0vq7CwuLS8srpWXN/Y3Nou7eze6ThVlDVoLGLVCohmgkesARwEayWKERkI1gwGFxO/ec+U5nF0C6OEeZL0Ih5ySsBIfqnmSgJ9JbPLsS/xGXYFC6E99J2OrLiiG4OuDDvSzwa+HLuK9/rg+aWyXbWnwPPEyUkZ5bj2Sx9uN6apZBFQQbRuO3YCXkYUcCrYuOimmiWEDkiPtQ2NiGTay6bZxvjQKF0cxsq8CPBU/b2REan1SAZmcpJEz3oT8T+vnUJ46mU8SlJgEf05FKYCQ4wnReEuV4yCGBlCqOLmr5j2iSIUTJ1FU4IzG3me3NWqjl11bo7L9fO8jlW0jw7QEXLQCaqjK3SNGoiiB/SEXtCr9Wg9W2/W+89owcp39tAfWJ/fkwuhwQ==</latexit><latexit sha1_base64="sdF/O3D40fITXLwUhv02po0d4vM=">AAACG3icbVBNS8NAFNzU7/pV9ehlsQgeSkmKoBeh6EGPCtYWmjRstpt26W4Sdl8sJfR/ePGvePGgiCfBg//Gbc1BWwcWhpn3eDsTJIJrsO0vq7CwuLS8srpWXN/Y3Nou7eze6ThVlDVoLGLVCohmgkesARwEayWKERkI1gwGFxO/ec+U5nF0C6OEeZL0Ih5ySsBIfqnmSgJ9JbPLsS/xGXYFC6E99J2OrLiiG4OuDDvSzwa+HLuK9/rg+aWyXbWnwPPEyUkZ5bj2Sx9uN6apZBFQQbRuO3YCXkYUcCrYuOimmiWEDkiPtQ2NiGTay6bZxvjQKF0cxsq8CPBU/b2REan1SAZmcpJEz3oT8T+vnUJ46mU8SlJgEf05FKYCQ4wnReEuV4yCGBlCqOLmr5j2iSIUTJ1FU4IzG3me3NWqjl11bo7L9fO8jlW0jw7QEXLQCaqjK3SNGoiiB/SEXtCr9Wg9W2/W+89owcp39tAfWJ/fkwuhwQ==</latexit><latexit sha1_base64="sdF/O3D40fITXLwUhv02po0d4vM=">AAACG3icbVBNS8NAFNzU7/pV9ehlsQgeSkmKoBeh6EGPCtYWmjRstpt26W4Sdl8sJfR/ePGvePGgiCfBg//Gbc1BWwcWhpn3eDsTJIJrsO0vq7CwuLS8srpWXN/Y3Nou7eze6ThVlDVoLGLVCohmgkesARwEayWKERkI1gwGFxO/ec+U5nF0C6OEeZL0Ih5ySsBIfqnmSgJ9JbPLsS/xGXYFC6E99J2OrLiiG4OuDDvSzwa+HLuK9/rg+aWyXbWnwPPEyUkZ5bj2Sx9uN6apZBFQQbRuO3YCXkYUcCrYuOimmiWEDkiPtQ2NiGTay6bZxvjQKF0cxsq8CPBU/b2REan1SAZmcpJEz3oT8T+vnUJ46mU8SlJgEf05FKYCQ4wnReEuV4yCGBlCqOLmr5j2iSIUTJ1FU4IzG3me3NWqjl11bo7L9fO8jlW0jw7QEXLQCaqjK3SNGoiiB/SEXtCr9Wg9W2/W+89owcp39tAfWJ/fkwuhwQ==</latexit><latexit sha1_base64="sdF/O3D40fITXLwUhv02po0d4vM=">AAACG3icbVBNS8NAFNzU7/pV9ehlsQgeSkmKoBeh6EGPCtYWmjRstpt26W4Sdl8sJfR/ePGvePGgiCfBg//Gbc1BWwcWhpn3eDsTJIJrsO0vq7CwuLS8srpWXN/Y3Nou7eze6ThVlDVoLGLVCohmgkesARwEayWKERkI1gwGFxO/ec+U5nF0C6OEeZL0Ih5ySsBIfqnmSgJ9JbPLsS/xGXYFC6E99J2OrLiiG4OuDDvSzwa+HLuK9/rg+aWyXbWnwPPEyUkZ5bj2Sx9uN6apZBFQQbRuO3YCXkYUcCrYuOimmiWEDkiPtQ2NiGTay6bZxvjQKF0cxsq8CPBU/b2REan1SAZmcpJEz3oT8T+vnUJ46mU8SlJgEf05FKYCQ4wnReEuV4yCGBlCqOLmr5j2iSIUTJ1FU4IzG3me3NWqjl11bo7L9fO8jlW0jw7QEXLQCaqjK3SNGoiiB/SEXtCr9Wg9W2/W+89owcp39tAfWJ/fkwuhwQ==</latexit>

Online: solve for cm
<latexit sha1_base64="nEGAKFC8XA2g1zelsUxpU4gmtZ0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOepMhM7PLzKwQQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rRjlMMJR0oHnNGrZMeWE/2yhW/6s9BVkmQkwrkqPfKX91+wjKJyjJBjekEfmrDCdWWM4HTUjczmFI2ogPsOKqoRBNO5qdOyZlT+iROtCtlyVz9PTGh0pixjFynpHZolr2Z+J/XyWx8HU64SjOLii0WxZkgNiGzv0mfa2RWjB2hTHN3K2FDqimzLp2SCyFYfnmVNC+qgV8N7i8rtZs8jiKcwCmcQwBXUIM7qEMDGAzgGV7hzRPei/fufSxaC14+cwx/4H3+AEaijcc=</latexit><latexit sha1_base64="nEGAKFC8XA2g1zelsUxpU4gmtZ0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOepMhM7PLzKwQQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rRjlMMJR0oHnNGrZMeWE/2yhW/6s9BVkmQkwrkqPfKX91+wjKJyjJBjekEfmrDCdWWM4HTUjczmFI2ogPsOKqoRBNO5qdOyZlT+iROtCtlyVz9PTGh0pixjFynpHZolr2Z+J/XyWx8HU64SjOLii0WxZkgNiGzv0mfa2RWjB2hTHN3K2FDqimzLp2SCyFYfnmVNC+qgV8N7i8rtZs8jiKcwCmcQwBXUIM7qEMDGAzgGV7hzRPei/fufSxaC14+cwx/4H3+AEaijcc=</latexit><latexit sha1_base64="nEGAKFC8XA2g1zelsUxpU4gmtZ0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOepMhM7PLzKwQQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rRjlMMJR0oHnNGrZMeWE/2yhW/6s9BVkmQkwrkqPfKX91+wjKJyjJBjekEfmrDCdWWM4HTUjczmFI2ogPsOKqoRBNO5qdOyZlT+iROtCtlyVz9PTGh0pixjFynpHZolr2Z+J/XyWx8HU64SjOLii0WxZkgNiGzv0mfa2RWjB2hTHN3K2FDqimzLp2SCyFYfnmVNC+qgV8N7i8rtZs8jiKcwCmcQwBXUIM7qEMDGAzgGV7hzRPei/fufSxaC14+cwx/4H3+AEaijcc=</latexit><latexit sha1_base64="nEGAKFC8XA2g1zelsUxpU4gmtZ0=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzQOSJcxOepMhM7PLzKwQQj7BiwdFvPpF3vwbJ8keNLGgoajqprsrSgU31ve/vcLa+sbmVnG7tLO7t39QPjxqmiTTDBssEYluR9Sg4AoblluB7VQjlZHAVjS6nfmtJ9SGJ+rRjlMMJR0oHnNGrZMeWE/2yhW/6s9BVkmQkwrkqPfKX91+wjKJyjJBjekEfmrDCdWWM4HTUjczmFI2ogPsOKqoRBNO5qdOyZlT+iROtCtlyVz9PTGh0pixjFynpHZolr2Z+J/XyWx8HU64SjOLii0WxZkgNiGzv0mfa2RWjB2hTHN3K2FDqimzLp2SCyFYfnmVNC+qgV8N7i8rtZs8jiKcwCmcQwBXUIM7qEMDGAzgGV7hzRPei/fufSxaC14+cwx/4H3+AEaijcc=</latexit>

um = um+1 on ⌦m \ ⌦m+1
<latexit sha1_base64="X8TMm9JeAhioKBXglszreIG/cVE="></latexit><latexit sha1_base64="X8TMm9JeAhioKBXglszreIG/cVE="></latexit><latexit sha1_base64="X8TMm9JeAhioKBXglszreIG/cVE="></latexit><latexit sha1_base64="X8TMm9JeAhioKBXglszreIG/cVE="></latexit>

Bu = f on @⌦
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