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Scattered data interpolation problem

Given: (scattered) data {(xi, yi) | 1 ≤ i ≤ N} with

• data sites xi ∈ Rd and

• measurements yi ∈ R and

• spatial dimension d ∈ N (often d ∈ {2, 3}),

• number of data N ∈ N.
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Some applications

Some applications

• surface reconstruction

• image compression/reconstruction (incl. movies)

(a) Original: 256 · 384
= 98304 pixels.

(b) Corrupted: half of
all pixels removed.

(c) Reconstructed:
IMQ interpolation

• machine learning

• neural networks

• (PDEs in) fluid mechanics, wave motions, astro- and
geosciences, biology, etc.
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Some textbooks
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Scattered data interpolation problem

Needed for interpolation: an N -dimensional, data-dependent,
linear space

SX = span{b1(·), . . . , bN (·)}

of functions that depends on the data sites X = {x1, . . . ,xN}.

Radial basis functions (RBFs):

bi(x) = φε(‖x− xi‖2)

for a given (continuous) function φε : R→ R (kernel), i.e.,

• basis functions depend on (distance to) data sites xi,

• basis functions depend on a shape factor ε,

• basis functions often have global support.
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Examples for radial basis functions

Gaussian kernel Inverse multiquadric kernel

φε(r) = e−(εr)
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Scattered data interpolation problem

Find a function s ∈ SX that satisfies the interpolation conditions

s(xi) = yi ∀i = 1, . . . , N.

Find a coefficient vector c = (c1 . . . cN )T such that

s(x) =

N∑
j=1

cjbj(x)

satisfies s(xi) = yi ∀i = 1, . . . , N .

Find the solution c ∈ RN of the linear system of equations

Ac=y

with A = (bij) = (bj(xi)) and y = (y1 . . . yN )T .
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RBF interpolation problem

Solve Ac = y with A = (bij) = (bj(xi)) and y = (y1 . . . yN )T .

Properties of the matrix A:

• A is symmetric (bj(xi) = φε(‖xi − xj‖2) = bi(xj).)

• A is positive definite (Gaussian and IMQ RBFs are
positive definite on Rd).

• A is dense (Gaussian, IMQ RBFs have global support).

• Condition number of A wrt. N (number of data) and ε (shape factor):

cond(A) grows as N grows or as bi gets “flat”.

• Approximation error wrt. N (number of data) and ε (shape factor):

‖f − s‖∞ decreases as N grows or as bi gets “flat”.

=⇒ uncertainty/trade-off principle

• A is ill-conditioned.
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Illustration of the scaling factor ε (N = 10)

ε = 10 ε = 2.5 ε = 0.625
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Precond. iterative solvers for highly ill-cond. A

δ measures the quality of the preconditioner Pδ (with P0 = A−1).
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Recap

This talk so far:

Problem setting: RBF interpolation =⇒ Ac = y with a dense,

SPD, highly ill-conditioned matrix A

Fast Direct Solver: required since iterative solvers (often)
fail to converge,

needs data-sparse approximation Ã to A and

highly accurate preconditioner P ≈ Ã−1
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Recap

Remainder of this talk: Fast Direct Solvers using

1 Structured/H-matrices:

• Approximation Ã of A
• Preconditioner P through H-Cholesky/H-LU factors

2 Domain decomposition method

3 Change of basis: Analytic right preconditioning

4 Change of function space
• multilevel RBFs
• variable shape parameter
• polynomial augmentation

5 Nullspace method/Lagrangian augmentation for saddle
point problems resulting from conditionally positive RBFs
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Structured/H-matrices: Approximation of A

Steps for an H-matrix construction

1 Construction of a nested block structure of the index set via
geometric bisection of the interpolation centers

2 Standard geometric admissibility condition based on diameter
and distance of clusters

3 Adaptive cross approximation (ACA) to fill the matrix with
data

Monographs on H-matrices: [Hackbusch (2015)], [Bebendorf (2008)]

H-matrices for RBFs: [Iske, L., Wende (2017)]
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Structured/H-matrices: Approximation of A, d = 2

Gaussian

IMQ

N = 312 = 961 N = 632 = 3969
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Structured/H-matrices: Approximation of A, d = 2

Observations for shape parameter ε = c
√
N , H-acc. δ = 10−10

• “Standard” H-matrix approximation applicable

• Gaussian RBF leads to numerically sparse matrix.

• IMQ RBF leads to bounded ranks within off-diagonal blocks.

Structured/H-matrices, IMQ, weak admissbility

N = 312 N = 632
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H-matrices: Solving the 2d interpolation problem

Franke function:
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(to evaluate interpolant)

0

1

2

3

4

5

8

9

10

11

12

13

15

17

18

19

20

21

23

24

26

27

28

29

31

32

33

35

36

37

39

40

41

42

44

45

47

48

49

50

51

53

55

56

57

58

59

60

63

64

65

66

67

68

69

71

72

73

74

75

77

80

81

82

83

84

85

87

89

90

91

92

93

95

96

98

99

100

101

103

104

105

107

108

109

111

112

113

114

116

117

119

120

121

122

123

125

127

128

129

130

131

132

135

136

137

138

139

140

141

143

144

145

146

147

148

149

152

153

154

155

156

159

161

162

163

164

165

167

168

170

171

172

173

175

176

177

179

180

181

183

184

185

186

188

189

191

192

193

194

195

197

199

200

201

202

203

204

207

208

209

210

211

212

213

215

216

217

218

219

220

221

224

225

226

227

228

229

231

233

234

235

236

237

239

240

242

243

244

245

247

248

249

251

252

253

255

256

257

258

260

261

263

264

265

266

267

269

271

272

273

274

275

276

279

280

281

282

283

284

285

287

288

289

290

291

292

293

296

297

298

299

300

301

303

305

306

307

308

309

311

312

314

315

316

317

320

321

323

324

325

327

328

329

330

332

333

335

336

337

338

339

341

343

344

345

346

347

348

351

352

353

354

355

356

357

359

360

361

362

363

364

365

368

369

370

371

372

373

375

377

378

379

380

381

383

384

386

387

388

389

391

392

393

395

396

397

399

401

402

404

405

407

408

409

410

411

413

415

416

417

418

419

420

423

424

425

426

427

428

429

431

432

433

434

435

436

437

440

441

442

443

444

445

447

449

450

451

452

453

455

456

458

459

460

461

463

464

465

467

468

469

471

472

473

474

476

477

479

480

482

483

485

487

488

489

490

491

492

495

496

497

498

499

500

501

503

504

505

507

508

509

512

513

514

515

516

517

519

521

522

523

524

525

527

528

530

531

532

533

535

536

537

539

540

541

543

544

545

546

548

549

551

552

553

554

555

557

559

560

561

563

564

567

568

569

570

571

572

573

575

576

577

578

579

580

581

584

585

586

587

588

589

591

593

594

595

596

597

599

600

602

603

604

605

607

608

609

611

612

613

615

616

617

618

620

621

623

624

625

626

627

629

631

632

633

634

635

636

639

640

641

642

644

645

647

648

649

650

651

652

653

656

657

658

659

660

661

663

665

666

667

668

669

671

672

674

675

676

677

679

680

681

683

684

685

687

688

689

690

692

693

695

696

697

698

699

701

703

704

705

706

707

708

711

712

713

714

715

716

717

719

720

721

722

723

725

728

729

730

731

732

733

735

737

738

739

740

741

743

744

746

747

748

749

751

752

753

755

756

757

759

760

761

764

765

767

768

769

770

771

773

775

776

777

778

779

780

783

784

785

786

787

788

789

791

792

793

794

795

796

797

800

801

802

803

804

807

809

810

811

812

813

815

816

818

819

820

821

823

824

825

827

828

829

831

832

833

834

836

837

839

840

841

842

843

845

847

848

849

850

851

852

855

856

857

858

859

860

861

863

864

865

866

867

868

869

872

873

874

875

876

877

879

881

882

883

884

885

887

888

890

891

892

893

895

896

897

899

900

901

903

904

905

906

908

909

911

912

913

914

915

917

919

920

921

922

923

924

927

928

929

930

931

932

933

935

936

937

938

939

940

941

944

945

946

947

948

949

951

953

954

955

956

957

959

960

962

963

964

965

968

969

971

972

973

975

976

977

978

980

981

983

984

985

986

987

989

991

992

993

994

995

996

999

0 1 2 3 4 5 6 7

10 11 12 13 14 15 16 17

20 21 22 23 24 25 26 27

30 31 32 33 34 35 36 37

40 41 42 43 44 45 46 47

50 51 52 53 54 55 56 57

60 61 62 63 64 65 66 67

70 71 72 73 74 75 76 77

Fast direct solvers for RBF interpolation problems 17/50



H-matrices: Solving the 2d interpolation problem
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Conclusions

• IMQ reaches accuracy O(10−8), Gaussian reaches O(10−6)

• increasing N beyond 8000 is not helpful to increase accuracy

• shape parameter ε is very important:
too small =⇒ solution suffers from ill-conditioning

(& Runge phenomenon for large N?)
too large =⇒ less favorable function space
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Structured/H-matrices: Approximation of A, d = 3
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Structured/H-matrices: Approximation of A, d = 3

Observations for shape parameter ε = c ·N1/3

• “Standard” H-matrix approximation might pay off, but only
for much larger problem sizes

• Gaussian RBF eventually leads to numerically sparse matrix.
• IMQ RBF initially leads to increasing ranks within off-diagonal

blocks, suggesting the need for an even stronger admissibility
condition.

Structured/H-matrices, IMQ, weak admissbility

3d
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H-matrices: Solving the 3d interpolation problem

Franke function: f3d(x, y, z) = . . . (sum of four exponentials)

Centers: Halton points in [0, 1]3 (for interpolation)

Test points: 10x10x10 tensor grid in [0.2; 0.8]3 (to eval. interp.)
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Conclusions

• IMQ reaches accuracy O(10−6), Gaussian reaches O(10−5)
• increasing N beyond 8000 is not helpful to increase accuracy
• as in 2d, the shape parameter ε is very important
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Recap

This talk so far:

Problem setting: RBF interpolation =⇒ Ac = y with a dense,

SPD, highly ill-conditioned matrix A

Fast Direct Solver: required since iterative solvers (often)
fail to converge,
needs data-sparse approximation to A and
highly accurate preconditioner P ≈ A−1

BUT: So far, no “fast direct solvers” were shown,
(only approximation accuracies of interpolants).

Approximation errors stagnate for N > 8, 000 centers,

H-matrices outperform standard dense matrices only for
larger N , especially in higher spatial dimensions.

Is there a need for fast direct solvers for N � 8, 000 centers?
(Or is this the end of the talk?)
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Why this talk continues...

1 slide 14 on remainder of this talk ... more bullets were listed;

2 because it is an interesting mathematical problem
to solve RBF-systems for N � 8, 000, irrespectively of
practical applications;

3 because others do it, too (looking at the literature);

4 because there are indeed actual applications out there that
need it (beyond the interpolation of Franke’s function);

5 because it has been revealed that the so-called
uncertainty/trade-off principle is a misconception:

The interpolation problem itself is well-posed, it is the choice
of basis that splits it into two highly ill-conditioned
subproblems (i. Computing coefficients of the interpolant;

ii. Evaluating the interpolant).
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Preface of “Fast RBFs for Engrg. Appl.” (2017)

M. E. Biancolini:
This book is the result of the industrial and academic
research path that I started to follow since 2007.
At that time, I had a cooperation in place with a
Formula 1 top team. [...]

We found out that a good quality and long-distance interactions in
3D cases were possible employing the bi-harmonic RBF which gives
a dense matrix to be solved.

The maximum size of the RBF was about 10,000 points that
took approximately a couple of hours to fit the RBF-sought
coefficients.

The need was to face RBF problems that comprised hundreds of
thousands of source points at least, but with the target to
reasonably manage even millions of source points.
Two orders of magnitude more!
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Next:

Remainder of this talk: Fast Direct Solvers using

1 Structured/H-matrices:

• Approximation Ã of A
• Preconditioner P through H-Cholesky/H-LU factors

2 Domain decomposition method

3 Change of basis: Analytic right preconditioning

4 Change of function space

• multilevel RBFs (application where fast direct solvers
are needed for N � 8, 000)

• variable shape parameter
• polynomial augmentation

5 Nullspace method/Lagrangian augmentation for saddle
point problems resulting from conditionally positive RBFs
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Multilevel RBFs

Motivation: Shape parameter ε influences basis functions to be

• global, smooth, of low variation if ε is small;

• local, spiky, of large variation if ε is large.

1d basis functions using a fixed scaling parameter ε = N1/d = m
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“Dilemma” for the interpolation of Franke’s function:

A smaller number of smooth basis functions is just as good as a
larger number of spiky basis functions.
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Multilevel RBFs

Motivation: Shape parameter ε influences basis functions to be

• global, smooth, of low variation if ε is small;

• local, spiky, of large variation if ε is large.

Two-level idea:

1 Use a small number of smooth basis functions to capture the
smooth part within Franke’s function/the given data;

(interpolation matrix will be ill-conditioned, but small)

2 then correct the (spiky/oscillatory) residual using a larger
number of spiky basis functions.

(interpolation matrix will be large, but not too ill-conditioned)

Multilevel extension: Straight-forward. Apply two-level idea to coarse problem.
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Multilevel RBF interpolation of f : Rd → R

1 For a set X of N = |X| centers in Rd, construct a
nested sequence of L subsets X` of N` = |X`| centers,

X = X1︸ ︷︷ ︸
finest

⊃ X2 ⊃ . . . ⊃ XL−1 ⊃ XL︸︷︷︸
coarsest

.

N1 = 400 N2 = 200 N3 = 100

Figure: Sequence of nested sets of Halton centers in Ω = [0, 1]2

using a greedy thinning algorithm with parameter cthin = 2.

Side note: Interesting subproblem to construct suitable nested
sequences with separation distances as large as possible.
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Multilevel RBF interpolation of f : Rd → R

1 For a set X of N = |X| centers in Rd, construct a
nested sequence of L subsets X` of N` = |X`| centers,

X = X1 ⊃ X2 ⊃ . . . ⊃ XL−1 ⊃ XL.

2 For every level `, choose a shape parameter ε` based on the

separation distance of X`, i. e. ideally ε` ∈ O
(

(N`)
1
d

)
, and

define levelwise function spaces S` = S(X`, ε`).

3 Compute the multilevel interpolant bottom up (“c-to-f”):
• sL|XL

= f |XL
(interpolant sL on coarsest center set XL)

• for ` = (L− 1) downto 1 do

s`|X`
= f |X`

−
L∑

k=`+1

sk|X`︸ ︷︷ ︸
residual of (`+1)-level interpolant on X`

• The multilevel interpolant is s := sL + . . .+ s1.
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Matrix representation of ML-RBF interpolation

Function spaces:

S` = S(X`, ε`) = span{φε`(‖x− xi‖) | xi ∈ X`}

Matrix blocks: A`,k = (φεk(‖xj − xi‖) xj ∈ X`
xi ∈ Xk

Solve 
A11 A12A13

A22A23

A33




α1

α2

α3


=


f1

f2

f3


to obtain interpolant

s = αT3 · (basis functions of S3) + αT2 · (basis functions of S2)

+ αT1 · (basis functions of S1).
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Numerical results for Multilevel RBFs

Nerror ≈ 10, 000 test points Xerror ⊆ [0.25, 0.75]d (uniform grid)
mean square error when using N centers:

error(N) :=

(
1

Nerror

∑
x∈Xerror

(f(x)− s(x))2
)1/2
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Numerical results for Multilevel RBFs
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Figure: Multilevel interpolation of Franke’s function using φ = φIMQ

with scaling parameter δratio = 2 and Halton centers in Ω = [0, 1]3.

[L., Wende (2018), submitted]
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Numerical results for Multilevel RBFs

Finally iteration/solver times
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Figure: Time required for the construction of the multilevel
interpolant for d ∈ {2, 3} and φIMQ.
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Next:

Remainder of this talk: Fast Direct Solvers using

1 Structured/H-matrices:
• Approximation Ã of A
• Preconditioner P through H-Cholesky/H-LU factors

2 Domain decomposition method

3 Change of basis: Analytic right preconditioning

4 Change of function space
• multilevel RBFs (application where fast direct solvers

are needed for N � 8, 000)
Solution of an underdetermined problem:

N interpolation centers, but
N +N1 + . . .+NL . 2N basis functions

• variable shape parameter
• polynomial augmentation

5 Nullspace method/Lagrangian augmentation for saddle
point problems resulting from conditionally positive RBFs
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Polynomial augmentation of RBFs

Motivation: Shape parameter ε influences RBFs to be

• global, smooth, of low variation if ε is small;

• local, spiky, of large variation if ε is large.

Polynomial augmentation idea:

1 Use a small number of (low degree, unisolvent) polynomial
basis functions to capture the smooth part of the data;

2 Use a large number of spiky RBF basis functions to capture
the oscillatory part of the data.

3 Enforce constraints to obtain a unique solution.
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Polynomial augmentation of RBFs

Find RBF coeff. αi ∈ R and polynomial coeff. βj ∈ R s. t.

s(x)︸︷︷︸
interpolant

=

N∑
j=1

αj Φ(xj,x)︸ ︷︷ ︸
RBFs

+

M∑
j=1

βj pj(x)︸ ︷︷ ︸
polynomials

satisfies the interpolation conditions

s(xi) = f(xi), i = 1, . . . , N

and the constraints
N∑
j=1

αjpi(xj) = 0, i = 1, . . . ,M.

In matrix form: Solve

(
A B
BT O

)(
α
β

)
=

(
f
0

)
.

Side note: For conditionally positive definite RBFs, adding polynomials is

necessary to ensure uniqueness of the interpolant.
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Solving (cpd) RBF saddle point systems

(
A B
BT O

)(
α
β

)
=

(
f
0

)
.

Properties of the matrix Ã :=

(
A B
BT O

)
:

• Ã is indefinite.

• Ã is symmetric.

• The main block A is positive definite for Gaussian and IMQ RBFs
and positive definite on ker(BT ) for TPS and MQ RBFs.

• The blocks A (eval. of RBFs), B (eval. of polyn.) are dense.

• The main block A may be approximated by an H-matrix.

• Storage of B ∈ RN×M in O(N) since M ∈ O(1).
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Solving (cpd) RBF saddle point systems(
A B
BT O

)(
α
β

)
=

(
f
0

)
.

If A is SPD (e. g. for Gaussian or IMQ RBF):(
A B
BT O

)
=

(
I

BTA−1 I

)(
A B

S

)
=

(
LA

BTU−1A LS

)(
UA L−1A B

US

)
with

A = LAUA, S := −BTA−1B = LSUS.

Required: Fast solver for large, ill-conditioned, SPD A.
(Schur complement S is no problem since it is small, i. e., O(1).)

Fast solver options: i) (H-) Cholesky- or LU-factorization,

ii) domain decomposition & subproblem solvers for

(
Ai Bi

BT
i O

)
.
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Solving (cpd) RBF saddle point systems(
A B
BT O

)(
α
β

)
=

(
f
0

)
.

If A is NOT guaranteed to be SPD (e. g. for TPS or MQ RBF):(
A B
BT O

) E
=

(
I

BTA−1 I

)(
A B

S

)
, S := −BTA−1B.

An LU triangular factorization no longer exists.

But a nullspace basis C of BT (i. e. BTC = O and rank(C)=N −M)

allows an antitriangular factorization

(
[B C] O
O IM

)T (
A B
BT O

)(
[B C] O
O IM

)
=

BTAB BTAC BTB
CTAB CTAC O
BTB O O

 .

Question: How can compute C and CTAC ∈ R(N−M)×(N−M)?
Answer: Use M Householder reflections to compute QB = R,

the last N −M columns of Q = [E C] yield C in data-sparse
form which allows the efficient computation of CTAC.

Question: How can we solve CTACx = b? (BTB ∈ RM×M is no problem.)
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Solving (cpd) RBF saddle point systems

Question: How can we solve CTACx = b?

Answer: A′ := CTAC ∈ R(N-M)×(N-M) is symmetric positive definite,

cond(A′) ≤ cond

((
A B
BT O

))
cond(C)2,

A′ can be approximated by an H-matrix,

A′ allows H-LU or H-Cholesky factorizations,
domain decomposition solvers can be applied.
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Condition number of nullspace projected system
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Figure: Spectral condition number of A′ = CTAC wrt. the
number N of Halton centers in [0, 1]2 using a fixed polynomial
order m = 2 (M = 6).
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Condition number of nullspace projected system
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Figure: Spectral condition number of A′ = CTAC wrt. the
polynomial order m = 2, . . . , 12 for N = 2000 Halton centers in
[0, 1]2.

Fast direct solvers for RBF interpolation problems 44/50



Fast solver for the nullspace projected system
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Figure: Unpreconditioned and H-Cholesky preconditioned GMRes
iteration time for up to N = 40, 000 Halton centers in [0, 1]2.
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Solving (cpd) RBF saddle point systems

Domain decomposition solvers
for the nullspace projected system CTACx = b

• allows for up to N = 160, 000 centers,

• needs overlapping subdomains and coarse grid correction,

• typically outperforms H-Cholesky factorization as a
preconditioner,

• [L., Wende (2018)], to appear.
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Recap

Remainder of this talk: Fast Direct Solvers using

1 Structured/H-matrices: X
• Approximation Ã of A
• Preconditioner P through H-Cholesky/H-LU factors

2 Domain decomposition method (X)

3 Change of basis: Analytic right preconditioning ?

4 Change of function space X
• multilevel RBFs
• variable shape parameter
• polynomial augmentation

5 Nullspace method/Lagrangian augmentation for saddle X
point problems resulting from conditionally positive RBFs
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Alternate bases/preconditioning

Ac=y with A = (bij) = (bj(xi)), alternate basis

Bd=y with B = (aik) = (ak(xi)), ak(·) =
N∑
i=1

tikbi(·)

Change of basis ⇐⇒ Right-Preconditioning

ak(·) =
N∑
i=1

tikbi(·) AT︸︷︷︸
B

T−1c︸ ︷︷ ︸
d

= y.

Challenge: Compute B directly using analytical considerations,
not by matrix-matrix multiplication of two highly ill-conditioned
matrices A and T .
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Stable bases for RBFs

Approaches for alternate, stable bases:

• Contour-Padé/RBF-RA

• RBF-QR, Hilbert-Schmidt SVD

• RBF-GA (only for Gaussian RBF)

Dilemma:

• Alternate bases work only for relatively small numbers of
centers (N � 8, 000);

• Alternate bases have up to ten times higher work complexities
(for computing the interpolation matrix).

To do:

• Multilevel RBF with stable bases on coarse levels;

• Fast methods (not just solvers) for stable bases;

• Fasshauer: “potential exists but dangers abound” (Remark 13.13)
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Summary of this talk/work

• RBF interpolation leads to large, dense, ill-conditioned
systems of equations.

• If not the straighforward interpolation itself, then
modifications (multilevel RBFs, polynomial augmentation) or
other applications (machine learning) require fast direct
solvers for these systems.

• Rank-structured (H-)matrices offer a tool to construct such
solvers.

• Many intertwined subproblems to consider (coarsening of
point sets, saddle point systems, etc.) that affect the
approximation accuracy and the solver complexity.

Thank you for your attention!
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