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Active droplets [Stein, 2021]

Fluid-structure interaction

[Rycroft et al., 2020]Many applications involve solving an inhomogeneous elliptic BVP.

Inhomogeneous elliptic BVP
Introduction

(e.g. Poisson, Helmholtz, Stokes, …)

(e.g. Dirichlet, Neumann, Robin, …)

<latexit sha1_base64="ORxOnmFWPMO2niBWl1Y0TmlbZM8="></latexit>

Lu = f in ⌦

Bu = g on �

Non-Newtonian fluids [Stein et al., 2019]

Bubble collision [Saye, 2017]

(Today’s focus:   , interior Dirichlet)
<latexit sha1_base64="uEeNdVVmwdBncferBxms6xznZF8="></latexit>

L = �
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Many approaches for inhomogeneous BVP
Introduction

• Directly discretize with FEM, FDM, SEM, …

• Mesh generation (or cut-cell generation)

Conforming Cut-cell

<latexit sha1_base64="6OAxRwydRI1DHE2rRSIy+d3Hm9w="></latexit>

Ax = b Solve linear system for volume DoFs. 

Sparse but preconditioning needed.

Traditional
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Many approaches for inhomogeneous BVP
Introduction

Analysis-based

• Write solution as  
<latexit sha1_base64="HMl4Sb/2nQfl16WgjCi5RNsJ8DY="></latexit>

u = uh + up

homogeneous solution particular solution 

• Find some (any!) function      such that
<latexit sha1_base64="contFMB6hJEyFLom7xYcsnPk320="></latexit>

up

<latexit sha1_base64="pe+3eW+BNxwl4n3/ISh5prsJVPM="></latexit>

Lup = f in ⌦

• Compute      to satisfy boundary conditions:

No solve required. Convolve 

with Green’s function.

<latexit sha1_base64="wW+QVcnpo12sJKROtXSUm/11I/I="></latexit>

uh

Solve linear system for 

boundary DoFs using BIE.

<latexit sha1_base64="PJVQS4SsGB/DCjocahMEMqfzUng="></latexit>

Luh = 0 in ⌦

Buh = g � Bup on �

• Directly discretize with FEM, FDM, SEM, …

• Mesh generation (or cut-cell generation)

Conforming Cut-cell
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Computing a particular solution
Introduction

⌦
<latexit sha1_base64="t3mkEOd2UFFOfWTKhATCMJriwLA="></latexit>

�
<latexit sha1_base64="tgrd5kUgFCrpOOKCzy351cbHixU="></latexit>

Suppose we only know         inside    .  We have a few options…
<latexit sha1_base64="9jUkU0YvOX4zsMwBGzfvwpNoeXA="></latexit>

f (x)
<latexit sha1_base64="wbELDtDSDzLHyNDbkm+HLIitK1M="></latexit>

⌦
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⌦

(                  )
<latexit sha1_base64="G1tUe5G9Gle6AvhlcEn7kQytsfc="></latexit>

up(x) =

Z

⌦

G (x , y)f (y)dy
<latexit sha1_base64="Q4ArVr74RT+OnyaS7mv6YI+AJBc="></latexit>

G (x , y) =
1

2⇡
log

1

|x � y |

• Build accurate quadrature scheme over      (e.g. adaptive boxes with cut cells  
near boundary) and compute

<latexit sha1_base64="wbELDtDSDzLHyNDbkm+HLIitK1M="></latexit>

⌦

Poisson: 

free space fundamental solution

4



/ 20

Computing a particular solution
Introduction

⌦
<latexit sha1_base64="t3mkEOd2UFFOfWTKhATCMJriwLA="></latexit>

�
<latexit sha1_base64="tgrd5kUgFCrpOOKCzy351cbHixU="></latexit>

Suppose we only know         inside    .  We have a few options…
<latexit sha1_base64="9jUkU0YvOX4zsMwBGzfvwpNoeXA="></latexit>

f (x)
<latexit sha1_base64="wbELDtDSDzLHyNDbkm+HLIitK1M="></latexit>

⌦

(                  )
<latexit sha1_base64="G1tUe5G9Gle6AvhlcEn7kQytsfc="></latexit>

up(x) =

Z

⌦

G (x , y)f (y)dy
<latexit sha1_base64="Q4ArVr74RT+OnyaS7mv6YI+AJBc="></latexit>

G (x , y) =
1

2⇡
log

1

|x � y |

• Build accurate quadrature scheme over      (e.g. adaptive boxes with cut cells  
near boundary) and compute

<latexit sha1_base64="wbELDtDSDzLHyNDbkm+HLIitK1M="></latexit>

⌦

Poisson: 

free space fundamental solution

• Extend    to    outside      (“function extension”). Adaptively resolve    and compute
<latexit sha1_base64="wbELDtDSDzLHyNDbkm+HLIitK1M="></latexit>

⌦
<latexit sha1_base64="FAJV8zHLkmyGIyZvvk2hOwzAQfs="></latexit>

f
<latexit sha1_base64="Tce3fGsNj7YkAWjWEtd72MkfQXg="></latexit>

f̃

⌦
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�
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B
<latexit sha1_base64="mlMWPM1FaVZoDh2wfLYnvi88+eo="></latexit>

<latexit sha1_base64="H5ep2EnTBgb+s6f22PO6msYv5/A="></latexit>

up(x) =

Z

B
G (x , y)f̃ (y)dy

Quadrature tables for boxes can be precomputed (FMM “box code”)

<latexit sha1_base64="Tce3fGsNj7YkAWjWEtd72MkfQXg="></latexit>

f̃
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• Or, sample    on a uniform grid and use an FFT-based solver on    .
<latexit sha1_base64="Tce3fGsNj7YkAWjWEtd72MkfQXg="></latexit>

f̃
<latexit sha1_base64="P9a/zvI9fZwoFQFjpxO5ENJupqs="></latexit>

B
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Want    as smooth as    for fast convergence. How?
<latexit sha1_base64="FAJV8zHLkmyGIyZvvk2hOwzAQfs="></latexit>
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Prior work
Function extension

⌦
<latexit sha1_base64="t3mkEOd2UFFOfWTKhATCMJriwLA="></latexit>

�
<latexit sha1_base64="tgrd5kUgFCrpOOKCzy351cbHixU="></latexit>

B
<latexit sha1_base64="mlMWPM1FaVZoDh2wfLYnvi88+eo="></latexit>• Finite difference extension, second-order accurate [Mayo, 1984]

•      polyharmonic extension + box code, fourth-order accurate [Askham & Cerfon, 2017]
<latexit sha1_base64="E3wGSt2QLRlYl8M6y4IcsE+udcs="></latexit>

C k

• Fourier continuation [Bruno & Lyon, 2010], [Bruno & Paul, 2020]

• Partition of unity extension [Fryklund, Lehto, & Tornberg, 2018]

• Immersed boundary smooth extension [Stein, Guy, & Thomases, 2015]
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C k

• Fourier continuation [Bruno & Lyon, 2010], [Bruno & Paul, 2020]

• Partition of unity extension [Fryklund, Lehto, & Tornberg, 2018]

• Immersed boundary smooth extension [Stein, Guy, & Thomases, 2015]

In general, smoothly extending  in a robust way is challenging.

(Especially for multiscale geometry, multiscale   , close-to-touching regions, …)

<latexit sha1_base64="FAJV8zHLkmyGIyZvvk2hOwzAQfs="></latexit>

f
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Our approach
Function “intension”

⌦
<latexit sha1_base64="t3mkEOd2UFFOfWTKhATCMJriwLA="></latexit>

�
<latexit sha1_base64="tgrd5kUgFCrpOOKCzy351cbHixU="></latexit>

Instead of trying to make  smooth outside  ,

let’s make it smooth inside .

<latexit sha1_base64="Tce3fGsNj7YkAWjWEtd72MkfQXg="></latexit>

f̃
<latexit sha1_base64="wbELDtDSDzLHyNDbkm+HLIitK1M="></latexit>

⌦
<latexit sha1_base64="wbELDtDSDzLHyNDbkm+HLIitK1M="></latexit>

⌦
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⌦
<latexit sha1_base64="wbELDtDSDzLHyNDbkm+HLIitK1M="></latexit>

⌦

⌦
<latexit sha1_base64="t3mkEOd2UFFOfWTKhATCMJriwLA="></latexit>

�
<latexit sha1_base64="tgrd5kUgFCrpOOKCzy351cbHixU="></latexit>

S
<latexit sha1_base64="EIhNrSmyfNwfibGUSlmou7e1DYA="></latexit>

�0
<latexit sha1_base64="Z4zmWfOphbevWqQbnsqydjPrkJM="></latexit>

• Compute a particular solution for   in .
<latexit sha1_base64="Tce3fGsNj7YkAWjWEtd72MkfQXg="></latexit>

f̃
<latexit sha1_base64="P9a/zvI9fZwoFQFjpxO5ENJupqs="></latexit>

B

⌦
<latexit sha1_base64="t3mkEOd2UFFOfWTKhATCMJriwLA="></latexit>

�
<latexit sha1_base64="tgrd5kUgFCrpOOKCzy351cbHixU="></latexit>

B
<latexit sha1_base64="mlMWPM1FaVZoDh2wfLYnvi88+eo="></latexit>

S
<latexit sha1_base64="EIhNrSmyfNwfibGUSlmou7e1DYA="></latexit>

�0
<latexit sha1_base64="Z4zmWfOphbevWqQbnsqydjPrkJM="></latexit>

• Define an annular strip  inside .
<latexit sha1_base64="AHyqRUWUJdUWfH3iIhGZKg2LQsE="></latexit>

S
<latexit sha1_base64="wbELDtDSDzLHyNDbkm+HLIitK1M="></latexit>

⌦

• Roll off   to zero smoothly in . This is  .
<latexit sha1_base64="FAJV8zHLkmyGIyZvvk2hOwzAQfs="></latexit>

f
<latexit sha1_base64="AHyqRUWUJdUWfH3iIhGZKg2LQsE="></latexit>

S
<latexit sha1_base64="Tce3fGsNj7YkAWjWEtd72MkfQXg="></latexit>

f̃

• Compute a particular solution for   in .
<latexit sha1_base64="FAJV8zHLkmyGIyZvvk2hOwzAQfs="></latexit>

f
<latexit sha1_base64="AHyqRUWUJdUWfH3iIhGZKg2LQsE="></latexit>

S
• Patch solutions together.

6
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Our approach
Function “intension”

⌦
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�
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Instead of trying to make  smooth outside  ,

let’s make it smooth inside .
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�0
<latexit sha1_base64="Z4zmWfOphbevWqQbnsqydjPrkJM="></latexit>

• Compute a particular solution for   in .
<latexit sha1_base64="Tce3fGsNj7YkAWjWEtd72MkfQXg="></latexit>

f̃
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B

⌦
<latexit sha1_base64="t3mkEOd2UFFOfWTKhATCMJriwLA="></latexit>

�
<latexit sha1_base64="tgrd5kUgFCrpOOKCzy351cbHixU="></latexit>

B
<latexit sha1_base64="mlMWPM1FaVZoDh2wfLYnvi88+eo="></latexit>

S
<latexit sha1_base64="EIhNrSmyfNwfibGUSlmou7e1DYA="></latexit>

�0
<latexit sha1_base64="Z4zmWfOphbevWqQbnsqydjPrkJM="></latexit>

• Define an annular strip  inside .
<latexit sha1_base64="AHyqRUWUJdUWfH3iIhGZKg2LQsE="></latexit>

S
<latexit sha1_base64="wbELDtDSDzLHyNDbkm+HLIitK1M="></latexit>

⌦

• Roll off   to zero smoothly in . This is  .
<latexit sha1_base64="FAJV8zHLkmyGIyZvvk2hOwzAQfs="></latexit>

f
<latexit sha1_base64="AHyqRUWUJdUWfH3iIhGZKg2LQsE="></latexit>

S
<latexit sha1_base64="Tce3fGsNj7YkAWjWEtd72MkfQXg="></latexit>

f̃

• Compute a particular solution for   in .
<latexit sha1_base64="FAJV8zHLkmyGIyZvvk2hOwzAQfs="></latexit>

f
<latexit sha1_base64="AHyqRUWUJdUWfH3iIhGZKg2LQsE="></latexit>

S
• Patch solutions together.

How to define the strip?
How to solve in the strip?

How to patch the solutions?

6
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Defining the strip

Task: Given a panelized curve  , compute another panelized curve   that is:
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
<latexit sha1_base64="2VWaGNVCurScbTZf83C77K7DsBI="></latexit>

�0

Wish list
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Defining the strip

Task: Given a panelized curve  , compute another panelized curve   that is:
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
<latexit sha1_base64="2VWaGNVCurScbTZf83C77K7DsBI="></latexit>

�0

• inside  . 
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

Wish list
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Defining the strip

Task: Given a panelized curve  , compute another panelized curve   that is:
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
<latexit sha1_base64="2VWaGNVCurScbTZf83C77K7DsBI="></latexit>

�0

• inside  . 
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
• as smooth as  .

<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

Wish list
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Defining the strip

Task: Given a panelized curve  , compute another panelized curve   that is:
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
<latexit sha1_base64="2VWaGNVCurScbTZf83C77K7DsBI="></latexit>

�0

• inside  . 
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

• not too close to   (or the roll off will be sharp).
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>
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• as smooth as  .

<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

Wish list
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Defining the strip

Task: Given a panelized curve  , compute another panelized curve   that is:
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>
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<latexit sha1_base64="2VWaGNVCurScbTZf83C77K7DsBI="></latexit>
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• inside  . 
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

• not too close to   (or the roll off will be sharp).
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
• not too far from   (or the strip will be large → extra work).
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�

• as smooth as  .
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

Wish list
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Defining the strip

Task: Given a panelized curve  , compute another panelized curve   that is:
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
<latexit sha1_base64="2VWaGNVCurScbTZf83C77K7DsBI="></latexit>

�0

• inside  . 
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

• not too close to   (or the roll off will be sharp).
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
• not too far from   (or the strip will be large → extra work).

<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
• not self intersecting. 

• as smooth as  .
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

Wish list
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Defining the strip

• What about a uniform perturbation in the normal direction?

Task: Given a panelized curve  , compute another panelized curve   that is:
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
<latexit sha1_base64="2VWaGNVCurScbTZf83C77K7DsBI="></latexit>

�0

• inside  . 
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

• not too close to   (or the roll off will be sharp).
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
• not too far from   (or the strip will be large → extra work).

<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
• not self intersecting. 

• as smooth as  .
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

Wish list
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Defining the strip

• What about a uniform perturbation in the normal direction?

• When all panels are roughly the same size, works well.

Task: Given a panelized curve  , compute another panelized curve   that is:
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
<latexit sha1_base64="2VWaGNVCurScbTZf83C77K7DsBI="></latexit>

�0

• inside  . 
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

• not too close to   (or the roll off will be sharp).
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
• not too far from   (or the strip will be large → extra work).

<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
• not self intersecting. 

<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

<latexit sha1_base64="SFTXEzDcvIgI/aVR2SxX6n1EG4A="></latexit>

�0

• as smooth as  .
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

Wish list
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Defining the strip

• What about a uniform perturbation in the normal direction?

• When all panels are roughly the same size, works well.

• But when panels span many length scales…

Task: Given a panelized curve  , compute another panelized curve   that is:
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
<latexit sha1_base64="2VWaGNVCurScbTZf83C77K7DsBI="></latexit>

�0

• inside  . 
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

• not too close to   (or the roll off will be sharp).
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
• not too far from   (or the strip will be large → extra work).

<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
• not self intersecting. 

• as smooth as  .
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

Wish list

<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
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Defining the strip

• What about a uniform perturbation in the normal direction?

• When all panels are roughly the same size, works well.

• But when panels span many length scales…

• can over-resolve the largest length scales.

Task: Given a panelized curve  , compute another panelized curve   that is:
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
<latexit sha1_base64="2VWaGNVCurScbTZf83C77K7DsBI="></latexit>

�0

• inside  . 
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

• not too close to   (or the roll off will be sharp).
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�
• not too far from   (or the strip will be large → extra work).

<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
• not self intersecting. 

• as smooth as  .
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

Wish list

<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

<latexit sha1_base64="SFTXEzDcvIgI/aVR2SxX6n1EG4A="></latexit>

�0

<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
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Defining the strip

• What about a uniform perturbation in the normal direction?

• When all panels are roughly the same size, works well.

• But when panels span many length scales…

• can over-resolve the largest length scales.

• can self-intersect.

Task: Given a panelized curve  , compute another panelized curve   that is:
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
<latexit sha1_base64="2VWaGNVCurScbTZf83C77K7DsBI="></latexit>

�0

• inside  . 
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

• not too close to   (or the roll off will be sharp).
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
• not too far from   (or the strip will be large → extra work).

<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
• not self intersecting. 

• as smooth as  .
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

Wish list

<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

<latexit sha1_base64="SFTXEzDcvIgI/aVR2SxX6n1EG4A="></latexit>

�0

<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
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Defining the strip

• What about a uniform perturbation in the normal direction?

• When all panels are roughly the same size, works well.

• But when panels span many length scales…

• can over-resolve the largest length scales.

• can self-intersect.

Task: Given a panelized curve  , compute another panelized curve   that is:
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
<latexit sha1_base64="2VWaGNVCurScbTZf83C77K7DsBI="></latexit>

�0

• inside  . 
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

• not too close to   (or the roll off will be sharp).
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
• not too far from   (or the strip will be large → extra work).

<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
• not self intersecting. 

• as smooth as  .
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

Wish list

<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

<latexit sha1_base64="SFTXEzDcvIgI/aVR2SxX6n1EG4A="></latexit>

�0

<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
 should adapt to local panel size

<latexit sha1_base64="2VWaGNVCurScbTZf83C77K7DsBI="></latexit>

�0
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Defining the strip

Task: Given a panelized curve  , compute another panelized curve   that is:
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
<latexit sha1_base64="2VWaGNVCurScbTZf83C77K7DsBI="></latexit>

�0

• inside  . 
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

• not too close to   (or the roll off will be sharp).
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
• not too far from   (or the strip will be large → extra work).

<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�
• not self intersecting. 

• as smooth as  .
<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

Adapting to local panel size

Solution: • Define piecewise linear width function based on average local panel size

• Approximate each junction by smoothed abs(x)

<latexit sha1_base64="UiOTYi4HoVbuFnKTTdSiarrfphU="></latexit>

�

<latexit sha1_base64="SFTXEzDcvIgI/aVR2SxX6n1EG4A="></latexit>

�0

• Blend together using matched asymptotics

• Perturb in the normal direction

8
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Spectral element discretization
Solving the strip problem

⌦
<latexit sha1_base64="t3mkEOd2UFFOfWTKhATCMJriwLA="></latexit>

�
<latexit sha1_base64="tgrd5kUgFCrpOOKCzy351cbHixU="></latexit>

S
<latexit sha1_base64="EIhNrSmyfNwfibGUSlmou7e1DYA="></latexit>

�0
<latexit sha1_base64="Z4zmWfOphbevWqQbnsqydjPrkJM="></latexit>

We use a spectral element method in , with spectral collocation at tensor-product Chebyshev nodes 
on each element.

S
<latexit sha1_base64="EIhNrSmyfNwfibGUSlmou7e1DYA="></latexit>

Jacobian is numerically computed at each 
point to form differentiation matrices.

9
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Solving the strip problem
A fast direct solver for the strip

⌦
<latexit sha1_base64="t3mkEOd2UFFOfWTKhATCMJriwLA="></latexit>

�
<latexit sha1_base64="tgrd5kUgFCrpOOKCzy351cbHixU="></latexit>

S
<latexit sha1_base64="EIhNrSmyfNwfibGUSlmou7e1DYA="></latexit>

�0
<latexit sha1_base64="Z4zmWfOphbevWqQbnsqydjPrkJM="></latexit>

We use the hierarchical Poincare-Steklov scheme to build a fast direct solver in .S<latexit sha1_base64="EIhNrSmyfNwfibGUSlmou7e1DYA="></latexit>

[Gillman & Martinsson, 2015], [Martinsson, 2015]
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Solving the strip problem
A fast direct solver for the strip

⌦
<latexit sha1_base64="t3mkEOd2UFFOfWTKhATCMJriwLA="></latexit>

�
<latexit sha1_base64="tgrd5kUgFCrpOOKCzy351cbHixU="></latexit>

S
<latexit sha1_base64="EIhNrSmyfNwfibGUSlmou7e1DYA="></latexit>

�0
<latexit sha1_base64="Z4zmWfOphbevWqQbnsqydjPrkJM="></latexit>

We use the hierarchical Poincare-Steklov scheme to build a fast direct solver in .S<latexit sha1_base64="EIhNrSmyfNwfibGUSlmou7e1DYA="></latexit>

[Gillman & Martinsson, 2015], [Martinsson, 2015]

ɠ On each element, compute:

• Solution operator:                  

• Dirchlet-to-Neumann map:    

<latexit sha1_base64="TkwJ5inlKZh3InZJqhhQZm0o2Do="></latexit>

S 2 Rn2⇥4n
<latexit sha1_base64="AEHMFJ4mDvJcpMBGETwH+rNvxQ8="></latexit>

DtN 2 R4n⇥4n

Given an inhomogeneity :
<latexit sha1_base64="FAJV8zHLkmyGIyZvvk2hOwzAQfs="></latexit>

f
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Solving the strip problem
A fast direct solver for the strip

⌦
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�
<latexit sha1_base64="tgrd5kUgFCrpOOKCzy351cbHixU="></latexit>
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<latexit sha1_base64="Z4zmWfOphbevWqQbnsqydjPrkJM="></latexit>

We use the hierarchical Poincare-Steklov scheme to build a fast direct solver in .S<latexit sha1_base64="EIhNrSmyfNwfibGUSlmou7e1DYA="></latexit>

[Gillman & Martinsson, 2015], [Martinsson, 2015]

ɡ Merge adjacent elements pairwise

• Compute  and  on parent via Schur complement

<latexit sha1_base64="8PreW5zKdFg0WwikVUtPcCywArk="></latexit>

S
<latexit sha1_base64="vzWg37KW+kz01S8lpo8WdUQ5ylg="></latexit>

DtN

ɠ On each element, compute:

• Solution operator:                  

• Dirchlet-to-Neumann map:    

<latexit sha1_base64="TkwJ5inlKZh3InZJqhhQZm0o2Do="></latexit>

S 2 Rn2⇥4n
<latexit sha1_base64="AEHMFJ4mDvJcpMBGETwH+rNvxQ8="></latexit>

DtN 2 R4n⇥4n

Given an inhomogeneity :
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f
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Solving the strip problem
A fast direct solver for the strip

⌦
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We use the hierarchical Poincare-Steklov scheme to build a fast direct solver in .S<latexit sha1_base64="EIhNrSmyfNwfibGUSlmou7e1DYA="></latexit>

[Gillman & Martinsson, 2015], [Martinsson, 2015]

ɡ Merge adjacent elements pairwise

• Compute  and  on parent via Schur complement
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We typically use p = 16 on each panel and upsample the SEM grid to 2p = 32.
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O(p2npanel)+

ɠ ɡ ɢ
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Solving the bulk problem

• Goal: Approximate  by quad-tree of tensor product Chebyshev nodes.
<latexit sha1_base64="Tce3fGsNj7YkAWjWEtd72MkfQXg="></latexit>

f̃

Evaluating the roll off function

⌦
<latexit sha1_base64="t3mkEOd2UFFOfWTKhATCMJriwLA="></latexit>

�
<latexit sha1_base64="tgrd5kUgFCrpOOKCzy351cbHixU="></latexit>

B
<latexit sha1_base64="mlMWPM1FaVZoDh2wfLYnvi88+eo="></latexit>

S
<latexit sha1_base64="EIhNrSmyfNwfibGUSlmou7e1DYA="></latexit>

�0
<latexit sha1_base64="Z4zmWfOphbevWqQbnsqydjPrkJM="></latexit>
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Evaluating the roll off function

• Problem: To evaluate the roll off function at a point, 
we need to know where that point falls in the strip.

• Solution: Compute local coordinates via 1D interpolation 
through normal vectors [Bruno & Paul, 2020]

⌦
<latexit sha1_base64="t3mkEOd2UFFOfWTKhATCMJriwLA="></latexit>

�
<latexit sha1_base64="tgrd5kUgFCrpOOKCzy351cbHixU="></latexit>

B
<latexit sha1_base64="mlMWPM1FaVZoDh2wfLYnvi88+eo="></latexit>

S
<latexit sha1_base64="EIhNrSmyfNwfibGUSlmou7e1DYA="></latexit>

�0
<latexit sha1_base64="Z4zmWfOphbevWqQbnsqydjPrkJM="></latexit>
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Solving the bulk problem

• Goal: Approximate  by quad-tree of tensor product Chebyshev nodes.
<latexit sha1_base64="Tce3fGsNj7YkAWjWEtd72MkfQXg="></latexit>

f̃

Evaluating the roll off function

• Problem: To evaluate the roll off function at a point, 
we need to know where that point falls in the strip.

• Solution: Compute local coordinates via 1D interpolation 
through normal vectors [Bruno & Paul, 2020]

⌦
<latexit sha1_base64="t3mkEOd2UFFOfWTKhATCMJriwLA="></latexit>

�
<latexit sha1_base64="tgrd5kUgFCrpOOKCzy351cbHixU="></latexit>

B
<latexit sha1_base64="mlMWPM1FaVZoDh2wfLYnvi88+eo="></latexit>

S
<latexit sha1_base64="EIhNrSmyfNwfibGUSlmou7e1DYA="></latexit>

�0
<latexit sha1_base64="Z4zmWfOphbevWqQbnsqydjPrkJM="></latexit>

�ubulk = f
<latexit sha1_base64="z4yYWim2npVsyCM9FNxy26spZaY="></latexit>

Then,                      inside    . �0
<latexit sha1_base64="Z4zmWfOphbevWqQbnsqydjPrkJM="></latexit>

<latexit sha1_base64="HXfgLJswHBlmBXszXLuq4O6eYLY="></latexit>

�ubulk = f̃ in B

Use a box code to obtain a particular solution:
<latexit sha1_base64="yGcYitt81QXMqHPEWRGgh0d+Zvk="></latexit>

O(N) = O(p2nboxes)
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Patching the solutions

⌦
<latexit sha1_base64="t3mkEOd2UFFOfWTKhATCMJriwLA="></latexit>

�
<latexit sha1_base64="tgrd5kUgFCrpOOKCzy351cbHixU="></latexit>

B
<latexit sha1_base64="mlMWPM1FaVZoDh2wfLYnvi88+eo="></latexit>

S
<latexit sha1_base64="EIhNrSmyfNwfibGUSlmou7e1DYA="></latexit>

�0
<latexit sha1_base64="Z4zmWfOphbevWqQbnsqydjPrkJM="></latexit>

The “single-layer potential”

satisfies  and the jump relation�v = 0
<latexit sha1_base64="VxdX5tUUOPZMayJrZipiBGZ50II="></latexit>

@v

@n

+����
�0
� @v

@n

�����
�0

= ��
<latexit sha1_base64="dxBhXD/ANO2w2w2/lRRQk1/SGBc="></latexit>

Using the value of  as the inner boundary condition in the SEM, the solutions will match along  .

However, their normal derivatives may not.

<latexit sha1_base64="p4ZIsHOiRGuOAFUFHWwdzdZn2Nw="></latexit>ubulk �0
<latexit sha1_base64="Z4zmWfOphbevWqQbnsqydjPrkJM="></latexit>

<latexit sha1_base64="hS42ooU4XAUDOMwCcKF2im725+I="></latexit>

v(x) = (S�)(x) =

Z

�0
G (x , y)�(y)dty
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Patching the solutions

⌦
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satisfies  and the jump relation�v = 0
<latexit sha1_base64="VxdX5tUUOPZMayJrZipiBGZ50II="></latexit>

@v

@n

+����
�0
� @v

@n

�����
�0

= ��
<latexit sha1_base64="dxBhXD/ANO2w2w2/lRRQk1/SGBc="></latexit>

uglue = S

✓
@ustrip
@n

����
�0
� @ubulk

@n

����
�0

◆

<latexit sha1_base64="LVGPLp3k36pJjxA4ndwTPfbhpcg="></latexit>

Apply SLP:

Using the value of  as the inner boundary condition in the SEM, the solutions will match along  .

However, their normal derivatives may not.
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⌦
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The “single-layer potential”

satisfies  and the jump relation�v = 0
<latexit sha1_base64="VxdX5tUUOPZMayJrZipiBGZ50II="></latexit>

@v

@n

+����
�0
� @v

@n

�����
�0

= ��
<latexit sha1_base64="dxBhXD/ANO2w2w2/lRRQk1/SGBc="></latexit>

uglue = S

✓
@ustrip
@n

����
�0
� @ubulk

@n

����
�0

◆

<latexit sha1_base64="LVGPLp3k36pJjxA4ndwTPfbhpcg="></latexit>

Apply SLP:

Using the value of  as the inner boundary condition in the SEM, the solutions will match along  .

However, their normal derivatives may not.

<latexit sha1_base64="p4ZIsHOiRGuOAFUFHWwdzdZn2Nw="></latexit>ubulk �0
<latexit sha1_base64="Z4zmWfOphbevWqQbnsqydjPrkJM="></latexit>

<latexit sha1_base64="hS42ooU4XAUDOMwCcKF2im725+I="></latexit>

v(x) = (S�)(x) =

Z

�0
G (x , y)�(y)dty

Then,                                 in

ustrip = ubulk
<latexit sha1_base64="QJ53XTBj74UrVlXurYtqDCe1Cl0="></latexit>

@ustrip
@n = @ubulk

@n
<latexit sha1_base64="tjyHxzqGwoBVCFzSiQj0fQglCjY="></latexit>

<latexit sha1_base64="lMmacE9ojFucGivh+o5qEpQGEpY="></latexit>

�(ubulk + uglue) = f
<latexit sha1_base64="wThIQzXJrQkIZOxLtLjpBd7dKAs="></latexit>

�(ustrip + uglue) = f                                          in

<latexit sha1_base64="VcJ6ZYIHlmL2LFvux3W07bVXGrg="></latexit>

⌦ \ S
<latexit sha1_base64="eD6fTul4cnRRaSCGV0SAkfzfDCo="></latexit>

S
                 ,                       on  

<latexit sha1_base64="WyWqgiiFwjijWm1JyZX6LZHjx48="></latexit>

�0

12
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Correcting the boundary conditions

�ubc = 0 in ⌦

ubc = g � (ustrip|� + uglue|�) on �
<latexit sha1_base64="WuG/LYTzJfkyv8yikYKSfKXYQiY="></latexit>

Standard BIE solve using double-layer potential:

⌦
<latexit sha1_base64="t3mkEOd2UFFOfWTKhATCMJriwLA="></latexit>

�
<latexit sha1_base64="tgrd5kUgFCrpOOKCzy351cbHixU="></latexit>

B
<latexit sha1_base64="mlMWPM1FaVZoDh2wfLYnvi88+eo="></latexit>

S
<latexit sha1_base64="EIhNrSmyfNwfibGUSlmou7e1DYA="></latexit>

�0
<latexit sha1_base64="Z4zmWfOphbevWqQbnsqydjPrkJM="></latexit>

Finally, the boundary conditions may not be satisfied.
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Correcting the boundary conditions

�ubc = 0 in ⌦

ubc = g � (ustrip|� + uglue|�) on �
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Standard BIE solve using double-layer potential:

⌦
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�
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B
<latexit sha1_base64="mlMWPM1FaVZoDh2wfLYnvi88+eo="></latexit>

S
<latexit sha1_base64="EIhNrSmyfNwfibGUSlmou7e1DYA="></latexit>

�0
<latexit sha1_base64="Z4zmWfOphbevWqQbnsqydjPrkJM="></latexit>

Finally, the boundary conditions may not be satisfied.

�u = f in ⌦

u = g on �
<latexit sha1_base64="CPCcozcay+TLWplHQkiCc2XSJME="></latexit>

Then                                                                satisfies:

<latexit sha1_base64="0VDoknmL21LCAKlVu144YtBu+/U="></latexit>⇢
<latexit sha1_base64="YjHS3zJw/g644xtA7WYDRajZlNg=">AAACPHicbVDLSgMxFM34tr5aXboZrIKrMiNF3QiiG5cqVgudodzJ3GgwyQxJRilD/8Ctfo7/4d6duHVtWitY9UDgcO7r5CS54MYGwYs3MTk1PTM7N19ZWFxaXqnWVi9NVmiKLZqJTLcTMCi4wpblVmA71wgyEXiV3B4P6ld3qA3P1IXt5RhLuFaccQrWSefFQbdaDxrBEP5fEo5InYxw2q15m1Ga0UKislSAMZ0wyG1cgracCuxXosJgDvQWrrHjqAKJJi6HVvv+llNSn2XaPWX9ofpzogRpTE8mrlOCvTG/awPxv1qnsGw/LrnKC4uKfh1ihfBt5g/+7adcI7Wi5whQzZ1Xn96ABmpdOmObqIxLw4aHKpFGhfc0kxJUWkYMJBe9FBkUwvbLyLBvPuYzkf2KyzX8neJfcrnTCHcbzbNm/fBolPAcWScbZJuEZI8ckhNySlqEEkYeyCN58p69V+/Ne/9qnfBGM2tkDN7HJxWgrzc=</latexit>u =

<latexit sha1_base64="ygxxXd1pNcl1yuGwT3JeO80xXSc="></latexit>

ubulk + uglue + ubc in ⌦ \ S
<latexit sha1_base64="KrkxzW51MQKTHqzmaddK+7jatmY="></latexit>

ustrip + uglue + ubc in S
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Thank you

Alex Barnett David Stein

• Adaptivity can be performed on boundary (via panelization) and in volume (box code)

• Function “intension” can avoid pitfalls of function extension

• Still ongoing work
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