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motivation : Poisson equation

�r2
� = 4⇡⇢ ) �(x) =

Z
⇢(y)

|x� y| dy

�(xi) ⇡
NX

j=1

qj

|xi � yj|
, i = 1 : N

- direct sum is well suited for parallelization, but cost is still O(N2)

tree-based fast summation methods
DTT (Appel 1985)

TC (Barnes-Hut 1986)

FMM (Greengard-Rokhlin 1987)

. . . many variations
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tree-based fast summation (1/2)

�i =
NX

j=1

qj

|xi � yj|
, i = 1 : N

particle-particle : O(N 2)

#
particle-cluster : O(N logN)

#
cluster-cluster : O(N)
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tree-based fast summation (2/2)

separated kernel approximation

1

|x� y| ⇡
nP

k=1
ak(x) · bk(y)

- multipole expansion : FMM (Greengard-Rokhlin 1987)

1

|x� y| ⇡
nP

`=0

P̀
m=�`

r
�(`+1)
x Y

m
` (✓x,�x) · r`yY �m

` (✓y,�y)

kernel-independent methods

- equivalent density : KIFMM (Ying-Biros-Zorin 2003)

- polynomial interpolation

G(x,y) ⇡
nP

k1=0

nP
k2=0

nP
k3=0

G(x, sk)Lk1(y1)Lk2(y2)Lk3(y3)

bbFMM (Fong-Darve 2009) : Chebyshev polynomial form

BLTC (Wang-Tlupova-K 2020) : barycentric Lagrange form
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polynomial interpolation in 1D

given f(x) on [�1, 1], {si, i = 0 : n} : Chebyshev points of 2nd kind

Lagrange form

p(x) =
nP

k=0
Lk(x)fk , Lk(x) =

⇧n
j=0
j 6=k

(x� sj)

⇧n
j=0
j 6=k

(sk � sj)
, k = 0 : n

barycentric Lagrange form : Berrut-Trefethen (2004 SIREV)

Lk(x) =

wk

x� sk
nP

j=0

wj

x� sj

, wk = (�1)k�k , �k =

(
1 , k = 1 : n� 1

1/2 , k = 0, n

“Barycentric interpolation is a variant of Lagrange polynomial
interpolation that is fast and stable. It deserves to be known
as the standard method of polynomial interpolation.”
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barycentric Lagrange treecode : BLTC

�i =
NP
j=1

G(xi,yj)qj =
P
C

P
yj2C

G(xi,yj)qj !
(
Cnear : PP

Cfar : PC

PP

xi

yj

PC

xi

sk

PP :
P

yj2C
G(xi,yj)qj ⇡

P
k
G(xi, sk)bqk : PC  note direct sum form

"
z }| {P
yj2C

⇧3
`=1Lk`(yj`)qj

use PC , xi , C : well-separated , r/R < ✓ : MAC ) O(N logN)

Wang-K-Tlupova, Commun. Comput. Phys. 28 (2020)
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BLTC is well suited for GPU acceleration

example : N = 106 , G(x,y) =
1

|x� y|

degree : n = 1 : 2 : 13 , MAC : ✓ = 0.5 , 0.7 , 0.9

6 CPU cores + OpenMP

2.67 GHz Intel Xeon X5650

1 GPU + OpenACC

NVIDIA Titan V

Vaughn-Wilson-K, IEEE IPDPSW (2020)
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new : BLDTT = O(N)
- FMM upward/downward pass adapted to BLI

- interaction lists by dual tree traversal (Appel 1985)

- PP, PC, CP, CC

example : G(x,y) =
1

|x� y| , 7-8 digit accuracy
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Wilson-Vaughn-K, Comput. Phys. Commun. 265 (2021)
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application : electrostatics of biomolecules

yk, qk
�

⌦1, ✏1
⌦2, ✏2

+

+

�
+

�
+

� �

� + +

�
+

+
� � +

biomolecule ⌦1 : �✏1r2
�(x) =

NaP
k=1

�(x� yk)qk : Poisson

solvent ⌦2 : �✏2r2
�(x) + ̄

2
�(x) = 0 : Poisson-Boltzmann

molecular surface � : �1 = �2 , ✏1@n�1 = ✏2@n�2

far-field boundary condition : �(x)! 0 as |x|!1

convert to integral form and solve by BEM
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integral form (Ju↵er et al. 1991)

G0(x,y) =
1

4⇡|x� y| , G(x,y) =
e
�|x�y|

4⇡|x� y| , 
2 =

̄
2

✏2
, ✏ =

✏2

✏1

1 + ✏

2
�(x) =

Z

�


K1(x,y)@n�(y) +K2(x,y)�(y)

�
dSy + S1(x)

1 + ✏
�1

2
@n�(x) =

Z

�


K3(x,y)@n�(y) +K4(x,y)�(y)

�
dSy + S2(x)

K1 = G0 �G , K4 = @
2
nxny

(G �G0)

K2 = ✏ @nyG � @nyG0 , K3 = @nxG0 � ✏
�1

@nxG

S1(x) =
1

✏1

NaX

k=1

G0(x,yk)qk , S2(x) =
1

✏1

NaX

k=1

@nxG0(x,yk)qk
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BEM
- triangulate � by NanoShaper (Decherchi, Rocchia)

- discretize integrals by node-patch (Lu)

- solve for � , @n� on � by GMRES

- compute matrix-vector product by BLDTT on 1 GPU

example : RNA binding domain of E. coli ⇢-factor, Na = 2069

(a) (b)

Figure 5: Case 1 (Kirkwood sphere), Memory usage, (a) Poisson-Boltzmann equation, (b) Poisson equation, treecode
order p = 1, 3, 5, 7, 9 (solid lines), direct sum (dashed line), N = 20 · 4l, l = 3 : 8.

Atomic positions required by MSMS were obtained from the Protein Data Bank [11], and the
necessary partial charges came from CHARMM [29]. MSMS has a user-specified density param-
eter giving approximately the number of vertices per Å2 in the triangulation. MSMS produces a
non-uniform triangulation adapted to the geometry of the molecular surface. Some examples are
depicted in Fig. 6. MSMS sometimes produces a few extremely small triangles, e.g. with area less
than 10�6Å2, and these were removed from the computation. The GMRES tolerance was chosen
to be ⌧ = 10�4. The treecode used ✓ = 0.5 for the MAC parameter and order p = 1 for the
Taylor approximation. The aim is to obtain at least 1% accuracy in the solvation energy, which is
a common standard in biomolecular applications.

Figure 6: Triangulation of protein 1a63 molecular surface; MSMS density = 1,5.

Before proceeding, we comment on the clusters used in the treecode. The Barnes-Hut algo-
rithm [4] employed a hierarchy of uniform cubical clusters, but here we use adapted rectangular
boxes obtained by shrinking the clusters around the particles they contain [14? , 27]. The adapted
clusters have smaller radius rc, and hence the MAC criterion is satisfied at higher levels in the tree

12

scale = 3, N ⇡ 105, run time = 110 s, error ⇡ 1%
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BEM
- triangulate � by NanoShaper (Decherchi, Rocchia)

- discretize integrals by node-patch (Lu)

- solve for � , @n� on � by GMRES

- compute matrix-vector product by BLDTT on 1 GPU

example : Zika virus, Na = 13248
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Sevanna et al. Structure (2018) scale = 1.5, N ⇡ 107

run time = 1689 s, error ⇡ tbd

Wilson-Geng-K in preparation
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summary
- fast summation of particle interactions

- barycentric Lagrange interpolation

- BLTC : O(N logN), BLDTT : O(N)

- kernel-independent, GPU-accelerated

- github.com/Treecodes/BaryTree

applications
- electrostatics

- electronic structure

- fluid dynamics

- plasma dynamics
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