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Divide and conquer eigensolutions for symmetric tridiagonal matrices

= + = QAQT

Rank-one update to symmetric eigenvalue problems [Golub, 1973], [Bunch, Nielson,
Sorenson, 1978], etc.

Symmetric tridiagonal divide-and-conquer (DC) [since Cuppen, 1981]

Arrow head eigenvalue problems [O’Leary, Stewart, 1990], [Arbenz, 1992], etc.
Stability studies [Dongarra, Sorensen, 1987], [Sorensen, Tang, 1991], etc.
Fully stable version [Gu, Eisenstat, 1995]

Costs
O(n?) for eigenvalues, O(n?) for eigenvectors

Possible acceleration to O(nlogP n) with FMM (not done) [Gu, Eisenstat, 1995], [Demmel,
1997], [Chandrasekaran, Gu, 2004]
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Introduction

Superfast Divide and Conquer Eigensolver for rank-structured Hermitian matrix

A= QAQ"

- el ]
.-__.. S

-, .
: 5
Banded Block tridiagonal Dense HSS

Stable, controllable accuracy, structured eigenmatrix Q

No tridiagonal reduction needed.
Almost linear complexity and storage (r = off-diagonal rank of A)

&flops = O(an lOgZ ’7)7 fstorage = O(rn IOg n)
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HSS Representation

Hierarchical semiseparable matrices (HSS)
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Dividing and Conquer Eigensolver

HSS matrices can be divided [Vogel, Xia, et al, SISC 2016]

Theorem (HSS Structure preserving) [Vogel, Xia, et al, SISC 2016]

D; = D; — U,-HU,.T is HSS with generators (k — kj — - -+ — ki — i: a path in T from k to i)

O = U, Ri=Ri,
5 T T T
B = Bk — (RkRi - R JH(Ry, -+ R R

Di = Dic — Us(RRy, -+ R JH(R, -+ RERDUT
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Dividing and Conquer Eigensolver

ich

Solve recursively smaller problems D; = QN QT and f)j = QJAJQJ.T

. . r T
0= (7 ) [/\,,+;sz[] (¢ of)

Conquer by solving diagonal-plus-rank-r update problem

Ao+ > zez] = QMQ)
k=1

Reduce to r rank-1 update problems.
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Dividing and Conquer

Rank-1 update eigenproblem [Golub, 1973], [Bunch, Nielson, Sorenson, 1978]

Ai's are roots of the secular function

and eigenmatrix

Rough idea:
f and Q can be accelerated by the Fast Multipole method [Greengard, Rokhlin, 1987].
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Dividing Strategy

Original dividing strategy [Vogel, Xia, et al, SISC 2016]

D; — UiBBT U]
N e Ui Bi T, T T
+<u>(3uf u)

P Quadratic Ji
T
D~ YU,

— Di T
B < 51) M

HSS generators of D; and 5j are updated from D; and D;
Straightforward but unstable

Th quadratic terms B,-B,-T —> generators of D; grow enormously

Proposition (Unstable dividing) [Ou, Xia, 2020]

Suppose 8 = sup;c 7 || Bjll2, then the final updated generators B; and leaf-level diagonal blocks
D; satisfy

151l = 0(82),

1Bill2 = O(8%).

Specifically, if 8> 1, D; and B; overflow.
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Stable Dividing Strategy

Stable dividing strategy [Ou, Xia, 2020]
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HSS generators of D; and bj are updated from D; and D;

. BB
Scaled quadratic terms W, stable
i

Proposition (Stable dividing) [Ou, Xia, 2020]

The updated generator B; and leaf-level diagonal blocks D; satisfy
a n
1Dill2 < [|Dill2 + 2%
A n
I6ill2 < 7 8-
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Stable Dividing Strategy

. P, _ — eoc 2mitl
Comparisons between two dividing strategy for A = (/[x; — le)l.d. , Xj = cos 5=
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Adaptive Dividing Strategy

# rank-1 update problems = colsize(Z,)
Adaptivity to minimize colsize(Z,)

—L_U;B;
(x/\\ﬁgz‘l ;/'> , colsize(B;) < rowsize(B;)
ill2Uj

VIIBill2Ui . .
1 y.BT | colsize(B;) > rowsize(B;)
VBT 7
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Conquering Stage

Rank-1 update eigenproblem [Golub, 1973], [Bunch, Nielson, Sorenson, 1978]

where v = (v1 v,,)T.

Ak's are roots of the secular function

and eigenvector
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Stable and Efficient Conquering Strategy

Classical conquering strategy [LAPACK, 1999], [Gu, Eisenstat, 1995], [Li, 1993]

n 2
v

f(x)=1+ =

=13

r=d r=dy r=dy r=dy
Solve each root Ax € (dk, dkt1) by modified Newton’s method.
To avoid cancellation,

Separate positive and negative terms

n 2
VA
ST =1+ (X)) + ek(x),
S 4 x
—_— ——
<0 >0

Shift the origin to di by letting d;x = d; — dk, and solve the shifted equation

O—gk(n)ff(n-&-dk)fl-&-z

/161k_r] 6Ik_r]

i=k+1

Shifting is crucial for stability and accuracy (e.g., clustered eigenvalues).
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Stable and Efficient Conquering Strategy

Classical conquering strategy [LAPACK, 1999], [Gu, Eisenstat, 1995], [Li, 1993]

n 2
F) =1+ V'X:o
i=1

di —
I X % X
r—d  a=dy r=dy v =dy
For stability

Compute Lowner’s formula
and (stable) dense eigenvector

g, — (1 ... o \T

9=\ X1—x¢ o2 ) -

About O(n) to find one root A, hence roughly O(n?) to find all pairs {(Ak, §x)}7_;
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Stable and Efficient Conquering Strategy

New stable and efficient conquering strategy

f)=1+> -
i=1

Deflation with user-supplied accuracy 7

Assemble f as mat-vec with C = (d: )
1

fR)=14cv

Solve all roots { A };_; simultaneously with FMM acceleration

Our previous work [Vogel, Xia, SISC 2016] uses direct FMM acceleration but lack of stability.
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Stable and Efficient Conquering Strategy

For stability

lower and upper triangular split (corresponding to positive-negative split)

f(R) =T+ C7= T4 Cower 7 + Cupper ¥
= +

. accelerate _ . . - -
Triangular FMM “"—="" triangular matrix-vector products CiowerV, CupperV

Shifting d;x = d; — dx is NOT directly applicable in triangular FMM.

e.g. consider the shifted matrix Cyire = (m)

possible remedy:
no shift in FMM, but store extra dense eigenvectors (not efficient).
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Stable and Efficient Conquering Strategy

For stability
To incorporate shifting into triangular FMM:

near-field: shift locally 6 = d; — dj
far-field: compute as usual
Importance of near-field local shifting

Stability: avoid division by zero, ensure eigenmatrix orthogonality

Efficiency: speed up convergence of root-finding

n 7,096 8,102 | 16,384 | 32,768 | 65,536
With local shifting 98.97% 99.25% 99.09% 99.11% 99.16%
Without local shifting 30.9% 34.8% 35.0% 39.9% 53.7%

Eigenvalues converged within 5 iterations.
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Stable and Efficient Conquering Strategy

For stability

Lowner's formula with FMM

1
log o = > | D_log A — dif = > ldk — |
k

ki

Normalized eigenvector with FMM

Cauchy-like structured eigenmatrix

Roughly O(n) to find all roots {Ax}i_q.
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Stable and Efficient Conquering Strategy

Conquer stage

Classical
Solve each root )\, separately

Separate positive and negative terms

f(x) =14+ Pu(x) + Pi(x)

Evaluate f(x) directly
Global shifting ) = di — dx for1 < i <n
Lowner's formula

Dense eigenmatrix
\7,-sk O;Sk
- (37%) - (77%)
di — Ak Sik — Mk

O(n?) operations 4+ O(n?) storage

Xiaofeng Ou Joint work with Jianlin Xia (Purdue Univ,

New
Solve all roots { A4} simultaneously

Split lower and upper triangular parts

f(R) = T+ Cower 7 + Cupper ¥

Evaluate f(X) with triangular FMM
Local shifting djx = d; — di in near field
Lowner's formula with FMM

Cauchy-like structured eigenmatrix
\7,'Sk
di — X

About O(n) operations + O(n) storage
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Structured Eigenmatrix

e Q3
@ 0
Q4 !
o Qs
5 ) 9
0 PGB P2 P Q15
a Quo
0 Qu4
i Qi3
Q12
Q = dense, leaf node,
r IT/—; Cauchy-like, non-leaf node,
O pl) = permutation matrices.
Y Q PO . , ,
Interlacing product of HSS and permutaion matrices
Q. Qo Qu, Qi P2 0
pi) Q=" J] (P(/)Q(/)> )
Q@ QU @& @ Qu Qe it

where Q) = diag(Q;)i(i)—/ is HSS.
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Performance

Performance compared to MATLAB's eig

O Tridiagonal matrix

Breakeven point ~ 4096
At n = 32764, 6x faster and 6% memory

Q Banded matrix with corner points

At n = 32764, 11x faster and 7% memory
© Prolate Toeplitz matrix
Off-diagonal rank r = O(log n)

Intensive deflations happen

At n = 32764, 136x faster and 6% memory

Memory efficient, applicable to much larger n.
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Numerical Experiments

Dense kernel matrix A = (m) X = cos %

1013

1012

1011

10’

Flops, tol = 107¢

isj

Timing, tol = 107%

10°

10*
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Storage, tol = 1076

O(nlogn)
NEW
---0(n?)

—+— Dense

1010

10* 10°
n | 8192 16384 | 32768 | 65536
v | 8.0e-15 | 4.7e-15 | 3.3e-15 | 1.9e-15
e | 24e-11 | 20e-11 | 1.1e-11 | N/A
0 | 3.2e-11 | 15e-11 | 7.9e-12 | 4.4e-12
T true
_ QR ai—eill _ _ A=A
v = max o re = AT
o = AQ—AQ|

ATl
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Numerical Experiments

5-banded matrix with corner points, tolerance 7 = 10~ *°
. .
. .

. .
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Numerical Experiments

1014
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Flops, tol = 1071

O(nlog?n) .
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NEW P
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Timing, tol = 1071

—+—MATLAB eig
NEW, tol = 10710
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O(nlog®n)

10 10°
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1010

Storage, tol = 1070

O(nlogn)
NEW
---0(n2)

—s—Dense

0% .
10 10
n | 8192 16384 32768 65536 131072
7y | 1.8e-15 | 2.7e-15 | 2.3e-15 | 4.8e-15 | 2.3e-15
e | 1.4e-17 | 6.4e-18 | 8.1e-17 | N/A N/A
0 | 6.4e-15 | 6.8e-15 | 1.1e-14 | 1l.1e-14 | 1.8e-14
o = max 1QT Gl _ A=At
n ST alATE
g — 1AQ—AQ]|
AT
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SuperDC Package

https://www.math.purdue.edu/~xiaj/

SuperDC

Stable Superfust Divide-and-Conquer Eigenvalue Decomposition (in Matlab)

A=QAQY, Q= -

* Developers
Xiaofeng Ou (oul7 -at- purdue.edu), Jianlin Xia, Purdue University. Feedback and suggestions are welcome.
Provided as is. No warranty whatsoever. No liability whatsoever. (GNU General Public License v2.0)

« Applicability
Rank-structured Hermitian matrices (represented/approximated by HSS forms). Examples:

o Banded matrices
o Toeplitz matrices (in Fourier space)
o Some discretized integral equations
o Schur complements in direct factorizations of some sparse matrices
o Other dense or sparse matrices with small off-diagonal (numerical) ranks

* Features
o No tridiagonal reduction needed

Nearly O(n) complexity for full eigenvalue decomposition

Nearly O(n) storage for all eigenvectors

Many stability features (stabilization like in tridiag divid onquer; sq ds for clustered
eigenvalues, stable FMM, elc.)
o User controllable accuracy
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SuperDC Package

https://github.com/fastsolvers/SuperDC

@ fastsolvers / SuperDC ' Public O Notifications ¢ star 6 PFork 1
<> Code  @lssues I Pullrequests  © Actions [ Projects [ Wiki @ Security
¥ main - Gotofile m About

Stable superfast divide
fastsolvers Update READMEmd nAug21 ©47  and-conquer eigenvalue
decomposition
superde_100 pdate secularm 2 months
0 Readm
O LICENSE Create LICEN 2 month:
[ READMEMd pdate README 2 month:
= READMEmd Releases 1
© SuperDC 1,00 (Latest
SuperDC (Version 1.0.0)
Stable Superfast Divide-and-Conquer Eigensolver for rank-structured Packages
Hermitian matrices -- Hermitian matrices with small off-diagonal ranks or . )
numerical ranks. Examples
« Banded matrices
« Toeplitz matrices (in Fourier space) Contributors @
« Some discretized integral equations fastsolvers
« Schur complements in direct factorizations of some sparse matrices
XiaofengOu9527 Xiao.
« Other dense or sparse matrices with small off-diagonal (numerical) aofeng
ranks
(The matrices needed to be represented or approximated by a
hierarchical semiseparable matrix (HSS) form.) Languages

Provided as is. No warranty whatsoever. No liability whatsoever
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https://github.com/fastsolvers/SuperDC

SuperDC Package

Currently support:
HSS matrix
Banded matrix

Block tridiagonal matrix

Ongoing future work:
SVD decomposition
Generalized eigenvalue solution

General graph sparse eigenvalue solution

Applications:
Matrix functions computations

Separable PDEs solution
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