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Question: Can one “learn” an unknown linear PDE from input-output data?

[Brunton, Proctor, & Kutz, 16], [Rudy, Brunton, Proctor, & Kutz, 17], [Schaeffer, 17], [Raissi, Perdikaris, & 
Karniadakis, 17], [Raissi, 18], [Han, Jentzen, and E, 2018], [Khoo, Lu, & Ying, 2018], [Fan, Feliu-Faba, Lin, Ying, 
Zepeda-Nunez, 2018], [Raissi, Perdikaris, & Karniadakis, 19], [Gin, Shea, Brunton, & Kutz, 21]

Small selection of practical work:

Introduction

Input-output data:  such that .{( fj, uj)}k+5
j=1 ℒuj = fj, uj |∂Ω = g

ℒ−1`` ’’fj uj

For theory, I’ll focus on self-adjoint 2nd-order elliptic PDEs with Dirichlet bcs.



3

Approaches for learning solution operator



3

Approaches for learning solution operator

 is unbounded so tricky to make learning preciseℒ : ℋ2(Ω) ∩ ℋ1
0(Ω) → L2(Ω)



3

Approaches for learning solution operator

fj
uj

Train NN

Approximate the solution operator

 is unbounded so tricky to make learning preciseℒ : ℋ2(Ω) ∩ ℋ1
0(Ω) → L2(Ω)



3

Approaches for learning solution operator

fj
uj

Train NN

Approximate the solution operator

Evaluate

Solution operator

 is unbounded so tricky to make learning preciseℒ : ℋ2(Ω) ∩ ℋ1
0(Ω) → L2(Ω)



3

Approaches for learning solution operator

fj
uj

Train NN

Approximate the solution operator

Evaluate

Solution operator

 is unbounded so tricky to make learning preciseℒ : ℋ2(Ω) ∩ ℋ1
0(Ω) → L2(Ω)



4

Main challenges



4

Main challenges



4

Main challenges



4

Main challenges



5

Green’s function



5

Green’s function

This is a Hilbert-Schmidt (HS) integral operator.

Equivalently, for a uniformly elliptic PDE, learn a Green’s function such that 

[Feliu-Faba, Fan, & Ying, 2019]

uj(x) = ∫Ω
G(x, y)fj(y)dy, x ∈ Ω, 1 ≤ j ≤ k + 5
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Green’s function

This is a Hilbert-Schmidt (HS) integral operator.

Equivalently, for a uniformly elliptic PDE, learn a Green’s function such that 

[Feliu-Faba, Fan, & Ying, 2019]

uj(x) = ∫Ω
G(x, y)fj(y)dy, x ∈ Ω, 1 ≤ j ≤ k + 5

u(0) = u(1) = 0

−∇2u = f

u(0) = u(1)

∇2u + k2u = f
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Final theoretical result

Self-adjoint elliptic PDEs in 1D, 2D, or 3D of the form: 

[Boullé & T., 2021]

Symmetric pos. def. matrix with bounded coefficients

Ω
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Randomized numerical linear algebra
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[Boullé & T., 2021]
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Generalization of the randomized SVD

[Boullé & T., 2021]

Prior knowledge about A helps:



Singular values of a function
Singular value expansion of a square-integrable function :G : Ω1 × Ω2 → ℝ

=

[Schmidt 1907], [Weyl 1912],  [Hammerstein 1923], [Smithies 1937]

G(x,y)

<latexit sha1_base64="8J75V5MMy7W3O94SIS8hDhPTKcg=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFqCAlkYouiy50WcFeoA1lMp20QycXZiZiCPFV3LhQxK0P4s63cZp2oa0/DHz85xzOmd+NOJPKsr6Nwsrq2vpGcbO0tb2zu2fuH7RlGAtCWyTkoei6WFLOAtpSTHHajQTFvstpx51cT+udByokC4N7lUTU8fEoYB4jWGlrYJZvqmnf9dBjdopySLKTgVmxalYutAz2HCowV3NgfvWHIYl9GijCsZQ924qUk2KhGOE0K/VjSSNMJnhEexoD7FPppPnxGTrWzhB5odAvUCh3f0+k2Jcy8V3d6WM1lou1qflfrRcr79JJWRDFigZktsiLOVIhmiaBhkxQoniiARPB9K2IjLHAROm8SjoEe/HLy9A+q9n12vldvdK4msdRhEM4girYcAENuIUmtIBAAs/wCm/Gk/FivBsfs9aCMZ8pwx8Znz8KA5O+</latexit>

means 
k = rankϵ(G)

∞

∑
j=k+1

σ2
j ≤ ϵ∥G∥L2(Ω1×Ω2)

∞

∑
j=k

σ2
j > ϵ∥G∥L2(Ω1×Ω2)

σ1 ≥ σ2 ≥ ⋯ > 0

10



Singular values of a function
Singular value expansion of a square-integrable function :G : Ω1 × Ω2 → ℝ

=

[Schmidt 1907], [Weyl 1912],  [Hammerstein 1923], [Smithies 1937]

G(x,y)

<latexit sha1_base64="8J75V5MMy7W3O94SIS8hDhPTKcg=">AAAB/HicbZDLSsNAFIZP6q3WW7RLN4NFqCAlkYouiy50WcFeoA1lMp20QycXZiZiCPFV3LhQxK0P4s63cZp2oa0/DHz85xzOmd+NOJPKsr6Nwsrq2vpGcbO0tb2zu2fuH7RlGAtCWyTkoei6WFLOAtpSTHHajQTFvstpx51cT+udByokC4N7lUTU8fEoYB4jWGlrYJZvqmnf9dBjdopySLKTgVmxalYutAz2HCowV3NgfvWHIYl9GijCsZQ924qUk2KhGOE0K/VjSSNMJnhEexoD7FPppPnxGTrWzhB5odAvUCh3f0+k2Jcy8V3d6WM1lou1qflfrRcr79JJWRDFigZktsiLOVIhmiaBhkxQoniiARPB9K2IjLHAROm8SjoEe/HLy9A+q9n12vldvdK4msdRhEM4girYcAENuIUmtIBAAs/wCm/Gk/FivBsfs9aCMZ8pwx8Znz8KA5O+</latexit>

means 
k = rankϵ(G)

∞

∑
j=k+1

σ2
j ≤ ϵ∥G∥L2(Ω1×Ω2)

∞

∑
j=k

σ2
j > ϵ∥G∥L2(Ω1×Ω2)

σ1 ≥ σ2 ≥ ⋯ > 0

10

ϵ = 10−15

cos(10(x2 + y)) + sin(10(x+ y2)) Ai(5(x+ y2))Ai(�5(x2 + y2)) 1/(1 + 100( 12 � x2 � y2)2)

58
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1
Also, see: [T. & Trefethen, 14], [Hashemi & Trefethen, 17], [Gorodetsky, Karaman, & Marzouk, 18]
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Randomized SVD for Green’s functions
[Boulle & T., 21]

We can learn kernel in a self-adjoint HS integral operator :f ↦ ∫Ω
G(x, y)f(y)dy

11

Input-output data

Zi(x) = ∫Ω
G(x, y)Yi(y)dy

2

Randomized SVD for HS operators:

Y =

Cols are drawn from 
Gaussian process GP(0,C)

Ω × (k + 5)1

Problem: 
Green’s functions typically do not 

have rapidly decaying singular values.

[Boullé & T., 2021]

Q = orth(Z)
orthonormal basis

for col(Z)

3

`` ”Gk = QQ*G



Smoothness implies low-rank
Suppose Xij = G(xi, yj), where G : [�1, 1]2 ! R is a continuous function.

<latexit sha1_base64="OeybpORfWNV6f0v+KGDl+qpW6do="></latexit>

[Reade, 83], [Little & Reade, 84], [Ibragimov & Rjasanow, 09], [Khoromskij, 10], [Trefethen, 13]

G(·, y) is ⌫-times di↵. with bounded variation: �k(G) = O(k�⌫)

<latexit sha1_base64="pm7x4fVsSH0psChOOJAAQ/zS4Q8="></latexit>

G(·, y) is bounded analytic in neighborhood of [�1, 1]: �k(G) = O(⇢�k)

<latexit sha1_base64="i4Zo5AYrn5+aGyWw/P5gtmMmncI="></latexit>

G(x, y) =
300X

j=1

e��((x�xj)
2+(y�yj)

2)

<latexit sha1_base64="OgetqlGDPatHPPePHw4keFOcG4s="></latexit>

Extensions to multivariate functions and tensors [Khoromskij, 10].
12
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Aside: Covariance quality factor
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Regularity of Green’s functions
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Green’s functions are low rank on separated blocks

One dimension Three dimensions

Rapidly decaying 
singular values

Very slow decaying 
singular values

Related approaches for matrices:
[Martinsson, 2008], [Lin, Lu, Ying, 2010], 

[Martinsson, 2016]
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Off-diagonal decay
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[Boullé & T., 2021]

PDE learning with a rigorous “learning rate”
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[Boullé & T., 2021]

PDE learning with a rigorous “learning rate”
Coming soon…
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Learning Green’s functions in practice
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Deep learning method
[Boullé, Earls, T., 2021]
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Learned Green’s function

ℒu = − (0.1)2 d2u
dx2

+ V(x)u, u(±3) = 0

Schrödinger equation, double well potential
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Advection-diffusion equation
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Recovering PDE properties from its Green’s function
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Recovering PDE properties from its Green’s function

Question for the audience: 
What PDE properties can we recover from a noisy /inaccurate Green’s function? 



Summary
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https://github.com/NBoulle/greenlearning


