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Abstract

We study restrictions on entire holomorphic curves on a compactifi-
cation of a quasi-projective manifold from the perspective of Carathéodory
hyperbolicity on the universal covering of the quasi-projective mani-
fold. This is then applied to study the hyperbolicity of the Baily-Borel
and Siu-Yau compactification of noncompact locally Hermitian sym-
metric spaces of finite volume and Deligne-Mumford compactification
of a moduli space of hyperbolic Riemann surfaces.

1 Introduction

A compactification of a Kobayashi hyperbolic complex manifold may not
be hyperbolic and hence may contain an entire holomorphic curve. The
first purpose of this article is to study the restriction of entire holomorphic
curves in a general setting, from the perspective of Carathéodory geometry.
We then apply the above result to obtain the Kobayashi hyperbolicity of
the Bailey-Borel compactification of some finite unramified covering of a
locally Hermitian symmetric space in the case of arithmetic quotients, the
Siu-Yau compactification in the case of non-arithmetic ones, as well as the
Deligne-Mumford compactification of a moduli space of hyperbolic compact
Riemann surfaces with some level structures.

First we recall some standard terminologies. A complex manifold X is
said to be Kobayashi hyperbolic if the Kobayashi metric is nondegenerate.
If X is compact, from the work of Brody [5], this is equivalent to Brody
hyperbolicity of X in the sense that X does not support any entire holo-
morphic curve coming from a non-constant holomorphic map f : C → X.
A complex manifold X is said to be strongly Carathéodory hyperbolic if it is
Carathéodory hyperbolic (i.e. the infinitesimal Carathéodory metric EC is
non-degenerate) and the Carathéodory distance function dC,X is complete
nondegenerate (see [42, §1.2]).
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A manifold M is said to support a tower of coverings {Mi}∞i=1 with
M1 = M if for each i, there is a finite unramified covering Mi+1 →Mi such
that the fundamental groups π1(Mi+1)/π1(M1) as normal subgroup of finite
index, and that ∩∞i=1π1(Mi) = {1}.

Theorem 1.1. Let M = M − D be either (I) a quasi-projective manifold

uniformized by a strongly Carathéodory hyperbolic manifold M̃ ; or (II) a
Carathéodory hyperbolic manifold equipped with a smooth bounded plurisub-
harmonic exhaustion function. Suppose M supports a tower of coverings
{Mi}∞i=1. Assume the following properties hold:

(i). There exists a complete Kähler-Einstein metric gKE on M̃ whose in-
duced length function E2

KE 6 c · E2
C for some constant c > 0.

(ii). For i > 0, Mi+1 → Mi extends to a finite ramified covering M i+1 →
M i between projective manifolds, where the boundary divisor Di =
M i −Mi is of simple normal crossings.

Then there exists i0 > 0 such that for i > i0, any nontrivial entire holomor-
phic curve f : C→M i has image f(C) ⊂ Di.

An iteration of Theorem 1.1 leads to the following result.

Theorem 1.2. Let M be a compact complex manifold which is stratified
and can be written as qmi=1Ni, where each Ni is a quasi-projective manifold
satisfying the condition that Nk+1 is a quasi-projective manifold and is a
component of the boundary of qki=1Ni for k = 1, . . . ,m. Assume that M
supports a tower of coverings {Mj} so that Mj = qmi=1Ni,j and {Ni,j}∞j=1 is
a covering of Ni for i = 1, . . . ,m. Moreover, Ni,j is a union of irreducible
components Nk

i,j for k = 1, . . . , Ni,j; and given each i′, j′ and 1 6 k′ 6

ni′,j′, N
k′
i′,j′ is a member of a tower of coverings {Pi,j}∞j=1 over Ni. Assume

furthermore that each Ni satisfies the conditions of Theorem 1.1. Then there
exists jo such that Mj is Kobayashi hyperbolic whenever j > jo.

We will apply Theorem 1.1 and Theorem 1.2 to noncompact Hermitian
locally symmetric spaces with finite volume MLS ; and moduli spaces of
hyperbolic compact Riemann surface of genus g with n punctures Mg,n .
In these cases, condition (i) in Theorem 1.1 is known to hold. For many
interesting examples of towers of coverings {Mi} supported by M = MLS

or Mg,n, condition (ii) also hold, see §6.

Corollary 1.3. Let M be Mg,n or MLS. Then for any tower of coverings
{Mi} supported by M so that condition (ii) in Theorem 1.1 holds, there
exists io such that for i > io, Mi = M i − Di is quasi-projective, where Di

is a divisor on M i with simple normal crossing, and moreover any entire
holomorphic curve f : C→M i has image f(C) ⊂ Di.

In the case of arithmetic Hermitian locally symmetric spaces of finite
volume with the full level structure coming from principal congruence sub-
groups, Corollary 1.3 was proved by Nadel in [25]. In the important special
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case of Siegel modular varieties, a lower bound of the explicit level io is ob-
tained also in [25], which is later improved in [30] using a different method.
In the situation of complex rank one cases, i.e. complex ball quotients of
finite volume, there are nonarithmetic lattices. These cases are also cov-
ered by the Corollary 1.3. The main results of this paper grows out of the
attempt to generalize the results of [25] to more general settings.

The motivation of Theorem 1.2 comes from an application to studying
Kobayashi hyperbolicity of certain canonical compactifications for MLS or
Mg,n. More precisely, we have

Theorem 1.4. Let M be MLS or Mg with their corresponding canonical
compactification M . Let {Mi}∞i=0 be a tower of coverings supported by M =
M0. Here:

(a). MLS is an arithmetic Hermitian locally symmetric manifold of finite
volume and complex dimension at least 2, MLS is the Baily-Borel-
Satake compactification of MLS, {Mi}∞i=0 comes from the full level
structure ; or

(b). MLS is a nonarithmetic complex ball quotient of finite volume and
complex dimension at least 2, MLS is the Siu-Yau compactification of
MLS, {Mi}∞i=0 is any tower of coverings ; or

(c). Mg is the moduli space (stack) of Riemann surfaces of genus g > 2;
Mg is the Deligne-Mumford compactification of Mg, {Mi}∞i=0 comes
from the full level structure.

Then there exists ko > 0 sufficiently large such that if k > ko, Mk is
Kobayashi hyperbolic.

Theorem 1.4 is interesting because of the following reason. It is well-
known that Mg and MLS are Kobayashi hyperbolic. It is however not true
that their compactifications are hyperbolic. Recall that Mg is actually the
moduli space of stable curves of genus g, cf. [11]. For example, it is known
that Mg is unirational for g 6 10. In particular, it contains rational curves
and is not hyperbolic. Hence without taking the level structure, the result is
not true. From another perspective, we recall the classical result of Tai [36]

and Mumford [21], which states that Akg and Mk
g are of general type for k

sufficiently large, where Akg is the Siegel moduli variety of level k. A natural
question arising from these facts is whether the compactifications in these
cases are Kobayashi hyperbolic after passing to some level structures, which
seems to be widely open from our knowledge. Theorem 1.4 gives affirmative
answer to the question. The question is also interesting from the point of
view of Lang conjecture and Vojta conjecture, which relates hyperbolicity
to Mordellic properties in diophantine approximation, cf. [37].
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2 Preliminary

2.1 Complex Finsler metric

We collect some properties of (complex) Finsler metric with special emphasis
on the nonsmooth case. The main references are [14, 39, 41].

Let X be a complex manifold. A real-valued nonnegative function E on
the holomorphic tangent bundle TX is said to be a pseudo-length function
if E satisfies the linearity condition E(p, α v) = |α|E(p, v) for every (p, v) ∈
TX with v 6= 0 and α ∈ C. If E > 0 for any nonzero v, then E is said
to be a length function. The (pseudo-)length function E is said to be a
Finsler (pseudo-)metric if it satisfies the subadditivity condition E(p, v +
v′) 6 E(p, v) + E(p, v′).

A Hermitian (pseudo-)metric h on TX induces a Finsler (pseudo-)metric
by setting Eh(x, v) :=

√
hx(v, v) for (x, v) ∈ TX. A Finsler (pseudo-)metric

does not necessary induce a Hermitian (pseudo-)metric. If dimX = 1, then
the two notions coincide. For instance, if h = hαβ̄dzα ⊗ dz̄β is C2, then
∂2E2

h
∂zα∂z̄β

= hαβ̄.

If E is a (pseudo-)Finsler metric on X and f : R→ X is a holomorphic
map from a Riemann surface, then f∗E2 defines a Hermitian (pseudo-)metric
on R. Thus if we write f∗E2 = λdz ⊗ dz̄, then λ ≥ 0 (> 0 if E is a
Finsler metric). Denote by K(E) the holomorphic sectional curvature of
E. If E = Eh comes from a Hermitian (pseudo)-metric h, then we also
denote K(Eh) = K(h). Assume E to be upper semicontinuous. By [41],
for v ∈ TpX, K(E)(v) is given by the (generalized) Gaussian curvature of a
locally immersed Riemann surface f : R → X that is tangent to v at p. If
we write f∗E2 = λdz ⊗ dz̄, then

K(E)(v) = −∆ log λ

λ
.

Here λ is nonnegative and upper semicontinuous. The Laplacian ∆λ = ∂2λ
∂z∂z̄

is interpreted in the sense of distribution. In general, if G,H are two upper-
semicontinuous complex Finsler metrics on X, then for the sum metric G+H
restricted to locally immersed Riemann surface,

− ∂∂ log(G+H) 6 − G

(G+H)2
∂∂ logG− H

(G+H)2
∂∂ logH, (1)

which can also be written as

K(G+H) 6
G2

(G+H)2
K(G) +

H2

(G+H)2
K(H),

see [41, Lemma 4.3], which is a direct generalization of the case of Hermitian
metrics as in [40].
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2.2 Metrics on quasi-projective manifolds uniformized by
strongly Carathéodory hyperbolic manifolds

Let M = M −D be a quasi-projective manifold uniformized by a strongly
Carathéodory hyperbolic manifold. We recall some related metrics discussed
in [42].

Let π : M̃ →M be the universal covering. By definition of Carathéodory
hyperbolic, the infinitesimal Carathéodory metric EC on M̃ , which a priori
is only a pseudo-length function, is nondegenerate. It is well-known that EC
is a continuous complex Finsler metric defined on the holomorphic tangent
bundle of M̃ and it descends to M .

For the quasi-projective manifold M = M − D, one may construct a
complete Kähler metric g of bounded geometry on M as follows. In a neigh-
bourhood U ∼= ∆n of D in M , denote by gP the Poincaré metric on ∆n

whose associated Kähler form is

ωP =

√
−1dz1 ∧ dz1

|z1|2(log |z1|2)2
+ · · ·+

√
−1dzk ∧ dzk

|zk|2(log |zk|2)2
+
√
−1dzk+1 ∧ dzk+1 + · · ·+

√
−1dzn ∧ dzn.

(2)

Note that on the normal direction to D, the holomorphic sectional curva-
ture of gP is asymptotic to the one near the puncture in a punctured disk
and hence is asymptotic to −2. The metric gP blows up near D in the nor-
mal direction but is bounded in the direction parallel to D. The Poincaré
type metric is obtained by patching up such metrics on a finite number of
such neighborhoods of D. We will use the notation g = gP to denote such
Poincaré type metric on M as well as its pullback via π to M̃ . It follows from
construction that the curvature of gP is uniformly bounded on M . Similarly,
the corresponding Kähler form and the infinitesimal length function induced
by gP will be denote by ωP and EP respectively. Thus if v ∈ TxM , then
EP (v) =

√
gP (v, v).

Now (M̃, g) is a complete Kähler manifold, which is Carathéodory hy-

perbolic. By [42], M̃ possesses the Bergman metric, which descends to a
smooth Hermitian metric gB on M . The inverse of Bergman kernel on the
universal covering M̃ of M defines a Hermitian metric for the canonical line
bundle on M̃ , which descends to a Hermitian metric ho on the canonical line
bundle KM of M . There exists some positive integer ` > 0 such that

h := h`/(1+`)
o (det g)−1/(1+`) (3)

defines a Hermitian metric for KM ([42, Proof of Theorem 0.6]). We put
together some properties for the pair (M,D) related to the metrics as follows:

Lemma 2.1. (a). h−1 is a singular Hermitian metric for K−1
M

, with pole
order at most 2 along D. Moreover, as a positive (1, 1)-current, Θ(KM , h) >
γωP for some constant γ > 0 on M .
(b). The Finsler metric EC has holomorphic sectional curvature KC :=
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K(EC) 6 −4 on M .
(c). KM +D is big on M .

Proof. (a) From [42, Proposition 2.4] and its proof, we know that centred at

any point x on the universal covering M̃ , there exists a geodesic ball of radius
c1 > 0 with respect to gP on M̃ so that the Bergman function k(x) 6 c2 for

some constant c2 > 0. It follows that h−1
o (x) 6 c2 det gP (x) on M̃ , where

the quantities on both sides descend to M since they are biholomorphic
invariants. Hence h−1

o 6 c2 det gP on M . We conclude that

h−1 6 c`/(1+`)
2 det gP .

Note that gP is the Poincaré metric on a polydisk neighbourhood U ∼= ∆n

of D. From the explicit formula of ωP on U ([42, Equation (9)]), the latter
has pole of order 2 along D. Alternatively, the estimates shows that h−1

o

has finite integral on M . Then the upper bound of the pole order follows
from Submean Value Inequality as shown in [44, Proposition 2.2].

(b) The fact that K(EC) 6 −4 on M follows for example from [33, 38].

(c) This follows from [42, Main Theorem].

3 Estimates from value distribution theory

Let us first recall some notations from value distribution theory. We re-
fer the readers to [25, 32, 34] for some basic settings and notations about
hyperbolicity from value distribution theory.

In the following, let g be a function on C, and η be either a function or
a (1,1)-form on C. On the disk of radius r centred at origin on C, we define

Ar(g) :=
1

2π

∫ 2π

0
g(reiθ)dθ,

Ir(η) :=

∫ r

0

dρ

ρ

∫
|z|<ρ

η.

Note that Ir(1) = O(r). If φ is a also a function on C, we have Ir(φη) ≤
Ir(φ) + Ir(η). In particular, if φ is bounded from above, then log Ir(φη) ≤
log Ir(η) + O(log r). If ξ = λdz ⊗ dz̄ is a (1, 1) tensor, we use the notation
Ir(ξ) := Ir(λ).

The following is well-known from Divergence Theorem or Jensen’s For-
mula, and Calculus Lemma.

Lemma 3.1. Suppose F is a bounded upper-semicontinuous function so that
∂∂ logF can be interpreted as a current on C. Then

Ir(∂∂ logF ) = O(log Ir(F )) +O(log r) ‖,
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where ‖ means that the equality holds outside a set of finite harmonic mea-
sure.

Proof.

Ir(∂∂ logF ) = Ar(logF ) +O(1) (Jensen’s Formula)

≤ logAr(F ) +O(1) (Concavity of log)

≤ c · log Ir(F ) +O(log r) ‖, (Calculus Lemma)

where c > 0 is a constant.

Note that the above estimate still hold if one replace F by a sum of a
bounded plurisubharmonic function and smooth ones.

We are going to deduce the following:

Proposition 3.2. Let M be with assumptions as in Theorem 1.1. Let M1 :=
M1−D1 →M be a finite unramified covering, where M1 is quasi-projective
with projective compactification M1 ⊃ M1 so that D1 ⊂ M1 is a divisor of
simple normal crossings. Suppose KM1

+ (1− δ)D1 is big for δ > c
4 , where

c is the constant in the condition (i) of Theorem 1.1. Then there exist no
entire holomorphic curve f : C→M1 with f(C) 6⊂ D1.

Remark. In fact if M is a quasi-projective manifold and M1 →M is finite
unramified covering, then M1 is automatically a quasi-projective manifold.
See Lemma 4.1.

In the rest of the section, assume f : C → M1 is an entire holomorphic
curve such that f(C) 6⊂ D1. For the proof of Proposition 3.2, we are going
to obtain a contradiction step-by-step.

I

Denote by H a very ample line bundle on M1. Replace f by f ◦exp if neces-
sary, we may suppose there is s ∈ H0(M1, H) such that f∗s is nontrivial and
has infinitely many zeros on C. Denote by Zero(t) the current associated to
the zero divisor of a holomorphic section t of a holomorphic line bundle. By
Poincaré-Lelong formula,

Zero(f∗s) =
i

2π
f∗ΘH +

i

2π
∂∂ log |f∗s|2.

Because M1 is compact, |s|2 is bounded so that by Jensen’s Formula,

Ir(∂∂ log |f∗s|2) = Ar(log |f∗s|2) +O(1) = O(1),

which implies

Ir(f∗ΘH) = Ir(Zero(f∗s)) +O(1) ≥ O(r), (4)

since f∗s has infinitely many zeros on C.
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II

Let hD1 be a smooth Hermitian metric on the line bundle defined by D1.
Let tD1 be a (local) holomorphic section of the divisor line bundle whose
zero locus is D1, so that |tD1 |2hD1

:= |tD1 |2hD1 is smooth on M1. In the

following we let go to denote a smooth metric on M1.
Equip KM1

and D1 with the Hermitian metrics det g−1
o and hD1 respec-

tively. Since KM1
+ (1 − δ)D1 is big, from the trick of Kodaira, we know

that
l(KM1

+ (1− δ)D1)−H =: E

is effective for some l sufficiently large. Denote by ΘH and ΘE the curvatures
of H and E with respect to some smooth Hermitian metrics respectively.
As E is effective, Ir(f∗ΘE) > 0. So

Ir(f∗(ΘH)) 6 l · Ir(f∗(ΘKM1
+(1−δ)D1

)) + o(Ir(f∗(ΘH))) ‖. (5)

III

Since M1 → M is finite unramified covering, we may also take M̃ → M1

as the universal covering. By assumption, there exists a complete Kähler-
Einstein metric gKE on M̃ such that the corresponding length functions
E2
KE 6 c · E2

C on M̃ (note that gKE(v, v) = E2
KE(v)). It follows from

the Yau’s Schwarz Lemma for volume forms [43, Theorem 3] that gKE is

invariant under Aut(M̃), so that gKE descends to M1. Note that EC is also

invariant under Aut(M̃), so it also descends to M1. We will use the same
notations for the descent of these metrics and length functions on M1. In
particular, the estimate E2

KE 6 c · E2
C holds on M1.

We may assume that
RicgKE = −gKE

after normalization.
Let gP be the Poincaré type metric on M1 with Kähler form obtained

by extending (2). By Royden’s Schwarz Lemma [31], there exists a constant
c′ > 0 such that gKE 6 c′gP on M1. For gP on M1, since det gP has pole
along D1 = {z1 · · · zk} = Zero(tD1) of order ≤ 2, gKE has pole of order at
most 2 along D1. From completeness of gKE , it is easy to see that such
order has to be precisely 2. So by the compactness of M1,

det go
|tD1 |2hD1

det gKE
6 c′′ on M1

for some constant c′′ > 0. Apply f∗ and then Ir to above, we get by Lemma
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3.1

(∗1) : Ir(∂∂ log f∗
det go

|tD1 |2hD1
det gKE

)

= O(log Ir(f∗
det go

|tD1 |2hD1
det gKE

)) +O(log r) ‖

= O(log r) ‖.

On the other hand, write det go
|tD1
|2 det gKE

= det go
|tD1
|2(1−δ) ·

|tD1
|−2δ

det gKE
. We get

i∂∂ log
det go

|tD1 |2 det gKE
= i∂∂ log det go + (1− δ)(−i∂∂ log |tD1 |2)

+ δ(−i∂∂ log |tD1 |2)− i∂∂ log det gKE .

For simplicity, we take the following notations:

ΘD1 := Θ(D1, hD1) = −i∂∂ log |tD1 |2,
ΘgKE := Θ(KM1

,det g−1
KE) = −i∂∂ log det g−1

KE =: ωKE ,

ΘKM1
+(1−δ)D1

:= Θ
(
KM1

+ (1− δ)D1, det g−1
o ⊗ (1− δ)hD1

)
= −i∂∂ log det g−1

o + (1− δ)(−i∂∂ log |tD1 |2).

Then

(∗2) : Ir(∂∂ log f∗
det go

|tD1 |2 det gKE
)

= Ir(f∗ΘKM1
+(1−δ)D1

) + δIr(f∗ΘD1)− Ir(ωKE) +O(1).

For any holomorphic tangent vectors u, v on M1,

gKE(u, v̄) = −RicgKE (u, v̄) = i∂∂ log det gKE(u, v̄) = ωKE(u, v̄).

Thus it follows from E2
KE ≤ c · E2

C that Ir(f∗ωKE) ≤ c Ir(f∗E2
C).

Combining (∗1) and (∗2), we get

Ir(f∗ΘKM1
+(1−δ)D1

) = Ir(f∗ωKE)− δIr(f∗ΘD1) +O(log r) ‖

6 c Ir(f∗E2
C)− δIr(f∗ΘD1) +O(log r) ‖.(6)

IV

Consider now the Finsler metric EC |tD1 |hD1
. Note that

∂∂ log
(
f∗(E2

C |tD1 |2hD1
)
)

= −f∗ΘC − f∗ΘD1

> 4f∗E2
C − f∗ΘD1 on C− f−1(D1). (7)
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Lemma 2.1(b) implies that E2
C |tD1 |2hD1

6 co on M1 for some constant co > 0

by considering the pole order involved. It is then extended to M1 and is
bounded above on M1 by the compactness of M1. Hence the above estimate
(7) holds as a current on C. Applying the operator Ir to the above estimate,
it follows that

Ir
[
∂∂ log

(
f∗(E2

C |tD1 |2hD1
)
)]
> 4 · Ir

(
f∗E2

C

)
− Ir (f∗ΘD1) .

Apply Lemma 3.1 to LHS in above, we get

Ir
[
∂∂ log

(
f∗(E2

C |tD1 |2hD1
)
)]

= O(log Ir

(
f∗(E2

C |tD1 |2hD1
)
)

+O(log r) ‖

= O(log r) ‖.

It follows that

Ir
(
f∗E2

C

)
≤ 1

4
Ir(f∗ΘD1) +O(log r) ‖. (8)

V

Finally,

Ir(f∗ΘH) ≤ l · Ir(f∗ΘKM1
+(1−δ)D1

) + o(Ir(f∗(ΘH))) ‖ (from (5))

≤ l · [c · Ir(f∗EC)− δIr(f∗ΘD1)] +O(log r) + o(Ir(f∗ΘH)) ‖
(from (6))

≤ l ·
[
(
1

4
c− δ)Ir(f∗ΘD1)

]
+O(log r) + o(Ir(f∗ΘH)) ‖

(from (8))

Suppose δ > c
4 , we get

Ir(f∗ΘH) ≤ O(log r) + o(Ir(f∗ΘH)) ‖,

which is a contradiction to (4), unless f(C) ⊂ D1.

4 Finite unramified coverings and extensions

4.1 Finite ramified covering

We are going to recall some terminologies and properties related to finite
ramified covering, which can be found for instance in [7, 18].

Let X be a complex manifold and Y be a normal complex analytic space.
Let π : Y → X be a generically finite proper holomorphic surjective map.
It means that possibly dim(π−1(x)) > 0 for some x ∈ X. Moreover,

(i). A0 := {x ∈ X : dim(π−1(x)) > 0} ⊂ A ⊂ X, where A is analytic and
π−1(A) ⊂ Y is nowhere dense; and
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(ii). π0 = π|Y−π−1(A) : Y0 = Y − π−1(A) → X0 = X − A, is locally
biholomorphic.

It follows that π0 : Y0 → X0 is a finite ramified covering. Here the analytic
subset A ⊂ X containing A0 is not necessarily the minimal one. Let

R0 := {p ∈ Y0 : π0 is not biholomorphic in any neighbourhood of p};
B0 := π(R0)

Then R0 and B0 are called the ramification locus and the branched locus of
π0 respectively. It follows that

π0 : Y0 − π−1
0 (B0)→ X0 −B0

is a finite unramified covering of some fixed degree k0 ≥ 1. For any q ∈ X0,
the cardinality |π−1

0 (q)| ≤ k0, where the equality holds if q 6∈ B0. Moreover,
there exists a neighbourhood W 3 q in X0 such that π−1(W ) is a union
of connected components S1, . . . , Sα, so that each Sj contains exactly one
element pj ∈ π−1(q). Then for j = 1, . . . , α, π0|Sj : Sj → W is a finite
ramified covering.

Let q ∈ B0 − Sing(B0). Then π−1(q) ⊂ Y0 − Sing(Y0). By the Purity
of Ramification Locus, both R0 ⊂ Y0 and B0 ⊂ X0 are of codimension
1. The neighbourhood W 3 q in X0 can be chosen with local coordinates
(w1, . . . , wn) so that q is the origin in W and B0 ∩W = {w1 = 0}. If U ⊂
π−1(W ) is a connected component containing the unique point p ∈ π−1(q),
then we may choose local coordinates (z1, . . . , zn) so that p is the origin and

π0|U : U → W

(z1, . . . , zn) 7→(w1, . . . , wn) = (zrU1 , z2, . . . , zn), (9)

where rU is a positive integer which remains constant over U−π−1
0 (Sing(B0)).

It is usually called the ramification index of π0 at U . Note that p ∈ R0 if
and only if rU ≥ 2. In case rU = 1, we say that π0 is unramified at U .

For any irreducible component C ⊂ R0, π0(C) ⊂ B0 is also an irreducible
component. The ramification index of π0 at C−π−1(Sing(B0)) is a constant
depending on C. Let q ∈ B0, p ∈ π−1

0 (q). Suppose B0 is of simple normal
crossing at p, q is a smooth point of X0 at which π−1

0 (B0) is also of simple
normal crossing. Then we can find similar local coordinates and neighbour-
hood descriptions W 3 q, π−1

0 (W ) ⊃ U 3 p as in previous paragraph, so
that B0 ∩W = {w1 · · ·wk = 0}, π−1

0 (B0) ∩ U = {z1 · · · zk = 0}; and

π0|U : U → W

(z1, . . . , zn) 7→(w1, . . . , wn) = (zr11 , . . . , z
rk
k , zk+1, . . . , zn), (10)

where rj is the ramification index of the irreducible component Cj of π−1(B0)
so that Cj ∩ U = {zj = 0}. For a proof of the above statements, see [18,
Theorem 1.1.14].

11
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4.2 Extending coverings of quasi-projective manifolds

We recall the following possibly well-known statement:

Proposition 4.1. Let M be a complex quasi-projective manifold, X ⊃ M
be its nonsingular projective compactification. Let p : N → M be a finite
unramified holomorphic covering. Then:

1). N is also a quasi-projective manifold;

2). there is a projective manifold compactification Y ⊃ N and a generically
finite proper holomorphic map π : Y → X such that π|N ≡ p; and

3). π ramifies over D = X −M ; if D is a divisor of simple normal cross-
ings, then the preimage π−1(D) ⊂ Y is also a divisor of simple normal
crossings.

Since we are unable to find a reference of the proof of Proposition 4.1,
we give a short proof of it:

Proof. For terminologies from algebraic geometry to be used in the following,
we refer to the standard texts such as [12, 49].

Since p : N →M = X−D is a finite unramified covering, by generalized
Riemann existence theorem [8] (c.f. also [49, p. 224] and [12, Theorem 3.2
Appendix B]), N is also nonsingular algebraic. By Nagata’s Compactifi-
cation Theorem [26, 27], there exists a normal projective variety Y ′ and a
rational (possibly ramified) covering F : Y ′ 99K X such that N ↪→ Y ′ as an
open immersion. These fit into the following commutative diagram:

N Y ′

X −D = M X

p F

Identify N with its image in Y ′. Note that Sing(Y ′) ⊂ Y ′ − N . Apply
Hironaka’s Resolution of Singularity to Y ′ − N , there exists a complete
nonsingular (i.e. compact) projective variety Y which is birational to Y ′, so
that the indeterminacy of F can be resolved to obtain a morphism Y

π−→ X.
The inverse of the birational map Y 99K Y ′ is an identity on N . We have
therefore N ⊂ Y . Moreover, we can make sure Y − N = π−1(D) is also a
divisor of simple normal crossings in the process of successive blow-ups. We
obtain the following commutative diagram:

N Y

X −D = M X

p π

It is now clear that π|N = p. Since Y is complete and X is projective, the
morphism π is proper.

12
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Remark. By the extension theorem of Grauert-Remmert [8], we know that

the unramified covering N
p−→M extends to some unique (up to isomorphism

of coverings) holomorphic ramified covering Y ′
p′−→ X where Y ′ is a normal

projective variety (cf. [7, Theorem 3.4-5, p.196-7]). When p is finite, p′ is
also finite (see also [9, Theorem 5.4, p. 340]). In general Y ′ is not smooth.

For our purpose, we will consider the situation that the extension π :
Y → X is a finite ramified covering, i.e. the bad locus A0 = ∅.

4.3 Tower of coverings and extensions

Here we recall the setting of tower of coverings, which is well-known and
can be found for instance in [47] (see also [20]). Let M = M0 be an n-
dimensional complex manifold supporting a tower of coverings {Mi}∞i=0. It
means that for each i, there is a finite unramified covering Mi+1 →Mi such
that the fundamental groups π1(Mi+1) / π1(Mi) as proper normal subgroup
of finite index, and that ∩∞i=0π1(Mi) = {1}.

In the rest of the section, suppose M = M − D is a quasi-projective
manifold as in the assumption of Theorem 1.1. By Proposition 4.1, for
every i, Mi is also a quasi-projective manifold and each finite unramified
covering Mi+1 →Mi is extended to a generically finite holomorphic covering
ηi : M i+1 →M i, so that the simple normal crossing boundary divisor Di ⊂
M i lifts to the simple normal crossing boundary divisor Di+1 = η−1

i (Di).
Assume the following holds:

(]): For i = 0, 1, . . . , the extension ηi : M i+1 → M i is a finite
ramified covering.

Write R′i+1 ⊂M i+1 and B′i ⊂M i as the ramification locus and respectively
the branch locus of ηi. Our assumptions implies for i = 0, 1, . . . ,

B′i ⊂ Di and R′i+1 ⊂ η−1
i (B′i) ⊂ η−1

i (Di) = Di+1.

By successive compositions, we obtain a finite unramified covering pi : Mi →
M which is extended to a finite ramified covering

πi : M i −→M,

Di = π−1(D) snc divisor in M i,

M i = Mi ∪Di, M = M ∪D.

In particular, πi has no positive dimensional fibres. With respect to πi, we
have branch locus Bi ⊂ D and ramification locus Ri ⊂ Di.

Lemma 4.2. Let Roi ⊂ Ri be an irreducible component and the ramification
index of πi at Roi is ro. Then KM i

|Roi = π∗KM |Roi + (ro − 1)Roi

Proof. Using (9), it suffices to note that dw1∧· · ·∧dwn = zro−1
1 dz1∧· · ·∧dzn

at smooth points. Since the singularities are of codimension 2, the desired
formula then also hold by extension.

13
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Next note that πi+1 = πi ◦ ηi. If q ∈ B − Sing(B), p ∈ π−1(q), p′ =
ηi+1(p), then the local coordinates descriptions for the pairs πi+1(p) = q
and πi(p

′) = q are given respectively by

πi+1 : (u1, u2, . . . , un) 7→ (w1, . . . , wn) = (u
ri+1

1 , u2, . . . , un),

πi : (v1, v2, . . . , vn) 7→ (w1, . . . , wn) = (vri1 , v2, . . . , vn),

where the corresponding ramification indices divide, viz. ri+1|ri. This im-
plies that for i = 0, 1, . . . ,

Bi ⊂ Bi+1 ⊂ D =: D0 and Ri+1 = η−1
i (Ri) ∪R′i+1 ⊂ Di+1. (11)

For each i, write ramification divisor Ri = R1
i ∪ · · · ∪ R

s(i)
i . Note that for

1 6 k 6 s(i), πi(R
k
i ) is an irreducible component of Bi. Let rki denotes the

ramification index of πi at Rki .
In the following, we show that under the condition (]), the ramification

indices of the tower {M i} must grow to infinity.

Lemma 4.3. Let no > 0 be an integer. Let {Rkii } be any infinite sequence

of components Rkii of Ri ⊂ Di = M i−Mi for i = 1, 2, . . . . Then there exists

io such that for i > io, the ramification index of πi at Rkii is greater than
no.

Proof. Suppose otherwise, then there exists i0 > 0 such for i > io, the
branching order along Rkii stabilizes. Consider a sufficiently small disk Dkii
normal to Rkii on M i and intersecting the compactifying divisor Di only

once. Then ∆∗i := Dkii ∩Mi is a punctured disk in M i. The restriction of
the Poincaré-type metric on Mi to ∆∗i is just the usual Poincaré metric g∆∗i
on punctured disk ∆∗i . Consider (∆∗i , g∆∗i

). Note that π1(∆∗i )
∼= Z. For

z ∈ ∆∗i , let γz be a homotopically non-trivial loop based at z ∈ ∆∗i . Denote
by `(γz, g) the length of γz with respect to g. From the explicit form of g∆∗i
on ∆∗i , we know that `(γz, g∆∗i

)→ 0 as z → 0.

Let pi : M̃ → Mi be the universal covering of Mi for any given i. By
assumption, M̃ possesses the Carathéodory metric gC which descends to
Mi, which we still denote by the same notation. Apply Ahlfors-Schwarz
Lemma to (∆∗i , dg∆i

) ↪→ (Mi, dgC ), we know that `(γz, gC) ≤ `(γz, g∆∗i
)→ 0

as z → 0. Applying Ahlfors-Schwarz Lemma to (∆∗i , dg∆i
) ↪→ (Mi, dgP ),

where gP is the Poincaré metric on a neighborhood of the boundary divisor
Di, we conclude that `(γz, gP ) → 0 as z → 0 as well. As in [42], we denote
by gi be a fixed Poincaré metric on Mi and the corresponding injectivity
radius is denote by ri. Note that near the boundary Di, gi is equivalent to
gP , so `(γz, gi)→ 0 as z → 0 on ∆∗i .

Claim. Let i > io be a fixed integer. Then ri(z)→ 0 as z → 0 on ∆∗i .

Proof. We may choose γz to be the Euclidean circle of radius |z| beginning
and ending at z. Then the loop γz is parametrized by t ∈ [0, 2π] in terms

14
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of the polar angle. Let σt be a shortest geodesic on Mi with respect to the
metric gi joining z to γz(t). Suppose there is a point γz(t1), t1 ∈ [0, 2π],
for which there exists two distinct shortest geodesic joining z and γz(t1), it
means that γz(t1) lies outside the geodesic disk of radius rz from definition
and hence ri(z) 6 1

2`(γz, gi) and we are done, as `(γz, gi)→ 0 when z → 0.
Hence we may assume that σt is unique for t ∈ [0, 2π]. Furthermore, as gi is
complete, we may assume that all σt lies in a small Euclidean neighborhood
U of the point {w} = Di∩∆∗i , where ∆∗io is the closure of ∆∗i with respect to

the usual topology on M io . w is just the center of ∆∗i and U can be taken as
∆i×∆n−1

a for some small a > 0, with U ∩Mi = ∆∗i ×∆n−1
a . The projection

of σt to the first factor of U gives rise to a smooth curve σ′t joining γz(t) to z
on ∆∗i . This however implies that we can contract γz to the point z along σ′t
for t ∈ [0, 2π], contradicting that γz is homotopically non-trivial. The claim
is proved. �

Continuation of the proof of Lemma 4.3: Let ηi,io : M i → M io be the
covering map given by successive composition of ηj ’s in (]). For i > io, ηi,io
is unramified along the component Rkii of the compactifying divisor of Di ⊂
Mi. Let bi be a generic point on Rkii . From our setting, ηi,io is an unramified
mapping on a neighborhood Ui of bi on M i, denoted still by ηi,io : Ui → Vi,
where Vi = ηi,io(Ui) is a neighborhood of a point ηi,io(bi) = bio ∈ M io cor-

responding to the origin of Dkioio . By taking z ∈ Vi sufficiently close to bio ,

we may take loops γz to lie in Vi. As ηi,io : Ui → Vi ⊂ M io is unramified
covering of degree 1 and hence a biholomorphism in the neighborhoods in-
volved, the loops γz lifts by ηi,io to geodesic curve γ̃zi of the same g-length
on Ui. Note that as ηi,io is unramified of degree 1, the Poincaré metric gio
on M io lifts to a Poincaré type metric on M i. We denote the metric simply
by g. The Claim implies that the injectivity radius rgi (zi) ≤ `(γ̃zi , g)→ 0 as
zi → bi. By definition, rgi = infzi∈Mi r

g
i (zi) = 0. In a neighbourhood in Mi

of the infinity bi, any two Poincaré type metric are equivalent. So rgii = 0
for any Poincaré type metric gi on Mi. The above argument holds for all
i > io. This implies that limi→∞ r

gi
i = 0, where gi can be any Poincaré type

metric on Mi. This contradicts [42, Proposition 2.3].

Under the assumptions in Theorem 1.1, M̃ has a Kähler-Einstein metric
gKE which descends to Mi for any i. Let rKEi (z) be the injectivity radius
with respect to gKE at z ∈Mi. We also have:

Corollary 4.4. Under the assumption in Theorem 1.1: as z → 0 on ∆∗i ⊂
Mi, both ri(z)→ 0 and rKEi (z)→ 0 for any i > io

Proof. It suffices to consider gKE . By the assumption in Theorem 1.1(i),
there exists some C > 0 such that `(γz, gKE) ≤ C · `(γz, gC)→ 0 as z → 0.
The rest is similar to the proof of the claim in Lemma 4.3.
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5 Proof of Theorem 1.1

We explore some conditions for which Proposition 3.2 or its proof can be
applied.

Theorem 5.1. Let M be with the assumptions as in Theorem 1.1. Assume
furthermore that either
(a). M is of general type; or
(b). KM + (1− ε)D is big for some ε > 0.
Then for i sufficiently large, any entire holomorphic curve f : C→ M i has
image f(C) ⊂ Di, which is the compactifying divisor of Mi.

Proof. By Proposition 3.2, if suffices to show that KM i
+(1− δ)Di is big for

δ > c
4 whenever i is sufficiently large. We will use the notations and results

from §4.2.
For any i > 0, let π : M i → M be the extension of the successive

composition of covering maps Mi → · · · →M0 = M . Note that π is a finite
covering whose branch locus is contained in D = M\M . By Lemma 4.2,
KM i

= π∗KM +
∑

ki
(rkii − 1)Rkii , where Rkii is an irreducible component of

the ramification divisor Ri ⊂ Di = M i\Mi and rkii is the ramification index

of π at Rkii . For components of Dki
i ⊂ Di at which π is unramified, we let

the ramification index to be rkii = 1. So we have

KM i
= π∗KM +

∑
ki

(rkii − 1)Dki
i

⇒ KM i
+ (1− δ)Di = π∗KM +

∑
ki

(rkii − δ)D
ki
i

=: π∗KM +G,

where Di = ∪kiD
ki
i , rkii > 1 and G :=

∑
ki

(rkii − δ)D
ki
i . By Lemma 4.3, rkii

gets arbitrary large for i sufficiently large. In particular, there exists io such
that for all i > io, we have mini r

ki
i > δ > c

4 . So for i > io, the divisor G is
always effective. Given λ > 0, by choosing i sufficiently large, we may even
suppose that G− λDi is effective .

Recall that by a lemma of Kodaira in [15], a divisor is big if and only if
it can be written as the sum of an ample divisor and an effective divisor.

(a). Suppose M is of general type, then KM is big, and so is π∗KM .
Thus π∗KM = A + E for some ample divisor A and effective divisor E on
M i. This implies that

KM i
+ (1− δ)Di = A+ E +G.

Hence KM i
+ (1− δ)Di is big.

(b). Suppose KM + (1 − ε)D is big. If ε > 1, then KM is big and we
may just apply (a) above. For 0 < ε < 1,

π∗KM + (1− ε)Di = π∗(KM + (1− ε)D) = A+ E,
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Carathéodory Hyperbolicity

where A is ample and E is effective. So

KM i
+ (1− δ)Di = π∗KM +G

= π∗KM + (1− ε)Di − (1− ε)Di +G

= A+ E +G− (1− ε)Di,

which is a sum of ample divisor and an effective divisor (provided i is suffi-
ciently large). Hence KM i

+ (1− δ)Di is big.

Proof of Theorem 1.1

Proof. The only difference of Theorem 1.1 and Theorem 5.1 is that neither
of the assumptions in Theorem 5.1 may be applied. In general, we only
know that (M,D) and (M i, Di) are of log-general type. For this reason, we
have to modify our argument.

Let F be a very ample line bundle on M instead of M i. Recall the proof
of[42, Theorem 0.6]. The argument there shows that there exists positive
integer q sufficiently large such that

qKM + (q − 1)D = q(KM + (1− 1

q
)D) is effective.

Fix such q and F . Consider now a sufficiently large i and the finite ramified
covering π : M i → M as in the proof of Theorem 5.1. In the proof of
Proposition 3.2, replace H by π∗F throughout the argument.

Similarly, assume to the contrary that there exists an entire holomorphic
curve f : C → M i, meeting Di but is not contained in Di. From construc-
tion, π ◦ f is an entire holomorphic curve on M . The proof of Proposition
3.2 allows us to conclude that Ir(f∗(π∗F )) = 0. This is again a contradic-
tion.

Proof of Theorem 1.2

Proof. Assume that Mj is not Kobayashi hyperbolic. The from the work of
Brody [5], M is not Brody hyperbolic in the sense that there is a non-trivial
entire holomorphic curve f : C→Mj . Applying Theorem 1.1 for k > ko, the
image f(C) ⊂ ∪mk=2Mk,j . Apply the same argument to M2,j , we conclude
that f(C) ⊂ ∪mk=3Mk,j for j sufficiently large. By Induction, we see that
eventually f(C) is trivial and hence f does not exist.

6 Applications

In this section, we will apply Theorem 1.1 and Theorem 1.2 to Hermitian
locally symmetric space of finite volume MLS and moduli space of hyper-
bolic compact Riemann surface of genus g with n punctures Mg,n. We also
write Mg = Mg,0. For their basic properties, we refer readers to standard
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texts, such as [3, 10, 23] for MLS and [2, 11] for Mg,n. Denote by M either

MLS or Mg,n with universal covering M̃ . We going to describe some of their
properties as follows.

6.1 Basic structure

For M = MLS , it is well-known that M̃ can be realized as a bounded sym-
metric domain by a result of Harish-Chandra. For M = Mg,n, M̃ is the
Teichmüller space Tg,n of Riemann surfaces of genus g with n punctures,
which is a bounded domain by Bers Embedding Theorem [4]. For both

cases, the universal covering M̃ of M is a bounded HHN/uniform squeez-
ing domain, whose properties may be found for instance in [16, 46]. As a

bounded HHN/uniform squeezing domain, M̃ is a bounded strictly pseudo-

convex domain, which implies that M̃ is strongly Carathéodory hyperbolic
[48] and by [22] that there exists a complete Kähler-Einstein metric gKE of

negative Ricci curvature on M̃ . The Carathédory metric on M̃ is equivalent
to gKE . Write M̃ = Ω b Cn. We have M = Γ\Ω for some discrete group
Γ so that M is not necessarily smooth in general. We are interested in the
case that M = Γ\Ω is smooth noncompact with finite volume. It is known
that M has a natural structure as quasi-projective variety. There exists
canonical compactification M ⊃M which is a smooth projective variety so
that M −M is a divisor of normal crossings. The specific choices of the
compactifications are as follows.

6.2 Canonical compactifications

For M = MLS , Γ is a torsion-free discrete subgroup of the group of bi-
holomorphisms Aut(Ω),Ω ∼= G/K, so that Γ\Ω is of finite volume. Here
G is a noncompact semisimple Lie group and K ≤ G is a maximal com-
pact subgroup. From Margulis [19], Hermitian locally symmetric spaces of
real rank at least 2 is arithmetic. The only situation in which a nonarith-
metic Hermitian locally symmetric space M exists is when Ω has a factor
of complex unit ball Bn which forms a quotient by a nonarithmetic lattice
Γ ≤ PU(n, 1) for some positive integer n. We consider only n > 2. Suppose
Γ\Ω is noncompact and without loss of generality that Ω is irreducible.

It is well-known that arithmetic Hermitian locally symmetric spaces M
admit the Bailey-Borel-Satake compactification M

∗
, which is highly singu-

lar. We also need a smooth compactification, for which we take M to be
the Mumford compactification, which is a smooth toroidal compactification.
If M = Γ\Bn is nonarithmetic, it is of finite volume with respect to the
canonical metric induced by the Bergman metric on Bn. A geometric com-
pactification M

∗
of M is obtained by adding a finite number of points, called

cusps, by Siu-Yau in [35]. A desingularization M of M∗ is given by Mok [24]
after replacing each cusp with a codimension one abelian variety, in a way
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similar to a toroidal compactification in the case of arithmetic complex ball
quotient. For simplicity, we will just call M a smooth toroidal compactifi-
cation of M in both situations of Γ.

When M = Mg,n, Γ is the mapping class group Modg,n. It is possible to
write Mg,n = X/K for some smooth variety X and a finite group K. So in
general Mg,n has torsion singularities. By introducing some level structures
with respect to certain finite group G, one obtains a finite Galois covering
M ′ → M = Mg,n so that M ′ is nonsingular. Take the Deligne-Mumford
Compactification Mg,n ⊃ Mg,n, cf. [2, 13]. By a standard procedure such
as that in Proposition 4.1, M ′ is also quasi-projective with some projective
compactification M

′ → Mg,n. For our purpose, we are going to replace M
by M ′ without loss of generality.

6.3 Tower of coverings and their infinities

Definition 6.1. A tower of coverings {Mi} supported on M satisfying the
extension condition (ii) in Theorem 1.1 is said to be locally regularly ramified
at infinities.

In other words, {Mi} is locally regularly ramified at infinities when the
condition (]) is satisfied by M i+1 →M i for i sufficiently large.

There are many examples of tower of coverings supported by M . Note
that M supports a tower of covering if and only if Γ := π1(M) is residu-
ally finite, i.e., there is a series of normal subgroups Γi . Γi+1 with Γ0 = Γ,
such that ∩∞i=0Γi = {e}. By Mumford [20], if a tower of coverings of quasi-
projective varieties with normal crossing infinities is locally universally ram-
ified at infinities, then it is also locally regularly ramified at infinities. We
will focus on the case of tower of coverings that are locally regularly ramified
at infinities.

6.3.1 Tower of coverings supported on MLS

A Hermitian locally symmetric space M = MLS of finite volume is uni-
formized by a bounded symmetric domain Ω. We have Ω = G/K where G
is a semisimple Lie group and K is a maximal compact subgroup. Moreover,
G is a linear algebraic group and so is the lattice Γ ≤ G. If Γ\Ω is compact,
then Γ is finitely generated. By Malcev’s Theorem, Γ is residually finite.
Hence in the special situation that Γ\Ω is compact Hermitian locally sym-
metric space, tower of coverings of M always exists. Our main interest lie in
the case where MLS is noncompact, since it corresponds to the majority of
the moduli spaces in the form of MLS . In general, any possibility nonarith-
metic irreducible lattice Γ ≤ Aut0(Ω) = G is finitely generated [29, Chapter
13]. It therefore also follows form Malcev’s Theorem that Γ is residually
finite, so that a corresponding tower of covering {Mm} supported by M
always exists.
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Full level structure on MLS

Let Γ be an arithmetic lattice. Then Γ = G (Z) of some algebraic group G .
A level m subgroup Γ(m) / Γ is given by Γ(m) := Ker(G (Z)→ G (Z/mZ)),
which is usually called a principal congruence subgroup. Then Mm :=
Γ(m)\Ω → M0 = Γ\Ω is a finite unramified covering. We say that Mm

or Γ(m) is a full level m structure (over M). Let Mm be a smooth toroidal
compactification of Mm. By [20, p.271-272], {Mm}∞m=0 is locally universally
ramified at infinities, hence it is locally regularly ramified at infinities.

Towers of coverings over ball quotients

Lemma 6.2. Let M = Γ\Bn be a complex unit ball quotient of finite volume.
Let {Mi}∞i=0 be any tower of coverings supported on M = M0. For i > 0,
let Mi ⊃ Mi be the smooth toroidal compactification obtained by adding
finitely many abelian varieties. Then {Mi}∞i=0 is locally regularly ramified at
infinities.

Proof. When the lattice Γ is arithmetic, the Lemma follows from [20] as
discussed above. We now give an argument which is applicable to all possibly
nonarithmetic lattices.

It is well-known that for Hermitian locally symmetric spaces of finite vol-
ume Λ\Ω, the Bailey-Borel-Satake compactification Λ\Ω∗ is normal. Hence
by Riemann Extension Theorem, the local coordinate functions near the
infinities Λ\Ω∗−Λ\Ω ⊂ Λ\Ω∗ extend across the compactifying subvarieties.

Now in our case, all manifolds involved are complex ball quotients, we
obtain a similar compactification from Siu-Yau [35] given by adding a finite
number of points called cusps. The result of Mok [24] shows that the local
analytic behavior around each cusp is the same as the the case of arithmetic
quotients. In other words, the compactifications for possibly nonarithmetic
ball quotients as given in Siu-Yau [35] are also normal. The argument above
then implies that the mapping extends across each compactifying cusps.
From [24] again, a finite map Mi+1

∗ → Mi
∗

between ball quotients lifts to
a finite map in the toroidal compactifications Mi+1 →Mi.

6.3.2 Towers supported on Mg,n

For M = Mg,n, the moduli space of hyperbolic compact Riemann surface
of genus g with n punctures, there are various level structures in the form
of Galois coverings Mk → M , corresponding to different groups G. For
example: Brylinski’s dihedral level [6], Looijenga’s prym level [17], Pikaart-
de Jong’s non-abelian level [28]. As shown in these works too, each of these
examples leads to a tower of coverings {Mk} supported on M which is locally
regularly ramified at infinities.
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Full level structure on Mg,n

We have a standard way of constructing the full level m structure, cf. [11,
p.37-38] or [2, Chapter XVI]. One first fixes a reference Riemann surface
[Σ] ∈Mg,n. For positive integer m ≥ 3, a full level m structure corresponds
to a smooth finite Galois cover Mm

g,n → Mg,n with respect to the group
G = H1(Σ,Z/mZ). Alternatively, denote by Sp2g the group of 2g× 2g sym-
pletic matrices. There exists a surjective group homomorphism ρ : Γg,n →
Sp2g(Z). Denote by Γm := Ker(Sp2g(Z) → Sp2g(Z/mZ)) ≤ Sp2g(Z) the
corresponding principal congruence subgroup. It is known that the pullback
Γmg,n := ρ∗Γm also gives rise to the smooth finite Galois cover Mm

g,n →Mg,n.

We have a close connection between Mg and MLS . The semisimple Lie
group Sp2g(R) is the automorphism group of type III bounded symmetric
domain, which is the universal covering of the Siegel modular variety Ag.
Moreover, Ag is the moduli space of principally polarized abelian varieties
of genus g. There is the Torelli map

jg : Mg → Ag

sending a curve [C] ∈Mg to its Jacobian. Denote byAmg → Ag the canonical
level m structure coming from the principal congruence subgroups Γm ≤
Sp2g(Z). Then there is the induced Torelli map

jmg : Mm
g → Amg ,

where Mm
g → Mg is the finite Galois covering given by the full level m

structure. We will also say that Mm
g → Mg is the full level m structure.

Note that jmg extends to a holomorphic map jmg : Mm
g → Amg . It follows from

[1] that {Mm
g } is locally regularly ramified at infinities, so that Theorem 1.1

applies to this case.

Proof of Corollary 1.3

Proof. Given a tower of covering {Mi}∞i=0 supported on M0 = M , which
is locally regularly ramified at infinities. Bounded symmetric domains and
Teichmüller spaces of a compact Riemann surfaces with a finite number of
punctures are Carathéodory hyperbolic. It is well-known that a bounded
Hermitian symmetric space supports a smooth bounded plurisubharmonic
exhaustion function. For Teichmüller space, this was proved in [45]. Hence
we may apply Theorem 1.1.

Proof of Theorem 1.4 (a) and (b)

Proof. (a). For M = MLS = Γ\Ω, first suppose Γ is arithmetic, then the
result actually follows from [25]. In the following, we give a proof which will
also be applicable to the nonarithmetic case with some modifications.
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Carathéodory Hyperbolicity

Let M
∗ ⊃ M be the Baily-Borel-Satake compactification, which is ob-

tained by adding finitely many disjoint arithmetic Hermitian locally sym-
metric varieties of finite volume in the form Γ′\Ω′ with lower dimensions.

Moreover, each Γ′\Ω′∗ ⊂ Γ\Ω∗. So naturally M
∗

has a stratified structure
where each stratum supports some tower of coverings. But in general M

∗

is highly singular. For our purpose, we need to consider a smooth toroidal
compactification M .

For Mk → M , k ∈ N, here Mk is again a Hermitian locally symmet-
ric space. Mk is also a smooth toroidal compactification of the Hermitian
locally symmetric space. It is known that M

∗
is a minimal compactifica-

tion, implying that there exists a unique holomorphic map σk : Mk →Mk
∗

restricting to identity on Mk ⊂Mk.
Let f : C → Mk

∗
be an entire holomorphic curve. Then f lifts to an

entire holomorphic curve f̄ : C → Mk, such that f = σ ◦ f̄ . By Corol-
lary 1.3, for k sufficiently large, we must have f̄(C) ⊂Mk −Mk and hence

f(C) = σ ◦ f̄(C) ⊂Mk
∗
−Mk. Since Mk

∗
−Mk is a disjoint union of arith-

metic Hermitian locally symmetric varieties of the form Γ′\Ω′ with strictly
lower dimensions than Γ\Ω and Γ′ ≤ Γ, we must have f(C) ⊂ Γ′\Ω′ for ex-

actly one Γ′\Ω′ ⊂Mk
∗
−Mk. So f is in fact an entire holomorphic curve into

Γ′\Ω′. Now it is clear that the above argument may be iterated to conclude

that f(C) must have image at a point in Mk
∗
−Mk, i.e. f is constant. Note

that in each iteration, one may need to choose an even larger k to make sure
the induced covering over the boundary stratum is sufficiently high. Since
Mk
∗

is compact, it is Kobayashi hyperbolic by [5] (c.f. [14, Theorem 3.6.3]).

(b). Now we indicate the necessary modifications of (a) for the nonar-
ithmetic case. As is discussed before, M = Γ\Ω must necessarily contain
a ball factor. Without loss of generality, suppose M = Γ\Bn. Then each
Mk is also a ball quotient of the form Γk\Bn. Clearly the covering mapping

M j+1 →M j extends to M j+1
∗ →M j

∗
branching over the cusps only. This

leads to a holomorphic covering map M j+1 → M j+1 which branches only
over the tori corresponding to the cusps. From this point, the arguments
for the arithmetic case can be applied.

Proof of Theorem 1.4 (c)

Before giving the proof, we first recall the structure of the Deligne-Mumford
compactification and make some observations concerning entire holomorphic
curves on Mg,n and Mg.

The Deligne-Mumford compactification Mg ⊃Mg is obtained by adding

∪[ g
2

]

i=0Di, where each Di is a divisor on Mg. Write [g2 ] as the integral part of
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g
2 . It is known that

D0 = Mg−1,2,

Di
∼= M i,1 ×Mg−i,1, ∀ 1 6 i <

g

2
,

D g
2

∼= (M g
2
,1 ×M g

2
,1)/Z2, if 2|g, (12)

where Z2 = Z/2Z acts by permuting the two punctures involved, cf. [21,
p. 304]. Note that here we consider Mg,n as moduli to parametrize curves
with unordered marked points.

The boundary of Mg,n is the moduli space of stable curves of genus g
with n punctures. In particular, the boundary is obtained by pinching off a
loop not containing the punctures on a curve represented in Mg,n. We may
let

∪[ g
2

]

i=1D
m
i = ∂Mm

g,n := Mm
g,n −Mm

g,n, m ∈ N,

be the union of boundary components of the moduli of curves with level m
structure. There is the projection Dm

i → Di given by forgetting the level m
structure for each 1 6 i 6 [g2 ].

It is known that there exists some level m structure with corresponding
finite Galois covering such that both Mg and Mg are smooth, cf. [2, Chapter
XVI]. We choose m so that the above are satisfied. Theorem 1.4(c) actually
follows from the structure of Mg ⊃Mg and Theorem 1.2, which we will now
make it precise in the following.

Recall that there is an induced Torelli map jmg : Mm
g → Amg , where Amg

is the Siegel modular variety with canonical level m structure coming from
principal congruence subgroups of Sp2g(Z), and jmg extends to a holomorphic

mapping jmg : Mm
g → Amg . There is also the projection πn : Mm

g,n → Mm
g

given by the forgetful map, which projects by forgetting the punctures.

Lemma 6.3. Assume that j is sufficiently large. Then:

(a). Any nontrivial entire holomorphic curve on M
j
g,n projects by the for-

getful map to ∂M j
g ; and

(b). Corresponding to (12):

(i) For i = 0. Let Do
0,j = M j

g−1,2. Any nontrivial entire holomorphic curve

on D0,j lies in ∂M j
g−1,2.

(ii) For 1 6 i < g
2 . Any nontrivial entire holomorphic curve on Di,j lies

in ∂M j
i,1 × ∂M

j
g−i,1.

(iii) For i = g
2 and g is even. Any nontrivial entire holomorphic curve on

(M j
g
2
,1
×M j

g
2
,1

)/Z2 has to lie in (∂M j
g
2
,1
× ∂M j

g
2
,1

)/Z2. In particular,

jg ◦ f(C) ⊂ (∂Ajg ∩ jg((∂M j
g
2
,1
× ∂M j

g
2
,1

)/Z2).
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Proof. (a) Let f : C→M j
g,n be a nontrivial entire holomorphic curve. First

we claim that the projection πn◦f cannot be trivial. Suppose otherwise, then
f(C) has to lie in a fiber of πn. We show that this leads to a contradiction
by showing that the fiber of πn is always hyperbolic. For n = 1, a fiber
is just a curve C of genus g > 2. For n > 2, a fiber is (Cn − D)/Sn,
where Cn the n-fold Cartesian product of C, D is the union of all partial
diagonals on Cn, and Sn is the symmetric group of order n. As the projection
Cn−D → (Cn−D)/Sn is unramified, a nontrivial entire holomorphic curve
on (Cn−D)/Sn will lift to Cn−D and hence is contained in Cn, which means
that its projection to a certain factor of Cn is nontrivial, contradicting the
hyperbolicity of C again.

From the observation, we obtain an entire curve πn ◦ f on M j
g,n. By

Theorem 1.1, it has to lie in the boundary ∂M j
g for j sufficiently large.

(b)(i). We are considering the component D0. In this case, a point on
M j
g−1,2 represents a stable curve of genus g with two different punctures.

Applying (a), we conclude that the image of an entire holomorphic map lies
in π−1

n (∂M j
g ) and hence has to lie on ∂M j

g,2.

(b)(ii). In this case, 1 6 i 6 g
2 . Let f : C → Di,j = M j

i,1 × M j
g−i,1 be

a nontrivial entire holomorphic curve. Then the projection of f(C) to the

first factor M j
i,1 of the product has to lie on ∂M j

i,1 if it is nontrivial. Similar
argument holds for the second factor. The result follows.

(b)(iii). We assume that g is even and f : C → D g
2
,j = (M j

g
2
,1
×M j

g
2
,1

)/Z2

is an entire holomorphic curve. In this situation, stable curves on D g
2

are

called curves of compact type and a generic point of jg(D g
2
) is mapped to

the interior Ajg of Ajg. The mapping jg essentially forget the puncture and
just map a projective algebraic curve with punctures to the Jacobian of the
algebraic curve. It is also well known, and follows essentially from definition,
that jg(D g

2
)∩Ag is actually a totally geodesic subvariety of Ag with respect

to the Bergman metric on Ajg, and hence a locally Hermitian symmetric
space itself. The result in Lemma 6.3 b(iii) now follows by applying the
corresponding result for locally Hermitian symmetric spaces in Theorem 1.4
(a) and (b).

Proof of Theorem 1.4(c). We just observe that we can apply Lemma 6.3 and
induction on the dimension of the image of the entire holomorphic curve.
It is easy to see that in each of of cases studied in Lemma 6.3 (b), the
image of an hypothetical entire holomorphic map is either pushed to a lower
dimensional moduli space of curves, or to a locally Hermitian symmetric
space of lower dimension. Hence induction applies and (c) is proved.
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ulaire de Teichmüller. (French) With an appendix in English by Ken
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formized by Carathéodory hyperbolic manifolds and hyperbolicity of
their subvarieties. To appear in IMRN (doi: 10.1093/imrn/rnad134).
Available at: https://kkwongm.files.wordpress.com/2023/06/

caragt_imrn.pdf

[43] Yau, Shing Tung: A general Schwarz lemma for Kähler manifolds.
Amer. J. Math. 100 (1978), no. 1, 197–203.

[44] Yeung, Sai-Kee: Compactification of complete Kähler surfaces with
negative Ricci curvature. Invent. Math. 99 (1990), no. 1, 145-163.

[45] Yeung, Sai-Kee: Bounded smooth strictly plurisubharmonic exhaustion
functions on Teichmüller spaces. Math. Res. Lett. 10 (2003), no. 2-3,
391-400.

[46] Yeung, Sai-Kee: Geometry of domains with the uniform squeezing prop-
erty. Adv. Math. 221 (2009), no. 2, 547–569.

[47] Yeung, Sai-Kee: A tower of coverings of quasi-projective varieties. Adv.
Math. 230 (2012), no. 3, 1196–1208.

[48] Yeung, Sai-Kee: Geometry of domains from perspectives of
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