
MA 351: Introduction to Linear Algebra and Its Applications

Spring 2019, Final Exam

Instructor: Yip

• This test booklet has EIGHT QUESTIONS, totaling 160 points for the whole test. You have

120 minutes to do this test. Plan your time well. Read the questions carefully.

• This test is closed book, with no electronic device.

• In order to get full credits, you need to give correct and simplified answers and explain in

a comprehensible way how you arrive at them.
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1. You are given the following information about a 3⇥ 3 matrix A:
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2. Consider the following system which involves a parameter a in the coe�cient matrix and also

the right hand side:

x+ y � z = 2

x+ 2y + z = 7

x+ y + (a2 � 5)z = a

(a) Find all those a such that the system has a unique solution.

(b) Find all those a such that the system has infinitely many solutions and SOLVE the

system.

(c) Find all those a such that the system has no solution.
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3. Let A =

 
1

3

2

6

!
. Find a basis and the dimension for each of the following subspaces:

(a) U =
�
B(2⇥2) : AB = BA

 
;

(b) V =
�
C(2⇥2) : AC = 0

 
;

(c) W =
�
D(2⇥2) : DA = 0

 
.
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4. Consider the matrix A =

0
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Find all those value(s) a, b, c and d such that A is diagonalizable AND then diagonalize A for

those value(s).
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5. Let A =

 
1

1

�3

1

!
. Find A2019. Simplify your answer as much as possible.
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6. Prove that, for any positive integer n, we have
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7. Consider the state of “employable people” is classified as Employed and Unemployed. If

a person is employed this year, he/she will be employed next year with 90% chance (and

unemployed with 10% chance). If a person is unemployed this year, he/she will be employed

next year with 30% chance (and unemployed with 70% chance).

Let an and bn be the population of employed and unemployed people at the n-th year. Suppose

a1 and b1 equal 87 and 3 millions, respectively. Find a2, b2 and an and bn. What are the

limiting values of an and bn as n is very very large?

(Remark: this model is of course too simplistic as the state of the following year only depends

on the state in the current year. This is the Markov assumption. “In reality”, of course if a

person is employed continuously for many years, he/she will have a much higher chance of

staying in the employed state.)
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8. Suppose a certain country is engaging in three industries: agriculture, manufacturing, and

service. You are given the following data:

In order to produce 1 unit of agriculture it requires 0.1 unit of agriculture, 0.2 unit of ma-

chinery, and 0.2 unit of service; while to produce 1 unit of machinery, it requires 0.2 unit of

agriculture, 0.3 unit of machinery, and 0.3 unit of service; and finally to produce 1 unit of

service, it requires 0.1 unit of agriculture, 0.1 unit of machinery, and 0.3 unit of service;

Now suppose the external demands for machinery and service increase annually by 2 and 3

units while that for agriculture remains unchanged.

How would the production levels (in terms of units to be produced) of agriculture, machinery

and service change annually? Be as quantitative as possible in your answer.

(Hint: you might want to use some “formula” for the solution of linear systems.)
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