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[Cj 16.10 Derive the following theorems (with the vector inequality v > w meaning, as usual,
r, > w, for all k) from the result of problem 16.9.

@m (i) P. Gordan (1873): The system Ax < 0 is unsolvable if and only if the system
YA =0,y > 0.y # 01is solvable.
(11} J. Farkas (1902): The system Ax < 0. bx > 0 is unsolvable if and only if the system
-_f VA = b,y > 0is solvable.
(
(i) E. Stiemke (1915): The system Ax = 0, x > 01s unsolvable if and only if the system
d3 yA > 0.vA # 0 is solvable.

(iv) J. A. Ville (1938): The system Ax < 0, x > 01s unsolvable if and only if the system
YA > 0.y = 0, v # 01s solvable.

(vi A. W. Tucker (1956): The system Ax > 0, x > 0 has no solution with v, > 0 if
and only if the svstem yA < 0,y > 0 has a solution with
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maximize ¢ = 0 X+ 5 X2 + 10 | xs + 0 Xa + 0 Xs -30 | Xe
subject to:  w, 0 - -1 X1 - 1/2 X2 - -1 Xz - 0 Xg - -1 Xs 3 Xe
W, 0 - 0 X1 - -1 X2 - -1 Xs - -1 Xa - 1 Xs 1 Xe
W3 0 - X, - 12 | X2 - 1 Xs - 0 Xa - 1 Xs -3 Xe
W, 0 - 0 X3 - 1 X2 - 1 Xs - Xs - -1 Xs -1 Xe
X1 X2 Xa Xa Xs Xe Wi W, Wiz Ws =2 0
maximize 4 -10 | %+ 10 X2 + -10 | ws  + 0 Xa + -10 | Xs 0 Xe
subject to:  w, 0 0 X - 0 X, - 1 Wi - 0 Xs - 0 Xs 0 Xe
W, 0 1 X - -3/2 | X2 - 1 Wi - -1 Xs - Xs -2 Xe
X3 0 1 X - 12 X2 - 1 Wi - 0 Xs - 1 Xs -3 Xe
Wa 0 -1 X - 3/2 X2 - -1 Wi - Xs - -2 Xs 2 Xs
Xi X2 Xz Xg Xs Xe Wi W, Wz W = 0
maximize 4 -10/3 | x, + -20/3 | w, + -10/3 | ws + -20/3 | xs + 10/3 | xs + -40/3 | Xe
subjectto:  w, 0 0 X - 0 W, - 1 Ws - 0 Xs - 0 Xs - 0 Xe
A 0 0 X - 1 Ws - 0 W; - 0 Xs - 0 Xs - 0 Xe
Xa 0 2/3 X1 - 1/3 W, - 2/3 W; - 1/3 Xs - 1/3 Xs - -7/3 Xe
X2 0 -2/3 X - 2/3 Ws - -2/3 W - 2/3 Xa - -4f3 | Xs - 4/3 Xe
X1 X2 Xz Xa Xs Xe Wi Wz Wi Wz =2 0
maximize ¢ = =10 | X+ =10 | w, + -10 | ws + -10 | Xa + -10 | X3+ 10 ‘xs ,
subjectto: w;, = 0 - 0 Xy - 0 Wy - 1 W; - Xa - 0 X3 - Xe
W, = 0 - 0 X; - 1 W, - 0 Wy - Xa - 0 X3 - Xe
Xs = 0 - 2 X1 - 1 W, - 2 Wz - 1 Xa - 3 Xs - -7 Xe
X2 = 0 - 2 X1 - 2 Wy - 2 ws; - 2 Xs - 4 X3 - -8 q
X1 X2 Xa Xa Xs Xe Wi W2 Wz W =2 0
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subject to:
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subject to:
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Wa
Ws

We
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-5 x5 4+ -8 X + 0 Xs + 0 Xa + 0
0 - 2 X1 - 3 X2 - 1% - 0 Xa - 0
0 - -2 X - -3 | X, - 1 X3 - 0 Xs - 0
0 - 3 X - 4 X2 - 0 Xs - 1 X - 0
0 - -3 X - -4 X2 - 0 Xs - 1 Xs - 0
0 - 1 X1 - 2 X2 - 0 Xs - 0 Xa - =1
0 - -1 Xy - -2 X, - 0 X3 - 0 Xa - 1
X1 Xa X3 X4 Xs Xe¢ X7 Xg Xo X100 Wy Wz
13 | x + 4/3  x, + 0 Xs + 0 Xa + -14/3
0 - 13 X - 113 | X2 - -1 |ixs - 0 Xy - 5/3
0 = <13 [ x - 13 X2 - 1 Xs - 0 Xa - -5/3
0 = 5/3 Xy - 4/3 X2 - 0 X3 - =l Xa - 4/3
0 - -5/3 | % - 43 | X, - 0 Xs - 1 Xa - -4/3
0 - 0 Xy - 0 X2 - 0 Xs - 0 Xa - 0
0 - 13 | X - -2/3 | x2 - 0 Xs - 0 Xs - 1/3
X X2 X3 Xa Xs X¢ X7 Xg Xo X0 W, W,
1 X; + -4 w, + -4 X + 0 Xa + 2
0 - 0 x5 - 1 w, - 0 Xs = 0 Xa - 0
0 = -1 [ - 3 w, - 3 X3 - 0 Xa - -5
0 = 3 X1 - -4 w, - -4 Xs - =1 Xa - 8
0 - -3 X1 - 4 w, - 4 Xs - 1 Xa - -8
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maximize { = 14  x + -3 w, 4+ -3 Xs + 1/4 Xa + 0 Xs + 0 We + 3/4 X, + -3 Xg + 14  xo + -1/4

subjectto: w, = 0 - 0 X - 1 W, - 0 Xs - 0 Xa - 0 Xs - 0 We - 0 X7 - 0 Xs - 0 Xo - 0
X, = 0 - 718 @ x5 - 1/2 w, - 1/2 X3 - -5/8 | Xa - 0 Xs - 0 We - -11/8 | %, - 1/2 Xs - -5/8 | Xo - 5/8
Xio = 0 - 3/8 | x; - 12w, - 12 | X3 - -1/8 | Xa - 1 Xs - 1 We - 1/8 X; - 12 | X - -1/8 | X - 1/8
Ws = 0 - 0 X - 0 W, - 0 Xs - 0 Xa - 0 Xs - 0 W - 0 X; - 0 Xs - 0 Xo - 1
Ws = 0 = 0 X - 0 w, - 0 X5 - 0 Xa - 0 Xs - 1 We - 0 X, - 0 Xs - 0 Xo - 0
Xe = 0 - 18 | % - 1/2 w, - 1/2 Xs - -3/8 | Xa - 0 Xs - 0 We - -13/8 | X, - 12 Xs - -3/8 | Xo - 3/8

X1 X2 Xs Xa Xs Xe X7 Xs Xo Xso Wy W, Wi W, Ws We = 0

maximize ¢ = -2 X%+ 0w, + 0 X5 + @4- -6 | Xs + -6 | we + -6 | X0 + 0 xs + 1 Xo + -1

subjectto: w, = 0 - 0 Xi - 1 W, - 0 Xs - 0 Xs - 0 Xs - 0 We - 0 X0 - 0 Xs - 0 Xe - 0
X2 = o |- 5 |x - 5 |w - 5 [x - (2 %) 1 | x - 1 | we - M | xe - 5 |'xl - 2 | % - 2
X = 0o | - 3 % - 4w - -4 | xs - @ - 8 | xs - 8 | we - 8 | X0 - -4 xs - 1 | X - 1
Ws = 0 - 0 Xy - 0 W, - 0 Xs - 0 Xa - 0 Xs - 0 We - 0 X0 - 0 Xs - 0 X - 1
Ws = 0 - 0 X - 0w - 0 Xs - 0 Xa - 0 |ixs - 1 We - 0 X0 - 0 Xs - 0 Xs - 0
Xe = 0 = 5 X1 - 6w, - 6 | X3 - -2 | Xa 13 | Xs - 13 | we - 18 | X0 - -6 | Xs - -2 | Xs - 2

X1 X2 Xa Xa Xs Xe X7 Xa Xo Xio Wi Wz Wa Ws Ws We 2 0
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