MA 421 Fall 2024 (Aaron N. K. Yip)
Homework 7, due on Thursday, Nov 13th, 11:59pm, in Gradescope
(Abstract of your project is due on Friday, Nov 14th, 11:59pm, in Brightspace)

1. [V] p.207, Exercises: 12.1 (L*), 12.2 (L'-), and L*-regression line of the data points,
i.e., given the data points {(z;, ;) : i = 1,2...}, find m and ¢ so as to minimize the

following L?-, L'- and L*-errors:

Z(yi —max; — c)?, Z ly; — ma; — ¢|, max|y; — mx; — c|.
Use any of your favorite computer program/software to plot the points and the regres-

sion lines you have found, all in one plot. Compare and contrast your results.
2. Consider the following labelled points (all lying on the z-axis):
P={1,2,4,5}, N={-4,-3,-2}.

Rigorously find the binary classification point, i.e. with proof, find x, that solve the

following problem:

e i (). i)

Do it again but with the following new set of “corrupted” points:
P={-25,-1,0,1,2,4,5}, N={-4,-3,-2,0.5,1.5}.

3. This question is for you to implement Caratheodory Theorem [V] Theorem 10.3. Con-
sider the following convex combination of points:

(5o l8) (b)) (1)

Use LP to express the left-hand-side as a convex combination of 4(= 3 + 1) points
out of the 7 points from the right-hand-side. (Well, for such a small size problem,
you can certain try brute force search: you will have ;Cy = 35 so many choices. The
“advantage” of the brute force search is that you can indeed find all the possible

solutions.)

Note. The proof of the Caratheodory Theorem is “constructive” in the sense that
it gives an algorithm to find the solution. With this said, the initial dictionary for
this problem is not feasible. Probably the easiest way is to introduce three auxiliary
variables (not slack variables) wy, we, w3 > 0 and use simplex to maximize —w; — wq —
ws. The end of this phase automatically gives you a solution. There is no Phase II for

this problem because all you need is simply a feasible dictionary.
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4. (a) Consider the following two polyhedrons:

P = {x;>0; x22%+5; x1 + z9 > 10}
Py = {22>0; x9 <uxy; 29 < =327+ 30}.
Use Farkas’” Lemma to find two disjoint half spaces H; and H, such that P, C H;

and P, C H,. After you have found your answer, use any of your favorite computer

program /software to plot P, Py, H; and Hj in a single xjxo-plane.

(b) Consider the following two polyhedrons:

201 + 319 + x5 < 9 511 + 4xy + 3x3 > 14;
Pl = 35[}1 + 41‘2 + 2.1'3 S 8, and Pz = 45[)1 + 29 + 2.]73 S 11,
r1, T2, x3 =0 Ty, T, x3 =0

Use Farkas’” Lemma to find two disjoint half spaces H; and H, such that P, C H;
and PQ g HQ.

5. Find the biggest circle that can fit inside the following set:
g
$2§3+27 T+ 23 <9, 120, 22 > 0.

use any of your favorite computer program/software to draw the above set and also

the circle you have found.

(Note: the above problem can be formulated as an LP — see [MG] p.23, Section 2.6.)



1. [V] p.207, Exercises: 12.1 (L?-), 12.2 (L*-), and L*-regression line of the data points,
i.e., given the data points {(x;,y;) : i = 1,2...}, find m and ¢ so as to minimize the
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2. Consider the following labelled points (all lying on the z-axis):
P=1{1,2,4,5}, N={-4,-3 -2}

Rigorously find the binary classification point, i.e. with proof, find z, that solve the

following problem:

max{ min {z; -}, min {z - , }}

T i:x, EP t:x; EN

Do it again but xith the following new set of “corrupted” points:

P={-25,-1,0,1,2,4,5}, N={-4,-3,-2,0.5,15}.
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3. This question is for you to implement Caratheodory Theorem [V] Theorem 10.3. Con-
sider the following convex combination of points:
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maximize ¢ = 0 X+ 5 X2 + 10 | xs + 0 Xa + 0
subjectto: w, = 0 - -1 X; - 1/2 X2 - -1 Xs - 0 Xs - -1
w, = 0 - 0 Xi - -1 X2 - -1 Xs - -1 Xs - 1
W3 = 0 - 1 X - -1/2 X, - 1 Xz - 0 Xs - 1
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MA 421 Fall 2025 (Aaron N. K. Yip)
Homework 8, due on Thursday, Dec 4th, 11:59pm, in Gradescope
(Project paper due on Friday, Dec 5th, 11:59pm, in Brightspace)

! (g& Ml Jote Bl #5)

p-168, Exercises: 10.2;
p-414, Exercises: 23.4, 23.5

- Q)
p.248, 16.10. (For each part, just do the “easy” direction of the “if and only if”.)

. In Homework 7, you were asked to find a separating hyperplane for two disjoint poly-
hedrons. Now you will do the same but with one of the polyhedrons being a “point”.
In particular, consider,
x

P = {x1 >0; 1E2251+5; T + 29 > 10};

PQ = {l’lz—l, 132:7}
By means of Farkas Lemma, find a hyperplane (a straight line in this case) that sepa-
rates P; and P,. Use your favorite graphing software to plot P, P» and the hyperplane
in one single graph.
. [CZ]:

21.2 Find local extremizers for:
a. o7 + 73 — 2z; — 1072 + 26 subject to tzo — 2% <0, 51 + 322 < 5.
b. z2 + 22 subject to ; > 0, x5 > 0, x1 + T2 > 5.
For each of the above parts, plot the feasible region, apply KKT and find the values of
all the variables and the Lagrange multipliers corresponding to the extremizers.

. Given the following points in R?:

(0) () () (5)

Use the method of quadratic programming to find the smallest circle enclosing all of
the above points. Use your favorite graphic package to plot the points and the circle

you have found.

(Hint: read pages 8-9 of the note Quadratic Programming from Week 12.)



[Cj 16.10 Derive the following theorems (with the vector inequality v > w meaning, as usual,
r, > w, for all k) from the result of problem 16.9.

@m (i) P. Gordan (1873): The system Ax < 0 is unsolvable if and only if the system
YA =0,y > 0.y # 01is solvable.
(11} J. Farkas (1902): The system Ax < 0. bx > 0 is unsolvable if and only if the system
-_f VA = b,y > 0is solvable.
(
(i) E. Stiemke (1915): The system Ax = 0, x > 01s unsolvable if and only if the system
d3 yA > 0.vA # 0 is solvable.

(iv) J. A. Ville (1938): The system Ax < 0,x > 01s unsolvable if and only if the system
YA > 0.y = 0, v # 01s solvable.

(vi A. W. Tucker (1956): The system Ax > 0, x > 0 has no solution with v, > 0 if
and only if the svstem yA < 0,y > 0 has a solution with

m

i “:A‘ < 0.
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3. In Homework 7, you were asked to find a separating hyperplane for two disjoint poly-
3. In H k7,3 ked to find ting hy 1 for t lisjoint pols
hedrons. Now you will do the same but with one of the polyhedrons being a “point”.

In particular, consider,

Pl = {.‘I.'l 2 0, I9 2 :‘ + 3 I + €I9 2 10}
1‘)‘) = {;171 = —]_, Ty = 7}

V4

By means of Farkas Lemma, find a hyperplane (a straight line in this case) that sepa-
rates P, and P,. Use your favorite graphing software to plot P, P, and the hyperplane

in one single graph.
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b. z% + z3 subject to 1 > 0, x2 > 0, z; + x5 > 5.
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5. Given the following points in R?:

o, (6)a[ 1)), (%)

Use the method of quadratic programming to find the smallest circle enclosing all of
the above points. Use your favorite graphic package to plot the points and the circle

you have found.

(Hint: read pages 8-9 of the note Quadratic Programming from Week 12.)
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