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LEMMA 10.5. The system Ax < b has no solutions if and only if there is a y such
that

ATy =0
(10.8) y >0
by < 0.
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LEMMA 10.5. The system Ax < b has no solutions if and only if there is a y such
that
Aly =0
(10.8) y > 0
vy < 0.
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[“é] 6.4.1 Proposition (Farkas lemma). Let A be a real matrix with m rows
and n columns, and let b € R™ be a vector. Then exactly one of the following
two possibilities occurs:

(F1) There exists a vector x € R™ satisfying Ax =b and x > 0.
(F2) There exists a vector y € R™ such that y’' A > 01 and y'b < 0.

Oldeynd e

The plan of the proof is straightforward: We let z be the point of C nearest
to b (in the Euclidean distance), and we check that the vector y =z — b is
as required; see the following illustration:

.\xgb- 2-b
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6.4.3 Proposition (Farkas lemma in three variants). Let A be a real
matrix with m rows and n columns, and let b € R™ be a vector.

(i) The system Ax = b has a nonnegative solution if and only if every

y € R™ with y' A > 07 also satisfies y’b > 0.

(ii) The system Ax < b has a nonnegative solution if and only if every
nonnegative y € R™ with yI' A > 07 also satisfies y’'b > 0.
(iii) The system Ax < b has a solution if and only if every nonnegative

y € R™ with yI' A = 07 also satisfies y’b > 0.

( fa,d-) 1) &> o) & 0‘1}'))

The system The system
Ax <b Ax=Db
has a solution y>0,y'A>0 yl'A> 07"
x > 0 iff = yI'b >0 = y''b >0
has a solution y>0,y'A=0 yI'A=0
x € R" iff = yib >0 = yl'b=0

Frediom 1.
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6.4.3 Proposition (Farkas lemma in three variants). Let A be a real
matrix with m rows and n columns, and let b € R™ be a vector.

(i) The system Ax = b has a nonnegative solution if and only if every
y € R™ with y' A > 07" also satisfies y’b > 0.
(ii) The system Ax < b has a nonnegative solution if and only if every
nonnegative y € R™ with yI' A > 07 also satisfies y’'b > 0.
(iii) The system Ax < b has a solution if and only if every nonnegative
y € R™ with yI' A = 07 also satisfies y’b > 0.
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6.4.3 Proposition (Farkas lemma in three variants). Let A be a real
matrix with m rows and n columns, and let b € R™ be a vector.

(i) The system Ax = b has a nonnegative solution if and only if every
y € R™ with y' A > 07" also satisfies y’b > 0.
(ii) The system Ax < b has a nonnegative solution if and only if every
nonnegative y € R™ with yI' A > 07 also satisfies y’'b > 0.
(iii) The system Ax < b has a solution if and only if every nonnegative
y € R™ with yI' A = 07 also satisfies y’b > 0.
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[6) Jarkas Lemma (Cter Versions)

6.4.3 Proposition (Farkas lemma in three variants). Let A be a real
matrix with m rows and n columns, and let b € R™ be a vector.

(i) The system Ax = b has a nonnegative solution if and only if every
y € R™ with y' A > 07" also satisfies y’b > 0.
(ii) The system Ax < b has a nonnegative solution if and only if every
nonnegative y € R™ with yI' A > 07 also satisfies y’'b > 0.
(iii) The system Ax < b has a solution if and only if every nonnegative
y € R™ with yI' A = 07 also satisfies y’b > 0.
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[c] P.9u& #1610

Derive the following theorems (with the vector inequality v > w meaning, as usual,
r, > w, for all k) from the result of problem 16.9.

(1) P. Gordan (1873): The system Ax < 0 is unsolvable if and only if the system
YA =0,y > 0, v # 01s solvable.
(11) J. Farkas (1902): The system Ax < 0, bx > 0 1s unsolvable if and only if the system
VA = b, ¥ > 0 1s solvable.
(im) E. Stiemke (1915): The system Ax = 0, x > 01s unsolvable if and only if the system
yA > 0, YA # 01s solvable.

(v} J. A. Ville (1938): The system Ax < 0, x > 01s unsolvable if and only if the system
YA > 0,y > 0,y # 01s solvable.

(vi A. W. Tucker (1956): The system Ax > 0, x > 0 has no solution with x, > 0 if
and only if the system yA < 0.y > 0 has a solution with

m
z a,-k_\',- < 0
i=1



