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Theorem 6.2 Second-Order Necessary Condition (SONC). Let Q2 C

R™, f € C? a function on Q, x* a local minimizer of f over Q, and d a feasible
direction at ©*. If d' Vf(x*) =0, then

d' F(z*)d > 0,
where F is the Hessian of f. O

Corollary 6.2 Interior Case. Let x* be an interior point of 8 C R™. If
x* is a local minimizer of f : Q = R, f € C?, then

Vi) =0
and F(x*) is positive semidefinite (F(x*) > 0); that is, for all d € R™?,
d'F(z*)d > 0.

Theorem 6.3 Second-Order Sufficient Condition (SOSC), Interior

Case. Let f € C? be defined on a region in which T* is an interior point.
Suppose that

1. Vf(z*) =
2. F(z*) >0

Then, x* 1is a strict local minimazer of f. a
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Theorem 20.4 Second-Order Necessary Conditions. Let x* be a local
minimizer of f : R® — R subject to h(x) =0, h : R® - R™, m < n, and
f,h € C2. Suppose that * is reqular. Then, there exists \* € R™ such that:

1. Df(x*)+ X" "Dh(z*)=0".

2. For ally € T(z*), we have y" L(z*,\*)y > 0. -

Theorem 20.5 Second-Order Sufficient Conditions. Suppose that
f,h € C? and there exists a point * € R™ and \* € R™ such that:

1. Df(z*) + X* " Dh(z*)=0".

2. For ally € T(x*), y # 0, we have y' L(x*,\")y > 0.

Then, T* is a strict local minimizer of f subject to h(x) = 0. O

Tnaguality Conctraimed Oy (CZ.CALI)

Theorem 21.2 Second-Order Necessary Conditions. Let x* be a local
minimizer of f : R™ — R subject to h(x) = 0, g(x) < 0, h : R® — R™,
m<mn,g:R* — RP, and f,h,g € C?. Suppose that * is reqular. Then,
there exist \* € R™ and p* € RP such that:

1. p* >0, Df(x*) + X" Dh(z*) + u*T Dg(x*) = 0", u*Tg(z*) = 0.
2. For all y € T(x*) we have y' L(x*, \*, u*)y > 0. 0

Theorem 21.3 Second-Order Sufficient Conditions. Suppose that

f,g,h € C? and there ezist a feasible point * € R™ and vectors \* € R™ and
u* € R? such that:

1. p* >0, Df(z*) + A*' Dh(z*) + p*" Dg(x*) =07, p*Tg(z*) = 0.
2. For ally € T(x*,u*), y # 0, we have y' L(xz*, A\*, u*)y > 0.

Then, * is a strict local minimizer of f subject to h(x) =0, g(x) <0. O
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Theorem 22.6 Let f:Q — R be f ctio d efined o
Q2 C R, Then,apoz'ntz’sagloblm nimizer of f over 0 if a d lyft
a local minimizer of f. O
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Lemma 22.2 Let f : 0 — R be a convex function defined on the convex set

Q C R™ and f € C* on an open convex set containing 0. Suppose that the
point x* € Q) is such that for all x € ), © # x*, we have

Df(x*)(x —x*) > 0.

Then, x* is a global minimizer of f over €. O

P i > e dfx(a-1)
> ") -

Corollary 22.2 Let f : 2 = R, f € C!, be a conver function defined on the
convex set 0 C R™. Suppose that the point ** € €1 is such that

Vfi(z*)=0.

Then, x* is a global minimizer of f over €. O
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Theorem 22.8 Let f : R®™ — R, f € C, be a convez function on the set of

feasible points .
0= {iBE R" : h(z) =0}, W QMWM?’—

where h : R™ — R™, h € C!, and Q is convez. Suppose that there exist ** € Q
and A* € R™ such that

Df(x*) + A*" Dh(z*)=0".

Then, x* is a global minimizer of f over . O

Theorem 22.9 Let f: R® - R, f € C}, be a convex function on the set of
feastble points

Q={xeR": h(zx)=0,g9(x) <0},

where h : R® - R™, g : R®" - RP, h,g € C}, and Q is convex. Suppose that
there exist x* € Q, A* € R™, and pu* € RP, such that

1. u*>0.
2. Df(x*) + X" Dh(z*) + p* " Dg(z*) =0".
3. wTg(x*)=0.

Then, * s a global minimizer of f over (1. O




