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FIGURE 14.1. A network having 7 nodes and 14 arcs. The numbers
written next to the nodes denote the supply at the node (negative
values indicate demands; missing values indicate no supply or de-
mand). FIGURE 14.2. The costs on the arcs for the network in Figure 14.1.
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FIGURE 14.2. The costs on the arcs for the network in Figure 14.1.
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6. The Integrality Theorem L. V 3/ ‘P, 2 47'
i

In this section, we consider network flow problems for which all the supplies and
demands are integers. Such problems are called network flow problems with integer
data. As we explained in Section 14.2, for network flow problems, basic primal so-
lutions are computed without any multiplication or division. The following important
theorem follows immediately from this property:

THEOREM 14.2. Integrality Theorem. For network flow problems with integer data,
every basic feasible solution and, in particular, every basic optimal solution assigns
integer flow to every arc.

This theorem is important because many real-world network flow problems have
integral supplies/demands and require their solutions to be integral too. This integrality

restriction typically occurs when one 1s shipping indivisible units through a network.

For example, it would not make sense to ship one-third of a car from an automobile
assembly plant to one dealership with the other two-thirds going to another dealership.

Problems that are linear programming problems with the additional stipulation that
the optimal solution values must be integers are called integer programming problems.
Generally speaking, these problems are much harder to solve than linear programming
problems (see Chapter 23). However, if the problem is a network flow problem with

integer data, it can be solved efficiently using the simplex method to compute a basic
optimal solution, which the integrality theorem tells us will be integer valued.
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2. The Assignment Problem

Given a set S of m people, a set D of m tasks, and for each 7 € S, 7 € D a cost
ci; assoclated with assigning person i to task j, the assignment problem 1s to assign
each person to one and only one task in such a manner that each task gets covered by
someone and the total cost of the assignments 1s minimized. If we let

1 1if person 7 1s assigned task 7,
€Tz =
Y 0 otherwise,

then the objective function can be written as
minimize Z Z CijLij-
i€S jED
The constraint that each person is assigned exactly one task can be expressed simply
as

Ziﬂf;jzl, forall s € S.
Jj€D
Also, the constraint that every task gets covered by someone is just

inj =1, forall j € D.

€S
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Figure 20.2



In%aa@? constraink ( FMWM&”! Mm) [¢ 7 77 52/

minimize I = C13Xp3 T CpNpp + C23Xp3 + CyXpg + C34X3,
subject to —X;3 + Xy, > —4
L Xa1 — X23 — X4 > —9
N‘ X13 mr X3 — X34 = 7
Xag T X3y = 2
N13» X215 X235 N33, %33 = 0

minimize §

subject to — X3 + X5y — X5 = —4
— X231 — X3 — Xpa — X35 = =9
N X13 T X2 b = I
2 X24 T X3y = 2
X15.+ X35 = 4
N13s Naps X230 Xy, X34, N5, X5 = 0.
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