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[-V] 2.3 maximize 2x; — 615
subjectto —x1 — X9 —x3 < —2
2001 — 9+ x3 < 1

r1, 2, x3 > 0.
(M)) Phave, T ubt'ng a,wyf[fa/\% Vamehly
v v
ma/)( - %0
—'x| _/X‘)_"/XS'“ 9(6 \{ “D-
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Twhal J}Cﬁmm&: Max = of +%+ K+ Ry~ W,
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Wa= S 3, Xy tw,

Op- ek “(
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3

subjectto —x1 — x5 < —
—r1+ 22 < —1
1+ 210 < 2
r1, xa > 0.
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2.2 | Use the simplex method to describe all the optimal solutions of the following problem
C maximize 2xy; + 3x, + 5x3 + 4x4

subject to Xy +2x; + 3x3 + x4, <5 < Wy
X; + X5 +2x3+3x, <3 <& Wy

g {m}"’ (5_ ’)(; 2-)(2 3X_§*’Y{a

3— =% -2X -3

Uﬁre Qa\wy@c == Ofyﬁmﬁ dcﬁwa/\a:

j = d- o —wy
Yy = I+, — o?lt/, ~+ 311/2'—‘& ?y%
X‘g:‘ I"X, + N, —awl—- 6—){4

Selitm - =8 ) w3z, wyzs

Y),: |+ )(l -l-?)/s,_
= I =% 5%

A solufions, - | X1 %, 6 X 2o
Xz [+ Xt
L= -4 ~-{Xy




) #-] amane  %-2Y,
st %I T B U< O

X - A AR £ N =/
/ %, K 20
Ngl Ki~ 2 ,X)"Fg,’)@’ ) K <o y{>/0
+ yQXL '/-4((72)@ "2(72)/* (gy’ /’}D
~ X - B 2‘/%% f vyﬂ,)@c = G%
() 0, # (205300 12 7 (440 20)
+[—y,-zyl+ yg) Y

-

N 73y,
L7 < yf-%
Fowea X< (=Y 4y /vg))( = Yty Y= |

LY (2(7+?y yg))(z ) 2y,+2y y3>/—2

\</yI+‘€/V; 'Q/"b)é % g’fz‘%’flyg >0
0 <(yi—272‘?73> X5 = yt zyz y; =






5.6 Solve the following linear program: ”?d‘ e @4%-
e

maximize —xi — 2o
subjectto —2x1 +7x2 < 6
—3r1+ 9 < —1
91 — 42 < 6
r1— o < 1
Tx1 —3x9 < 6
A7 —dx1 + 229 < —3

Orfg\\m ndl 7!&97@_.

L1, T2 Z 0.

(inGoler, cluall problu:
han, 6%,-— 4/245/% Yy 47: -;%'6
st. -3y, 9’/5+ Y +77f.\§jé >~/
e e 22

y// ”‘"/%/ Z0
Nows Hho o 15 Footiblo Yor lral probl,
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6 |y 1 vy 6 |V 1 . 6 |y 3 v
2 |y 3 |V Vs T | Va 7 |y Y
7 Ya 1 | va 3

Vi V2 Vs Ya Vs Y 0

-36/5 'yi + -4/5 'y, + -3/5 ys + -2/5 | ya + -9/5 ys + -3/5 z,

2/5 i - 3/5 Y2 - -9/5 Ys - -1/5 Ya - -7/5 Ys - 1/5 Z,

=315 v - %y - 2[5 | ys - 35 | Va - 15 ¥ - 2[5 | z
Vi V2 Y3 Ya Vs V. 0

(=2 %,=0) F\%{A ol A amshannk -

6 < =
4 Y

£ Y =O
< Ye =2
= \\']5' )

e
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—2331 + 75132

—31131 + X9

@)

95131 — 4513'2

X1 — T2

@)

75131 — 3332
—5331 -+ 2$2

—
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L !
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a. Maximize 7x,
subject to bt
4x,
DY

3N,

+ 6x, + Sx; — 2x

— 2x, + 3x.

+ 3x, + 5x; — 2x, + 2x5 < 4
+ 2x;, —2x3+ X3+ x5 <3
+ 4x, +4x; — 2x, + 5x5 <5

+ X, +2x; — x; — x5 <1
‘ X3, X4, X5 = 0.

4 2

Proposed solution: xT = 0, = = —.
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b. Maximize 4x, + 5x5, + N3 + 3xy — Sx5 + 8y,
subject to ) —4x; + 3x, + X+ X <1 (7.
S5x; + 3x; + X, — 5\, 4+ 3xg < 4 V"’
45, + 5x5 — 33+ 3x; —4xg + xg < 4 V3
- X, + 2x; + N5 — xg <5 9#
=23, + X5 4+ N34+ Xy 4 2x5 + 22X <7 r
2X; — 3X; + 2x3 — X, 4+ 4xs + Sxg <5 ¢
Xy, Xy, N3, X4, X5, Xg = 0.
5 7
Proposed solution: x; =0, x, =0, x3=_, xy =2, x5=0 X,

X3, X M6 2D D &3, Zp 24 =D
Yoo kE)n@E)d =1
gD s
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6.1 Consider the following linear programming problem:

maximize —6x1 + 32x5 — 93

subject to —2x1 + 10z2 — 323 < —6
1 — T(xo+2x3 <
X1, T2, T3 =

Suppose that, in solving this problem, you have arrived at the following

dictionary:
C = —18 — 3 Ty =F 2 i)
r3 = 2 — g4 + 4 Ty — 2 i
r1 = 0+ 2 Tg4 — To + 3 Is

(a) Which variables are basic? Which are nonbasic?

(b) Write down the vector, x5, of current primal basic solution values.
(c) Write down the vector, 2}/, of current dual nonbasic solution values.
(d) Write down B~!N.

(e) Is the primal solution associated with this dictionary feasible?

(f) Is it optimal?

(g) Is it degenerate?

@l) B@s‘vo varg: X3, X[ ; A/Dn~<64£,“c\/n/(£: 3 )/1/ Yo
(é = 2 A
) ¥ ) (¢) 2y =

-2

) Sy =/ ¢ 2 0



6.2 Consider the following linear programming problem:

maximize xi + 2x9 + 4x3 + 8x4 + 165

subject to x1+ 2[172 + 3IE3 + 41‘4 + 5335 S 2
Tx1 + 959 — 313 — 224 < 0
T, T2, T3, T4, Tz > 0.

Consider the situation in which z3 and x5 are basic and all other variables
are nonbasic. Write down:

(a) B,

(b) N,

(©) b,

(d) ¢z,

) e,

(f) B~!N,

(g) g =B —1p,

(h) ¢* =cgB~1,

(i) 23 = (B7'N)"es — e,

(j) the dictionary corresponding to this basis.

Ko Xy X3 v Ay K, X3 o
L & 3 4 5 [ 9 Yf('l 2
3 832 5 2 1| X3 0
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7.1 The final dictionary for

maximize x1+2x9+ T3+ T4

subjectto 2z1 + x2+5x3+ x4 < 8
2x1 + 29 +4xy < 12

3r1 4+ To+ 2x3 < 18

r1, T2, T3, T4 = 0

1S

¢ (12d-[120 — 0225 — 09w — 28 x4

5132:6— 1 —0.55[36—2 Iq

r3 = 04102 21 — 0.2 z5 + 0.1 g + 0.2 24
z7 ={11.211.6 21 + 04 25 + 0.3 ¢ + 1.6 x4

(the last three variables are the slack variables).

(a) What will be an optimal solution to the problem if the objective func-
tion is changed to

3x1 + 2x9 + x3 + 247

[QQ%@Q@C:Oz(}Q//O@o)
Q@ﬂf& 33 NE1, 560 \
C@(,J@ (i > (/000)

g Bi): uz

N\C@ (N = (12, 0, 0.9 2.8)

1 A B N S
R A=
0.0 0.2 -0.] -0.2
16 -04 0.3 -l

(8]

yy

NV
=y
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AG= o= AQ= (2, 0.0, o)

[% %DC/@/VSQ) (4@-f>>
e T

AZy = —AG = (= o,o,b}

21 frea)= Zg(stl) + A2

(1,2, 02 0?28
~t[~ 0"

= (-0.4, 0.2, 0728) %/

Z#w) &c%mwg S 97 pf ]gA H now C,
= /-
Bt we am $H1] stoit fan hing

+0.8
¢ =124~ 17 01 — 02 25 — 0.9 5 — 2.8 x4

Ty = 6 — T1 — 09 g — 2 x4
r3 = 04— 0.2(x1)— 0.2 5 + 0.1 g + 0.2 x4
ry =11.2—- 1.6 1 + 04 x5 + 0.3 g + 1.6 x4

X1 ades ad X foaugy (uto Blupltr Yool T Qe )



(b) What will be an optimal solution to the problem if the objective func-
tion 1s changed to

r1 + 229 + 0.523 + 247

Cs dﬁ/’\f%qefw 1 “'b 0.0
463-—05‘——=*}> ACq= (o, -2.5, o)

2 = | BMBC@ G = (12, 02, 0.9 28]

(Gs Ca @»)\ o chauge
_ T
A%&:(@N}AC@;: o el O?J [0]
0.d 92 -0 -8 -0.C
10 -0k -83 -l 0
- o) -ag sos 0]

e 7, /neu)) 2,¢ (6l + A2y

(/2 010728)1&(»/—0/005 0;)7
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$*- G 6
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(c) What will be an optimal solution to the problem if the second con-
straint’s right-hand side i1s changed to 26?

Z);LCA@”&&S#M/Q /o 3—6

Tho wﬁ? 7%41«(? nads B be choskad )(g*
A= (F4) G Gy s not chowged
_ U
%= 6% A= 84b

x|
/T 0 A S IV G N A
6 y 0 0]) 8 4b= 29 5][4}[49
&(9/3/72 /] 2 [ 2 [ 0 ~4 2

)g;[/@o): }@‘7‘[9{([) T Axg\
: /5) ¥
P

/6 /7

R

1) 42
Il 6‘7771,

n



N 74@41

¢ =
124 — 1
2
i
1

— 0.2 Iy

0
.93:6—28
O T4

i :I?B, )
s = b x
y 1
L 1/1/2 0.2 4|
— 1.6 1

/\f’r

— 0
: 2 Ts +
0.4 Is5
+

A
(‘7/79"!0/;14 n¥ 74&@/
W%W

bat-
sl fesi b0

3
s%a,aL
ﬁm R a&mﬂ
Vel on :

$ | -k

- /3 1

/)2

/
0.2



9.5 Generalize Theorems 5.2 and 5.3 to the context of general LP problems. Use your result to
./ findoutif

XF=3 x3=-1. x¥=0, xt1 =2

is an optimal solution of the problem

maximize 6x; + X5, — X3 — Xy
subject to Xy + 2x; + X3+ 3, <35
3\.1 + 4‘(3 = .\‘3 S (\‘
.\'2 ar .\'3 ar .‘(4 = 1
X3, Xy 2> 0.

f({Y)"FXz Xy - M X5 M 20
((7 30+ (2 ) 357 (- ot )t
+ (Y +3)
S &Y, &72 +y3 y, >0, Y, %0.

st ,+§(1//§ = § (x5 dog w0 k)
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"/ ()(5203
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H’M)B 3. Consider the following LP problem:

max 4r, + 2x9 — x3 + 214
st. x4+ w29+ 33 +424 =8,
$1+$2+$3—|—I4 :4,

X1, T2,X3, T4 Z 0.

In the following, you will solve this problem using three methods.

@ Choose X, X3 ap basie vaiabll-
i Yot 3%a= & = X — 4y
g/ Yot Xa= 4 — K —Ny
Xa= 02"()(\+2/)(‘f'
Rz - Q(Xq.
SEK)= ex +s{(02~fx\+zouf\ (32 )* In

S6)= (,z+017<[+m% = Feasidly dich.
X3 = 02"(’(\*'7,/)(?— =5 Selw “5“‘? S‘“‘“r@(
= a - >%‘XL{-

@ N, + %+ 3% + Ak <&
% =M — 3 - B $-&
My Ky + /)%"f"/)('-P 'Sl/‘
K =N — Ay~ A 4 Xy
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HW g 3. As a newly hired data scientist, your very first assignment was to solve problem (2.1)
in [V, p.11].

This was such a difficult problem that you needed to use one week to solve it. You

submitted its solution (2.4) in [V, p.13] to your boss.

Your boss said, “Oops. [ forgot to tell you an extra constraint, 3x; + z9 — 23 < 3. Can

you tell me the new solution, real soon?”

Your inner-self tells you that “real soon” cannot mean another week of work. What

would you do'?

¢ 13 1 wy To — 1 ws
% T 2 2 wq To| + |ws

wWoy 1 + 2 w o

T3 1 3 w; To — 2 ws

A

= 3-3 (880 2%+ w3) — X,
+ (143, %Ky — dw;)
= =& T+~ Sw;

y all ﬂég‘ Caﬁ?

~3

=

maximize ( = + 521 +4 20 + 3 23

subjectto wy; = 5 — 2 x; — 3 x93 — I3

wy = 11 — 4 21 — x93 — 2 x3

w3 = 8§ —3x1 — 4 29 — 2 23

1, T2, T3, Wi, w2, wz > 0.

N

W, = 3- 3%

(=13 — 1w — 3 29 — 1 w3

T = 2 — 2w — 2 29 + w3
we = 1 4+ 2wy + 5 a9

r3 = 1 + 3w + x99 — 2 ws
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7.5 Solve the systems yEE;E E, = [1,2,3] and E;E,E;E,d = [1,2. 3]" with

1 3 1 1
E.=| @03 1. E, =[] I . E,= 1 3. E;=| 3 1 :
4 4 1 , I 1

s T -
%zD 2 2] ELFEQ,E,,E“
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\-—H/\)é —.\:{Q max —2x1 — 19 — My, — Mys
S.t. 3x1 + 4xs + 1y = 12,
—I1 + 229 +wp = 2,
Ty +4x9 — wy + Yo = 6,

T1, T2, W1, W2, Y1, Y2 = 0,

%H: 1Q = 3Xi— b

W) = 01 X — 35(‘)_

%ILZ b =% = Yt wy
b e M- 204

~M (§ =, — By + Wy )
_{o = "l&ﬂ/\—f-éw 'lDX“"(&M")X).—MW),

Sd- M= 1o0D

t

maximize ¢ = -18000 @+ 3998 x;, + 7999 x, + -1000 | w,

subjectto: y, = 12 - 3 X, - 4 X2 - 0 W,

W, = _1 X4 = 2 @ = 0 W,

Y2 = 6 - 1 Xq - 4 X2 - -1 W>

maximize ¢ = -10001 + 15995/2 x, + -7999/2 w, + -1000 | w,
subjectto: y, = 8 5 X -2 W. w
X, = 1 -1/2 X 1/2 W. w



| -14008/3 | + | -15995/6 |y, +

7993/6 w, + | 9995/6 w,

maximize C

subjectto: 'y, = | 14/3 | - | -53 |y, - 43 | w . 53
X, = 43 | - 16 |y - 16w, - 6w,
X, = 2)3 | - 13 |y - -2/3 w - 3w,

-5 + -1000 'y, + 12w, + -1999/2 v,

Cas -y - e w - 35 |y
9/5 - 0 Yo - 310 w, - 110 Va
8/5 - 0 Y, - -2/5  w, - 1/5 Vi

W a8

maximize C

subjectto: w,

X2




”.wé Find (all) the Pareto solution(s) for the following problems.
$3 @ mnlal = G =)
s.t. 1 <z < 2. (This is a one-dimensional problem!)

(b) min{(l(:vl,arg) =+ 2113'27 CQ(ZEl,.’Ez) = 21131 + 1132}
st. 1<z, <2, 1<z, <2.

(c) min{¢i(z1,22) = 21+ 22, C(x1,22) = —21 + 22}
st 1< <2, 1 <2y <2,

(d) min{¢i(z1,22) = 21 + 22, G21,22) = —21 + 2, (3(21,22) = —22}
st. 1<z <2, 1 <2< 2.

(a) . N Y )

S0 ,22)

)




(6)




