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[V:] CHAPTER 9

Problems in General Form

Up until now, we have always considered our problems to be given in standard
form. However, for real-world problems it is often convenient to formulate problems
in the following form:

maximize c'x
9.1) subjectto a < Ax < b
[ < r < u.

Two-sided constraints such as those given here are called constraints with ranges. The
vector [ is called the vector of lower bounds, and u is the vector of upper bounds. We
allow some of the data to take infinite values; that is, foreach: =1,2,...,m,

—o00 < a; < b; < oo,
and, foreach j =1,2,...,n,
—o0 < l; <uj < oo.

In this chapter, we shall show how to modify the simplex method to handle problems
presented in this form.

1. The Primal Simplex Method

It is easiest to illustrate the ideas with an example:

maximize 3r1 — X9
subjectto 1 < —z1+ 22 < 5
2 < —3x1+2x9 < 10
201 — 19 < 0
-2 < T
0 < To < 6
© The Editor(s) (if applicable) and The Author(s), 149

under exclusive license to Springer Nature Switzerland AG 2020

R. J. Vanderbei, Linear Programming, International Series in Operations
Research & Management Science 2835,
https://doi.org/10.1007/978-3-030-39415-8_9


http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-030-39415-8_9&domain=pdf
https://doi.org/10.1007/978-3-030-39415-8_9
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With this formulation, zero no longer plays the special role it once did. Instead, that
role is replaced by the notion of a variable or a constraint being at its upper or lower
bound. Therefore, instead of defining slack variables for each constraint, we use w;
simply to denote the value of the ith constraint:

wy = —x1+ X2
we = —3x1 + 272 £— S/WS
w3 = 2£L'1 — X92.

The constraints can then be interpreted as upper and lower bounds on these variables.
Now when we record our problem in a dictionary, we will have to keep explicit track
of the upper and lower bound on the original x; variables and the new w; variables.
Also, the value of a nonbasic variable is no longer implicit; it could be at either its
upper or its lower bound. Hence, we shall indicate which is the case by putting a box
around the relevant bound. Finally, we need to keep track of the values of the basic
variables. Hence, we shall write our dictionary as follows:

Hpht Goipoly ™ 0T BB L Bounds for

U 00 6

o (rr-back)

gé ds 1 Slwi= —x1+ 9= 2
Lot o

210lwo = —3x1 +229= 6

(M‘C VWY) —00 Olws= 21— x29=-4.

Since all the w;’s are between their upper and lower bounds, this dictionary is fea-
sible. But it is not optimal, since x; could be increased from its present value at the
lower bound, thereby increasing the objective function’s value. Hence, = shall be the
entering variable for the first iteration. Looking at w;, we see that x; can be raised by
only 1 unit before w; hits its lower bound. Similarly, z; can be raised by 4/3 units,
at which point ws hits its lower bound. Finally, if z; were raised by 2 units, then ws
would hit its upper bound. The tightest of these constraints is the one on w;, and so
w1 becomes the leaving variable—which, in the next iteration, will then be at its lower
bound. Performing the usual row operations, we get

/XIé——>M), : @6

C: 3w, + 229 = —3

/L('P[/Qfe —200lx1= —wi+ xo=-—1

210’(1]2: 3w1— T9 — 3

—o00 Olws = —-2w; + x9=-2.
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Note, of course, that the objective function value has increased (from —6 to —3). For
the second iteration, raising x5 from its lower bound will produce an increase in (.
Hence, x5 is the entering variable. Looking at the basic variables (z1, ws, and wg), we
see that w9 will be the first variable to hit a bound, namely, its lower bound. Hence,
wy 1s the leaving variable, which will become nonbasic at its lower bound:

l
5 10

C:3w1—2w2:—1

—200|x1 =2w; — we= 0
0 6(1?2:3101— Wwo = 1
—o0 Olws= w; — we=-—1.

For the third iteration, w; is the entering variable, and wj is the leaving variable, since
it hits its upper bound before any other basic variables hit a bound. The result is

[ —00
u 0] 10

C:3w3+ wo =2

—2 00|71 = 2wz + w =2
0 6jxs = 3ws + 2wy =4

1 dlwi= ws3+ we=2.

Now for the next iteration, note that the coefficients on both w3 and ws are positive.
But ws 1s at its upper bound, and so if it were to change, it would have to decrease.
However, this would mean a decrease in the objective function. Hence, only ws can
enter the basis, in which case x5 is the leaving variable getting set to its upper bound:

[

—00 0
u (o] 6] «— 470/)6( émo/
(= 1.bws+0.529=3
—2o00lx; = 05wz +0.5x9=3
2 10jwy = —1.5w3 + 0.525 = 3
1 5wy =—-0.5w3 +0.529 =3.

For this dictionary, both w3 and x5 are at their upper bounds and have positive coeffi-
cients in the formula for (. Hence, neither can be moved off from its bound to increase
the objective function. Therefore, the current solution is optimal.

2. The Dual Simplex Method

The problem considered in the previous section had an initial dictionary that was
feasible. But as always, we must address the case where the initial dictionary is not
feasible. That is, we must define a Phase I algorithm. Following the ideas presented in
Chapter 5, we base our Phase I algorithm on a dual simplex method. To this end, we
need to introduce the dual of (9.1). So first we rewrite (9.1) as
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