
Inner Product on mathbbRn

Xleftbeginmatrixx1x2vdotsxnendmatrixrightYleftbeginmatrixy1y2vdotsynendmatrixrightinmathbbRn
leftlangleXYrightrangleleftXcdotYrightx1y1x2y2ldotsxnyn

XTYldotsxnleftbeginmatrixy1vdotsynendmatrixrightYXT
Properties or Definition of leftlanglecdotcdotrightrangle

lefty1y2ldotsynrightleftbeginmatrixx1x2vdotsxnendmatrixright
11 Symmetry leftlangleXYrightrangleleftlangleYXrightrangle
12 Linearity leftlanglealphaXbetaYZrightranglealphaleftlangleXZrightranglebetaleftlangleYZrightrangle13 Positive Definiteness

leftlanglexxrightranglegeq00 rightarrowx0

Length Norm Distance

leftXright2leftlangleXXrightranglegeq0
leftXYright2leftlangleXYXYrightrangle

Thm Cauchy Schwartz Inequality

leftxright0Leftrightarrowx0

leftxrightsqrtleftlanglexxrightrangleleftXYrightsqrtleftlangleXYXYrightrangle
leftxyright0LeftrightarrowxY

hold iff XYY
ie XlambdaY or YlambdaX

leftleftlanglexyrightranglerightleqleftxrightleftyright

leftx1y1ldotsxnynrightleqsqrtx12x22ldotsxn2sqrty12ldotsyn2



Angle between X Y leftXYneq0right

YcosthetaleftlangleXYrightrangle
11 111141

well defined as 1

or thetacos1leftbeginmatrixleftlanglexyrightrangleleftxrightleftyrightendmatrixrighttheta
X

leftlanglexyrightrangleXY 1

iff XlambdaY
lambda0

if XlambdaY
lambda0

Ex

Xleftbeginmatrix112endmatrixrightYleftbeginmatrix211endmatrixright
leftxrightsqrt121222sqrt6
leftYrightsqrt22left1right212sqrt6
leftlangleXYrightrangle2123

Ñ

7x
7
fracpi3

costhetaleftlangleXYrightrangleleftXrightleftYrightfrac3sqrt6sqrt6frac36frac12thetacos1frac12fracpi3left60circright



xbot1 1 orthogonal perpendicular

if leftlangleXYrightrangle0 ie thetafracpi2

Projection of y onto Xleftneq0right
rightharpoondownY
b

underlineT1a

7x

Decompose yab where a x bbotX
leftlanglebxrightrangle0alambdax

ylambdaxbleftlangleYXrightrangleleftlanglelambdaXbXrightranglelambdaleftlanglexxrightrangleleftlanglebXrightranglelambdafracleftlangleYXrightrangleleftlangleXXrightrangle

aleftlangleYXrightrangleX bYaYleftlangleYXrightrangleX

YProjxYPrggxbotY



7Pythagorean Theorem

if ZXY

then Z2X2Y2
Pf

Z
XbotYY

7
X

leftZright2leftXYright2leftlangleXYXYrightrangle
leftlangleXXrightrangleleftlangleXYrightrangleleftlangleYXrightrangleleftlangleYYrightrangle

X2Y2

YPngxYPnogxbotYy2Progxy2Progxy2

Ex

Xleftbeginmatrix112endmatrixrightYleftbeginmatrix211endmatrixright
aPrigXYfracleftlanglexyrightrangleleftxright2Xfrac12leftbeginmatrix112endmatrixright

b
bot 7x

bPayxfrac1yYaleftbeginmatrix211endmatrixrightfrac12leftbeginmatrix112endmatrixrightfrac12leftbeginmatrix330endmatrixrightxfracpi3a7



Projectiononto a plane A subspace

mathbbRnwedge Ynotinpi

prod plane in
mathbbRn

passing through
the origins

piSp an leftu1u2ukrightL

all linear combinationsofthe this

leftC1U1C2U2ldotsCkUkGsinmathbbRright
Write Decompose Y as

Yab
swarrowainPi searrowbbotprod

ac1u1c2u2ldotsckukbfrac1 Ui foralli

C1C1ldotsCk



Yabc1u1ldotsckukb

leftlanglegammau1rightrangleleftlangleC1u1C2u2ldotsCkukb1u1rightrangleC1leftlangleu1u1rightrangleGamma2leftlangleu2u1rightrangleldotsCkleftlangleuku1rightrangleleftlanglebu1rightrangle0downarrow

0RightarrowleftlangleYu1rightrangleC1leftlangleu1u1rightrangleC2leftlangleu2u1rightrangleldotsCkleftlangleuku1rightrangle
Similarly

leftlangleY2rightrangleC1leftlangleu1u2rightrangleC2leftlangleu2u2rightrangleldotsPkleftlangleuku2rightrangle

leftlangleYukrightrangleC1leftlangleu1ukrightrangleC2leftlangleU2UkrightrangleldotsCkleftlangleUbukrightrangle
k linearequations in k unknowns c1ldotsck

leftbeginmatrixleftlangleyu1rightrangleleftlangleyu2rightranglevdotsleftlangleyukrightrangleendmatrixrightleftbeginmatrixleftlangleu1u1rightrangleleftlangleu2u1rightrangleldotsleftlangleuku1rightrangleleftlangleu2u1rightrangleleftlangleu2u2rightrangleldotsleftlangleuku2rightranglevdotsvdotsvdotsleftlangleu1ukrightrangleleftlangleu2ukrightrangleldotsleftlangleukukrightrangleendmatrixrightleftbeginmatrixc1c2vdotsckendmatrixright



If leftu1u2ukright are orthogonal

ie uibotujleftleftlangleuiujrightrangle0rightforallineqj
then becomes much simpler

leftlanglegammau1rightrangleC1leftlangleu1u1rightrangleRightarrowC1leftlangley1u1rightrangleleftlangleu1u1rightrangle
leftlangleYu2rightrangleC2leftlangleu2u2rightrangleRightarrowC2leftlangleY1u2rightranglevdotsleftlangleU2U2rightrangle

vdotsleftlangleYukrightrangleCkleftlangleukukrightrangleRightarrowCkleftlangleYukrightrangle

vdots

leftlangleUkUkrightranglePuogpiYaC1u1C2u2ldotsCkuleftlangleYu1rightrangleu1leftlangleYu2rightrangleu2ldotsleftlangleYukrightrangleukProgu1YProgu2YldotsProgukY

ie



u2leftbeginmatrix311endmatrixrightu1botu2Ex u1leftbeginmatrix112endmatrixright

Yleftbeginmatrix105endmatrixright b
a Pispanleftu1u2right

YPujpiYPuojfrac1piY
backslashPioju1YPuaju2YPuojfrac1Y

ProgpiYleftlangleleftbeginmatrix105endmatrixrightleftbeginmatrix112endmatrixrightrightrangleleftbeginmatrix112endmatrixrightleftlangleleftbeginmatrix105endmatrixrightleftbeginmatrix311endmatrixrightrightrangleleftbeginmatrix311endmatrixrightfrac32leftbeginmatrix112endmatrixrightfrac811leftbeginmatrix311endmatrixrightfrac122leftbeginmatrix154982endmatrixright

Progpi1YYPiogpiYleftbeginmatrix105endmatrixrightfrac122leftbeginmatrix154982endmatrixrightfrac722leftbeginmatrix174endmatrixright

frac1 1u1u2



HigherDimensional Pythagorean Theorem

are orthogonalIf X1X2ldotsXk

leftXibotXjforallineqjright
and YX1X2ldotsXk
then

Y2X12X22ldotsXk2

If U1U2 Uk orthogonal and

YPropu1YProg u2YldotsProgukY
then

Y2ProgU1Y2PLogU2Y2ldotsProgUkY2



frac1
Example of orthogonal vectors

u1leftbeginmatrix112endmatrixrightu2leftbeginmatrix311endmatrixrightu3leftbeginmatrix174endmatrixrightbot

bot

Write Yleftbeginmatrix111endmatrixright as a lin comb of u1u2u3
ie YC1u1C2u2C3u3

leftlangleYu1rightrangleleftlangleC1u1C2u2P3u3u1rightrangleC1leftlangleu1u1rightrangle
C1leftlangley1u1rightrangleleftlangleleftbeginmatrix111endmatrixrightleftbeginmatrix112endmatrixrightrightranglefrac23

Similarly C2leftlangley1u2rightrangleleftlangleleftbeginmatrix111endmatrixrightleftbeginmatrix311endmatrixrightrightranglefrac111

C3leftlangleYu3rightrangleleftlangleu3u3rightrangleleftlangleleftbeginmatrix111endmatrixrightleftbeginmatrix174endmatrixrightrightranglefrac233

i.e leftbeginmatrix111endmatrixrightfrac23leftbeginmatrix112endmatrixrightfrac111leftbeginmatrix311endmatrixrightfrac233leftbeginmatrix174endmatrixright



How to make orthogonalvectors
Gram Schmidt Process

Given leftu1u2u3ldotsunright notorthogonal

leftwidetildeu1widetildeu2widetildeu3ldotswidetildeunright orthogonal
u2
1

widetildeu1u1widetildeu2u2Prgwidetildeu1u2

widetildeU2
7n1

U3

7wedgewidetildeU3leftlangleU2hatU1rightranglewidetildeU1widetildeu3u3Prgleftu1u2right

deltaP an leftwidetildeu1widetildeu2right

u3leftlangleu3widetildeu1rightranglewidetildeu1leftlangleu3widetildeu2rightranglewidetildeu2



leftoverlineu1overlineu2ldotshatuiright found

widetildeui1ui1Puggleftwidetildeu1ldotshatuirightui1 ui1vm1
rightharpoondown

span leftwidetildeu1widetildeu2ldotswidetildeuiright

ui1leftlangleut1widetildeu1rightranglewidetildeu1ldotsleftlangleui1widetildeuirightranglewidetildeuleftlanglewidetildeuihatuirightrangle
beginmatrixukwidetildeukendmatrix

vdotswidetildeukukPragleftwidetildemwidetildeu2ldotswidetildeuk1rightukukleftlangleukwidetildeu1rightranglewidetildeu1ldotsleftlangleukwidetildeuk1rightrangleoverlineuk1

vdotsvdots

Spanleftwidetildepi1ldotswidetildeuk1right



Note The I so producedhas an

additionalproperty
Span leftuiiuirightS paidwidetildeu1ldotshatui

for i12ldotsk
ie Spanleftu1rightSpanlefthatu1right

Spanleftu1u2rightSpanleftwidetildeu1widetildeu2right
Spanleftu1u2u3rightSpanleftwidetildeu1widetildeu2widetildeu3right

iddotsvdots

Spanleftu1u1ldotsukrightSpanleftwidetildeu1ldotswidetildeukright
Example

u1leftbeginmatrix110endmatrixrightu2leftbeginmatrix101endmatrixrightu3leftbeginmatrix011endmatrixright

widetildeu1u1leftbeginmatrix110endmatrixright



widetildeu2u2Progwidetildeu1u2
widetildeU2botwidetildeU1

leftbeginmatrix101endmatrixrightleftlangleleftbeginmatrix101endmatrixrightleftbeginmatrix110endmatrixrightrightrangleleftbeginmatrix110endmatrixrightleftbeginmatrix101endmatrixrightfrac12leftbeginmatrix110endmatrixrightfrac12leftbeginmatrix112endmatrixrightwidetildeu3u3Progleftwidetildeuioverlineu2right

orthogonal

U3leftlangleu3widetildeu1rightranglewidetildeu1leftlangleu3widetildeu2rightranglewidetildeu2leftbeginmatrix011endmatrixrightleftlangleleftbeginmatrix011endmatrixrightleftbeginmatrix110endmatrixrightrightrangleleftbeginmatrix110endmatrixrightleftlangleleftbeginmatrix0116endmatrixrightleftbeginmatrix112endmatrixrightrightrangleleftbeginmatrix112endmatrixrightleftbeginmatrix011endmatrixrightfrac12leftbeginmatrix110endmatrixrighttau1leftbeginmatrix112endmatrixrightfrac1leftbeginmatrix444endmatrixright

widetildeu3leftbeginmatrix111endmatrixright



Note changing the length does not

affect theangle

widetildeu1leftbeginmatrix110endmatrixrightwidetildeu2leftbeginmatrix112endmatrixright widetildeu3leftbeginmatrix111endmatrixright
Upsilon

bot
bot


