
Minimizationof QuadraticFunction
with Linear Constraints

min_xinmathbbRnfleftxright Sit AXb

Quadratic function

Application min_XinmathbbRnleftxright2 sit AXb

Suppose this has lot
infinitelymany

solns

e
g 3 5

profline

mxn mn

undetermined system

Find thesolution
with min norm

Lagrange Multiplier
lambda

a vector

Amtimesn mathbbRnmathbbRm
LleftXlambdarightleftxright2lambdaTleftAXbright
IRM row 1 Rm column

XTXlambdaTAXlambdaTb



nablaXL2XATlambda0beginmatrixnablaXLAXb0Xfrac12ATlambdaendmatrix

tobe explained

X is known
once lambda is found

AXbRightarrowAXfrac12leftAATrightlambdabfrac12leftAATrightlambda

solvablefor lambda

CbecauseAXb
is solvableforxmtimesn nxm

Note AAT is a
square matrix

mtimesm

Suppose leftAATright1 exists

rows of A of columns of AT are linind

Then

lambdaleftAATright12bXATleftAATright1b



Not to be confusedwith LeastSquareSoln

AXbATAXATbXleftATAright1ATb

inconsistent

Normalequation

suppose A A er
1

ists
colsof Aare
lin ind

Ex min x2y2z2
sit

x2yz1xyz0
leftbeginmatrix121111endmatrixrightleftbeginmatrixxyzendmatrixrightleftbeginmatrix10endmatrixright

A1 Apply formula

XATleftAATright1b
leftbeginmatrix112111endmatrixrightleftleftbeginmatrix121111endmatrixrightleftbeginmatrix112111endmatrixrightright1leftbeginmatrix10endmatrixright



leftbeginmatrix112111endmatrixrightleftbeginmatrix6223endmatrixright1leftbeginmatrix10endmatrixrightleftbeginmatrixab2Nendmatrixright1

leftbeginmatrixdbcaendmatrixrightadbcleftbeginmatrix11211endmatrixrightleftbeginmatrix3226endmatrixrightleftbeginmatrix10endmatrixright14

frac114leftbeginmatrix112111endmatrixrightleftbeginmatrix32endmatrixrightfrac114leftbeginmatrix145endmatrixright

A2 start from scratch

Lleftoverrightharpoonxoverrightharpoonlambdarightx2y2z2lambda1leftx2yz1rightnearrownearrow
lambda2leftxyz0rightleftbeginmatrixxyzendmatrixrightleftbeginmatrixlambda1lambda2endmatrixright

2x0Rightarrow2xlambda1lambda20partialy0Rightarrow2y2lambda1lambda202z0Rightarrow2zlambda1lambda20partiallambda10Rightarrowx2yz10x20Rightarrowxyz0



Xfrac12leftlambda1lambda2right

yfrac12left2lambda1lambda2right
Zfrac12leftlambda1lambda2right

6lambda12lambda22
2lambda13lambda20

lambda1frac37 i lambda2frac27
xfrac114 yfrac414 zfrac514

A3 Solve AXb andminimize

x2yz1xyz0 set Z tobe free

express x y in
terms

of Z

x2y1zxyz
y12zxyz 12zz

13z



x2y2z2left13zright2left12zright2z2
min over z

fracddz2leftleft13zrightleft3rightleft12zright2zright039z24zz0

zfrac514
x13z1frac1514frac114y12z1frac1014frac414



fleftxrightCTXc1x1r2x2ldotsPnxnXTC

nablafleftxrightleftbeginmatrixpartialfpartialxpartialfpartialx2vdotspartialfpartialxnendmatrixrightleftbeginmatrixc1s2vdotscnendmatrixrightC

Colver

LleftXlambdarightXTXlambdaTAXlambdaTbnablaxLnablaxleftXTXlambdaTAXlambdaTbrightXXleftlambdaTArightT2XATlambdanablalambdaLnablalambdaleftlambdaTAXlambdaTbrightAXb

Some textbooks use DfleftxrightleftnablafleftxrightrightT
calvecrowner



More general Quadratic functions

fleftXrightfrac12XTQXPTX
linearfat

QTQ
quadratic fat

XinmathbbRn
12 Qntimesn often assumed tobe symmetric
B pinmathbbRn
min fleftxrightfrac12xTQxpTx
5 t AXb assumed solvable

LleftXlambdarightfrac12XTQXPTXlambdaTleftAXbright
A
Myn mathbbRn

lambdainmathbbRmnablaXLRightarrowQX2QTXpATX0

leftfracQQT2rightXATlambdaPQXATlambdapAXb

QTQRightarrow
L



Assumed Q1 exists

RightarrowXQ1leftATlambdapright
Q1ATlambdaQ1P

AleftQ1ATlambdaQ1prightb
leftAQ1ATrightlambdaAQ1pb

Assume leftAQ1ATright1 exists

lambdaleftAQ1ATright1leftAQ1Pbright
XQ1ATleftAQ1ATright1leftAQ1pbrightQ1p


