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1.4. Examples 5 

where y > 0 is a constant. 

If we substitute yet) R h(x(t» into the second equa-

tion in (1.3.2) we obtain 

h' (x) [Ax + f(x,h(x» I .. Bh(x) + g(x,h(x)). (1.3.6) 

Equation (1.3.6) together with the conditions h(O)· 0, 

h'(O) D 0 is the system to be solved for the centre manifold. 

This is impossible, in general, since it is equivalent to 

solving (1.3.2). The next result, however, shows that, in prin-

ciple, the centre manifold can be approximated to any degree 

of accuracy. 

For functions which are Cl in a neigh-

borhood of the origin define 

• (x) [Ax + f(x,Hx»)J - BHx) - g(x,Hx». 

Note that by (1.3.6), (Mh)(x) • O. 

Theorem 3. Let be a C1 mapping of a neighborhood of the 

origin in into with 0 and O. 

Suppose that as x + 0, .. O(lxl q) where q > 1. Then 

as x + 0, Ih(x) - Hx)1 ·O(lxl q). 

1.4. Examples 

We now consider a few simple examples to illustrate the 

use of the above results. 

Example 1. Consider the system 

·32 x • xy + ax + by x 

y .. -y + cx 2 + dx 2y . 
(1.4.1) 

The abovequestion is from
Carr Apple of CentreMainfoldTheory



6 1. INTRODUCTION TO CENTRE MANIFOLD THEORY 

By Theorem I, equation (1.4.1) has a centre manifold y. hex) . 

To approximate h we set 

If ,p(x) 0(x 2) then (x) .. ,p(x) 2 - cx 4 
+ O(x ). Hence, 

if Hx) .. cx 2 (Mf) (x) " O(x 4), so by Theorem 3, hex) . , 
Z 4 By Theorem 2, the equation which determines the cx + O(x ) . 

stability of the zero solut i on of (1.4.1) is 

u " 

Thus the zero solution of (1.4.1) is asymptotically stable if 

a + c < 0 and unstable if a + c > O. If a + C "0 then 

we have to obtain a better approximat i on to h . 

Suppose that a + c • O. Let Hx) 2 
+ IjI(x) where • cx 

IjI(x) .. O(x4). Then (Mf)(x) • l/I(x) - cdx 4 + O(x 6). Thus, if 

Hx) Z + cdx4 then " O(x 6) by Theorem 3, .. cx so 

hex) .. cx 2 
+ cdx 4 6 

+ O(x ). The equation that governs the sta-

bility of the zero solution of (1 . 4.1) is 

Hence , if a + c • 0, then the zero solution of (1.4.1) is 

asymptotically stable if cd + bc Z < 0 and unstable if 

cd + bc Z > O. If cd + bc Z = 0 then we have to obtain a 

better approximation to h (see Exercise 1). 

Exercise 1 . Suppose that a + c .. cd + bc Z .. 0 in Example 1. 

Show that the equation which governs the stability of the 

zero solution of (1.4.1) is U" _cd 2u7 + O(u9). 

Exerc i se Z. Show that the zero solution of (1.2.2) is asymp -

totically stable if a 0 and uns table if a > O. 
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