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Theorem 4.21 (Lyapunov Functions). Let x* be an equilibrium point of a flow ¢,(x).




Example 4.20. The origin is an equilibrium of the system
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Example 1. Consider the system
[ F f 132
3 ‘ ‘ J

.'tl — —~£C2
.’1.72 = :C‘%

The origin is a nonhyperbolic equilibrium point of this system and
V(x) = z] + 75
is a Liapunov function for this system. In fact
V(x) = 4adiy + 4a3iy = 0.
Hence the solution curves lie on the closed curves

a:‘l1 + 513‘21 = c?
which encircle the origin. The origin is thus a stable equilibrium point of

this system which is not asymptotically stable. Note that Df(0) = 0 for
this example; i.e., Df(0) has two zero eigenvalues.



Example 2. Consider the system EP, 4) ].53\_]

T1 = —2T9 + ToT3
Ty = T1 — T1T3

:i?3 = T1T9.

The origin is an equilibrium point for this system and

0 -2 0
Df0)=|1 0 0
0 00

Thus Df(0) has eigenvalues A\; = 0, Ag 3 = +2i; i.e.,, x = 0 is a nonhyper-
bolic equilibrium point. So we use Liapunov’s method. But how do we find
a suitable Liapunov function? A function of the form

2 2
V(x) = c12} + cpzh + cazl

with positive constants c;, ¢ and c¢3 is usually worth a try, at least when
the system contains some linear terms. Computing V (x) = DV (x)f(x), we

find

1.
§V(x) = (c1 — c2 + ¢3)x 12273 + (—2¢1 + c2)T1Z2.

Hence if co = 2¢; and ¢3 = ¢; > 0 we have V(x) > 0 for x # 0 and
V(x) = 0 for all x € R3® and therefore by Theorem 3, x = 0 is stable.
Furthermore, choosing ¢; = c3 = 1 and ¢y = 2, we see that the trajectories
of this system lie on the ellipsoids % + 2x3 + z3 = c2.

We commented earlier that all sinks are asymptotically stable. However,
as the next example shows, not all asymptotically stable equilibrium points
are sinks. (Of course, a hyperbolic equilibrium point is asymptotically stable

iff it is a sink.)



(P.p.133]
Example 3. Consider the following modification of the system in Exam-
ple 2:

T, = —2T9 + Tox3 — .’L‘:li

To =T — T1T3 —m%

T3 = T1T9 — xg

The Liapunov function of Example 2,
V(x) = 22 + 222 + 22,
satisfies V(x) > 0 and
V(x) = —2(z + 223 + 23) <0

for x # 0. Therefore, by Theorem 3, the origin is asymptotically stable,
but it is not a sink since the eigenvalues A\; = 0, Ay 3 = +2¢ do not have
negative real part.



gfmwv%«)

Vi " — K
SM/Sf i 87'5«% vy WW@W

é&a@w r]@w wif. Vi g'f“w“ %‘( "

alks eadlod ﬁ/@cﬁ@# Voot

%l_//xﬁ—o _ VB, X)
C - ey = —IVWsol<o

@émm)é :
1)V ank Like a /70750/““/ 7‘825‘

(4) gmﬁbﬁo/&ww"“ s offen uted
St /gaﬁtm / Owww/go}ﬁ@m Mé@«g




#CM'M) [7%4/] o (? o)

e QxR S A
/X, HiY)

S = Vit vk)

YW = Vi H ), Vi)

7 7@% oSN iom

HoValue of H IS foretervad alny auditions
KR CNT)

~LHHEY), X > LG HY) Y>
— <V>(H[Xr\/> ; V;#/%Y)}
#<LEHHY)SH YD = 0




A 7}1@[&/ E@Mﬁé&(ﬁw W)aﬁw‘d)
Hiny)= L1y ViX) “ Gl
/ \ R BT T

pociBon Va&z@% m emenitom,

>‘< = Vyﬁ[/)(bo —‘-__Y_

77

gg y = —NLtthy) = =YV
mX= PV Nowtor's 27 oy

MY = — AKX
Fr] "
‘H/Xfy): 5%45%% :@/)\Ci]
X= ohtfy) (= 1)

'& = QXH/XrVD (: -—ﬁX)

}(2) mxc = —hx



HfX17>- —@~+ '—%X
C?/L?§ 1 G @Qaﬁ) /7&}/%{%@/\/ 7@4

7L7L/)/7>>o =D £ X=0 J-\o

Lmithomion Sﬁd%/ Wi QJSQ/M/»‘W

/744959@
/ = )
V= Nk HEY) - /A><
] ﬁkfwa/cwﬁo
S H00Y) LNt X ) <Kt )
= LGt L, el - )
= =<, %)
- <V>’H/V7ﬁ>

= — [ < 0 = HIHTH)






