
 

PeriodicSolutions Hartman ODE p 407 418

Consider the following non autonomous system

dff FIT X F is T periodic
Flt T X Fit X

Alt X fit X

Alt T Alt fit T x fit x
Look for T periodic solution

101 XIT XIA T XH

HI

NONNA

0 I t



Moregeneral boundary
condition

MX101 NXIT

If M N I then 101 X IT

LinearHomogeneousEquation H P 407
Lem 1.1

If AHIX.MX oI NXA
Existence 101

Recall the fundamentalSolution

Elt s set

It s Alt Icts

Ils S I

Iit I to



11 Xlo XA IIA 10

a XIT A XO

3 MX OF NXT

MX10 NI T X o

M N IT X10 O

ie 10 Null M NIT

4 The solution is completely characterized
by X10

whichsatisfies

5 If M NIT exists then Xo o

ie only the trivial solution XH 0

16 To have non trivial solution XHI o

we need M NEIT to be singular
ie M NEIT does not exist



7 M N I ie o IT

101 IIT Xo 10 o

ie 10 is an eigenvectorof T with

eigenvalue M 1

IT 101
1 10

If M I is not an eigenvalue of IIT
IIT IT exists

10 0

then there is only the trivial solution
A 0



Linear Inhomogeneous Equation H p408 ThmiI

d Alt X glt MXOI NXIT
T periodic

Suppose Rank M N n ie full rank

eg M N I

Then has a solution forany GH
ifandonly if

1 AHX MXIO NXR

has only the trivialsolution XH

ie CM NITI exists

In this case the solution is unique
and there is a constant α S.t

sup
11 1 711 ligesilldsteho.TT



Pf ie M NIM exists

4 AHX glt
A A XO It s glads

IT IIT 10 IIT sigls
ds

Then MX10 NXK

N 7 10 f.IT s glsds MX10

M NIH X1o NfoTIMs
gisidsX10

M NIAD N TIMSglads



1

unique choiceof 10

It

IIA M NIAD NfTIMsglads

It s glads

T

sup 11H11 SogisilldstEEO.TT



1 Analogy from linear algebra

when is AX b solvable
1 Am x b is solvable

iff be CollA Range A

SpankcolumnsofA

Y YAX for some XE R

iff b Null AT

b 2 o for all 2 AZ 0

Fredholm alternatives

Colla NullfAIin

dimCol A r dimNulliAT m r

RM CollAT Null AT



2 Am x 6 is solvable foranyb

iff Rank A m full rank
dim ColA m Range A 12M

3 An X b is solvable foranyb

iff A exists
AA AA I

AX b has unique solution lifexists

iff Nall A 20 rankA n

iff Range AT rank A n



I Consider ID Case

altix glt
alt T alt giftT glt

A
elota trxo

f testamargassds

4 e famYoffe's
am
trgis as

I

lo e famtry felstamargis ds

1 eliana xo fiefamargis ds

estamar I Slainar to

then to 1
effanter felstamargis as



estamar IT fainter o

then we need

effamargists o

Compatibility condition

and to can be anything
In particular if alt a a constant

If ato then

Xo 1 eta f agisids

If 9 0 then we need

0 glads compatibility
condition

and Xo can beanynumber



Nonlinear Equation H p 413,7hm2.1

Alt X fit x 101 XT

i Alt TT Alt fit T x fit x
d AHX 101 XA hasonlythe

trivialsolution
IN I exists

3 α from H Thm 1.1 p 408

4 11ft x FAM 11 011 411

5 07 1

Then has a unique
solution



Banach FixedPointTheorem

T X Y TX

YH TX A IHIYotf.tl t s fls XisDds

chosen s A TX T Yo

Yo I I 7 f T s f s Xisdds

IIA I I T IT s f s Xs 1 ds

It s f s XisDds

1141 1 YAH
T

I A I I TDtoIIT s fis X.im FlsXss dsl

11ft tis Ifrsx.is f sX21sD dsll



C f 90 114,15 Xss Ids

fc2 tl Xi15 X21s Ilds

C GOT GOT 114 Yalco

11Y Y 11C CGOT GOT IX Yallao

Treated



Nonlinear Equation with a parameter H p 415

p df Fct Xm
Fit T Xµ Flt XM

Suppose

1
m o has a solution Jlt

2 Let Alt 2 FItijH 0

IH fundamentalsolution of AH
3 IIT IT exists

Then
µ has a solution for M K1


