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ABSTRACT. In this paper, we study the blow-up phenomena for a class of parabolic
systems with nonlocal terms, called shadow systems which are often used to approx-
imate reaction-diffusion systems when one of the diffusion rates is large. Existence
of finite blow-up solutions are characterized based on the parameters in the shadow
systems. Two different approaches are employed to overcome the difficulties caused
by the appearance of nonlocal terms and the lack of comparison principles. One
is based on integral estimates, while the other relies on the Schauder Fixed Point
Theorem. This is a continuation of the work [13]. In particular, we improve the
earlier results concerning blow-up solutions to the optimal case.

1. INTRODUCTION

Reaction-diffusion systems of the following form have been used extensively in
modeling various phenomena in many branches of science

ur = diAu+ f(u,v) in Q x (0,7),

Tvp = daAv + g(u,v) in Q x (0,7),
(11) Ju __ Ov __ 0 o0

W= = on 00 x (0,7),

u(z,0) = ug(x), v(z,0) =vo(x) in Q,
where A = 37" 88—;2 is the usual Laplace operator, €2 is a bounded smooth domain
in R" with unit outward normal vector v on its boundary 0€; dy, dy are two positive
constants representing the diffusion rates of the two substances u, v respectively, the
number 7 > 0 is related to the response rate of v versus the change in u, and f and
g are two smooth functions generally referred to as the reaction terms.

1991 Mathematics Subject Classification. Primary: 35B44, 35K57; Secondary: 35B30, 35K51.
Key words and phrases. shadow system, blow-up, nonlocal.
1



2 FANG LI AND NUNG KWAN YIP

When one of the the diffusion rates, say d,, is very large, it seems natural to
analyze (1.1) by first letting do — oo in (1.1) which formally causes v(z,t) to tend to
a spatially constant but time dependent function £(¢). Then the overall model can
be replaced by the following which is often called the shadow system of the original
model:

up = diAu+ f(u, ) in Q x (0,7,
(12) Tgt = ﬁ fQ g(“?&)d‘r in (07T)7
% = on 09 x (0,7,

u(x,0) = u(x), £(0) =& in€Q,

where || is the measure of Q. This idea is due to Keener [10] and is typical in
studying activator-inhibitor models.

The purpose of this paper is to study the finite time blow-up phenomena occurring
in the shadow system of the following well-known Gierer-Meinhardt system [5, 16]:

ut:dlAu—u+g—§ in Qx (0,7),

T = doAv —v 4 & in 2 x (0,7),
(13) ou __ Ov __

du— 2~ on 092 x (0,7,

u(z,0) = up(x) >0, v(z,0) =ve(z) >0 in Q,
where the exponents p, ¢, r are positive and s is nonnegative, and satisfy

—1
p < q ‘
T s+ 1

(1.4) 0<

The above condition is imposed so that the constant equilibrium solution (1, 1), which
is stable in the corresponding ODE system, becomes unstable due to the introduction
of the diffusion terms in (1.3) with d; small and dy large. See [16] and the references
therein. This phenomenon is generally referred to as Turing’s “diffusion-driven in-
stability” [20], which is a remarkable idea in modeling pattern formation in various
branches of science (e.g., biology and chemistry).

According to the formal derivation mentioned above, its shadow system is as fol-
lows:

ut:dlAu—u—i—g—Z in Q x (0,7),
(1.5) T = =€+ \ﬁll fQ g—:da: in (0,7),
Gu—0 on 9 x (0,T),

u(z,0) = ug(x) >0, £(0) =& >0 in Q.

There are quite a few works dedicated to the blow-up phenomena in parabolic
equations and systems. See [1, 12, 19] and references therein. In most cases, compar-
ison principles are employed to guarantee the existence of blow-up solutions, even in
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systems. Unfortunately, they do not hold for the Gierer-Meinhardt system (1.3) and
its shadow version (1.5).

In [13], the authors compare the dynamics of shadow system (1.2) with their orig-
inal reaction-diffusion systems (1.1) for the Gierer-Meinhardt model (1.3). In this
case, global existence was proved in [9] for the range p%l < 1 and it has already
been known that in the case ;%1 > 1 even for the corresponding ordinary differential
equations, i.e. when ug and vy are suitable constants in (1.3), blow-up happens at
finite time. (See [17] for a complete description of all solutions to the corresponding
kinetic version of (1.3).) This only leaves the critical case 21 = 1 still open. However
for the corresponding shadow system (1.5), the situation is remarkably different. To
be more specific, the following results were established in [13].

Theorem A. If0 < ”%1 < %H, then every solution of the shadow system (1.5) exists
for all time t > 0.

Theorem B. Suppose that Q) is the unit ball B1(0), and thatp =r, T =s+1—q and

0< p:1 <z <Ll [fp%1 > %, n > 3, then (1.5) has finite time blow-up solutions

for suitable choices of initial values ug and &.

Recently, [18] proves that every solution of the shadow system (1.5) exists for all
time t > 0 if p;1 = %H

It is worth discussing the motivations for the current work. First, note that there is
a big difference between the global existence results for the original Gierer-Meinhardt
system (1.3) and its shadow version (1.5). The former holds for p%l < 1 while the
latter blows up for p%l > % The corresponding ODE (kinetic) system also has global
existence for p%l < 1 [17]. This clearly reveals an intricate discrepancy between
1 <« dy < 00 and dy = oco. It also shows that the formal replacement of 1 < ds by
dy = 00 needs to be justified more carefully. Second, due to technical reasons, there is
an open gap ni” < p%l < % in the condition imposed on the quantity p%l that is not
covered by Theorems A and B. This indicates that the results have not completely
revealed the dynamics of the shadow system (1.5). Third, in Theorem B, it seems
that the conditions imposed on the parameters 7, ¢ and r might not be necessary. In
fact, the authors require the conditions p = r, 7 = s + 1 — ¢ in order to reduce the
shadow system (1.5) into a single equation with nonlocal terms. This simplification
saves us from further investigation of the interaction between u and & in (1.5). The
above encourages us to understand the dynamics of the shadow system as much as
possible. The current work essentially closes the gap in the previous description in
terms of finite time blow-up phenomena. The results are nearly optimal.
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By setting v = elu and € = er &, system (1.5) becomes

vy =diAv + e’(p’l)H%tZA—: in  x (0,7),

A~ —r s+1 ’UT .
7—§t = e T tﬁ fQ é—sdJ? m (OvT)a
2 on 99 x (0,T),

v(2,0) = vo(z) >0, £(0) =& >0 in Q.

This is equivalent to the following form by setting © = v and { = 55“:

wy = Au+ g1 (1) uP in Q x (0,7,
(1.6) G = gg(t)fﬁ‘ Joudzx in (0,7),
du =0 on 02 x (0,7,
u(z,0) = up(x) >0, ((0) =¢ >0 in Q.
where
A7) )= gy = T g

T s+ 1
and for simplicity we have used the original symbol u for v and taken d; = 1. We
remark that our results ultimately concern blow up time which is very small. Hence
without loss of generality, we will only consider the range [0, 1] for t. Then there exist
positive constants m;, M;, + = 1,2 such that

Note also that lim; .o ¢1(¢t) = 1 and lim_, g2(t) = %
Our main results are stated as follows. Again, we always assume 0 < p%l < A

-4  — q’
s+1
and consider only radially symmetric solutions on the domain 2 = B;(0).

—1 2
Theorem 1.1. Suppose that 2 is the unit ball B1(0). If p < r and P—2 —, then

r n
(1.5), or equivalently (1.6) has a finite time blow-up solution for suitable initial data.

—1 2
Theorem 1.2. Suppose that Q) is the unit ball B1(0). If p > r and d > it
r n

then (1.5), or equivalently (1.6) has a finite time blow-up solution for suitable initial
data.

p—1

Theorem 1.3. Suppose that § is the unit ball By(0). If n
r n

2
nt 5 orn < 2, then (1.5), or equivalently (1.6) has a finite time blow-up

and either

1 <p<

solution for suitable initial data.

Note that together with Theorems A and B, in terms of blow-up results for the
shadow system, essentially the whole range of p%l is covered.
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From now on, we will focus on problem (1.6). Some remarks about the theorems
are in place.

(1) The technique used to prove Theorems 1.1 and 1.2 is different from that
for Theorem 1.3. The former makes use of integral estimates and is quite
elementary. The disadvantage is that the results depend very much on the
exponents and spatial dimensions. However, it works even for super-critical p:

p>pt= n_2 For the proof of Theorem 1.3, we make use of some well-

known machinery for the study of blow-up phenomena for semilinear heat
equations, in particular the works [6, 7, 8]. The strategy is more transparent
but it works only for sub-critical p: p < p*.

(2) The main results: Theorems 1.1, 1.2 and 1.3 are listed based on the different
techniques employed in the proofs. To see the range covered more clearly, we
rewrite the main results into the following two parts:

e Assume that p%l > %, then finite time blow-up occurs;

e Assume that ni—&-Z < p%l < %, then finite time blow-up occurs provided

that one of the following conditions is satisfied: (i) p > r; (ii) either n < 2
orl <p<™2 n>3.

Therefore, one easily sees that there are still some ranges for the exponents p
and r not covered by the current work, precisely,

92 _
<p 1§2 with nt2
n+2 T n n —

<p<r and n >3.

The above essentially concerns the supercritical case in higher dimensions. We
will return to it in a future paper.

Throughout the proofs, a key quantity to control is (. From the form of system
(1.6), in order to have blow-up, it is useful to have ((t) bounded from above. If this is
the case, the equation for u can be written as:

(1.9) u = Au+ K(t)u?
where the coefficient K(t) is bounded from below. Then we can borrow some ideas
and results for blow-up problems in the single equation case. Since

\Bll(o)‘ /0 g2 (7) [[ull () dr,

and my < go(t) < My, we are lead to investigate the growth of the L"-norm of u near
the blow-up time. Theorem 1.1 corresponds to the case that ||ul| ;. is bounded while
t

¢(t) = ¢(0) +

Theorem 1.2 corresponds to the case that ||u||,. goes to infinity but [ ||ul|}. (1) dr

0
remains bounded. Theorem 1.3 essentially combines the two theorems into one (in
the sub-critical case).

The proofs of our theorems make crucial use of the following two bounds:
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Radial-bound:

(1.10) lu(z, )| < Cz %1 forany 1<k < p;
L*°-bound:
(1.11) lull e < C(T )71
In the above, we denote z = |x|. Precise statements will be given in Lemmas

2.3, 3.1 and Theorem 3.1. Both of the above estimates are consistent with the
classical estimates for semilinear heat equations [7, 15]. In fact, under fairly general
assumption, the asymptotic blow-up profile is given by [15]:

[log |||

o=
PE } for |z] < 1.

lim u(x,t) ~C [

t—T

Here we heuristically explain the restrictions on the exponents. Given the above
bounds, we estimate / lw(T)||}- dr. Let z.(t) = (T — t)%, the point where the
bounds (1.10) and (1.101) coincide. Then

1 1 2 r
Ol < —— )+ [ [
- (T —t)r= 2(t)
— n 1 T
< ;T[(T—t);(kplﬂ —|—/ o1 [27%] 2"z
(T — 15)E (T—t)2(p—1)
1
S r—n(k— °
(T — ¢) 20

T
Hence, if it is such that / ()|} dr < oo, we would need:
0

2r —n(k —1) .
1.12 TP 4 de 2r<nlk—1)+2(p—1).
(112) S (k—1)+2(p~ 1)
Now if
) p—1 2
2r<(n+2)(p—1), ie Ty

then we can always find a k with 1 < k < p such that (1.12) is satisfied. Based on
this observation, we expect that near the blow-up time 7', the behavior of u resembles
that of the single equation, constant coefficient case:

ug ~ Au+ K(T)uP.

The rigorous treatment will be provided in our proofs.
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To prepare for the proofs, we introduce the initial data for u, ug(x) = ops(2):

Qoo Yo (a42) 2 <
%(Z):{(HQ)(S 502 0<z <

(1.13)
z7e, 0 <z<1,

where o = 2= and § and o are positive numbers. Note that s is C! (see figure).
p—1

) ©.(2)

) ) Z
The purpose of ¢ is to adjust the blow-up time of the solution. The initial value (y

for ¢ will be chosen to be small.
We note the following elementary statements about (s:

(1) For0 < g < £,

O(6") 1l n -
B _ _ n—af
(1.14) Br(0)] Bl(o)gpédx— 57 +n/5 ~oh dz = n—aﬁ+0(5 ).
(2) For 6 <z<1,
n—1 —a(—a—1) (n—1)(—a) an
(‘P&)zz + > (¢6)z = Sat2 Sot2 2 _Za+2’

while for 0 < z <4,

n—1 o n—1 - an
(905)22' + 7(905)2 = _250¢+2 (2) + (25(14—222) = _6o¢+2'

z

Hence if Ky is large and o is some positive constant, bounded away from zero
but independent of &, then it holds that

n—1

(1.15) (0@s)2s +

1 1
(095)- + Kolops)’ > (—oan + Koo”) min { 5or” Z—} =1

for 0 < z < 1. (Note that ap = a4+ 2.) From the above, for uy = ops, we
have

Now we proceed to prove our theorems.
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2. PROOFS OF THEOREMS 1.1 AND 1.2 BY INTEGRAL ESTIMATES AND
MAXIMUM PRINCIPLE

We first state two useful lemmas. The first gives some preliminary estimates of w.
Its proof is the same as [13, Lemma 3.2] but is provided here for reader’s convenience.

Lemma 2.1. Let u be the solution of

ur = Au+ K(t)u? in B1(0) x (0,7,
(2.1) Gu—0 on 0B, (0) x (0,T),
u(z,0) = ops(2) in B1(0),
where K(t) is continuous and positive and o > 0. Then the following properties hold:

(i) u>o, forall0<z<land0<t<T.
(ii) u, <0, forall0<z<1cmd0<t<T
(IH;U( >—z"|B(0)|fB uPdzx, for all0 <z <1 and 0 <t <T, where 3 > 0.

(iv) u.(3,t) < —Cy, for 0 < t < min{1,T}.

Proof. Statement (i) follows easily by comparing u with the solution v of the following
problem
= Av in B1(0) x (0,7),
gg =0 on 0B, (0) x (0,7),
v(z,0) =0 in By(0).

For (ii), we consider 1) = 2" u,. Using the equation for u, we have

Vs

2N

U =

-+ K(t)u”

from which it is then easy to verify that i satisfies the following statements:

wt = wzz - _wz +pK( )up—l¢, in Bl<0) X (OvT)a
¥(0,t) = 0, on 0B;(0) x (0,7);
P(z,0) < 0, in By(0).

Then maximum principle gives (ii).
Next we compute:

uP(z,t)2" = uP(z, t)/ nr"tdr < / uP (r, )ynr™ dr = / uP () dx
0 0 1B1(0)] /B, 0)

giving (iii).
Statement (iv) follows from strong maximum principle for . 0

The next lemma gives some useful estimates for the blow-up time of (1.9). The
proof resembles [13, p. 1774-1775].
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Lemma 2.2. Consider (1.9) with initial data uy(z) = ops(x). Suppose there are
positive constants Ky, Ky such that K(t) satisfies K1 < K(t) < Ks for all t > 0.
Assume Aug(z) + Erub(x) > 0. Then the solution u will blow up at some finite time

2
T which satisfies:

C.6> 206>
2.2 — <T< —
( ) Up_lKg - - Up_lKl

1

where C, = [(p -1)(1+ %)pil}i .

Recall that by (1.16), the assumption on ug can be satisfied if K; is large enough
and o is some positive constant.

Proof. First, as u attains its maximum at z = 0, we have
w(0,t) = Au(0,t) + K(t)uP(0,t) < KouP(0,1).

Integrating the above gives:

1 e 52 o
<|l— —(p-1K - —(p—1K

leading to the lower bound for 7'
The proof of the upper bound is more involved. By the assumption on K(-), we
have that for £ > 0,

up = Au~+ K(t)u? > Au+ KyuP.
Then the comparison principle gives
(2.3) u(z,t) > uu(z,t), on By(0) x (0,7})

where u,(z,t) satisfies:

Uyt = AU* + Klu{k’ in Bl(O) X (O, Tl);
Gus — () on 0B;(0) x (0,T}),
us(z,0) = up(x)  in B1(0),

where T7 > T. Now set 1) = uyy — KzuP (K3 is to be determined). Differentiating in
time the equation for u, gives,

—1
Ustt = Alyy + K1pul™ .
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Hence

U = (w)y — Kapul M (w,) = Aug + Kipul ™ ug — Kapul ™ uy

Ay + KsA(u?) + Kipul My — Kspul '

= AP+ Ksp(p— ub™! |Vu*|2 + KaspuP ' Auy, + KypuP Mgy — KapuP ™My
A + Kapu? ™ (uy — Kyu?) + (K1 — Ks)pul ™y,

AY + pul ! [Kauy — K3 Kl + (K1 — K3)u)

= A+ put ! [Kyuy — KK jul]

Aty + Kypul ™ u — Kaul] = Ay + Kyjpul ™',

v

Now consider

¥(,0) = uw(x,0) — Kzul(x,0) = Aug(x) + (K7 — K3)ug(z).

So upon choosing K3 = % and making use of the assumption, we have ¥ (z,0) > 0.

In addition, % =0 on 0B1(0) x (0,71). Hence the maximum principle implies that,
1/} = Uyt — Kgui) >0 in Bl(O) X (O,T1>

Straightforward integrating (similar to the lower bound calculation) then yields

1 Ea 5? o
Ug 1(0) ) Opfl (1 + %)p 1
leading to the stated upper bound for 7T 0]

To prove Theorems 1.1 and 1.2, we apply the previous result by setting
K(t) = gi(t)¢7 () = e PR (1),
The following claim clearly leads to a blow-up solution of (1.6):
(2.4)  there exists a ty independent of § such that (o < ((t) < 2(y for 0 <t < t;.

For the above, we are working with the understanding that (5, 0 < 1, and o = 1.
These will be assumed for the rest of this section.

The next lemma is one of the key ingredients in establishing (2.4). Its proof has
some similarity to [2, Lemma 2.2].

Lemma 2.3. Let u(x,t) be the solution of (2.1). Define for 0 < g <1,
1
h(t) =
1B1(0)] /B, 0)

If for 0 < § < §p and 0 < t < (), there exists a Ky independent of § such that
K(t) > Ky for 0 <t < t(9), then for any 1 <k <p and { > %, there exists an € > 0,

uPdz.
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sufficiently small but independent of 0, such that the following estimate holds:

(25) u(zt) < L(Q:E_(ti)rilz =

3
=1 for()<z<1and0<t<t(5).

Proof. Define the operator

n—1 _
L] = — 1. + — - pK(t)uP'n,

and set

uk(z,t) uk(z,t)

A S t n__ 7 7

The constants ¢, k, e will be chosen later. Recall that £[¢)] = 0. Then direct compu-
tation gives that £[n] equals the following,

e[t

n=2""tu,(z,t) + ez"

ht(t)
ekt DEO7 Y k(e )l
= T4ERZ k%uz—)ﬁ(p— K (t)z € (k — )Zk Bt Uz
u —1 u 1
—|—6€z"——/ P2 |V’ de — el K (1) 2" —— WPy
P B S O W B0 oo
n,lukfl nup71+k
< —2¢kz —prUs T e(p—k)K(t)z —r (note: 0 < B <1)
k—1 n, k
- _2€kuhz n+ EZh;Z [2eku*™" — (p — k)K ()R v .

By the facts that v > 1 (Lemma 2.1(i)), h(t) > 1, 1 < k < p, and K(t) > K, for
0 <t < t(d), there exists an € > 0, independent of 0 < 6 < Jy, such that

uk—l

Ln] < —2¢k I

n f0r0<z<§land0<t<t(5).

Next, note that 7(0,¢) = 0 for 0 < ¢t < (J). By Lemma 2.1 and the imposed
condition ¢ > %, for € small enough, we have that

3) = (0 () ()
oy )

Now at t =0, for 0 < z < 6,

k
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while for 6 < z <1,

1
n(z,0) = |—az (a+2)+eh£(0)z_ak z".

As a+2 = ap > ak, then n(z,0) < 0 for sufficiently small e.
Consequently, it follows that

Ln] < 2ekh477 in0<z<30<t<t(d),
n<0 at 2 =0,3 and 0 < ¢ < ¢(9),
n<0 in0<z<%andt:0.

Thus for 0 < z < % and 0 < t < t(d), the maximum principle yields that

k
u®(z,t) <0

n= Zn_l“z('Zv t) + €e2" hg(t) >~

Integrating in z in the above inequality gives
2ht k=1 2 3
< | — TFoin0<z< =, 0<t<t().
u < L(lf_l)} 2 in 2<y (0)
The proof is thus complete. 0

Now we are ready to prove Theorems 1.1 and 1.2.

p—1 2

2.1. Proof of (2.4) for Theorem 1.1: p < r, > —. We repeat the remark

.
that this range corresponds to the case that (; = go(t )|B1 o) ||u( )% is bounded.

Since (; = u"dx > 0, we have that

1
2B Lo
(2.6) ¢(t) = Co-

For each 0 < 0 < dp, let (0,%1(0)) be the maximal time interval for which {(¢) < 2¢,
holds. Define

1
u(t) = udzx.
1B1(0)] J5,(0)

Now choose K( ) g1(t)¢™7 and ¢ = k € (1,p) in Lemma 2.3. Then we have
K(t)=q(t)¢C (2(0)_(1' for 0 <t < t;(9). Hence

2ak(t) 17T _ o
2. < -1
27) e < | e,

for 0 < z <32 and 0 < t < #;(0), with some small ¢ but independent of 4.
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For u(t), by Lemma 2.1 and (2.6), it is obvious that
o1

u(t) = g - B0)] s O)upd;c
L rde = Mt S« My
= MO MO i S 0"

(In the above, we have used the fact p < r.) By (1.14), this immediately yields that
for 0 <t < t,(9),

2n M1

q+1
+ CO ’
(6] mo

2:8) () < 10+ 567 () - ) < =

where n — a > 0 since p < r and >— 1>2

Going back to equation (1.6) which is satisfied by ¢, by Lemma 2.1 and (2.7)
again, we have

1 "
“ = 9”| <o>|/310>“d
1

Lo 5y Td
= u axr
1(0)] /B, ( |Bl( ) J By (0\B) (0)

2

2r
2 k71 1 "TRT ]_ kr
< M - - GReT 4 9"y
- 2{”L<k—1> (2) T }

for 0 < t < t1(0). In the above, p%l > 7% is used to guarantee the existence of k € (1, p)
such that n — 25 > 0. Therefore, by (2.8)

G < Ci(e, k)
independent of 0 < & < g and we easily derive that

Co = ((t1(9)) — Co < Ci(e, k)t (0),

that is
£(6) > “
- Cl (E, k)
Finally, by setting
Lo G
LT Cile k)

we have for 0 < ¢ < ¢; that ((t) < 2(p, concluding the proof of (2.4).
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p—1

2.2. Proof of (2.4) for Theorem 1.2: p > r, ok Even though the
n
statement is the same as that in the previous section, the key difference in terms of
behavior is that ¢; = 92(t)|31—1(0)\ lu(t)||7, can become unbounded but the time integral
t
llu(s)||;- ds remains bounded. Hence in this case we will control directly ((t)
0
instead of (;(t).
We have again that ((t) > (o as ((t) is increasing. Recall the definition:

1
h(t) = |B1(0)] J,(0)

. n _ 2 .
Here we require that 0 < 3 <land B € [r —p+1,%), where a = o Such [ exists

uPdz.

as p > r and 2L > —2_ Tt is routine to check that

T n—+2"
— b B-1 —q',p
he(t) = B,(0)] Bl(o)u <Au+91(t)C u)dx
_M B=217ul2d 5C_q/ B+p—1
O ARy o e
B¢

(2.9)

> my u"dzx,
1B1(0)] /5,0

because of v > 1 (Lemma 2.1(i)) and the choice of g: 0 < <1, F+p—12>r.

Note that by (1.14), we get

(2.10) h(t) > h(0) = 131 5 n

ugdr =
(0)] B1(0) 0 n—af
where n — a8 > 0 is guaranteed by the choice of .
For each 0 < 6 < dg, let (0,%2(0)) be the maximal time interval for which

(2.11) h(t) < h(0) + %mco)—q’co,

and (0,%,(9)) be the maximal time interval for which ((t) < 2¢,. We claim that
to(9) < t1(9). Clearly, both h(t) and ((t) are strictly increasing. For 0 <t < t;(9), it
follows immediately from (2.9) and the equation satisfied by ¢ that

ha(t) > %5(2@)—%.

+0(5"),

Thus at t = ¢1(6),

h(t1(8)) > R(0) + %ngo)—qzo.
Therefore, t2(0) < t1(9), i.e., for 0 <t < t2(9)
(2.12) h(t) < h(0) + %B(%)% and ((t) < 2.
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Now choose K (t) = ¢,(t)¢"7 and £ = % in Lemma 2.3. The above then gives
1
2hE(t) 17T _ o
2.1 < TR
2.13 wat) < | o] e

for 0 < z < 2 and 0 < t < #5(0), where € is independent of 4.
For convenience, define

1
hin(t) = WPdr and  hey (t) = / u’dr,
1B1(0)] JBr0) ' |B1(0)| J B, (0)\Bxr(0)

where R > 0 will be chosen later.
For the inside part, using (2.12) and (2.13), we get

1

hin(t) = ﬁ(x, t)dx
B0 Sy
2ht k-1 1 28 28
2.14) < { ] i < Cole, k)RS
( T-D| B o 2(6,k)

for 0 < t < t3(6). Since B € [r —p+1, %), it is possible to choose 1 < k < p such that
n— 22 7> 0.
For the outside part, first calculate
d d 1
—hout(t) =
ar" dt|ByO)] J 5,0\ 5a(0)

_ B B=1 (A T AW
1B1(0)] B1(0)\BR(O)U < ut bl u> !
B(B—1)

— —nBRWP (R, (R, ) / | Vulda
1B1(0)] /B, 0)\Br(0)

5+p—1dx.

u’ (z,t)dx

1

+g1( )ﬁc |Bl( )| B1(0)\Bg(0)

Consider the equation satisfied by u in (1.6):
up = Au A+ g1 ()¢ u?

in g <z < 1,0 <t < ty(d). Differentiating with respect to z, by Lemma 2.1
and (2.12), we see that u, solves a parabolic equation with bounded coefficients in
% <z<1,0<t<ty(6). Observe that at t =0,

[us(2,0)] = |¢5(2)] = @277 < 2% laR™
for % < z < 1. Therefore, by parabolic regularity, we have

lu,(z,t)] < C3(R) in R<2z<1,0<t<ty()
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which, combined with Lemma 2.1 and (2.12), implies that
'i
dt

Due to the estimates (2.14), (2.15) and the definition of #5(d) in (2.11), it is easy
to see that for 0 < § < ¢

M:ﬁ@co)-q’co = h(t2(8)) — h(0)

= hin(t2(6)) = ~in(0) + hout(t2(0)) — hout (0)
< Cole, k)R T + Oy (R)ta(6).

(2.15) h,m(t)‘ < O4(R) in 0 <t < ts(5).

Choose R > 0 small enough such that

n_% 1 m o
CQ(E, kI)R k-1 — EMLB(QCO) a go,
which immediately tells us that
1 mq /
ta(8) > ===~ 5(260) ™ o
2( ) = 204(R) Mgﬂ( CO) gO
Finally, setting
1 my

ty = 26o) 7
2 2C4(R) Mgﬂ( C0> <07
by (2.12), we have for 0 < ¢ < t9, ((t) < 2(y. This completes the proof of (2.4).

3. PROOF OF THEOREM 1.3 BY SCHAUDER FIXED POINT THEOREM

We first recall that in this Theorem, p and r satisfy: p%l > n%? To start the proof,
we re-write (1.6) in the following form:
u = Au + 91() ~uPin By(0) x (0,7,
[Go+ 5yt g g2 (DlluCm) e dr]”
(3.1) 2 _ ) on 8B, (0) x (0,T),
u(z,0) = ops(2) in By(0).

We will employ the Schauder Fixed Point Theorem to prove the existence of a blow-up
solution. The idea is to analyze a single semilinear heat equation with time dependent
coefficient:

(3.2) up = Au+ K(t)uP.

By Lemma 2.2, if K(-) is bounded from below, u will blow up at some finite time
T. Now define:
q/

(3.3) K(t) := g1 (t) |:<0 + |B1—1(0)|/0 G2 (7) Ju(-, )| 7 d7 : for0<t<T.
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Our strategy is to show that the map:
(3.4) F:K()— K()

has a fixed point, leading to a blow-up solution for (3.1) or equivalently (1.6).

To implement the above, we need the continuity and compactness property of the
map F. Our method to prove them relies crucially on the two estimates (1.10) and
(1.11). The former gives a global bound about the blow-up profile while the latter
gives an estimate near the blow-up point. These are established using the techniques
from [2] and [7]. However, due to the combination of the Neumann boundary condition
and the time dependent coefficient, we need to make some non-trivial adjustment, in
particular for the integral estimates in [7]. They are first proved for a truncated
version of (3.2).

We now give the precise conditions on the coefficient K(-) which appears in (3.2).

Definition 1. Let M and 7y be two positive numbers and a(-) be a positive function
such thatlims_,o a(d) = 0. We define Hs(o, T, M, a,~y) to be the collection of functions
K :[0,T] — R satisfying the following conditions:
1
(1) K(0) = @

0
(2) = —ald) < K() < — +a(6) for t € [0.7];
(3) Jggr all0 <t <ty < 59, it holds that
(3.5) [K(t1) — K(t2)| < M(t2 = t1)".
Later on, we will choose M > 1 and 0 < v < 1. For simplicity, we sometimes

use Hs to denote Hs((o, T, M, a,). It is clear that Hs is a bounded convex set. A
caricature of a typical element of this set is depicted in the following figure:

A K(t )

—£0+ e

1 -a(d)

Our approach is to treat (3.2) as a perturbation of an equation with constant
coefficient:

u = Au+ Kt = Au+ K(T)uP + (K(t) — K(T))u?
Au+ K(T)u? for 0<T—-t<1,

Q
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where T' is the blow-up time of u. In order to derive the necessary estimates of wu,
we introduce a modification of (3.2). Let D be some positive constant to be specified
later. Define Gp : R,y — R, to be a smooth and increasing function satisfying

0 for 0 <0< D,

and G(0) <0 for all 0.
D+1 for 6 > D+ 2,

(3.6) Gp(0) = {

Instead of (3.2), we first consider the following problem

1
Gh(T—t)7Tu

w = Au+ K(T)w? + (K(t) — K(T)) ) in By(0) x (0,7),

(T—)P—1

61 Ja_g on 9B, (0) x (0,T),
u(z,0) = ops(2) in By(0).

The steps of the proof, including the determination of T" and o, are outlined in the
following;:

(i) Find u; which solves the following equation in By (0):

— ou
(38) U = Au + CO ! up, U(I, 0) = 905($)7 % 9B1(0) =0
Note that here the o in the initial data ug is taken to be 1. By Lemma 2.2,
for (y small enough, u; blows up at some finite time T'. This T is fized for the
rest of this paper.

(ii) Take K € Hs, solve (3.7). Using the fact that €% < 1, we have

T

G5 ((T — t)71u)
(T — )7t
> K(T)w” — |K(t) — K(T)|u? > (K(T) — 2a(8))u” > (K (0) — 3a(8))u?,

and

K(T)u? + (K(t) — K(T))

Go((T — t)71u)
(T —t)7 1
< K(T)W? + |K(t) — K(T)|u? = (K(T) + 2a(8))u? < (K(0) + 3a(8))u?

K(T)uP + (K(t) — K(T))

Applying Lemma 2.2 to (3.8) with 0 = 1 and K(¢t) = Co_q/, we have that the
blow-up time T} = T for u; satisfies

02 2C,6%
(=)< T < 20 (=)
Co Co
while applying to (3.7), its blow-up time T satisfies (K (0) = Co_q/):
C.0? 2C.,6?
((=¢c)<Tp, < (:=d).

oG @ + 3a(d)) o1 (¢ Y = 3a(6))
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By equating ¢ = b and d = a, we expect to find a ¢ in the following range:

1 1

(39) ( G ) (_%aq’ )pl
267 +3a(0) &7 — 3a(0)

such that (3.7) also blows up at 7' = T;. This will be shown rigorously by the
next two lemmas.
As a(d) < 1 for § < 1, we can simply consider the range (3.9) for o to be

(3.10) [3—1%1, 3711} .

Hence we only need to consider bounded range of ¢ which is also bounded
away from zero.

(iii) Lemma 3.2 shows that for D > 1,§ < 1, and o € [3_711, 310%1], any solution
of (3.7) that exists up to time 7" in fact satisfies (1" — t)P%lu < D. Hence the
truncation function Gp is not active so that the solution actually solves (3.2).

(iv) Lemma 3.3 gives a unique value of oy such that the solution usy of (3.7) (or
actually (3.2)) with initial data oops blows up at T.

With the above, we re-define the map F as:

_ 1 t ; -7
(3.11) Fi K — K(t) = () {Co + —/ 92(7) lua (-, 7)[[- dr
1 B1(0)] Jo
for t € [0, 7). In order to apply the Schauder Fixed Point Theorem on F, we need:
(A): F: 'H(g — 7’[5;

(B): Fis a continuous and compact map.
The rest of the paper is devoted to proving the above two properties.
3.1. Crucial Estimates for (3.2). From now on, for simplicity we will choose ¢

small enough such that a(6)(D + 1) < & (where a(-) is the function that appears in
the definition of H;). The initial data ( for ¢ is also chosen to be small (in order for

Lemma 2.2 to be applicable). By step (ii) in page 18, o is taken from [3_17%1, 31%1]
The key result of this section is the following statement concerning solutions of (3.2).

Theorem 3.1. Given any 6 small enough and any K € Hs, there exists a solution u of
(3.2) that blows up at T'. Furthermore, this solution satisfies the following estimates:
(i) for any 1 < k < p, there exists Cpr such that

(3.12) u(z,t) < OMJCZ_%;
(ii) there exists a Cyy such that

(3.13) [uC )l e < ———
T
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The above theorem follows from the next three lemmas. As we mentioned earlier,
we first consider the truncated version (3.7) and then choose D large enough.

Lemma 3.1. For any 1 < k < p, there exist oy and Cyry, > 0 such that for 0 < § < d
and for all K € Hs, if the solution u of (3.7) exists up to time T, then it satisfies:

(3.14) u(z,t) < CMJCZ_%.
Here the constants oy is independent of K and Chyy, 1s independent of & and K.

Lemma 3.2. There exists Cyy > 0 such that for § small enough and for all K € Hs,
if the solution u of (3.7) exists up to time T, then it satisfies:

Cu
(T — )71
Here the constant Cyy is independent of D, 0 and K. In particular, for any D > Cyy
and all small enough 9, the solution of (3.7) in fact solves (3.2).

(3.15) [Ju )l oo <

Lemma 3.3. There exists a unique o, € [371’%1, 3711] such that the solution of (3.7)
with initial data u(x,0) = o.ps(x) exists for 0 <t < T and blows up at T.

The proof of Lemma 3.1 is basically the same as Lemma 2.3 and will be given
in this section. The proofs of Lemmas 3.2 and 3.3 are quite lengthy. Their proofs
rely on the techniques from [7] and will be given in Section 4. Properties (A) and
(B) will be proved in Sections 3.2 and 3.3.

Proof of Lemma 3.1. By the condition of the function a(d), we can choose § small
enough such that for all K € Hs,

1

K(t) > - for0<t <T.
2¢¢

Then by Lemma 2.2, for (; small enough and ¢ some order one positive constant

(independent of (, and ¢), we have

40,¢ 82
op—1
Also note that the properties in Lemma 2.1 still hold for the solution of (3.7) by

applying almost the same arguments.
Next, we fix

(3.16) T <

, n n(k—1)
(3.17) 0<fB< mm{l, o —}

Similar to Lemma 2.3, we define




FINITE TIME BLOW-UP

n—1 R _
ﬁM]znt—nu4——;—wz—pKXTﬁf1%

where k£ < p < p and set

uk(z,t)
hi(t)

uk(z,t)

n=2""u,(z,t) + " 0

=(z,t) + 2"

where ¢ > k , 1 <k < pand e will be chosen later. For convenience, we introduce

For what follows, we make frequent use of:

Glz)

<1 forx >0, and |K(t)— K(T)| < 2a(9).
x

By direct computation, we get

Lin] =L [2" u.(zt)] + L {ez"uhgz)zf)]

GUN(T = )7 Tu) ., o

= (- K@) w4 p(k () - k() 2T 0T g,
uF1 p—1+k k2
—2ekz" U e(p—k)K(T)z "T—ek(k’—l)z" o u?
BB — )/ 2o (2
Felzn w2\ Vulrdr
R 1 BL0)] S,
u® 1
—elfK(T)z"—— uP e
DB 00 S
nuk—l k 1 B—le
+ekz W R —elfBz" =) B (0)] Bl x
< (p-D)K(T)2"""u" " u, — 2pa(9)2" p fu
1uk 1 p—1+k
—2ekz"" T'LI,Z ( ) ( )
u® 1
—elBK(T uﬂﬂ’*ldx
DT B0 o
ptk—1 uF 1
+2a(d)ekz" + 2a(0)elBz" uP TP

RELIBL(0)] J 3, o)
note that 0 < G, <1, u, <0, 0< B <1and k > 1 are used
D
= [(p—D)K(T) — 2pa(9)]z""u u,
k—1 p—1+k yPtr—1

~ n U n
o Us e(p—k)K(T)z"—— + 2a(d)ekz o

hl

—2¢kz" 1 Y
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uk 1
+[2a(0) — K(T)]elBz" —— Py
| R TNV
bt A -1 uP 1
< —2¢kz U e(p—k)K(T)z" o + 2a(0)ekz" o
k1 k
= 2kl al + ez ;;— [2eku*~" — (p — k)K(T)h'u’~" + 2ka(5)h‘ uP™"]
k—l k 1 . B
< ek X N+ ez" W {QGkuk 1 §(p_ k) K (T)h'u? 1} ‘

Here for the last two inequalities, we need choose ¢ small enough such that

20(6) < min {22 A < i {22 L), () |

2p¢5 244 p

1 1
<
4Cq — 2
Then repeat the arguments in the proof of Lemma 2.3, we obtain that for 1 <
k <pand/ > , there exists € > 0, independent of § and K € Hs, such that

2ka(6) < (p— k) 50— k) K(T).

1
20f(t) 15T _
(3.18) u(z,t) < L(k—(i)} Z27 T for0<z<§l, and 0 <t <T.
Note that by (1.14), we get
1 B
h(0) = Wdr = 27 4 O(5mP),

|Bl( >| B1(0) 0 n—af

where n — a8 > 0 is guaranteed by the choice of § and o € [3_17%1, 39%1]
We claim that there exists a dg > 0 such that for 0 < § < dg, and K € Hs,

5
4p-T 2
(3.19) ht)< — = + =L for0<t<T.
n—af n—af

Suppose that there exist §* > 0 and K* € Hs« such that (3.19) does not hold. Let
(0,t3(6*, K*)) denote the maximal interval for which

B8
4r-1n 2n

n—af n-—af

h(t) <

is satisfied.
Similar to the proof in Section 2.2, we decompose h(t) into

1
han (1) = 1

B
u”dzx,
1B1(0)] JBr0) 1B1(0)| J 5, (0)\Br(0)

uPdr  and  hey(t) =
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where R > 0 will be chosen later. For the inside part, by (3.18), direct computation
yields that for 0 < ¢ < t3(0*, K*)

2h!
(3'20) hin(t) S |: (k’ 1)} n Rni% = Cani%.
€N — n

Here n — kz—fl > 0 is due to the choice of § in (3.17). For the outside part, similarly
we have,

(3.21) '%hm(t)‘ < Co(R) in 0 <t < ts(6*, K).

Putting together the above estimates (3.20) and (3.21), we get
h(ts3(6*, K*)) — h(0) = hin(tg(é;k[; K*)) = hin(0) + hout (t3(0%, K*)) — hout (0)
(3.22) < CiR" 1 4+ Cy(R)t3(6", K7).

On the other hand side, due to the choice of t3(d*, K*), it is easy to see that for &
small,

n

(3.23) At (8", K)) = h(0) > .

Therefore, we can first choose R small enough such that

then (3.22) and (3.23) imply that

1 n

(07, K7) 2 2C5(R)n — af’

Combined with (3.16), we have

AC,CT (67)2 1 n
————— > T (K") > t3(0", K*) >

op—1

which immediately gives
0" > 03(R7p7 5)
Consequently, the claim is proved by setting dy = %Cg(R, p,B).
Clearly (3.18) together with this claim completes the proof of the Lemma. O

With the above and granted Theorem 3.1, we are ready to prove statements (A)
and (B).
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3.2. Proof of (A): F:Hs — Hs. The precise statement we will show is:

for some M > 1, v < 1, there exists a oy such that for all & < by,
F maps Hs into Hs.

We recall the map F defined in (3.11) and that T is the blow-up time of uy (obtained
from step (iv) in page 18). In the following, we simply denote uy by u. Sometimes
during the derivation, we will use < to indicate that the inequality is true up to a
multiplicative constant C); which is independent of § and K € Hj.

Step I. Combining (3.12) and (3.13), we have that

(3.24) u(r,t) < Cyr min {r—%, (T — t)*p%l} .

From the above, we claim that: there ezists a 0 < k = k(n,p,r) < 1 and Cyy > 0
such that

(3.25) lu(, )7, < Cu(T —t)7".

k—1

Proof. Let z,(t) be z.(t) = (T — t)2»=D. Then

luC, Ol < /| I e / la(- o) de
r|<z«(t

Ir| =2« ()

r ( k—1 ) 1 27
(T —t) » (T —t)"\2-0) + r Ry

S
Zx (1)
S (M-t 4 (T - ()
< Cu (T - t>_n
where & is chosen such that
2r —n(k —1)
3.26 k= ————""
(8.26) 2(p—1)
In order for x to be less than one, we therefore need
2r —n(k —1) ,
3.27 ————= <1, ie. 2r<nk—-1)42(p-1).
(3.27 S (k= 1) +2(p 1)
By the standing condition imposed on p and r in this section: 2 ;1 > n%z le. 2r <
(n+2)(p — 1), we can always choose a k € (1, p) so that (3.27) is satisfied. O
T
Step II. Claim: the value of go(7) ||u(-, ) ||} dT can be made as small as

0
possible by choosing 6 small enough.
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Proof. We compute:

T T 5?2
| e@ltnlidr s [(@-nrars [@-nrar
0 0 0

1[4

< — | e dr <Oy
oo fy mps =M

Hence the claim follows. O

Recall the definition (3.3) of K (t):

fN{(t) = q1(1) [Co + |B1—1(0)|/0 G2 (7) [Ju(-, )| dT:| ) fort < T.

Note that |g;(t) — 1| < 82 for t < §2. Hence upon choosing a(§) = Cj;0" for n < 2—2k,
we have

K(0) —a(8) < K(t) < K(0)+a(d) for0<t<T.
Step I11. By the form of IN(, for t; <ty < T, we have:

K(t) - K1)

91(t) {Co + m/j 92(7) [[u- )L dT} N

gi(t) [co " ﬁ / " gol) ) df]

= |g1(t1) — g1(t2)] {Co + ﬁ / 1 92(7) [[u(-, 7) - dT} 7

/

o+ oy Jo 9o I, e dr]” —[<o+|33(0)|f ) )l dr]’
+01(t2) 7
ot e it 02 N ) ] ot gty 2 2 e ), ]
< G ot = gult)] + G Oy / g dr
< G gi(t) — gita)] + G Oy / T -t
< G lga(t) = gut2)] + G Car (T = 1) = (T = 1)
< Oum(G)(te — 1) < Cur(Co)(t2 — )7,
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where a newly re-defined constant Cjs((p) is used and + is chosen such that:

2r—n(k—1) nk—-1)+2(p—1)—2r
3.28 0<y<1l—-Kk=1- = .
(329 ! 2(p—1) 2(p—1)

Observe that,

K(t) — K(t2)]| < Car(Co)(t2 — 11)" = Coar(Go) (b2 — t1)“(ty — t1)"™

for sufficiently small € > 0. Asty —t; < T < 06 < 1. So Cp(Co)(ta — 1) <
Chr(Co)d%. Hence, we can always choose § small that Cyy(Co)(t2 — 1) < M, ie. K
satisfies (3.5).

Thus all the conditions in Definition 1 are satisfied for K. So (A) is proved.

3.3. Proof of (B): F is a continuous and compact map. We will show that:

given {K,,} C Hs, such that K,, —c~ K, , then K,, —cv K.

For this, let u, and u, be the solutions of (3.2) (or (3.7)) with K equal to K,
and K,. Recall that these solutions are obtained through the steps (ii), (iii) and
(iv) in page 18 (after the blow-up time 7" is determined from step (i)). The desired
convergence follows from the compactness of the function space (using the L*°-bound
(3.13) from Theorem 3.1) and the uniqueness of ¢ in Lemma 3.3.

Let w,, o, be the rescaled solution w and the o (in the initial condition) for
u,. Let also w, and o, the corresponding variables for u,. Using (3.13), all the
w,’s are uniformly bounded. In addition, all the choices of o, lie in the compact set
[3717%1, Sﬁ] ((ii) in page 18). Hence by parabolic regularity, the w,,’s will converge (up
to a subsequence) to some function w,. Similarly, the ¢,,’s will converge to some o”..
Then it is easy to see that w/ solves (4.2) with K(-) = K,(:) and w. (-, s9) = o Ps(-).

Next, we will show that limg . w,(+,s) = Lg,. First, by the lower-semicontinuity
of the intergral functional in (4.23), Proposition 4.2 and hence Proposition 4.3
also hold for w’,. Suppose that lim, ., w. (-, s) = 0. Then for some s,, w, (-, s,) < 1.
By the convergence of w,’s to w., this leads to that for n > 1, w,(-,s.) < 1.
Then we have that limg o w,(-,s) = 0. (This is similar to the argument in Step
I (Existence) in page 34.) This then contradicts the choice of the o,,’s for w, in
(4.26).

Now, we have a solution w/, of (4.2) such that its long time limit equals Lg,. By
the uniqueness of o, we must have o, = o,. Hence we have that w,, — w,.

With the above, the required convergence follows from uniform estimates and com-
pactness. For any t < T — ¢, we have for all n,

Cum Cu

||Un('>t)||oo < - < ——-
(T —t)r1 €r—1

This leads to u,, — u. and hence f(\; — k: uniformly for ¢ € [0,7 — €]. By the
uniform Holder continuity in ¢ for all of the K,,’s and K., for t € [T — ¢,T], the
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following quantities

K,(t) — K,(T —¢)

and ]K(t) KT -

can also be made as small as possible. Hence f(\; — K, uniformly on the whole
interval [0, 7).

To improve the convergence of K, to K, in C7-norm, we note that the Holder-
exponent 7 of the K,’s is determined purely by the growth rate of ||u||},. Hence we
can choose 0 < 3 < ¥ such that both of them satisfy (3.28). Then all the l?n’s and
K. belong to C"* and C72. By the facts that the l?n’s converge uniformly to l?*, and
C" is compactly embedded in C", it follows that the convergence can be taken in
C". Hence it follows that F is a continuous map from C" into itself.

The compactness of the map also follows, as F essentially maps C"* into C"2.

4. INTEGRAL ESTIMATES FOR THE PROOF OF LEMMAS 3.2 AND 3.3

Some remarks are in place. Lemma 3.2 is the well-known estimate for type-I blow-
up for semilinear heat equation. The phenomena is quite robust. See [6, 7, 8, 11, 14,
15]. However, care needs to be observed here due to the time dependent coefficient.
The imposed condition on K to be Holder continuous in time is sufficient for our
purpose. It gives that in some rescaled time variable, K converges to its limiting
value (at the blow-up time) exponentially fast. (Currently we do not know how to
prove the estimate for general continuous K'). In addition, the results in the literature
are usually established for the Dirichlet boundary condition. Hence it requires some
non-trivial steps to extend the usual approach to our case. But overall, we follow
the technique developed in [7]. The key idea is the use of rescaled variable and the
following two results from [7] for the solutions of the rescaled equation:

(1) Proposition 2.2 (uniform space time integral estimates) leading to the L>
bound in Theorem 3.7;

(2) Proposition 4.3 (integral estimate for derivative) leading to the dichotomy of
the large time limit in Theorem 5.1.

For completeness, we will derive all the integral estimates and also prove the corre-
sponding L*-bound. Theorem 5.1 follows word by word from [7].
Consider the following change of variables for the solution u of (3.7):

T

— w(y,s) = (T —t)r—Tu(x,t)

(4.1) s=—log(T —t), y=

where the solution u exists up to time 7~. Then the rescaled function w satisfies:

1 1
(4.2) ws=Aw — JY Vw — Ew + K(T)w? 4 b(s)Gh(w),  w(y,so) = oPs(y)
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where ®;5(y) = Tp%lgo(;(a:), so = —logT, and b(s) = K(t) — K(T). Without loss of
generality, we set K(T') = 1. The domain of definition for w is the following

(4.3) Qs) = {(y,8) : s > sp, ye 2 €Q}

which in the present paper is explicitly given by:

(4.4) Q(s) = By5(0), with n(s) = e2.

Note that by Definition 1, for any K € H;, the function b(-) satisfies:
(4.5) b(s)| = |K () — K(T)| < O(T — )7 = Ce™;

(4.6) lim, o0 b(s) =0 and [ ]b(s)|°ds < C' < oo for any ¢ > 0;
(4.7) lim o [16(-), = 0.

Next we will derive a series of integral estimates for w. We will mainly follow [7,
Prop. 2.1, 2.2, 6.1]. We first define the following rescaled energy functional:

(4 8) E'[ ] / [’wa—i—p%luﬁ w;DJrI:| p . ( ) w2
: w] = — , where =e 1.
o 5 et p(y

The following are some simple observations useful for the later computations:

(1) Both ||w(so)||.,, and E[w](so) are order one constants, independent of §. The
first follows from:

1
(0, 50) = VI7Tp5(0) ~ 67716751
while the second follows from:
[ 1Vt pdy =70 [ 9 e F
Q(So) Bl(o)

which can be easily seen not to depend on T or ¢ provided that either 1 <
p < 22 or n < 2. Note that in both cases, we have used the fact 7' = O(4?)

(Lemma 2.2).
(2) Let V,, be the velocity of the motion of 9€(s), i.e.
d 1 s

(4.9) Vo = En(s) = 565.

(3) The function w satisfies the Neumann boundary condition on 9€(s):

ow 1 _10u

4.10 — =T —t)r1 2— = 0.
( ) on laq(s) ( ) on a8, (0)

(4) In order to handle some boundary integral terms, we will estimate w on the
boundary 0€2(s). Note that by the radial bound (3.14), we have that u(-,) is
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uniformly bounded for {|z| > 1, ¢ <T}. By parabolic regularity, Vu(-, ) is

also uniformly bounded on {|z| > 1, ¢ < T}. Hence, we have that

(4.11) = (T— )7 |ul < e 7T |u| < Ce7 T

[ ‘BQ
(s)

1 Ox
Vyul | = (=07 Vol 0] 52

(T — )72 |Vau(z, t)| = e T T172% |V, u(z, 1)
(4.12) < CeGatas,
Note also that

7\1/\2 n—1
4

=e 1, and |0Qs)|=Ce 7 °.

P ‘aa(s) N
Then it follows that,

/ w?pV,da / \Vwl|® pV,da
o0(s) 09Q(s)

for some positive constants A, B and C.

(4.13) < Cets™Be

b

Now we proceed to present the necessary integral estimates for w.

Estimate for/ w?p dy.
Q(s)

d1 1
——/ w?p dy :/ wwspdy—ir/ —w?pV, da
ds2 Jaw O(s) 20(s) 2

1 1 1
= / w {Aw ——y-Vw— ——w+uw + b(s)G’,’j(w)} pdy + / —w?pV,, da
O(s) 2 p—1 20(s) 2

1 1
— / {— IVuw|> — ——w? + wP*t + b(s)G%(w)w} pdy +/ ~w?pV, da
e) p—1 9(s) 2
so that
d1

4.14) —= 2nd
(4.14) @QL@wpy

-1 1
= —2E[uw] +/ L wPtp dy + b(s)/ GY(w)wp dy + / —w?pV, da.
e PT1 Q(s) 20 (s) 2
As V, is positive quantity, the above also leads to
d1 1p—1
4.15 —_—— w?pdy > —2F[w] + ——— wPp dy,
(4.15) cklé@ pdy > —2Ew] 2p i1 oy P
where we have used that
1p—1
bl [ Ghlwppdy< e [ wrtpay< 3Pt [ wrtpay
Q(s) O(s) 2p+1 Jaw
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provided that s > sq and sq is large enough.
Estimate for E[w].

d
Elu(s)
d Vwl® + Lw? gyt
ds Q(s) 2 P +1
1 w2 wp-i—l
= Vw - Vws) + —ww, — wpws]pdy +/ { - ] pVnda
/Q(s) [( ) p—1 oo [2(0—1) p+1

= [ [ div(pVu) + - wp = be)Ghw)p + H(s)Glp(wp)] dy
Q(s) p

w? wbT!
+/ [ — } oV, da
o) L2(p—1) p+1
2

_ _/ w?pd +b(s)/ wG'h (w)pd +/ [ 2 —wpﬂ} V, da
B O(s) P a7 Py o) L2(p—1) p+1 Phn

so that

d 1 1
SElul < = [ atpay o [ [Gut e 563w oy
ds Q(s) Q(s) 2 2

2

p+1
—i—/ [ i v }anda
o) L2(p—1) p+1

1 s
(4.16) < —5/ wlpdy + C\/|b(s)| + Cets=8<.
Q(s)

Note that so far, all the constants do not depend on d and the solution. Equipped
with the above result, we proceed to prove uniform lower and upper bounds for the
rescaled energy Elw].

Lemma 4.1. For all s > sy, Flw]|(s) is bounded from above and below, i.e. there are

C,Cy > 0 such that

(4.17) —Cy < Elw](s) < Ch.

Proof. Due to (4.16), it is clear that for s > s; > sy, we have
Elw](s) — Elu](s1) < Co

On one side, as explained at the beginning of this subsection, E[w](sg) is some order
one constant, independent of §. Thus

Elw](s) < E[w](sg) + Cy < Ch.
On the other side, if there exists sj > sq such that Elw](s}) < —Cy — 1, then
Ew](s) < =1 for any s > sj.
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This, combined with (4.15), yields that

p+1

2

d1 , 1p—1
—= wpdy > 2+ ——— wPtpd >2+c</ w? d) ,
dSQ/Q(s) Py = 2p+1 Jou Py = Q(s) Py

which leads to the finite time blow-up for the quantity / w?p dy and hence contra-
Q(s)
dicting the definition of T'. The proof is complete. U

Next we show how the estimates (4.15) and (4.17) lead to the following:

Proposition 4.1. There exists an N1 < 0o, independent of 6 and K € Hg, such that

(4.18) / / lws|?pdy ds < Ny;
S0 Q(s)
(4.19) / lw|® pdy < Ny, for s > sy;
Q(s)
s+1 2
(4.20) / (/ |w|P pdy> dr < Ny, for s > so.
S Q(7)

Proof. ([7, Prop. 2.2, 6.1]) Estimate (4.18) follows from integrating in (4.16) in s.
For (4.19), we use (4.15) in the following way:
1p—1

d1
——/ w’pdy > —2Bw]+ -—— wP ™ p dy
Q(s) 2p+1 Jaw

> =201 +c (/ prdy)
Q(s)

= (/ w2pdy) (c— 2C4 (/ w2pdy> ) .
Q(s) Q(s)

2 d
Now if / w?pdy is bigger than (%)erl for some s, then I w?p dy will be
Q(s) S Ja(s)

p+1
2

positive and hence w?p dy will keep increasing leading to
Q(s)

ptl
d1 9 c 2
—_—— dy > — 2hd .
dS?/Q(s)wp y_2(/ﬂ(s)wp y)

The above will again lead to finite time blow-up for the quantity / w?pdy. Thus
Q(s)
the estimate (4.19) follows.
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Statement (4.20) can be derived from (4.15) and Lemma 4.1 as follows:

1p—1

d 1
——— wlpdy < 2E[w] + —/ —w?pdy

1
< 204 —|—/ wwspdy+/ —w?pV, da
Q(s) oQ(s) 2

so that

2
(/ wp“pdy) <C+C (/ wzpdy) (/ wipdy) + Ce?As—2Be,
Qs) Q(s) Q(s)

By (4.18) and (4.19) just proved, integrating in s gives the result. O
With the above estimates, we now proceed to the

Proof of Lemma 3.2. The strategy follows mostly from the proof of [7, Theorem
3.7]. Suppose there exist D; — oo, 6; — 0, K; € Hs, such that the solution u;
of (3.7) (which exists up to 77) satisfies (1" — ti)rilui(o,ti) = D; at some first time
t; < T. (Note that each of the u;’s is radially symmetric and decreasing in |z|.) We
will derive a contradiction in the following manner.

Consider the rescaled function w; which solves (4.2). Then S; = —log(T —t;) is the
first time such that w;(0,S;) = D;. Note that for all i, S; — s9 > C' for some positive
constant C'. This is because w; solves (4.2) and

wi(0, 50) = 0ps, (0)T7 T = —2—(62)71 < O(1)

57

7

so that it takes at least O(1) time for w;(0, s) to reach the value D; > 1. Hence the
domain of definition of w; contains the cylinder

Qi={(y,s):lyl <n,—n*<s—85 <0}

for some fixed n < 1.
Now consider the following rescaled functions;

2

(4.21) vi(2,7) = AP wi(Niz, AT+ S;)

_2
where A\’"' D; = 1 and hence \; — 0. Note the following statements:

(1) Each of v; is defined on the rescaled cylinder Q(5L) where

Q(r)={(z,7): o] <7, —r* <7 <0}

(2) We have that 0 <v; <1 on @(/\—) and v;(0,0) = 1.
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(3) For each i, the function v; satisfies:

2p ; 1 2
(4.22)  (vi)r — Av; — 07 — bi(s) A\ GY U2 =—-N |2 Vo + vi |-
The last term of the left hand side can be handled as follows:
2p v; )\;p%l 0s g
b:(s)| AP G, li = |b;(s)[v? Zv Gp li < 2a(0;) — 0.
)\ip—l 1 )\ip—l

(Note that GDT(””) < 1 and recall the choice of ¢;.)
(4) The estimates (4.18), (4.19) and (4.20) remains true for 0 < s < S;.

Arguing as in [7, p. 18-19], we have that as i — 00, v; converges to a function v
defined on R™ X (—o00,0) satisfying

v, =Av+v", 0<v<1, 0(0,0)=1.

S;
//~ \(vi)7\2 dzdr < )\f/ |(wi)5]2 dy ds
Q(%) S0 Qi

withc = —n+2+ z% > () since either 1 < p < z—fg or n < 2. On the other hand, for
n < 1, we have

Furthermore,

Sz' Si
/ |(w;)s|* dy ds < C(n)/ |(w;)s|” pdyds < N (independent of 7).
so JQi Qi

S0

Hence it holds that as i — o0,

//~ ((03).]? dzdr — 0.
GG

This leads to a nonnegative solution v of
Av+vP =0, with v(0) =1,
contradicting the non-existence result of [3, 4]. O

Next we state the following estimate and its consequence which are crucial to the
proof of Lemma 3.3.

Proposition 4.2. There exists an Ny < 00, independent of 6 and K € Hs, such that

(4.23) [ G+ Vel + Ppdyds < No
S0 Q(s)



34 FANG LI AND NUNG KWAN YIP

Proposition 4.3. Let w € L>®(y € R", s > s¢). Let w be the solution of (4.2) which
exists (i.e. is defined) for all s > sy. Then for § < 1, we have

(4.24) lim w(y,s) =0, or Lk :=[K(T)(p— 1)]_7117

§—00

where the limit holds in compact sets of y € R™.

The proofs of the above are basically the same as [7, Prop. 4.3] and [7, Theorem
5.1]. For completeness, we prove (4.23) in the appendix. Once we have this, as in
(4.2), b(s)G")(w) < wP and lim,_,, b(s) = 0, the proof of [7, Theorem 5.1] is applicable
basically word by word. Hence we omit the detailed proof of Proposition 4.3.

Now we are ready to prove the final Lemma 3.3. To emphasize the parameter o,
we denote the solution of (4.2) as w,. The desired result is clearly equivalent to the
following statement:

There ezists a solution of (4.2) with initial data o®s such that

(4.25) lim w,(y,s) = Lk.
S§—00
The above limit holds in compact sets of y. The choice of o is unique.

Proof. The key is to choose an appropriate value of o. For simplicity again, we set
K(T)=1.

Step I (Existence). First, for 0 small enough, the solution w, will tend to zero
as s —» oo. This is because the —p%lw term will dominate w? and b(s)G%,(w):
wP, b(s)G(w) < w at s = s9. Hence by using a spatially constant function as
super-solution, it follows that w will converge to zero (exponentially fast).

Second, define:

(4.26)

0, = sup {a € [3_11%1, 3711] . the solution w, of (4.2) satisfies lim w(y, s) = O.}
S$§—00
We remark that the choice of the range of ¢ is from step (ii) in page 18. Furthermore,
for any o < o, the solution w, exists for all time. By the L>*-bound (3.13) for w,,
the following limit exists for all s in the respective domain:

(4.27) We, (Y, $) = lim w,(y, s).
O—0 %

With the above, we claim that w,, (y,s) — Lk as s — oo. By Proposition
4.3, lim, oo Wy, (Y, 8) equals 0 or Lg. If it is zero, we can increase the value of o, and
still have a solution w that tends to zero, contradicting the definition of o,. (Note
that as our function is monotonically decreasing in |y|, we only need to consider the
convergence at y = 0.)

Step II (Uniqueness). Suppose there are two values oy and oy satisfying the
conclusion of the Lemma. Then by comparison principle, all w, with o € [0y, 03]
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has the property also. Differentiating (4.2) with respect to o and letting n(y,s) =
L w,(y, s) lead to:

1 1 ) ,
(428)  m=An= gy Vy— o0+ pul 4+ WG H(wo) G (wo),
(4.29) n(y, s0) = ®5(y) (> 0).

Note that for o € [0y, 09], w, is a monotonic increasing function of o. Then we must
have n(y, s) > 0 for all y € Q(s) and s > sy.
Now we rewrite (4.28) as:

1
(4.30) ns = 2V (pV0) + Vg, )
where V(y,s) = pw?~'(y, s) + b(s)pG?  (we) G’y (wy) — zﬁ' Using the convergence
property of w: w — Lk as s — 00, we have that
1
Sli_glo Viy,s) =pLh " — o1 =1, on compact y’s.

(Note that Lx = (p — 1)_711.)

(The heuristic argument for what follows is that equation (4.30) for n as s — oo
roughly becomes 1, =~ /%V - (pVn) + n which has A = 1 and n = 1 as a positive
eigenvalue and eigenfunction for the operator on the right hand side. Then we can
use 7(y,s) = ee® (with e < 1) as a subsolution so that n(y,s) will be uniformly
positive for all s and y in any compact sets. This then contradicts the fact that
limyg 00 W, (Y, 8) — liMy o0 We, (¥, ) = L — L = 0. The rigorous proof follows.)

Let Bgr = {y : |y| < R} be the ball of radius R centered at the origin. Consider the
following eigenvalue problem:

1 1
(4.31) oV (Vo) + 59 = Ap, y € Brly),
(4.32) p = 0, y€IBpy).
The principal (mazimum) eigenvalue A, of the above is given by the following Rayleigh
quotient formulation:

S, (Ve = 30%) pdy
—inf 5 .

v Js, ¥7pdy
For R > 1, by using a smooth test function ¢ of the form ¢(y) =1 for |y| < R —1
and ¢¥(y) = 0 on |y| = R, we have that A\, > 0. Let ¢,(y) be the corresponding

principal eigenfunction which is automatically positive.
Now for s large enough, on By, we have:

Ay =

1 1 1
ns = ;V ~(pVn) +V(y,s)n > ;V ~(pVn) + 5
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Then we can use:

n(y,s) =

ee*o,(y), |yl <R
0, lyl > R

with € < 1 as a subsolution for n. This leads to that n(y, s) is uniformly positive for
all s > 0 in compact y’s. Hence

o2
0= Lk — Lxg = lim (ws,(y,s) — wy, (y,5)) = lim / n(y,s)do >0
5$—00 $§—00 o1
which is clearly a contradiction. Hence it is not possible that oy < o5. U

APPENDIX A. PROOF OF PROPOSITION 4.2

As a preparation, we would need the following weighted energy

Vw|* + Lw? et
Bafu) = [ [FE - ol .
Q(s) D+

This is the analogue of E[w] with p replaced by p|y|*.

First, we prepare a series of necessary integral estimates for w. For the following,
we freely make use of the fact that the boundary integrals are exponentially small of
the form O(e/s=5¢%).

Estimate for/ w?ply|? dy.

Q(s)
d 1,

= - d
P /Q(S) 5 plyl” dy

1 1
= / w {Aw ——y-Vw— —w+w’ + b(s)G%(w)} plyl* dy
Q(s) 2 p—1
1
+/ SWPly[*Vada
00(s)
1
= [l et iy [ (V) Tuody
Q(s) p—1 Q(s)
1
+b(s)/ G? (w)wply|? dy —I—/ —w?ply|*V, da
Q(s) 98(s) 2
— —2E2[w] +/ p;lwp-&-lp|y|2 dy —I—/ <n _ 1|y|2> w2pdy
o) P+ 1 a(s) 2
1
+06s) [ aptpunblar+ [ (GuVa- bl ) wipda
Q(s) 90(s) 2

leading to

d 1,
= — d
7 /Q(S) W ply|” dy
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o p—1 p+1 2 |y|2 2
= —2BEpw|+—— W’ ply|* dy — - —n|wpdy
P+1 Jaw Q) \ 2

1b(s) / G (w)wply[? dy + O(e ).
Q(s)

Estimate for/ w?ply|? dy.

Q(s)
d
£E2[w](8)
2, 1
a Vol + 55" wrt? plyl* dy
dS Q(s) 2 p—|—1

1
/ (Vw -Vwg + ——ww;s — wpws> plyl? dy
Q(s) p—1

w? A
—l—/ { — } ply*V,, da
o) L2(p—1) p+1 !

) 1
o [ = AoV 0) + o —wp = 0 = W) Gl (whp + bls)CTp o]l dy

v d w’ W Y d
-2 . s + - n
/Q(s)(y whwspdy /aQ(s) {Q(P -1 p+ 1] g ¢

—/ w?ﬂ\yIQdy—2/ (y - Vw)wspdy
Q(s) Q(s)

’LU2 wp+1

+b(8)/ wsG%(w)ply|2dy+/ { — ]plyIQVnda
Q(s) 00(s)

2p—-1) p+1

leading to

(A.2)

d
£E2 [w](s)

= —/Q( )w§p|y|2dy—2/ (y - Vw)wspdy

Q(s)
(s) / | O wlplyfdy + 0 ),
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Estimate for / (y - Vw)wsp dy.
Q(s)

/ (y - Vw)wsp dy
Q(s)
1
= / (y - Vw) (Aw ——y-Vw — Lw + wP + b(s)G%(w)) pdy
Q(s) 2 p—1
1
= / (y - Vw) {div(,oVw) — mwp +wPp + b(s)G%(w)p} dy
Q(s) -

1
= — [ V) (Fulpdy - —
Q(s) p Q(s) Q(s)

() / (- Tw )y

2
n Y
- —/ ( " ")\Vwr%dy
S)
n |y|? 1 1 w2
5+t wpdy—— ylpda
|| +1 1 +1
n+ — | w? pdy+/ —wP y|pda
s)p+ ( 2 ) aos) P+ 1 !

() / T wpdy

1 lyl? 1 lyl?
= — Vprdy——/ (——n Vwl|*pdy — / —_—
/Q(s) Vel 2 Jae) \ 2 [Vl 2(p—1) Jow \ 2

1 / (|y|2 ) 1
+— = —n | w M pdy + b(s) / (y - Vw)GY(w)p dy
p+1Joe \ 2 Q(s) b

1 1
+/ (— w?|y +—wp+1y)pda
o) \ 2(p—1) d p+1 v!

leading to

_ |v 2 d 1 ’y‘Q 2 d
= - w|p y—35 o " [Vw[*pdy
Q(s) P Q(s) P
— = —n|wpdy+ —— ~— —n|wpdy
2p—1) Jae \ 2 p+1Joe \ 2

(y-Vw)wpdy+/ (y - Vw)u’pdy

— n> w?p dy
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+b(s) / (y - Vw)Gh (w)p dy + O(e**5).
Q(s)

Next, we will show how the above estimates lead to the following identity, which
corresponds to the result [7, Prop. 4.2]:

li/ <w - n) w’p —(p+ 1)/ (y - Vw)wpdy
2ds Q(s) 2 Q(s)

—1
) = [ (TR e ) [Fulody
Q(s)
1 S
+b(s) /( | [§w|y|2 —nw— (p+1)(y - Vw)} GP (w)pdy + O(es7 5,
Q(s

where ¢; = [n+2 — (n — 2)p| > 0 when either 1 < p < 22 or n < 2.
To prove the above, by (4.14), (A.1) and (A.3), we have:

1d (ﬁ - n) w’pdy — (p+ 1)/ (y - Vw)wsp dy
2ds Q(s) 2 Q(s)

1 p—1 1 |?/‘2 2
= ol [ EqwrtPay-g [ (1 en) oy
2 Josp+1 2 Jo@s) \ 2

1
+3b0s) [ Gp(wpuplyf dy
Q(s)

-1
+2nEw] — n/ p—wpﬂp dy — nb(s) / G (w)wp dy
@ P t+1 9(s)

2

1p—|—1/ (’y|2 ) 2 / (’y|2 > +1
+-—— — —n|wpdy — — —n|w T pdy
2p—1 Jow \ 2 a@s) \ 2

—(p+ 1)b(s) /Q( )(y -Vw)GY(w)pdy + O(eAs B¢

= —[Ebw]| + 2nEw)

2 |y|2 ) pt1 1 (|y|2 > 2
— — —n|wpdy+ — — —n|wpdy
P+ 1 Jaew < 2 p—1Jaw \ 2

11 2
s+ [ (wulpay+ Pt (M - n) Vuwl?ody
Q(s) 2 Q(s) 2

) [ (3l = m = 0+ D00 w01 G wipa + 0

+1 2
w1 [ wuloar+ 5 [ (M) [uody
Q(s) Q(s)
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Moreover, according to the definitions of Efw] and Es[w], we get

2
() [Ter e

—Es[w] 4+ 2nEw] = —2/

- pdy.
o) \ 2

2 p+1

Hence, it follows that

1i/ (w - n) w?pdy — (p + 1)/ (y - Vw)wsp dy
2ds Q(s) 2 Q(s)

p—1 yl?
= [ welpay+ P [ (M) [ubody
Q(s) Q(s)

+b(s) /Q(s) Ew|y|2 —nw = (p+1)(y- Vw)] GB (w)pdy + O (e~ B¢

giving (A.4) immediately.
Now we are ready for the

Proof of Proposition 4.2. Define
2

Buful = Balul - ; [ . (4= n) utpas

Using (A.2) and (A.4), it can be estimated as follows

d -
—F
ds 2 [w]

= —/ @U?plylgdy—Q/ (y - Vw)wspdy
Q(s) Q(s)
p—1
) [V~ [ (PP e ) (Fulpdy
Q(s) Q(s)
1 s
) [ |Gl =l =+ 1) V)| G-+ O )
p—1
— [ Py +3) [ (v Vwyupdy - [ (—|y|2+c1) Vulpdy
Q(s) Q(s) Q(s) 4
1 e
w0 [ Ul = wlyf = (4 Dy V)| G (wlpdy + 05,
1 2 2 2 2 1 2
< —= wiply|* dy + (p + 3) elyl*|Vw|” + —wg | pdy
2 Jaws Q(s) de

p—1 c s Bes
L [ wevtpdy =5 [ Vufpdy s VG + 0" ),
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Next choose € such that

p—1 _p—1
1 (p+3)e= T

Then we have
d

£E2 [w]

1 p—1 c
——/ w§p|yl2dy——/ IyIZIle%dy——/ [Vw|?p dy
2 Jaw) 8 Jaw) 2 Jags)

e, / Wpdy + CJo()] + O(eA=5<).
Q(s)

This, together with (4.16), yields that

IN

4 <E2[w] + CgE[’UJ])

ds
1

1 p—1
——/ wply|? dy — —/ [ Vw]?pdy —
2 Jas) 8 Jaw 2

_/ w?pdy + C+/|b(s)| + O(e**B)
Q(s)
= —04/9( : (w2 + |Vwl?) (14 [y*) pdy + Cy/[b(s)] + O(e* <),

IN

[Vwl|*pdy
Q(s)

where ¢35 = 2¢9 + 2. Hence
A8 [ Gl 190+ lyPipdyds
s1 JQ(s

< (Bafu] + Bl (s1) = (Balw] + esBlu]) () + Cu.

where s; > so and the constant Cy is independent of § and K € H,.
Now, it remains to bound Fs[w]+ c¢3 F[w] from below. Suppose this is not true. By
(4.14), (A.1) and Holder’s inequality, we have

d 1, 9 9
L - d
P 9(5)2(\3/! +eg)wpdy
p—1 1,12 ly[? 2
= —2E5w] +/ ——w"ply] dy—/ (— —n|wpdy
sy P+ 1 (s) \ 2 4
—i—b(s)/ G (w)wply|* dy — 2c3E[w] + 63/ b= wP™ p dy
Q(s) o Pt1

+c3b(s) GY (w)wp dy + O (e8¢
Q(s)

N —1
-2 <E2[w] + c;;E[w]) +/ p—(\y|2 + e3)wP M pdy
s pT1

v
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B [+ ez [ ) + ] o dy

2
—2/ (% — n> w?pdy + O
Q(s)

p+1

. o
> =2 (EQ[UJ] + 63E[w]> + cs </ (ly]> + 03>w2pdy)
Q(s)
(A.6) 2 [ (P + etpdy + O ) + O )
Q(s)
Furthermore, recall that so = —log7T and T = 62, thus when ¢ is small enough,

|0(e*=B¢)| < 1 and |O(e™*)| < 1in (A.6).
Now for simplicity, set

(s) = / (P + esyw?pdy
Q(s)

and rewrite (A.6) as follows

1d ~ p s
(A7) §7-ls) = =2 (Eg[w] + 03E[w]> +es[0(s)] T —20(s) + O(eA B¢ ) + O (e ).
Let
1 »
Cg = Sup <2€ — —056?) .
>0 2
Due to (A.5), if there exists s; > s¢ such that

Bolw] + csE[w]) (s1) < —Ci — 2(ct +2),
2

then <E2[w] + 03E[w]> (s) < —%(cg +2) for any s > s1.
Therefore, it is clear that (A.7) implies that for s > s;
1 d 1 p+1

5Eﬁ(s) > 505[5(3)]?7

whose solution £(s) blows up in finite time. Hence
g 1
(Ealuw] + esBlu]) (s) = =Cy = 5(c; +2)
for any s > so. Applying the above to (A.5) completes the proof. O
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