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HIGHLIGHTS

We study the Langevin equation describing diffusion in tilted periodic potentials.

In the over-damped limit the long time average velocity converges in probability.

In the over-damped and vanishing noise limit the convergence rate varies as the tilt crosses threshold.
In the under-damped limit we recover Risken’s results about the bi-stability.

In the under-damped limit we derive asymptotics of the transition times.
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function of the external force, that is, the tilt of the potential. In many cases, the long time behavior -
pinning and de-pinning phenomenon - has been observed. We use the method of stochastic differential
equation to study the Langevin equation describing such diffusion. In the over-damped limit, we show the

Communicated by . Garnier convergence of the long time average velocity to that of the Smoluchowski-Kramers approximation, and
carry out asymptotic analysis based on Risken’s and Reimann et al.’s formula. In the under-damped limit,

Keywords: applying Freidlin et al.’s theory, we first show the existence of three pinning and de-pinning thresholds of

Brownian motion the normalized tilt, corresponding to the bi-stability phenomenon; and second, as noise approaches zero,

Pinning and de-pinning derive formulas of the mean transition times between the pinning and running states.

Langevin equation © 2014 Elsevier B.V. All rights reserved.

Smoluchowski-Kramers approximation
Bi-stability

1. Introduction

We are concerned with the pinning and de-pinning behavior of particles moving in inhomogeneous materials when a driving force F
crosses over some threshold value F*. That is, as shown in Fig. 1, there exists a threshold F* of the driving force F such that if F is less than
F*, the long time average velocity of the particle V¢ (considered as a function of F) is zero; whilst if F is greater than F*, V. is positive.

The study of pinning and de-pinning phenomenon is motivated by many applications, for example, the observations regarding charge-
density waves at low temperatures and the concomitant nonlinear conductivity characterized by non-Ohmic behavior above a small
threshold electric field. It is believed that the non-Ohmic conduction is caused by the sliding of charge-density wave which is prevented
from moving below the threshold field by pinning to impurities and other lattice defects [ 1]. The pinning effect due to the crystal defects
or impurities can also be observed frequently in a type Il superconductor with impurities. Analogous pinning phenomena in a Josephson
junction - an array of superconductors separated by a thin insulating barrier - in the presence of different types of structural disorder
is investigated both analytically and numerically [2-5]. In addition, the pinning and de-pinning (stick-slip) character in the motion of a
phase boundary leads to the widely observed rate-independent hysteresis feature in shape-memory alloys [6]. This phenomenon is also
related to systems such as dynamics of cracks and geological faults, which can be modeled as front propagation describing the evolution
of an interface driven by an external force through an inhomogeneous medium [7,8].
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Fig. 1. Pinning and de-pinning phenomena.

In order to obtain more quantitative information about dynamical behaviors, we consider a one dimensional model of particle motion
in a periodic medium. This model has been applied to study the dynamics of a de-pinned, uniform charge-density wave [9]. We analyze the
dynamics in both the over-damped (dissipation driven) and under-damped (inertia driven) limits. A specific example, in the one-dimensional
deterministic case, is given by the following equation:

X = —¥'(x) +F, x(0) = xo, (1.1)

where x(-) is the position of a particle which evolves on a periodic potential function ¥. The constant F signifies an external forcing. The
long time average velocity Vr is defined as

. x(0)
Vg := lim —. (1.2)
t—oo
For the above example, if ¥ satisfies some non-degenerate condition, then we have [1,9,6,10]:
Vi~ C(F—F")? for0<F—F" < 1. (1.3)

(The above scaling will be explained in page section.)
The goal of this paper is to extend the understanding of (1.1) and (1.3) to incorporate stochastic noise and inertial effects. For this
purpose, the following second order Langevin equation [11,12] which is an analogue of Newton’s Second Law, is often considered:

mi=F— V(@) —yi+2yp "W, q0) =g, §0)=po, (1.4)

where the position variable q is a d-dimensional vector in R¢, m is the mass of the particle, F is the driving force, ¥ denotes a smooth
periodic potential function depending on the position variable g, y is the damping coefficient, 8 = (kT)~' is the inverse temperature
(k is the Boltzmann constant and T is the absolute temperature), and W is a standard d-dimensional white noise. Note that the fluctua-
tion-dissipation criterion is imposed in the above form of the equation. It is often useful to consider the above equation in the form of a
first order system:

. F-Vu(q vy 2yp'
p=——""—"p+——W, q(0) = qo, p(0) = po, (1.5)
m m m

where g and p are the position and velocity variables. We want to study the long time average velocity of the particle diffusion described
by (1.4) or (1.5) as a function of the driving force F in various regimes. In order to obtain more quantitative results we restrict ourselves to
one dimensional case, i.e., d = 1. We first give an outline of our results.

For the over-damped limit, we will state the convergence of the long time average velocity in the limits of vanishing noise and vanishing
mass in Sections 3 and 4.

q=rp,

e In Section 3, we concentrate on the following first order equation

ya=F—¥' (@ +2yB W,  q(0) = qo, (1.6)

which is often called the Smoluchowski equation. We show in Theorem 3.1 that Vr converges to its deterministic version as the noise
goes to zero (8 — o0). The convergence rate is exponential (in 8) when the driving force is below the pinning and de-pinning threshold
(Region I), but only algebraic when the driving force is at or above the threshold (Regions Il and III). This is illustrated in Fig. 2. The main
technique used is Laplace’s method applied to an explicit formula for V.

o In Section 4, we will consider the second order Langevin equation (1.5) which incorporates inertia effects. We show the convergence of
VE in the vanishing mass limit (m — 0) in both the deterministic and stochastic versions. For the deterministic case (Theorem 4.1), we
make use of the classifications of the w-limit sets of the dynamics (see for example [ 13]). For the stochastic case (Theorem 4.2) we make
use of the ergodicity of systems (1.5) and (1.6). The ergodicity of the former is nontrivial, since the system is driven by a degenerate
noise — the noise is directly applied only to the velocity variable g (but not the spatial variable q). This is proved by M. Hairer and G.A.
Pavliotis in [ 14] which makes use of the hypoellipticity of the Fokker-Planck operator for system (1.5).
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Fig. 2. Convergence of long time average velocity Vi for the Smoluchowski equation (1.6) as noise approaches zero.
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Fig. 3. Long time average velocity for the Langevin equation (1.4) in the limit y — 0.
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Fig. 4. Trajectories of the Langevin equation (1.4) in the under-damped limit. It clearly demonstrates the switching between pinning and running states.

In Section 5, we concentrate on the under-damped limit (y — 0) of the second order equation (1.4). In this case, the inertia effects
become important. The interesting phenomenon of bi-stability arise. It refers to the fact that the particle can stay in either the pinning or
the running state. We only consider F of the same order as y, i.e. the scaled tilt Fy := % being finite. Otherwise, the particle velocity will
become unbounded over time. For the deterministic process, there are two thresholds, Fy; and Fys for Fy. For Fy < Fyy, only the pinning
state exists whilst for Fy > Fys, only the running state exists. For Fy between Fy; and Fys, the initial condition determines which state the
particle will stay and it is not possible to switch between these two states (see Fig. 3(a)). However, for the noisy process, transitions can
occur. See Fig. 4. This phenomenon can be intuitively explained in terms of the (relative) stability of the pinning and de-pinning states. For
Fy < Fo1, only the former is stable while for Fy > Fy3, only the latter is stable. In addition, there arises a new threshold Fy; in between Fy;
and Fy3 at which the stability properties of the two states change (Fig. 3(b)).

To make the above description rigorous, we apply Freidlin et al.’s theory [15] to a properly time re-scaled version of (1.4) so that the
position and momentum become the fast variables while the Hamiltonian becomes the slow variable in the under-damped limit. In this
regime, the distribution of the re-scaled process converges weakly to a diffusion on a graph I, called the Hamiltonian graph. Making use
of the invariant measure on the configuration space (position and momentum), we can calculate the long time average velocity V.
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Fig. 5. The graphs of the forward transition time T; (from pinned to running states) and backward transition time T}, (from running to pinning states). Note the switching
of the order at Fy,. The quantity T, = Ty + T}, represents the mean return time from the pinning state back to itself.

e In Theorem 5.1, we obtain the asymptotics of Vr as § — oo (vanishing noise limit) in the under-damped regime (y — 0). This leads
to a precise formula for Vi and also the bi-stability thresholds. The results show a rapid change of the long time average velocity as Fy
passes across Fp, (Fig. 3(b)).

e In Theorem 5.2, we derive asymptotics in the mean transition time T; from the pinning to the running state and T, for the reverse
transition. They can better illustrate the behavior of the trajectories and in fact indicate the fluctuation from the average long time
velocity. It also gives another property of Fyp,. As B — 00, Fy; is exactly the tilt at which Ty and T, switch their order (Fig. 5).

Next we give some survey of existing literature about the question we are considering. The Langevin equation (1.4) has been widely
studied. An extensive bibliography can be found in [16,17]. Among others, the most important quantities are the diffusion coefficient D
and long time average velocity V of the position process q(t):

(@ ~ (@@»)’) a
D=Ilim ——  — and V= lim —
t—00 t t—oo

where (-) refers to ensemble average. In the case of potentials without tilt (so that V = 0), there are quite a few results concerning the
computation of D. The underlying formula involves the invariant measure of the process q(t) and the Green-Kubo Formula. See [18,19]
for some recent accounts. These works also consider various long-time/large-spatial scaling to demonstrate that the process converge to
a Brownian motion. The relationship between D and the dissipation coefficient y are analyzed in various regimes. When external force F
or tilt of the potential is present, the computation of V has also been performed extensively. Most results concern linear response theory
in the regime F — 0, characterizing the value of the mobility u:

li v
n= Fl_I]'(l) P

leading to the celebrated Einstein-Smoluchowski relation connecting the value of D to w. See [20] for a discussion and refinement of this
relation. In contrast to the above works, we emphasize the nonlinear response of V to F, in particular the behavior of V near the pinning and
de-pinning threshold of F. We also investigate the long time behaviors for different regimes of the mass m, friction y and the noise strength
B~ 1. To the best of our knowledge, these have not been investigated collectively together. We do wish to point out some closely related
works. In[21,22], the behavior of D as a function of F is analyzed, leading to some enhancement of D - giant diffusion phenomena - near the
threshold value. Their works essentially quantify the mean square fluctuation of the position process from the linear motion determined by
V.This is a step toward central limit theorem type of results in comparison with our strong law of large number statements. However, their
results are only for the first order equation (1.6) while our work also touches upon the second order equation (1.4) in various parameter
regimes. The motivation for all these works is to capture critical phenomena as the external forcing passes through some threshold values.
The work [23] analyzes (1.4) demonstrating that under stochastic perturbation, only the locked (pinned) state can survive even though
running states are possible without the presence of noise. This phenomenon is proved in some sub-exponential time scale (in terms of
the noise strength S~) and is only applicable at certain specific value of the tilt (in fact at Fy; using our notation). Our results work for a
whole range of F but the time scale is exponentially large.

We also point out here some specific works which we rely on very much for their results and techniques. In the over-damped limit, it
was discovered that a Markov process q(t) satisfying the following Smoluchowski equation:

yq=F—w(q)+y2yp'W, q(0) = qo, (1.7)

is a good approximation to the position process of (1.4) or (1.5). More precisely, in this regime (y — oo or m — 0), the position process
q(t) of the Langevin equation (1.4) converges in probability to that of the Smoluchowski equation (1.6), uniformly over every finite time
interval [24,11,25] [26, Ch. 10]. This is called the Smoluchowski-Kramers approximation. However, over a long time interval of scale O (%)
the convergence of the long time average velocity of (1.4) has not yet been proved rigorously. For (1.6), Risken [ 17] and Reimann et al. [22]
derived formulas for the long time average velocity through different approaches. On the other hand, in the vanishing noise limit, a regime
of physical interest, the convergence rates of the long time average velocity of (1.6) have not been fully discussed. In the under-damped
limit (y — 0), the bi-stability phenomenon and its three thresholds have been discussed by Risken in [17, Ch.11]. In spite of this, rigorous
mathematical treatment is lacking.
For convenience, we list here the notations to be used in the remaining of this paper:

N1e ¥ (q) = — cos q denotes the periodic potential
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N2 e @(q) = — cos q — Fq denotes the tilted periodic potential

N3e I'(z) = [, t* ‘e~ dt denotes the Gamma function [27]

N4 e B(x,y) = fol t*~1(1 — t)?~ 1 dt denotes the beta function [27]

N5 e T = R/[0, 2r] denotes the one dimensional torus

NG o Cger(’]I‘), r = 1, 2, denotes the space of the restriction to T of functions in C" (R) that are 2 -periodic

N7 o Cger(T x R), r = 1, 2, denotes the space of the restriction to T x R of functions in C" (T x R) that are 27 -periodic in the first variable

N8 e a ~ b means that % converges to 1in some limiting process (stated in context).

We remark here that the assumptions made in notations Ny and N, on the potential do not undermine the generality of our results. They
are made mainly for the convenience of computation.

2. Preliminary remarks

2.1. The scaling law

Here we briefly explain how the scaling law (1.3) arises in the deterministic case. The potential function ¥ is assumed to be smooth,
periodic and non-degenerate in the sense that ¥"’(q) # 0 if ¥”(q) = 0. Another assumption which simplifies the following discussion is
that ¥’ is “single-peaked”, i.e., it has one unique local maximum within each period. (Note that both of these assumptions are satisfied by
notation N1.) Removing the noise term from Smoluchowski equation (1.6) leads to the following deterministic equation

F—v
qg= 7@, q(0) = qo. (2.1)

We define the long time average velocity Vi of the solution q(t) of the above as follows:

t
Vi = lim M

t—oo t

(2.2)

The existence of the above limit follows from the periodicity of ¥ (q). If F < ||¥’||;(®), the process gets pinned whenever F = ', leading
to Vg = 0. Whereas, if F > ||¥'|| ), then Vg > 0. This leads us to define the pinning and de-pinning threshold as F* = ||¥'|| (o0 (r)-
The asymptotics of Vi as F — (F*)™ can be obtained in the following way. We assume that ¥’ reaches its maximum at g* € [0, 27 ],
i.e, ¥'(q*) = F*. By the non-degeneracy assumption on ¥, ¥”(q*) = 0 and ¥"'(q*) < 0 (since ¥’ peaks at ¢*). Let n = F — F*, we have
. % % ~ M a¥Y (— ¥ )2 *
i = (F—F)+ F —v'(@) ~n— 00 4+ o((g - g7)). (23)

Let € (0 < € <« 1) be some fixed number independent of 1, and let T be the time needed for q(t) to extend from O to 27. Then we obtain

*

- /q*e dq N /q dq
=Y 0 F — lp/(q) Y q*—e n— l[/”’(q*)z(q—q*)z + O((q _ q*)2)

N fq*+e dq N /271 dq
Y M (a* Y (0 — a* 14 T _ i
¢ p— Y@ )2(q ? 4 o((q — g*)?) e F—9'(Q)

22 ( /—wq))
ST @) 21
N Zﬁ T N ﬁn
NN o PN o

We therefore obtain the following scaling law:

~y0 <(F - F*)—%) . asF — (F).

w1
Ve = 7” ~ /20 (@) (F — F*)? for0 <F — F* < 1. (2.4)
y

2.2. Ergodicity

Here we introduce the infinitesimal generator and its adjoint for the stochastic differential equation we are considering. The notations
are mainly taken from [28].
The generator £ and its formal L2-adjoint operator L7 of the Smoluchowski equation (1.6) are defined as:

1 d -1 g2
oclf:f.(p_lp/(q))ﬂ_kﬂi‘ f(zq), (2.5)
Y dq 4 dq
and
1 d((F -y’ -1 g2
rf =1, (C @)f (@) n B f(zq)' (2.6)
14 dq Y dq
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Similarly, the generator £, and its formal L?>-adjoint operator £L3 for (1.5) are given as:

JU@p F-¥'@-yp @p vy f@.p)
aq m ap m?2 op2

Lof =p (2.7)

and

apf@p) 1 I(F—-¥(@—ypf@p) yp' 3*@,p)
- . + . .
aq m op m? op?
For stochastic dynamical systems, ergodicity is characterized by the existence of a unique (up to normalization) function in the null
space of the adjoint of the generator. We refer to this function as the invariant distribution, stationary distribution or the density function of
the invariant measure [28, Sec. 6.4]. More specifically, for the Smoluchowski equation (1.6), ergodicity means that the following stationary
Fokker-Planck equation

L3f = — (2.8)

Lip® =0, infp™(q) >0, fp“’(q) dg=1, (2.9)
qeT T

(T) and the solution process q(t) of (1.6) that

admits a unique invariant density function p°(q) on T. Then it holds for all ¢ € Cger

1 t
lim /0 9@ ds = [,p@p™@dg, as. (2.10)

It can be shown that the Smoluchowski process equipped with periodic drift and diffusion coefficients is ergodic [28].
Similarly, for Eq. (1.5), ergodicity means the process admits a unique invariant density p°°(q, p) on the configuration space T x R which
solves the following stationary Fokker-Planck equation

L3507 =0, inf p*(q,p) > 0, / p>°(q,p)dqdp = 1. (2.11)
(q.p)€TXR TxR

Then forall ¢ € C;er (T x R) and the solution process (q(t), p(t)) of (1.5), it holds that

-1 t
Jim 7/ ¢(q(5),p(5))ds:f ¢(q,p)p*>(q, p)dqdp, as. (2.12)
—oo t Jo TxR

The ergodicity of (1.5) is nontrivial since it is driven by degenerate noise. Making use of the works [29,30], it is shown by M. Hairer and G.
A. Pavliotis [ 14, Thm. 3.1] that (1.5) admits a unique invariant distribution on the configuration space T x R. The argument makes use of
the hypoellipticity of the parabolic operator £;.

3. The first order process (Smoluchowski equation)

We start with the study of the long time average velocity of the first order Smoluchowski equation (1.6). It can be considered as the
over-damped limit of the Langevin equation (1.4) withm = 0.

3.1. Smoothened transition

Comparing to the transition (see Fig. 1) for the deterministic process (2.1), due to the white noise term, the transition between the
pinning and running states for the Smoluchowski process (1.6) is smoothened (as illustrated by Fig. 2). It also demonstrates the convergence
of the long time average velocity of the noisy process (1.6) to that of the deterministic process (2.1) as noise approaches zero. Here we
investigate the convergence rate.

Note that the solution process q(t) for (1.6) is Markovian. In the one-dimensional case, the invariant density p°(q) can be derived
explicitly (see for example [17, Ch. 11]). By the ergodicity of the Smoluchowski process (1.6) and formula (2.10), the long time average
velocity Vi of (1.6) is equal to the expectation of the function ¢(q) = %/(") with respect to the invariant density p°>°(q) on T. In this way,
Risken obtained in [ 17] the following formula for V:

27”3—1 2w 2w 2 q -1
Ve = (- efanﬁ)< / @8 gq / e PWB gg _ (1 — e~27h) / - ?@P / R dq) . (3.1)
14 0 0 0 0
Using the concept of first passage time, Reimann et al. derived in [22] another formula for V:

Ve = ﬂ’ 3.2

B LT g dg (32)

where
q q+2n
I (q) = Bye® @ f DB dq. [ (q) = Bye~ @ / 2@ gy
q—27 q

and “I.” means one can choose either “I,” or “I_" (see N, for definition of @). With [, in (3.2), the above formula reads
v 1 2B 1(1 — e~ %)
Ty fOZ” fq‘[h e B@@)-2@) dq' dq

One can show easily by switching the order of integration that formulas (3.1) and (3.2) are equivalent. It turns out that it is easier to apply
asymptotic analysis to the latter.

(3.3)
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3.2. Asymptotics of V¢

Here we apply Laplace’s method [31] to (3.2) to obtain the asymptotics of V¢ as noise approaches zero (8 — o0). The result is stated
as follows.

Theorem 3.1. For the long time average velocity V of the Smoluchowski process (1.6), for 8 > 1, it holds that:
(1) forO<F < 1,
Ve ~ 1 V1-F(—e72FF) (34)

Y oB@V1-F2—xF42F arcsinF) ’

(2) forF =1,

Ve~ CoL CBTI(1 — e 2ThF) (3.5)

(with the constant C explicitly given in the proof (A.1));
(3) for F > 1,
/F2_ _p—2nFpB
VE ~ % ’ 3(1F+4F21)(1 jz ),3 : (36)
1727%,3 +0(873)
8(F<—1)

The above result shows that for F below F* = 1, V¢ converges exponentially fast as B — oo, whilst for F at and above F* = 1, Vg
converges algebraically.
In the proof of this result, we use the following notations:

N9e f(q'.q) = ®(q) — P(q) = cosq —cosq' +F(q—q)
N10e J(B) = 02” qu727'[ e M9 dg' dg = 02” qu727'[ e B(@@)=*@ dg’ dq which is the double integral in the denominator of (3.2).

Recall formula (3.3) for V. Its asymptotics for 8 >> 1 is determined by that of J(8), which is in turn related to the global minimum of
f(d', @) within the integration region D of ] (8):

D={(q,q9:q—27 <q <q,0=<q<2n}.

See Fig. 6. It can be checked that when F is below the threshold value 1, f(q’, q) has an interior global minimum. Then a direct usage of
Laplace method is possible. When F is equal to 1, the global minimum of f (¢, q) is degenerate and located on dD — the boundary of D; and
when F is above 1, the global minima of f (q’, q) accumulate on dD. In these two latter cases, more refined calculation in some appropriate
neighborhood of the minima is needed in order to determine the asymptotics of J(8).

3.3. Proof of Theorem 3.1

In the following we prove (3.4) and (3.6). The proof for (3.5) is postponed to the appendix as it requires more computations.
Proof of (3.4). For 0 < F < 1, f attains its global minimum —2+/1 — F2 + Fx — 2F arcsinF at (arcsinF, w — arcsin F) which is strictly
inside D, the domain of integration of J(8) (Fig. 6(a)). Thus by [32, Sec. VIIL. 10, (10.10), pp. 461], we get that for 8 > 1,

_1
J(B) ~2n B! [det(DZf(arcsin F,m — arcsin F))] ? =P (arcsinF.x —arcsin )

where D?f and det(D?f) are given as:

D’f = [f"’q’ f"’ﬂ:[cogq/ 0 ] det(D*f) =

qu/ qu —Cosq

We immediately obtain that for 8 > 1,

fea  frq
far Jag

= —cosq cosq.

J(B) ~ Lﬁileﬁ(zﬁ—Fﬂ+2F»arcsinF).
i F

The assertion then follows. O



8 L. Cheng, N.K. Yip / Physica D 297 (2015) 1-32

Proof of (3.6). For F > 1, f(q, g¢) has no interior minima in D. Instead, all the global minima of f(q’, ) accumulate on the line segment
qg=4¢,q € [0, 2] (Fig. 6(b)). As B — o0, the asymptotics of J(8) depends on the asymptotics of the following integral

Is (B) = // e @9 dq'dq whereDs = {(¢, )]0 <q<27,9—8 <q <q) (3.7)
Ds

For each fixed g, we expand f(q', q) near ¢’ = q,

fd 9 =f@.a+) a@ -

s=0

sing
6

with u = 1,a0 = sing— F,a; = 5% and a, = —S%.Nextset] =Y 2obs(@ — @ 'witha = 1,bg = 1and0=by = b, = ---.

Then [32, Thm. IL.1, pp. 58] gives:

q q—3é 0
/ P G dq = _/ e @08 dg ~ —eT@DF Z I'(s+ 1)CBCHY
q-5 q s=0

=TGR ' =T —TBGA+0(877),

= (sing—F)(q¢ — ) + C"zﬂm/ - g —g?+0((qd - ).

where
bo 1
Co= " wlp = sing—F’
na, q
o= b1 (a4 1)aibg 1 _ cosq
T\ n2aq dtV/m (sing — F)*’
bz (d +2)a1b] 2 (Ol +2)b() 1
G=(=—- """y (@4 p+2)d — 2pa0a
2 <M 24, ((a + p +2)at — 2paoaz) 203a ) @I
_ 3cos’q sing
T 2(sing—F)>  2(sing — F)*’
Hence

-1 2 .
/q @08 g ~ B " 4cosq g2 9cos” q n 3sing 540 (’374) 7
4—8 F —sing (sing — F)3 (sinq — F)>  (sinqg— F)*

so thatas § — oo,

2 q ,
I (B) = / / e f@.08 dq/ dgq
0 q—§
2 -1

N B 4cosq ., [ 9cos’q 3sing L »
/o [F—Sinq+(SiDQ—F)3ﬁ ((sinq—F)S+(sinq—F)4)/3 +0(p7) | da

-1 2
Zﬂzﬂ B 3(1 + 4F )277 3.0 (5—4) ]
Fo—1 4(F2 — 1)2

The claim then follows. O

4. The over-damped limit

We show in this section that the long time average velocity of the Langevin equation (1.4) converges in the over-damped limit (m — 0)
to that of the Smoluchowski process. The results are stated for both the deterministic and stochastic versions.
First, removing the noise term from the Langevin equation (1.4) gives

mg =F—¥'(q) —vq, q0) =qo, 4(0)=po, (4.1)
which can be recast as:
Gg=p. p=-Lp+Lil(F-v(g), q0) =qo. p(0)=po. (4.2)
The long time average velocity VF" of (4.1) (or (4.2)) is defined as
q._ pim 40O
Vi = lim 42 (4.3)

In the over-damped limit, it is natural to neglect the inertial term in (4.1) and consider the following equation:

Q=,F-¥'Q) Q0O =0. (44)
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The long time average velocity V,? is similarly defined as
Ve = lim 42, (45)

As explained in Section 2.1, the pinning and de-pinning threshold F* of the process Q (t) solving (4.4) is 1.
We first state the convergence result for the deterministic case.

Theorem 4.1. For (4.2) and (4.4), it holds that

lim v = v2. (4.6)
m—0

For the stochastic case, we can again recast Eq. (1.4) into the following system:

i=p, P=L1F—-v@) —Lp+L/2yB W, §GO0)=do, H(0)= po. (47)

On the other hand, neglecting the inertial term of (1.4) gives:

2 1 , o~ 1 . ~ ~
Q= ;(F —¥(Q)+ ;\/ZVﬂ”W, Q(0) = Qo. (4.8)
It has been shown that for any fixed finite time T > 0, we have

lim max |G(t) — Q(t)] = 0, in probability.
m|0 0<t<T

This statement is called the Smoluchowski-Kramers approximation [24,11] [26, Ch. 10] [25]. However, this approximation is not enough to
guarantee the convergence of the long time behavior. i
We similarly define the long time average velocities vg and VFQ of (4.7) and (4.8) as:
~ a t -
vl = lim 10 v = lim
t t—00

t—00

Q)
—
By the ergodicity of the processes (see Section 2.2), the above quantities exist almost surely and their values can be computed by using
¢(q,p) =pin(2.12)and ¢(q) = F’#,(‘” in (2.10) respectively.

Next we state the convergence result for the stochastic case.

(4.9)

Theorem 4.2. For (4.7) and (4.8), it holds that

lim Vg = VS in probability.

m—0

We now proceed to the proofs of the above theorems.

4.1. Proof of Theorem 4.1 (Deterministic case)

We first describe the idea of the proof. We consider three cases: F < 1,F = 1and F > 1.For F < 1, we apply a result of Andronov,
et al. in [13] (stated in page 11) about the w-limit set of (4.1). For F > 1, we use pieces of the first order process of (4.4) to approximate
the position process of the second order (4.2). Each piece of (4.4) starts from a prescribed Q, which is the position of (4.2) at that moment,
and stops at Q + 2. The periodicity of ¥ is used to connect these pieces together to form a “complete” first order process of (4.4) starting
at qo. This “complete” first order process is the one used to approximate the position process of the second order equation (4.2). The case
F = 1is taken to be the limit of F — 1%.

Now we present the proof rigorously. Let

1
n(q) = ;(F —¥'(q)). (4.10)

The above expression works as an approximation of p(-), the velocity of (4.2). Note that there exists a constant C; > 0 such that

@ <G, '@l =G (4.11)
Following the idea of [28, Ch. 15], we give some estimates for p(t) and q(t).

Lemma 4.3. For (4.2) and (4.4), there exist positive constants C,, C3, C4, K independent of m such that the following statements hold:

[p@®) < G forallt € [0, 00), (4.12)
. mQC3
11?1 sup [p(t) — n(q(t)| < > (4.13)

2
1q(t) — Q)2 < Caelt (% Ip(0) — n(q(O) + %) . (4.14)
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Proof. Estimate (4.12) follows by first integrating (4.2). Then

—Ly 1 _», g F+1
PO = |eFp(©0) + —eh / R (E — (g 85| < PO+ — .
0
Next we write p(t) = n(q(t)) + r(t). Then
dr(t)_dp dq Y l . o ﬂ
- —dt "' (@) —( Lot W(q») @
= Yo—n@)-pr@=-2r® - pr' (.
m m
It follows that
t
S ror = T =r(r>-(—1r<t>—pn/<q>)<—1|r(r>|2+<max{c1,cz}>2 o)
<- y|r(t>| + o (max{cl,cz}) +5- |r<t>| |r(t>| + 5 (max{c1,c2}>

By Gronwall’s lemma, we get

2 4
ot T G, (4.15)

)/2
Statement (4.13) can be obtained by letting ¢t tend to infinity in (4.15).
For (4.14), note that 2 @ —Q) =n(q@ +r) —nQ). Then

rOF e 7P+ (1-

1
EEM—Ql (Q—Q)~E(Q—Q)Z(Q—Q)~(U(Q)+r(t)—n(Q))

2 2 1 2 1 2
<[r®llg —Ql+Cilg —Q|* = CGilg — Q] +§|r(t)l +5|q—Q|.
Thus

e,%t) m? (max{C;, G})*

d 2 2 —Lt 2
lg — QI < 2C + Dlg — Q|* + e m'|r(0)] +(1
dt y?2

By Gronwall’s lemma again, we get
¢ 2 4
g — Q> < eCC+N </ o~ (2C1+1s <e’%5|r(0)|2 +(1- e,%s)m (maX{ZCl, G ) ds)
0 14
4 201+1 ,m m
< max{(max{C;, G*, 1}e@+D* (|p(0) — (@)’ = + —2)
v v
which gives (4.14). O
The proof of Theorem 4.1 is divided into the following three cases.

Lemma 4.4. When F > 1, for (4.2) and (4.4), it holds that

lim V{ = V2.
m—0
Proof. Let
Jj=i—1
aCX T2 gy
To =0, Ti:/j:-Ji] 7@dq, fori=1,2,....
ot X T 4

By periodicity, all the T’s (i = 1, 2, .. .) are equal to some fixed finite number T > 0 which gives the time it takes for the first order process
to travel from any point q to q + 2.

Let Q'(t) be the piece of the first order process started at Q (0) = q((i — 1)T) and terminated at Q (0) + 2, fori = 1, 2, .... Define
the deviation of the second order process from the first order process as E; := q(iT) — Q'(T). Then by Lemma 4.3,

q(®) Q(T) 72——VQ<llmsup Z|E|

——VQ
=1 n—oo N

lim sup
t—00

= limsup |—
n—oo

- KT . . ,m m2 2
< lim sup ~ Z <C4e : <|P(1T) —n(q(T))| M + ?))

n—o00 n,]

1
1 m3c2 m2 2
e (55
T 14 Y
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We now state the result from [13] which is used in the proof for F < 1. By time re-scaling t = ﬁ and setting y* = ﬁ (4.1) can be
normalized into:
dg dp / .
=P L =Y @—y'r 40 =dq. pO) = /mp. (4.16)

In [13, Sec. VIL3], it is shown that there exists a threshold F** = 1 for Eq. (4.16) with the following properties:

(i) above F**, no equilibria exist and the w-limit set (see [33, Ch. 10]) of (q(t), p(t)) in (4.16) is a single stable limit cycle encircling
the phase cylinder T x R independent of initial data. The uniqueness of this limit cycle can be seen by Poincaré-Bendixson’s criteria
([13, Sec. V.9, V.11]). Its stability is due to the fact that (4.16) is a dissipative system (y* > 0) [13, Sec. V.6];

(ii) below F**, for small y* (y* < y;’), depending on the initial data, the w-limit set of (q(7), p(t)) in (4.16) can be either a single stable
limit cycle encircling the phase cylinder T x R or a single fixed point; whereas for y* big enough (y* > y;), the w-limit set of (q(7), p(r))
in (4.16) is a single fixed point independent of initial data.

Lemma 4.5. When F < 1, for (4.2) and (4.4), it holds that

lim vy = v& =o0.

m—0

Proof. Consider the re-scaled (4.16). When F < 1, by (ii) above, there exists a threshold y; > 0 for y* such that when y* > y; the long

time average velocity lim;_, o, @ of (4.16) is zero. We can first choose m small enough such that y* = ﬁ > ¥, Note lim;_, o Q(T—” =0

for each such m. This gives limp o V§ =0. O

Lemma 4.6. When F = F**(= 1), for (4.2) and (4.4), it holds that

lim v{ = v& =o0.
m—0

Proof. On one hand, VFq > 0 due to the tilted potential. To see this, let the total energy & be the sum of the kinetic energy and potential
energy, that is, & = %mp2 + (—Fq 4+ ¥ (q)). Since the system is dissipative (y > 0), it follows that ‘L—f = —yp? < 0. Suppose VFq < 0.
Then &(t) > —Fq(t) + ¥ (q(t)) — oo ast — oo since q(t) — —ooast — o0o0. But £(t) < £(0) < o0, leading to a contradiction.

On the other hand, by (4.13) of Lemma 4.3, the second order position process q(t) satisfies that

.1 p
q= ;(F — ¥(q) + 0 (m)),
where by (4.13), we have O (m) < C3m for some constant C3. Now consider the following first order process

. 1
Q= ;((F +Gm) — ¥ (Qi).

Let T; and Ty, denote the traveling time from 0 to 27 of q(t) and Q; (t) respectively. Let V&cgm denote the long time average velocity of
Q4. Then we have

T, —/27[ v dq and T —/Zn v 4
")y F-w(@+0@m)’ @7 Jo F+GCm)—v'(Q)

It follows from O (m) < Cym that T, > Ty, leading to V{ < VFQ}er. Hence for F = 1, limp—o V¢ < limp_o VﬁlQm =vi=0 O

4.2. Proof of Theorem 4.2 (Stochastic Case)

The idea of proof, as illustrated by Fig. 7, is still to use pieces of the first order process of (4.8) to approximate the position process of
the second order equation (4.7). Each piece of the first order process of (4.8) starts from a prescribed Q, which is the position of the second
order process of (4.7) at that moment, and terminates after running for time T,,,. The deviation of each second order piece from the first
order process gives rise to an error term. We will let T,,, tend to infinity as m tends to zero. On one hand, with increasing T,,, the average
velocity of each such first order piece gets closer and closer to the long time average velocity of Q(t). On the other hand, with properly
chosen T, (which does not tend to infinity too fast), the error term generated by deviation vanishes as m goes to zero. We will show that
the approximation error converges to zero in L?(§2), which leads to the convergence in probability for VFq to VFQ in Theorem 4.2. We now
proceed to the rigorous proof.

First we let Q have the same initial value as g, i.e. G(0). Then we define

F(t) = q(t) — Q) (4.17)

to be the deviation at time t between the two processes. We have the following estimate:

Lemma 4.7. Given p(0), for T > 0and 0 <t < T, it holds that

2
a1 i

~ ~ 2 2
EGFOP) = (BOPY + 42 (F+ 19/ l)’ + 207 ) e 72 (4.18)
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Q1)

Fig. 7. Approximate the second order process q(t) of (4.7) by pieces of the first order process Q“)(t), i =1,2,3....The first order pieces Q“’ are defined in (4.24) and
their deviations from the second order process q are denoted by 7; in this graph.

In particular, taking t = T in (4.18) yields
421912

EGFDP) < (BOPLE + 22 (F + |9/ )’ + 208 ) e 7 (4.19)

Proof. By direct computation, we have
t
FO) = 5(0) (1 — e Ry — Lkt / e (F — W' (§(s))) ds
14 Y 0
1 [t ~ . V32 1
+;/ (P'(Q) = ¥'(q(s)) ds — yﬁ / emns dW (s).
0

It yields that

ot 2 = 2m2 1 _2ry ' Zs 1o ’
[F(6)]” <4| (p(0) e + Fe m / em*(F —w'(q(s))) ds
0

1 t ~ 2 2 2y t y 2
T3 (f W' Q) —¥'(G)) dS) + ——e m! (/ edeW(S)> )
Y 0 By 0

Note that
t y 2 2 v 2
( | ewF—W’(a(s)))ds) < (F+ 19 )* 55 (R 1), (420)
0 Y
t B 2 t 2 t ;
( f (W(Q(s))—ﬂé(s)))ds) < 9P ( / |f<s>|ds) < W |PT / I7()[? ds. (4.21)
0 0 0

In the above, we have used Hélder inequality to establish the second inequality. In addition, by martingale moment inequalities
[34, Sec. 3.3.D], we get

t 2
E ([ ens dW (s) ) < C1E< fezndes) —Gan ( eH 1) <Gmew, (422)
0
We thus obtain
4m?  4m? 2 ATV |l 4C1m
E(F(DOP) < PO — + —5 (F+ [¥/]|1 7L/ [F(s)I%) ds +
y: o oy? ( )y Y2 (FOF) By?
By Gronwall inequality, we get
"2
5 _ o am*  Am? 2 4cim\ Yl
E(F(DP) < (Ip(O)Izy2 + gy (F4 1% ll)” + ﬂ;z )e o

which is the desired result. O

To supplement the above result which depends on the initial velocity p(0), the following estimate gives some uniform estimate for p(t).
Lemma 4.8. For the velocity process p(t) of (4.7), we have forallt > 0

(FHI¥' 100)?
)/2

E(p®)[*) <3 (Iﬁ(o)l2 + + nﬁ—;) : (423)
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Proof. By straightforward computation, we have
B(t) = e mH(0) + %e’%‘ ft efis(F — W/ (§(s))) ds + %e*%f [e%SWdW(s).
0 0
It follows by Cauchy-Schwarz inequality that
o) <3 [eznffm(onz Lo (flehsF - v @) ds) + heH ([ ek /2y BT aw(s) }
By (4.20) and (4.22), we obtain

. _ F+w'le)’  C
E(pOF) <3 <|p<0)|2 + (yzL) + m;) :

where C; is the same asin (4.22). O

Note that the above estimate is uniform in time but blows up as m — 0. This is not surprising as in the vanishing mass limit, the velocity
process is driven by Brownian motion so that the velocity process is not defined in the point-wise manner.

We now start the proof of Theorem 4.2. Assume that the second order process q(t) of (4.7) starts from Gy € R. Construct below pieces
Q®(t), k=1, 2, ...of the first order process of (4.8):

2 (k) _g'(6® [2yp-1: =~ ~
Q =Dr@D L VP Q) = g, (4.24)
where

Tn>0 and tf=(k—-1T, for k=1,2,....

Inwords, we start Q ® (t) attime to with initial data q(to) and terminate it at time t0 +T,,. We will use these first order pieces to approximate
the second order process. We let T, = +/«|Inm| with @ > 0. Hence T;, — oo as m — 0. The choice of o will be specified later.
Now we analyze the long time average velocity of §(t) using pieces Q¥ (¢) as follows:

n

> (Q9E) - awh) +aes™ - Qv k™)

. q) k=1
lim = lim
t—oo t n—o00 nTy
n Q(k)(t§+1)7é(k)(t(l§) Z (~1<k+1) Q(k)(t(’)<+1)
k=1 Tm k=1 Tm
= lim — + — s
n—o0o n n

n n
Z Ak,m Z Bk,m

= lim | =L 4 ! (4.25)
n—o0o n n
where
A ® (k1Y _ G (g g (k1) — @ (o (pht1
Ay = L )T e o )TQ (&™) (426)
m m

i.e. Ax.m and By ,, respectively represent the displacement of Q(") and the difference between ¢ and Q(k) during the time interval [t(’)‘ , tg“].
Next let p(Q) be the invariant density of Q(t) and introduce

; F—w
ye = / E=¥Q ) da.
T Y

Then by the ergodicity of Q we have that lim;_, o

Qit) = VFQ‘OO almost surely. Theorem 4.2 follows if we can show that
n 2 n 2

Z Ak,m - Z Bk,m

k

limE | lim =" — —v2%®| =0 and limE |lim = —
m—0 n—o0o n m—0 n—o0o n

=0.

Furthermore, combining the ergodicity of the processes ¢ and Q, the following limits

n
Z Ak,m Z Bk m
. k=1
lim , lim X
n—o0o n n—oo n
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also exist almost surely. Then we have
2

n n
> Akm _ > Akm _
Ellim = — —v@®| =F lim [ — —y2>
n—00 n n—00 n
n 2 n
ZAk,m - ZAk,m
e k=1 Q,0 s k=1
= Eliminf — Vi < liminfE
n—-oo n—o00o

where the last inequality is by Fatou’s lemma. Similar argument applies for E |lim;,_, oo
two statements:

Claim #1.
n 2
Z Ak,m .
lim liminfE |== —vE> =0
m—0 n—oo n
Claim #2.
n 2
Z Bk,m
lim liminfE | =0.
m—0 n—oo n

_ VFQvOo

n 2
@ . Hence it suffices to show the following

(4.27)

(4.28)

The proof of the above relies on the convergence rate of transition probability density to the invariant density. Let P(Q, t|Qo, 0)
be the transition probability and p(Q) be the invariant density of Q(t). Then we note that following rate of convergence of P to p

[28, Theorem 6.4.1]: there exist positive constants C; and C, such that

IP(Q, t1Qo, 0) — p(Q)lly1(py < Cre™ .

(4.29)

Proof of Claim #1. Let i\k,m = Agm — E(Ay,m) be the fluctuation of Ay, around its mean value. This leads to the following rewriting

n n no_
Z Ak,m Z E(Ak,m) Z Ak,m
k=1 k=1 k=1
= +
n n n
so that
n 2 no_ n 2
Z Akm B Z Akm Z E(Ak.m) ~
E |kt _ VFQ,oo _ |kt n k=1 _ VFQ,oo
n n
no_ 2 n 2
Z Ak,m Z E(Ak,m) .
<2e| | & fo | e
n n
The proof of this claim will be completed by showing
no_ 2 n
Z Ak,rn Z E(Ak,m) .
lim lim E | | &2 —0 and lim lim = =V
m—0n—o00 n m—0n—>o00 n

We divide the proof into the following four steps.
Step I (Computation of E [(Ak,m)Z]). Note that E((Axm)?) = E(A
dynamics of the first order process to get

V2yB!

YT

2
k,m

to

0" P @) 4
& Y

Ak.m =

+ - W(T).

Tm

) — E(Ak,m)2 represents the variance of Ay . We make use of the
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Taking expectation of its square yields

k - 2 -
6" Fow'@® () ds j‘thrl F=0' QW) 4o
5 ik v V2ypt ik ¥ 2 (W(Tp)?
E(Aim) = E T +2E S 2 “W(Tpn) | +E B ) (4.30)
m m m

For convenience of presentation, we denote

k-+1

I
i
Kk

fo

F=v'QYs) g6
Y

D =
k,m Tm

For the last two terms on the right hand side of (4.30), we have the following estimates

T @®e) g

: W(Tm)

T2 ’

m

‘E (i. (W(Tm))2>‘ 22 .
vB  (Tw)? = YBTn

In the above inequality, E(JW (T;,)|) = / % is used. Furthermore, by the mean zero property of Brownian motion, we have

k

f

V2Bl VBT P4 W 2
4 4

14 7T

E(Ak,m) =E (Dk,m) . (431)

Immediately, we get

-~ _1
EA,) = E@AZ,) — (EAm)? < G(m) + GaTy ? + GsT; (4.32)
where
-1 7 oS
C3(m) = ’E (02, —E(Dk,m)Z), Ci= 2‘/2;/;‘3 ) F+nszL % G = 5. (4.33)

Note that C4 and Cs are positive constants independent of n and m, whereas C;(m) depends on m.
To obtain estimate of C;(m) as m — 0, we compute its two components E (Dim) and (E(Dy,))? in Steps I and II below.

Step II (Estimation of E(D? )). We compute

k,m
k41 A 2

1 I F—y’ (k)

B0, = L (/ F=¥@T6) 4
in % v
1 (5" F-w @Y o7 F-w@be)
= E — & —®
T2 ek Y % ’
k+1 k+1

1 fo f B _
= _w'o® _w'a® ’
= o f / E(F -9/ QYOoNE - ¥'QY6))) dsds

2 Tm Tm ~

- / / / f (F — w'(Q)(F — ¥/ (@)PQ. Q. OPQ. 5 — §|Q". 0)dQ dQ’ dsds' Qo = A (0)
m J0 s/ TJT

=h+L+]+],

where

2 Tm Tm
= [ ] [ =9 @)F -9 @) (@100, 0 = p(@) (P(@.5 =5 10.0) — (@) dQ Q' dses’
m J0 s T JT

2 Tm Tm
k=S f / f / (F=w'(@)F - ¥'(@)) (PQ5'| @, 0) = p(@)) p(Q) dQ Q' ds s,
m J0 s TJT
2 Tm Tm
= 7}/27"2 / / //(F —Y'(Q)(FF —¥'(Q")) (P(Q, s—s | Q',0) — p(Q)) p(Q') dQ do’ dsds’,
m J0 s TJT
2 Tm Tm
Je=5a 2[ / f / (F — ' (Q)(F — ¥'(Q)p(Q)p(Q) dQ dQ’ dsds'.
v<Ty Jo s/ TJT



16 L. Cheng, N.K. Yip / Physica D 297 (2015) 1-32

Next we make use of (4.29) to estimate the above:

2
2(F+ ¥ llee)” fTm [T
hl < (yzﬁ)/ / |P@",5'1Q0, 0) = (@) |1z, [P(Q. 5 =5'1Q",0) = p(Q) |1 ds S’
F+ 14 e} Tm Tm o ,
< %/ / Cie™%% . C1e7 06~ ds ds’
2C2 (F + ¥/ ||y
< ( +|| ”L (1 e*CZTm)’
CZVZTm
VEX (F 4 |0 o) [T [T ,
bt < 2 ; )/ / [P@"5'1Q0. 0) = p(Q@") 1, dsds
- mi 0 s/
2C,VE (F + || o0
< 1VE ( +|| ”L )(1—6_C2Tm),
GyTn
2% (F 4 [W/]lizc) [Tn [T /
< 2 ; )/ f |P@.s=51Q".0) = (@)1, dsds’
mi 0 s/

_ 20V (F+ 1% lee) . 26,VE (F + |9/ [1)

1—e @),
Gy T CyT2 (1-e )

Direct computation also gives
1 T Tm
o= / / / / (F =¥ (Q)(F — ¥'(Q))p(Q)p(Q) dQ dQ’ dsds’
0 s TJT
1 Tm s
T3 / / / / (F =¥ (Q)(F = ¥'(@))p(Q)p(Q) dQ dQ’ ds' ds
YTa Jo Jo JrJr
1 Tm Tm
v f / / / (F =¥/ (@Q)F —¥'(Q)p(Qp(Q)dQ dQ’ ds' ds
v TaJo Jo JrlJr

<f wp(Q) dQ) (f F_L(Q)IO(Q/) CIQ/)
T Y T Y

- \2
= (v*~)".

All above lead to

E(DZ,) = (v§’°°)2 +o(1) asm— 0. (4.34)
Step III (Estimation of E(Dy ,)). By direct computation, we get
el s (k) tkt1 —_w(o®
b0 = e (L [ E @ ) L (rovi@ten)
Tm t(’)< Y Tm t(’]‘ Y
1 [ (F—y ~
- / %P(Q,smo, 0)dQds (Q =3V (tk))
Tm rF—yg F—w
= /%(P(Q,SIQO,O)—/)(Q)) deS+/%p(Q)dQ
T
For the approximation error term in E(Dy ,;), we have
Im (F—y Ft |l [T
/%W(Q,smo,m—p@n dQ ds < %/ /IP(Q,SIQo,O)—p(Q)I 4q ds
F+ ||¥
< M/ 1P, $1Q0, 0) — (@)1 ds
T 0
S F+||W||Loc[ Cre s
YT 0
— Cl(F'E2|J|/;I-;) ”LOQ (1 _ e*CZTm).

The above leads to

lim E(Dim) = Ve, (4.35)
m—
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Hence

limo Cs(m) = |[E(D,,) — E(Dxm)?| = 0.
m—

k,m

Step IV (Convergence in L*(£2)). For each n, we have
2

n ~
ZAk,m 10 1
k=1 _ =2 L 1. A
E , = ;E (A2.) + > ;E(ZA],mALm)
1 : 22 1 A2 22
= =Y E(B) + 5 2 (EG,) +EG,)
k=1 j<l
_1 _1
_ G +GTw? + GT,! L = D(C(m) + Gl 2+ GT, ")
- n n2
_1
< G3(m) + C4Tpy 2 + GsT, . (4.36)

By Steps I IL, III, (4.31)-(4.36) and T,, — oo, Claim #1 follows. O
Proof of Claim #2. By (4.19) and (4.23), for m < 1 the error term satisfies

7,2
4w ZHLoo 12
Cgme v
T

E(B,) <

’

where Cg is a universal constant independent of k and m. Note that the % factor in (4.23) is multiplied by the m? in (4.19). Recall that we
set T, = 4/a|Inm| at the beginning. Then we obtain

49" 1200 49" 120
5 | Ilnm| 1I-———«
E(32 ) < Cgme v _ Cgm Y
km” = Vel Inm] Yo Inm]
4||w” 2
We choose « small enough such that 1 — ”72”90 -« > 0.1t leads to that for each n
E k=1 m < Cem 14 m—0
n - Jallnm|

Claim #2 follows then. O
5. The under-damped limit

In this section, we sgudy the long time behavior of the Langevin equation (1.4) in the under-damped limit (y — 0). Throughout this
section, we use Vg = V;’ to denote the long time average velocity as defined in (4.9).

5.1. Bi-stability and three thresholds of the scaled tilt

In the under-damped limit (y — 0) of (1.4), inertial effects become significant. We only consider finite value of the scaled tilt Fy := 5

Otherwise, the kinetic energy gain due to decreasing of the potential energy can not be compensated by energy dissipation, leading to
unbounded long time average velocity [ 17, Sec.11.4]. Even for finite Fy, the pinning and de-pinning behavior can be quite complicated due
to the fact that both states can co-exist. We call this bi-stability phenomenon. It is best depicted in Fig. 4.

For the deterministic process obtained by removing the noise term from (1.4), we observe two thresholds Fy; and Fy3 of Fy (see Fig. 3):
below Fy1 (above Fy3), only the pinning (running) state exists; between Fy; and Fys, the pinning and running states can both occur — which
state the particle ends up with depends on the initial condition [13, Sec. VII.3] - but for fixed Fy, a particle cannot switch between these
two states. For ¥ (q) = — cos g, the derivation of Fy; = g is carried out by balancing the kinetic energy gain and the energy loss due to

friction [17, Sec.11.6.1]. It can also be shown that for general ¥, Fy3 = % [13, Sec. VIL3].

For the noisy process (1.4), by ergodicity (see Section 2.2), Vr exists. Besides Fy; and Fyp3 mentioned above, a new threshold Fy, emerges,
which can be observed (see Fig. 3(b)) in the asymptotics of V¢ in the iterated limits by first taking ¥y — 0 (the under-damped limit) and
then letting 8 — oo (the vanishing noise limit): between Fy; and Fyp,, Vg converges to 0; between Fy, and Fys, it converges to a positive

number which is the long time average velocity of the running state of the corresponding deterministic (noiseless) process; and near Fg;,

’
Vr has a steep jump. Note that in this iterated limit, Fp3 = % is not observed in the asymptotics of Vr since it goes to infinity.

The purpose of this section is to make the above description mathematically rigorous. The derivation of Fy; and Fy, consists of the
following steps. First, in the under-damped limit (y — 0), we make use of the existing machinery invented by Freidlin et al. [15] to
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Level sets of H(q,p)
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(a) Hamiltonian level sets. (b) Graph I".

Fig. 8. Homeomorphism between Hamiltonian level sets and graph I". Each point on I" corresponds to a level curve of H. Note that Oy is the minimum point of the potential
function ¥ (q) = — cos g, O, is the heteroclinic orbits between two saddle points of ¥. Segments I, and I3 correspond to the regions in the phase space with unbounded
orbits (with positive and negative p).

reduce the dynamics of a properly time re-scaled system of (1.4) onto a lower dimensional Hamiltonian graph I". Second, making use of
the invariant measure of (1.4) on the configuration space ¥ = T x R, we derive a formula for V¢ in the under-damped limit (y — 0).
Third, by Laplace’s method we compute the asymptotics of Vi in the vanishing noise limit (8 — o0) leading to the precise values of Fy,
and Fo,.

We now describe the procedure in more detail. We first state the reduction of the dynamics (1.4) to a diffusion on a Hamiltonian graph

I'. Without loss of generality, we consider the following stochastic system (with m = 1 and ¥ (q) = — cos q):
G=p. P=—yb+F—sin@ ++2yp W (5.1)
which can be written as
i =5 P =—sin@)+eb@ )+ VeW, (5.2)
where
2y B

€ = ? and b(q,p)=5(—p+Fo)~

Note that with fixed 8, we have ¢ — 0 wheny — 0.
Introducing the Hamiltonian function H(q, p) = — cos(q) + % p?, the deterministic dynamical system is given by:

q=Hp(q,p), p=—Hq(q,p). (53)
The value of the Hamiltonian is conserved by the dynamics. On the other hand, for the noisy process, the motion (g¢(t), p(t)) can be
roughly decomposed as (i) motion along the trajectories of (5.3), which are connected components of a level curve {(q, p) : H(q, p) = H}
(see Fig. 8); and (ii) diffusion across them. To study the interactions between these two motions, in particular to identity the limiting
description as y — 0, it is convenient to do the time re-scaling g¢ = ¢¢(t/¢). Then the dynamics is written as

1 . 1 )
q = ng(qe,ps), P = —qu(qs,p‘) +b(q*, p°) + W. (5.4)

With the above, the process (g¢(t), p€(t)) becomes a diffusion on R? with infinitesimal generator

1 1-
Lf(q) = 5fpp(g) +-VH@) - Vf(q) + b(@fy(q). (5.5)

where q := (g, p) € R? and VH(q, p) := (H,, —Hy).

Note that in the under-damped limit (¥ — 0), we have ¢ — 0. Then (g°, p€) become the fast variables whilst H(q¢, p¢) becomes the
slow variable in (5.4). If we identify all points belonging to the same connected component of a level curve {(q, p) : H(g,p) = H}, we
obtain a graph I" consisting of three edges Iy, I, I3 connected by one interior vertex O,. There is also an exterior vertex O; at the other
end of I;. The shapes of the level curves of H and the graph I" are shown in Fig. 8. Their connection is described as follows. Edge I is the
collection of periodic orbits parametrized by its energy level which is related to the size of the orbit. Vertex O; is the “smallest periodic
orbit” and in fact is the stable point representing the minimum of the potential energy. Vertex O, is the “biggest periodic orbit” and in
fact is a heteroclinic orbit joining two adjacent wells of the potential energy. Edges I, and I5 are the collections of running states in the
positive and negative directions. These occur when the initial energy level is high enough and are exactly the unbounded orbits in which
the particle overcomes the potential energy barriers indefinitely. Again they are parametrized by the energy level. Edges I, I and I5 are
joined together at O, which also represents the transition or boundary point between the bounded (periodic) and unbounded states.

The above description thus leads to a homeomorphismY : ¢ := T x R + I'.The graph I" is commonly known as the Hamiltonian
graph. For concreteness, this graph is parametrized in the following way:

LH={z1),-1<z<1},

r = UI,, where {L ={(z;2),1 <z < oo}, (5.6)
i=1 I3 ={(z;3),1 <z < oo};
O1=(-11) and 0, =(1;1)=(1;2) = (1;3). (5.7)

w.on

Note that we use “;” to separate the coordinate z and the index i on each edge of the graph I".
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In [15], M. Freidlin et al. show that the law of the process Y (¢ (t), p¢ (t)) converges weakly as € tends to zero to some diffusion process
z(t) on I'. This limiting process is described by the following two ingredients:

1. infinitesimal generators on each edge, £;,i = 1, 2, 3:

. 1 d , ff’g* b(q.++/2z+2cos(q)) dq _,
Livi(2) = 575 (L£s@2)v)(2) + AR 2o 2) (5.8)
where
qx dq qx
T(z) = ——————— and S(z) = / v/ 2z +2cos(q) dq (5.9)
—gx V22 + 2 cos(q) —gx
with q, = {;rccos(_z) :g i } In the expressions (5.8) for the .£;'s, “+" is taken if i = 2, “—" is taken if i = 3 and the mean value of

the “+” and “—" expressions is taken if i = 1. Note that T(1) = oo and S’(z) = T(2).
2. gluing condition at O,: the domains of the generator L;'s satisfy

2v7(1) = v5(1) + v5(1) (5.10)
which works as an “interior boundary” determining the behavior of the process z(t) when it reaches the interior vertex O,.

The invariant density ,oiF (z) for the process z(t) on each edge I; associated with the generator .£; is given explicitly as [ 15, pp. 624, (3.9),
(3.10)]:

ACT(z

ol (2) = W())e‘ﬂ(z‘u, forz € (-1, 1), (5.11)
2CT(z

ps (2) = 75(1())e*W(Z*”*FOg(Z”, forz € (1, 00), (5.12)
2CT

ps (2) = 75(1()2) e PE=DHhs@) - forz € (1, 00) (5.13)

where C is the integration constant set to make piF (z) probability densities and
g(2) = fsz(—’;)d;“, forz > 1. (5.14)

The existence of invariant density also implies that the diffusion on I" is recurrent.
The first result of this section is stated below.

Theorem 5.1. For the stochastic system (5.1), in the under-damped limit (y — 0) described by the diffusion on I", we have

Ve = ZZ2Fo, (5.15)
where
2 b
Co= Y [ epcosagg, (5.16)
2VB Jx
(o]
G =/ T(z)e P?{cosh(BF,g(2)) — 1} dz, (5.17)
1
© 2me
G = / cosh(BFog(2)) dz. (5.18)
1 S@
Taking B — oo in the above formula, i.e. the vanishing noise limit, we have
2w 2 iy
+ e “"Fo, Fo <For;
S(1) —2xFy S(1)+2nF
1EV=13 . B3 p—BETI-FogE) 2 (5.19)
2w -5(§)"2 - Bze Fy, Fo1 < Fy < Foy;
27 - (S' €))7, Foz < Fo,

where & is the unique solution of S(§) = 2mFy. (For the last case, Fo; < Fo, B appears in the higher-order asymptotics.)
The thresholds are given by

S(1 4 S(&*
Fo1 = Q =—), Foy = G0 ~ 3.3576, (5.20)
2 T 2

with £* being the unique solution of % = ;?;:; (Note that S(1) = 8.)

We will give some remarks about the above result. Formula (5.15) recovers Risken’s work about the asymptotics of V¢ in the under-
damped limit [17, (11.129), (11.135)], whilst (5.19) has not been derived before. The value of Fy; and Fy, is the same as in [17, (11.190),
(11.196)]. These formulas and the connection between Fy and the function S is best explained using the concept of effective potential (see
Section 5.2). Some property of the two thresholds is given here:
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e thevalue of Fy; in (5.20) coincides with that of the deterministic process (recall Fp; = % for deterministic process with ¥ (q) = — cos q);

e for the first case of (5.19) (Fy < Fo1), the convergence rate as § — oo is e%2. For the second case (Fy; < Fy < Fgy), to be shown later,
we have 0 < £ + 1 — Fog(£) < 2. Hence Vr converges to zero but with a slower rate.

e for Fy > Fy,, Vi converges to the positive constant 27 - (S'(£))~! = 2xT(£)~! which is the long time average velocity of the
corresponding deterministic equation of (1.4) (see [17, Sec.11.6.1]).

Thus, near Fy, a steep jump of Vi is observed in its asymptotics in the iterated limits. This behavior is illustrated in Fig. 3(b). The proof of
Theorem 5.1 will be presented in Section 5.3.

In order to better describe the phenomenon of the bi-stability and the behavior of the trajectories, we further consider the mean
transition times between the pinning and running states. They provide another interpretation of the thresholds indicating the change of
relative stability of two states. For the sake of presentation, we will first heuristically call T and T}, to be the “mean transition times” from
pinning to running states and vice versa. Their precise definitions will be given later in Section 5.4. With that said, we present our second
result.

Theorem 5.2. In the iterated limits (first y — 0 and then § — o00), for Fy > Fy1, we have the following asymptotics:

45(1
T~ $ -/37162[’, (5.21)
27Fy — S(1)
1
S(E)T ()2
T, ~ é)TE) . .ﬂ—%eﬂ(l—é—b—l’og(é)). (5.22)
(27Fy — S(1))F?
Furthermore,

T {>1, for Fo1 < Fo < Fo2; (5.23)

Tb <1, fOT F() > F02.

By the asymptotics of Tf and T, obtained in the above theorem, it can be seen that in the iterated limits, Tr > T} if Fy < Fop whilst
Tr < Fy if Fy > Fop. Thus Fy, can also be considered as a threshold across which the relative ordering between Ty and T; is switched. This
is illustrated by Fig. 5.

Before presenting the proof, we will give some heuristic remarks about the above two Theorems. First, our asymptotic results are
obtained by performing the following iterated limits: (i) vanishing dissipation (¥ — 0) and then (ii) vanishing noise (8 — o0). The
first procedure allows us to reduce the dynamics onto the lower dimensional Hamiltonian graph I" while the second facilitates the
use of Laplace method leading to precise analytical results. Reversing the order of the limits seems also reasonable, though somewhat
unnatural. To illustrate this, consider (5.1) or (5.2). In the original time scale t, letting 8 — oo will drive the stochastic dynamics toward
its deterministic version which is quite well understood (see for example the work [13] which is also used extensively in the proof of
Theorem 4.1). Hence to arrive at more interesting statements, we need to consider longer time scale(s). For this purpose, we explicitly
write (5.2) in time scale O (8) as

g=pp, p=B(=sing) + By (—p+Fo) +2yW. (5.24)

(Using the time scale O (f) will lead to similar consideration.) Letting 8 — oo (with y fixed) is to consider on a fast time scale the

Hamiltonian dynamics with dissipation and tilt which come from the term y (—p + Fo). The long time behaviors can still be captured by the
deterministic process perturbed by relatively weak noise (since y < B). As a further rescaling, we can decrease the dissipation by letting
y — 0 (simultaneously as  — o0) so that the conservative part will dominate. We believe that with proper time rescaling, this will lead
to similar analysis and results, though the overall procedure might not be as transparent as the approach adopted in the current paper.
Essentially, the consideration of long time scales leads to some kind of averaging or homogenization of the underlying inhomogeneous
potential.

Second, our results are applicable in the exponentially long time scale O (ecﬁ ) for B > 1.This is revealed in the values of Tf and T} as
B — oo.Readers might wonder how informative the value of the long time average velocity V is. Complementing this information is the
motivation for considering Ty and Tj,. They provide more refined properties of the trajectories, illustrating the fluctuations around V. In
fact, the process on I can in principle be recast as a Markov chain with two states: locked and running states. The values of Tf and T}, thus
give indication about the transition rates between them. Further quantities related to fluctuations include the distance traveled during the
running states, the variances of Ty and T, and the diffusion coefficient. Central Limit Theorems for long time behaviors of Markov chains
can also be considered for our process. In order to keep the current paper within reasonable scope, we do not pursue these ideas.

Third, we find it illustrative to interpret the above results using the concept of effective potential function. This is described in the next
section.

5.2. Effective potential and mean transition and return times

The results of Theorem 5.2 enable us to study the long jump phenomenon in the under-damped limit [35,36]: in this regime, at low
temperatures the surface diffusion of atoms or small clusters proceeds by uncorrelated thermally activated jumps over the barrier from
one minimum of the external potential to another. It is related to bi-stability in the following way: the pinning state corresponds to the
state of being trapped in a potential well; the running state corresponds to the state of jumping across the barriers between neighboring
potential wells; the return to the pinning or running state corresponds to being captured again after a long jump or being activated again
after being bounded in a potential well for a while. Fig. 4 illustrates the phenomenon of bi-stability and long jumps.
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z+1

20 15 10 5 0 5 10 15 20

Fig. 9. The graphs of the effective potentials ¥(z) + 1,i = 1, 2, 3. Note that the horizontal axis represents (I3 U I;) U (I; U I). It is parametrized using z + 1.

To best illustrate the diffusion on I, we make use of the concept of effective potential wg (z) to characterize the energy level. This is
introduced by Risken in [17, Ch.11] which is very much related to the invariant densities (5.11)-(5.13) for the diffusion on I":

q;f(z)— z, ‘ i=1landz e (—1,1);
e T Nz 4+ (-1 Rgz), i=2,3andz € (1, 00),

where z(q, p) = H(q, p) is the Hamiltonian at (g, p). It is depicted in Fig. 9. It will be shown later that the invariant measure of the limiting
motion on the configuration space % is in the form of a Gibbs measure, that is, its density function has the following form:

1 i
PR =123

Ui(B)
where the normalizing constant U;(8) is the effective partition function. The exact formulas for the density function will be given in
(5.25)-(5.27).

The above concept of effective potential function can be used to give an interpretation of the thresholds Fy; and Fyp,. Recall the meaning
of the Hamiltonian graph I". Each point on I; represents a bounded (periodic) orbit while each point on I; and I5 represents an unbounded
running state. To better illustrate the idea, we plot in Fig. 9 the overall effective potential ¥, as a function over (I3 U I;) U (I; U I,) so that
¥, is the union of the graphs ¥, ¢!, ¥ !and ¥2.

Now 0; = (—1; 1) is always a local minimum of ¥, (z) representing the stable pinning state of (5.1). However, depending on the value
of Fp, another local minimum will appear on lI/ez. (Note that as Fy is positive, there is no local minima on the graph of lI/f.) We can find the
minimum on 11192 by taking its derivative,

27TFO
5@)

w¥(2)=1-Fg'(2) =1— =0 (forz>1)

leading to the solution & satisfying S(§) = 2w Fy. The smallest value of the function S (for z > 1) is at z = 1. This gives the first threshold,

S(1) 4
Fopi = —2 = —
o 2 T
Hence for Fy < Fy1,07 = (—1; 1) is the only minima of ¥, whilst for Fy; < Fo, (§; 2) (on I) is another local minimum representing a stable
running state. Comparing the energy value ¥,!(—1) = —1and ¥2(¢) = & — Fog(§), we can determine which is the global minimum. The
cross over point is given by Fy = Fp; and & = &£* which satisfy
. S(E") £ +1
£" — Fpg(E") =—1, ie =Fp = .
2 g(E")

Hence for Fp; < Fy < Foy, (€; 2) is less stable than (—1; 1) while for Fp; < Fy, (§; 2) becomes more stable. To conclude, Fy; is exactly the
(rescaled) tilt such that the relative stabilities of (—1; 1) and (&; 2) switch.

The switching of the stability property of the pinning and running states also leads to the reversal of the order between the mean
transition times Ty and Tj. This is analogous to the Kramer's rate of escape from local minimum: the rate is essentially determined by the
energy difference between the local minimum and the barrier to be overcome. In this case, the two barriers to compare are wel (1H)— lI/; (-1
and lllez(l) — lI/e2 (&). However, to go beyond the above heuristic and qualitative description, due to the inhomogeneous diffusion along the
Hamiltonian graph I”, the analytical verification will require some work as seen from the proof of Theorem 5.2.

Now we present the proofs of Theorems 5.1 and 5.2 in the rest of this section.

5.3. Proof of Theorem 5.1

First we derive the invariant density {pfg (q,p)}i:1 , 3 On the configuration space ¥ = T x R induced by the invariant density
{pir (z)}l.:1 55 0N the Hamiltonian graph I". For the following computation, we make use of the crucial fact that the function ,oi(g q,p)
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is constant along the trajectories of the unperturbed Hamiltonian system (5.3), which is a consequence of the Liouville Theorem. This can
also be seen alternatively by the fact that ,o,-r =Y pfg and Y maps orbits (with constant value of H) to a single point on I".

Note that the independent variables on ¥ and I" are (q, p) and z respectively. Recall z(q,p) = —cosq + %pz and let p(q,z) =
2z +2cosq.Thenforall (q,p) € T x R,

a(q,p) a(q,p) 1
dqdp = ,sgn .z dqdz, here = .
(q,p)dgdp = p{? (q, sgn(p) - p(q, 2)) - 2q.2) q w 94.2) 7T Tcosg

Here sgn(p) denotes the sign of p. On each Hamiltonian level set with level value z where pfg is constant, by the correspondence between
pfg and pir, we obtain the following identities (recall g, = arccos(—z) ifz < 1and q, = 7 ifz > 1):

T a(q,p)
2 “(q,p(q,2)) -
/ﬂh P (q,p@Q, 2) 3q.2)

a(q, .
f 0%@.p@2) | 2P g = T, p)o¥ @ p) = ol (2(q. p)), fori=2,
—ga a(q, 2)

dq = 2T(z(q, p))p;? (4. p) = p{ (z(q,p)), fori=1,

*

L 3(q.p) « r .
pi¢ (q, —p(q,2)) - dq = T(z(q,p))p;" (@, —p) = p; (z(q,p)), fori=3.
—as 9(q, 2)

(The first equality in each identity above is obtained by T (z) = ffq m f 4 3 (q Z) dq; the second equality holds since p, (z), the
density function over the Hamiltonian level z, is the same as the marginal dlstrlbutlon of the den51ty function with independent variable

(q, z) on the configuration space ¢, integrating out the variable q.) Note that p,° “(q,p) = o ¢ (q, —p) for i = 1 by the symmetry of the
trajectory of the unperturbed system (5.3) for z € (—1, 1) (see Fig. 8). The above identities and (5.11)-(5.13) yields:

2C
€ —B(z(g.p)—1)
= e s 5.25
q.p) s(1) ( )

2C
e~ B(z(q.p)=1)=Fog(z(q,p)) 5.26
F@.p = sDe : (5.26)

2C
e~ B(z(a.p)=D)+Fog(z(q,p) 5.27
J@p = SDe : (5.27)

forq € [—q*, ¢*], and pfg(q, p) = 0forq &€ [—q*, ¢*]. The constant C, for normalization purpose, is computed as follows:

3
/ / > p@ p)dqdp

s j=1

_g Zi ePeosd g ﬂ T )7[32 h(BF D d
TSy B /, 5y ), T@e T (coshBhe@) = 1) dz.

—B b4 oo
_° 25(]) . ( /%{f efosidg + 2/ T(z)e % (cosh(BFug(z)) — 1) dz)
-1 1

By taking the expectation of the velocity variable p with respect to the invariant density p;* “(q,p)onT x R:

Rl a(q, p)
Ve = (pf — %)p‘ dgdz
f /1 2 TP )

so that

-1

4Ce?
Bz
S(l)/ /_,,e sinh(BFog(2)) dq dz.

1 _ 1

= J2zt2cosq _ p°

In the above we make use of the fact that ‘ gig o)

We thus obtain using integration by parts that

_4cef RN _ 8mcef * e=PZ cosh(BFog(z))
Ve = ﬁ ~27r/1 (— 5 ) sinh(BFog(z)) dz = s ~2n/; 52) dz - Fy

2nC
2k, (5.28)
Co+ G

with Cp, C; and C; given by (5.16)-(5.18).
Theorem 5.1 is a consequence of the following asymptotics for Cy, C; and G;.
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— 00, we have the following asymptotics:

CO ~ I - ﬁ_]eﬁ;
s(
o(g'e™”), Fo < Q
2
e i gl S(1)
7 (FoS' (&)} - pdetos©r-o o >0,
2r
s(1
(.
Cy(Fy) ~ | \S(D —2rFo (1) + 27y -
7 (FoS'(£))"% - B3 ePFog® =), Ry > ¥
T

Proof of (5.29). Rewrite C; as

Nzl

©=27F

T
eP@ dg,  where h(gq) = cosgq.

—JT

Note that h(q) attains its maximum at 0. By Laplace’s method, we getas § — oo

_ v
.

Co

1
|:( —27 )2 eBh©) | oBh0) o (53):| = % cef 4 meﬁo( 2

Bh(0) 2JB

~x-B7f. O

Proof of (5.30). Let

Ci(Fo) = / T(z)eP* (cosh (BFog(E)) — 1) dz = C1 0+ C1.1 + Ci 2,
1

where

-l oo -1 o0 oo
Cio = 5/ T(z)e Peffos@ dz ¢4 = 5/ T(z)e Pe Ple@dz; ¢, = —/ T(z)e % dz.
1 1 1

By integration by parts and Laplace’s method (see [31, formula (2.37)]), we obtain as 8 — oo,

Cio=S(e ? —p /OO e P25(z) dz
1

~S(ef —pB ((—Ll)) e’ +efo (ﬁ*2)> =0(p e ”).

B(=1)

(Note that we have used the fact that S'(z) = T(2).)
Similarly we get as § — oo,

s( o0
Ciq= —Qe—f’ + g f (S(2) + 27 Fy)e P& T0g@) g
1

2
~ _@e—ﬂ + é _M e PirePfo ('3—2) =0 (ﬁ_le_
2 2 B (_ _ m)
S(1)

Observe that Cy ¢ is of the form 1 [ G(2)e?#® dz, where G(z) = T(z) and H(z) = —z + Fog(z). Note also that H'(z) =
H’(z) is monotonically decreasing as S(z) is monotonically increasing. There are the following two cases:

B2

23

(5.29)

(5.30)

(5.31)

— Tand

1. IfFy < 52 then H'(1) < 0and H'(z) < H’(1) < 0forz > 1.Thus H(z) reaches its maximum at 1. Then by integration by parts and

2w

Laplace’s method again, we getas § — oo,

C]qo ~0 (ﬂ_le_ﬁ) .

2. If Fy > 31 thenH'(1) > 0and H”(z) < 0asH’(z) is monotonically decreasing. Thus H(z) achieves its maximum at & with 1 < & < co

21

and H’'(¢) = 0. Hence & is the solution of S(§) = 27 Fy. Then (see [31, formula 2.34]) we obtain as 8 — oo,

C1,0(Fo)

2

S'E) —2n oFFg®—5) %eﬁ(Fog(S)—E) o (ﬁ—%)

2 __2mRS'(®)
p ( 6) )

1
~ 7 (FoS'(8))? . B2 P Fog®)—6)

~

The assertion then follows. O
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I I
(&2) &2)
(~1:1) n I
O (1-x1) 0, 01 (1-Xx1) 0,
I3 I3
T I
(00:3) (0033)

(a) Gy for the computation of Ty. (b) G, for the computation of Tj.

Fig. 10. The domains G; and G, used in the definition of Ty and Tj.

Proof of (5.31). The computation is analogous to that of (5.30). O

Proof of Theorem 5.1. Formula (5.19) and (5.20) are simple consequences of the above asymptotics. We will only concentrate on the

latter. By (5.30) and (5.31), across Fp; = % C; and C; have different asymptotic expansions. To determine Fyp,, we assume Fy > Fy;. Note

that for Fy < % Fog(&) — & < 1 whilst for Fy > % Fog (&) — & > 1. Then in the former case the denominator in (5.28) is dominated

by Co = O (B~ 'e?), while in the latter case the dominant term is C; = O =3 eB(F08®~8) ) This shows Fp, = &2,
2

5.4. Proof of Theorem 5.2

We first give a precise definition of T and Ty. They are defined as the mean first exit time from appropriate domains of the Hamiltonian
graph I'. Given G C I', we define:

¢ :=inf{t 1 z(t) ¢ G} and v{(z) = E(zy:iyT°

where z(+) is the diffusion process on I" corresponding to the infinitesimal generator £;'s (5.8) with initial data (zo; i). In principle, we like
to define Ty as the time it takes the particle to diffuse from O; = (—1; 1) (the most stable pinning state) to (§; 2) (the most stable running
state) and vice versa for T,. However, O; is inaccessible with probability 1 [15]. Hence we will choose the point (1 — A; 1) instead of O
and then let A — 0.

Precisely, let G; be the subset of I" bounded by zf‘ - —1, 2261 = &,and zg‘ — oo only, I, and I3 respectively (see Fig. 10(a)). Note that
both (—1; 1) and (oo; 3) are inaccessible with probability 1. Then we define Ty as:

T; = lim lim w1 = 1), (5.32)
A=0 zlcl afl,zgl -0

Similarly, let G, be the subset of I" bounded by zfz =1-2, zzc2 — o0 and 2362 — oo on I, I and I3 respectively (see Fig. 10(b)). In this
case both (oco; 2) and (oo; 3) are inaccessible with probability 1. We define T}, as follows:
Ty = lim  lim 05 (&). (5.33)
r—0 _Gy Gy
2y%,23°—>00
See Fig. 10 for an illustration of G; and G,. Even though the above definitions of T and T, seems artificial, they are quite intuitive. The fact
that our result demonstrate the reversal of their order at exactly Fp; demonstrates that they indeed capture the essential behavior.
With the above definition of G; and G, (below we let G = G; or G = G;), the function v,.G (2) = E(mtc is the solution of the boundary
value problem

Livf(2) =—1, (z:1) € G\ {2}, 27,25}, (5.34)

() =0, i=1,2,3, (5.35)

Vi) = v5 (1) = v5(1), (5.36)

2009 (1) = (v5)' (1) + 1$)'(1), (gluing condition). (5.37)
This linear system can be solved as follows [ 15, pp. 625]:

(@) =cCAsC(2) + 1), i=1,2,3, (z:i) €G\ {0}, (5.38)

where

~1
3 3 =G -G

G _ _1 o R Y

G = As°(1) (1; Asjc(l)> (j; AsC(1) +0(6) as8(1)° (5.39)
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and
G

%
/ dmi
1

G

(the invariant measure on G)

)

3
pG) =) a
i=1

%

Asi(z) = 8 / Sy)~le MW gyl (difference of the scale function at z and z)

z

2 ZiG z
i°(z) =8- o) / f Sx) e KWT eV dxdy, i=1,2,3, (a solution of (5.34))

z Jy

Ki(z)=—-Bz—-1), —-1<z<l1, (exponent of the invariant density on I;)
K@) =-B(z—1) - (-DFg®@), i=23 z>1, (exponent of the invariant density on I, and I3)
=2, ay=o03=1, (gluing condition constants)

with m;(dz) being the speed measure of the limiting diffusion z(t) on I; with densities:

2T(z) =BG

i = 1¢ 7 (5.40)
m,(z) = ZST(({Z)) e —Fog@)_ (541)
ml(z) = st((lz)) o~ B(@—1+Fog@) (5.42)

Next we give the proofs of (5.21)-(5.23). In each proof, we suppress the notational dependence on the domain G; or G,. Furthermore,
we let G = G in the proof of (5.21) and G = G, in the proof of (5.22).
Proof of (5.21) — asymptotics of T;. By definition we have
Ty = lim lim v1(1—2)

A—>0z1——1,z3—>00

= lim lim (c14s1(1 — ) +v1(1 — 1))

A—>0z1—>—1,z3>00

o i 2 1 1 - 201(1) U2(1) v3(1)
‘1%1»“52»00((As1<1)+Asz(1)+As3(1)> '(Asm) A5, | as() P (G)>
AS](] — )\,) - AS1(] — )\.) -
250 Y T aG@ +”‘“_”>

=lim lim (@1 +p(0)As2(1) = 4:1(1) + 01 (1 = 4))

A=>0z1—>—-1,z3—>

= 12(1) + Asy(1) lim 0(G). (5.43)
z21—>—1,z23—>00
In the above computation we have used the following limits
. . Asi(1—2) L -
lim As{(1) = oo, lim As3(1) = oo, im ——— =1, lim v1(1 — A) = v1(1).
21— —1 2300 z71—>-1  Asy(1) o

We then obtain the following expression for T:

2 & !
T = 8.—/ / Sx) e T ()W dx dy
S(l) 1 y

& -1 £ 00
+8- / S(y)—1e-’<2<y>dy‘-<2f m(z) dz +/ m)(z) dz +/ m’3(z)dz>. (5.44)
1 1 1 1
Let
&
() = / / T iy ro—Fort) gy gy
1 J1 S® ’
£ pBY—1—Fog®))
L) = [ T
=] "5

2 1
=— —Bz=1)
G(B) = 5 [1T(z)e dz.
G(B) = 2 /E T(z)e P(E-D~Fog@) g4,
N ’

2 [o¢]
G(B) = ﬁ/ T(z)e—ﬂ((2—1>+F0g(z)) dz.
1
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Then T; is given by (the fact that S(1) = 8 is used to simply the expression)
T = =21 + 8L (2G4 C4 + Gs).

The asymptotics of Ty is a consequence of the following result.

Lemma 5.4. As 8 — oo, we have

L(B) ~ 1 %5)%1 . B3 PU—EFF02®) (5.45)
(2Fy — S(1))F?
1
L)~ S s B +0(87?), (5.46)
G(B) ~2eF + e 0(B7), (5.47)
1 -1 2
Ca(B) ~ ﬂs(g)r(g)z/g—ﬂ:o 2 pB(1—6+Fog(€) %eﬂu—sﬁog(s» 0(87), (5.48)
G(B) ~0 (7). (5.49)

Proof of (5.45). Rewrite I; as

L(B) = / / k(x, y)e P dedy,
D

where
f,y) =y —x+Fgkx) —Fgy), kx,y) = S((y; D={kxylyell,&].x€[1,y]}.
Direct computation gives
14F. =X y=1—Fy 25
fX(X7y) - 0 s() fy(xay - 1= O'S(y)v
_ _2mhT®) _ _ _ 2nRT(Y)
falx,y) = G002 fo®y) =fxx,y) =0,  fy(x,y) = GO
_ |y fyy| _ ATRTRTY)
HO® =16 00 Fyey| =~ Gusg)?
Then (&, &) is the unique critical point of f (x, y), which is a saddle point since
_4ATPR(T(6))?
HE) y)‘(f:‘-%‘) B SE o

We next check all corner points of D. Observe that f(1, 1) = f(£,£) = 0. And for 1 < z < &, S(z) < 27 Fy by monotonicity of S(-) and
S(&€) = 27 Fy. Thus

§ o &
FA.8 =8~ 1-Ro® —g) =t~ 1-R [ a<e-1- [ @=o
1 1
So f(x, y) attains its minimum at (1, &) on D. Moreover, by
mFo ko 27 FoT(§)
=0, 1,6) = —2>2
S(1) S() I8 =562

the level curve f (x, y) = C is tangent to the boundary of D at (1, £). We next follow the method presented in [32, Sec. VIIL.7] to derive the
asymptotics of I (8).
We write

L(1L,E) =—-1+ >0, f(1,§=1-

)

fyy( £)

fe,y) —f(1,8) =1, x—D[1+Px—1y—§)]+ ¥ -8’ +Qx—1,y -8,

where P(x, y) and Q (x, y) are power series in x and y satisfying P (0, O) =Q(0,0) =0. Let
1
u=x-—D1+Px—-1y-8] v=-§l1+Qx—1y—-§)]z,

then

fyy( £) v? = F(u, v).

=1 fly) —f1.8 =1 Hu+

’ (X, y)
18

a(u, v)
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Let K (u, v) = k(x(u, v), y(u, v))|d(x, ¥)/d(u, v)| and D’ be the image of D under this transformation. We consider the Taylor expansion
of K at (0,0): K(u,v) = > Kiu'v/, where Kj denote the Taylor series coefficients. We have the coefficient of the leading term

Koo = k(1,€) = ¢53. Then

I1(B) = e WD / f K (u, v)e PP dudv.
D/

By the method of resolution of multiple integrals, the double integral I;(8) can be written as

i.j=0

h(B) = e P19 [Fh(tertdt, (5.50)
where M denotes the maximum of F in D’ (the minimum of F is zero clearly), and
K(u, v)
————do,
Fuv=t /F2 + F?

with o being the arc length of the curve F (u, v) = t.
In order to compute h(t), we then transform (x, y) to (¢, n) by

h(t) =

u= £ cos?n, wv= <27§>i sin .
f(1,8) f(1,8)
Thus F(u, v) = ¢. By direct computation,

u oJu
dwv)| oz an|_ 1 ( 2 )f
‘a(;,m o T pa e \fa.6) O
¢  dan
Let ®(¢, ) = K(u, v) ‘% _Then

1
1 2¢ 2 i GtD i N
D, n) = ZKgu'v’i ( ) cosn = Z @i (cos )P (sinny
ij i.j

£(1,8) \fy(1,8)
with @; = #jl And h(t) = ffl @ (t, n) dn (note that v < 0in D', thus n € [—7x /2, 0]). Hence
i (BgR) = ’
. 0 . .
it U 1 it o j+
ht) = Y @ttt (cos > (singy dn = =Y @t 7 (—1YB (1 +1, —)
2m ] 22 2
1 o m T+ DrEh S it (=L
= =Y (et % = et % (551)
2 4= r(i+%452) 245 ri+5)
Plugging (5.51) into (5.50), we get as 8 — oo
1. (2 (M 1
L(B) ~ e P15 — gy (é) / t2ePldt ~ — /T dgpe P19 53
271 (3) b 2
1
1 T 1 SE)T(E):2
~ Yz &) e p-d > E)TE) e O3
sia. 6 (259)° (@ Fo — S(1)F;
by Watson’s Lemma [31, Sec. 2.1,pp. 24]. O
Proof of (5.46). Write
LI
L(B) = / e dy,
1 SO
where h(y) =y — 1 — Fog(y). Note that h'(y) = 1 — % < Ofory € [1, £]. This is a direct result of the monotonicity property of h’(y):
h'(y) = ZZTSF(‘;,)T;ZW > 0, and the fact that h'(§) = 1 — % = 0 by definition of £. So h(y) attains its maximum at 1. By [31, pp. 35, (2.38)],
as B — oo
__1
S(1) Bh(1) Bh(1) -2 -1 -2
I ~|—=]e e 0 ~—_— 0 . O
2(8) (WG)) FO(B7) ~ s B H0(87)
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Proof of (5.47). By integration by parts and Laplace’s method, we get as 8 — oo

2 1
B(z—1) _ _ B(1-2)
GB) = S(l) (5(2)6 ‘_1 /71 S@)(=Pe dZ)

1
- = B(1-2)
=50 (s(l) +ﬂ/ S(2)e d2>

2 S s g ))
5(1)<()+ﬁ<ﬂ( e HeroT)
~2e% +efo(p7"). O

Proof of (5.48). Write

2 £
) = 5o /1 T(2)e" dz,

where h(z) = —z + Fyg(z). Observe that I’ (z) = stzF;) — 1,/ (1) > Owhen Fy > 3 aswell as '(¢) = O and h"(z) = 225(2;(22) < 0.

Hence h(z) attains its maximum at £. By [31, pp. 33, (2.31)], we obtainas § — oo

§ _ 2
/ T(2)ef 28D 7 ~ T (E) (25 _ZZFoT(E)> P+ 4 oP-E+F08() o (g 1)

! E)?
~ lg(g)r(g)%Fg%ﬂ*%eﬁ(*éﬁog(s)) + eP(—E+Fog©) (/371) .
2

The conclusion follows then. O
Proof of (5.49). Let h(z) = —z — Fyg(z). Write

2 © 2 )
_ p Bh@) 4, _ B Bh(z)
G(B) = 5(1)e /1 T(z)e"™? dz = S(l)e (S(z)e 1

= Sf—l)eﬁ (—5(1).9*1j - /1 OoS(z)f}h’(z)eﬁh(z) dz) :

- f ” S(z) BN (z)eP"® dz)
1

Byh(z) = —-1— ZSTZF;) < 0, h(z) attains its maximum at 1. By [31, pp. 38, (2.38)], we get as 8 — o0

Niﬂ<_ -5 _ <—5(1)h/(1)> B 4 geb —2)
G(B) RON S(Me " —p i )° +BeP0(B7?)

~ 2 Bo(erp)~0(). O

The proof of (5.21) is now complete.
Proof of (5.22) — asymptotics of T,. By definition we have

Tb—llm lim v(§)

ZZ—)

= lim llI‘l‘l (czAsz(?,f) + 02(8))

r—>023,23

-1 - o ~
= lim lim << 2 .1 ) _<2v1(1)+ IO +p(c)>.Asz(§)

A—>022,23—>00 Asq1(1) Asy(1) As3(1) As1(1) Asy(1) As3(1) Asy(1)
- - As; ()
+ 02(8) — 02(1) - A52(1)>

5 G)Asq (1 - -
= lim lim (vl(l) + pOAS) +0208) — U2(1)) .
A—02y,23—>00 2
We have used the following limits
A
lim Asy(1) = 0o,  lim Asy(1) = 0o 206) _
z—>00 23—>00 zn—00 Asy(1)

Then by limy_, ¥1(1) = 0, lim;,—, o0 [V2(§) — V2(1)| < 00, and lim; _,¢ As;(1) = 0, we get
Ty = lim (D2(8) — 2(1)).
2—>00
By definition of v, (z) the formula of T, is given by:

= [ [X 5 Te 2WT (y)ek2 dy dx. (5.52)
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Note that Ty, is in the form of ffD,, k(x, y)e PF&Y) dx dy, where D" = {(x,y)|x € [1,£],y € [x, 00)} and f(x, y), k(x, y) are the same as
defined in I in the proof of (5.45). Direct computation shows that the unique critical point (¢, &) of f (x, y) is a saddle point. Then we check
the value of f (x, y) along the boundary of D”. On the bottom boundary, we find that f(1, 1) = f (&, &) = 0. On the left and right boundary,
i.e. halflinesx = 1and x = £ above y = 1, f,(x, y) hits zero at y = &. Note also that f,, (x,y) = Z”F"T(V) > 0. All above lead to that on

x = land x = &, f(x, y) attains its local minimum at y = £. It is easy to verify that f(1, &) < f(& “g“) = 0. Hence the asymptotics of
Ty is determined by the value of f (x, y) near (1, &), where the level curve f (x, y) = C is tangent to x = 1. The remaining computation is
T g

analogous to that of (5.45). Note that the integration domain for 7 in the first equality of (5.51) in this case is [—F, 7] (y can be greater
than &). It follows that

T, ~ 21;(B), aspB — oo.

The asymptotics for T, follows then.

Proof of (5.23). By (5.21) and (5.22) the leading term of the asymptotics of T}, is O (ﬂ‘%eﬂ“‘“ﬂ)g@”), whilst the leading term of the
asymptotics of Ty is O (B~'e?#). There are two cases: (i) for Fo; < Fo < Fop, 1 — & + Fog(§) < 2; (ii) for F > Fop, 1 — & + Fog(§) > 2.
Consequently, the ratio % > 1forFoy < Fo < Fpas O (B 'e*) > 0 (ﬁ*%eﬂ“*“ﬁ’g@))); whereas, % < 1for Fy > Fy since

0(p'e#) <0 (ﬂf%eﬁ(lfénLFog(E)))'

Acknowledgments

The authors thank the referees for their valuable suggestions in making the mathematics and presentation more comprehensible. Both
authors are partially supported by the NSF Division of Mathematical Sciences.

Appendix. Proof of (3.5)

At F = 1, f attains its global minimum at (%, %). The asymptotics of J(8) as B — oo depends on the integral I; in (3.7). But since this
critical point of f is degenerate, we further split the integration region D; into three parts:

1 / T /
D; = {(q,q)IOSqSE—a,q—ésa Sq],
2 __ / T /
D} = (q,q)!§+62 <q<2m.q-8<q <qi.
3 / T T /
Dy = {(q,q)|5—61 <q= 5+ez,q—8§q EQ}
where €1 and €, are some arbitrarily chosen small numbers independent of 8 (see Fig. 6(a)). We define

1) = [[ e 0dq aq
b

It is easy to get as B — oo that:

_ g1 €y _
(B~ B f ]_qudq—,B (COt(Z) 1)’
. &
(8) ~ B~ fm = (14t (2)).
Thus I} (B) and IZ(B) are of O (8~"). To compute I3 (B), note first that

=2 ((I'—E) +@(q—%)3+0<\(q5q>‘(%’%) ‘4>

where

f30 = fyqq (2 7-2[)=—Sin(%>=—l, fo3 quq(Z 5)=sin(%)=1.

The above form also reflects the degeneracy of the minimum at (2
We next write

=2 (-3 (e (- Fa-3) + 2 6-3) (a6~ 30- )

where P(q’, q) and Q(q’, q) are power series in g’ and g, with P(0, 0) = Q (0, 0) = 0. We will use the following variables

2’2

1

D00 =D (e (r-Te- )
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t>0—

t >0~

Vo

Fig. 11. Level sets of F(u, v) = t and the region Dg.

as independent variables. For this, we introduce

(d, 9
a(u, v)

=f%ou3+%v3 and G(u,v):‘

Fw,v) (=1, 9)

Note that G(5, 7) = 1.

Now let m and M be the infimum and supremum of f(¢’, q) in Dg. As easily seen, m = 0 and M > 0. Now we apply the method of
resolution of multiple integrals (see [32, V.13, Thm. 9, pp. 280] and [32, VIII. 10, pp. 463]) to get

G(u, v)
wv=t |VF]|

M
3(B) = / k(e Ptde, k() = / do,
m F

o being the arc length of the curve F(u, v) = t. We shall evaluate k(t) along the curves F(u, v) = f%ou3 + 1%31;3 = t, which are bounded

between the vertical lines u = —d and u = d (see Fig. 11). Set

a(u, v)
&, n)

%‘=%u3+f%3v3, n=u, @(E,n)=G(u,v)‘

The line integral k(t) is reduced to k(t) = fs:r O (&, n) dn. By computation

a(u, v) -1 3._2
= —2f43° (68 — f3om™) 3.
‘ . n) »
Assume G(u, v) has the Maclaurin series G(u, v) = Y Gijuivi, with Gog = 1. We choose the positive value of ‘ gg;; .Then

a(u, v) st -2 . . -2
O, 1) = —G(u, v)‘ 2| = 2 i) 65 —fon®) T 0’ =Y Oy (65 — fron®) 3
. ZGij d i 3 n—2
with @5 = 575 Thus, k(t) = Y O [~ 1'(6t — f3on®) 3 dn.
f033

We only compute the dominating term which is the first expansion term with[ = n = 0. Let t > 0 (this is always true since m = 0,
and we can disregard the case t = 0). Note that d is independent of t. Hence, we may write

d 2 0 2 o0 2
f (6t — faon®) 3 dn = / (6t — faon®) 3 dn + / (6t — faon®) 3 dn + 0(0),
—d —00 0

where ¢(t) is a C* function of t near t = 0 and, therefore, do not contribute to the asymptotic expansion of the Laplace integral Ig’. Now
let n = (=6t /f3)3 (tan)3, then
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T

22 2 _a (—6t 3 1 2
—(6t)"3(seca) 3 — | (tana)” 3 sec” a du
o 3 f30

© 2
/ (6t — f3on®) "5 dn
0

2 11,1 3 . 1 _1
—§6 3735 (sina) 3 (cosa)” 3 da
0

1 _1._1.-1 11
=——6"3t73f,,°B| =, =
3 Jxo <3 3)

where we have used the identity

2 1
/ (sinx)*'(cosx)""'dx = —B (E, K) , Re(n) > 0,Re(v) > 0
0 2 \2°2
(see [27, pp. 369, 3.62(5)]). Next, let n = (6t/f30)%(sin a)% on (n*, 0) with n* = (6t/f30)%. Then we obtain

1

0 2 2 L 13 1 1
/ (6t — fson®) "3 dp —§6_§t_§f3o3 / (sina) "3 (cosa)” 3 da
n* 0

1 1 1 -1 11
——673t73f,,°B| =, = ).
3 fxo (3 3)

Letn = (6t/fs0)* (seca) 3 on (—oo, ), then

n* 3.2 2 1 11 [3 . 1 1
/ (6t — fon) " 3dn = —56_§t_§f303 / (sina)”3(cosa)” 3 da
—0o0 0

Yo-detpip ()]
3 30 3°3)°

Finally, we have as 8 — oo that

M M d 2
BB = / k(e de ~ / (@00 / (6t — fron®) dn) et dt
—d

m m

M o] 5
N/ (900/ (6t — faon®) "3 d’?) e Ptde
m —0Q0
) _1 11 M
~—65p 3 (38 =, - / t3e Pl dt
3 3°3 .
_1 11 2 2
~ 2.6 3B -, = AN = ,B 3,
33 3

by Watson’s Lemma [31, Sec. 2.1, pp. 24]. Hence 153(/3) > 151 B), 152 (B). The conclusion then follows. The constant C in (3.5) is given

explicitly as
C = — 2 . (A])
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