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Abstract

In this paper we establish the existence of an invariant measure for a stochastic
reaction-diffusion equation of the type du = (Au + f(z,w))dt + o(z,w)dW (z,t), where
A is an elliptic operator, f and o are nonlinear maps and W is an infinite dimensional
Q - Wiener process. Our emphasis is on unbounded domains. In the case of A = A,
under a very mild dissipation assumption on f, using a general Ito’s formula we show
the existence of a solution which is bounded in probability. In addition, we investigate a
type of equation for which bounded solutions may be obtained as a limit of an iteration
scheme. Together with the compactness property of the semigroup, the existence of
such solution implies the existence of an invariant measure which is an important step
in establishing the ergodic behavior of the underlying physical system. We also address
the relation between the existence and uniqueness of invariant measure, and the spectral
properties of a general elliptic operator A.

1 Introduction and Main Results
In this paper we study the properties of solutions of the stochastic evolution equation

{%u(t, ) = Ault,z) + flz,ult,z)) + oz, u(t,z))W(t,z),t >0,z € G C RY, )

u(0, ) = up(x),

in particular, the existence and uniqueness of invariant measures. Here A is an elliptic
operator, f and o are measurable functions, the Gaussian noise W (¢, z) is white in time and
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colored in space (see (6) for the precise definition of W (t,z)), and G C R%. Our primary
goal is to investigate the existence and uniqueness of invariant measures for the equation (1)
in the entire space, i.e. G = R,

The evolution equations of type (1), both deterministic and stochastic, emerged in the
first half of the 20th century as a model of interplay between diffusion and reaction terms.
The range of application of (1) includes the population dynamics, chemical physics, biomed-
ical modeling, modeling consumption of resources etc. A comprehensive study of the de-
terministic version of (1) (when o(x,u) = 0) was performed by V. Volpert [24|. Long time
behavior in the deterministic case was subsequently analysed e.g., by N. Dirr and N. Yip,
see [10] and references therein.

A thorough analysis of stochastic equation (1) has been performed by G. Da Prato and
J. Zabczyk (see [8, 9] and references therein). The long time behavior of solutions of (1)
is a question of separate interest in these works. The works [8, 9] provide conditions for
the existence and uniqueness of invariant measures for (1). Moreover, it is shown that the
existence and uniqueness of invariant measures is the crucial item in establishing the ergodic
behavior of the underlying physical systems [9, Theorems 3.2.4, 3.2.6]. Using the results
of Krylov and Bogoliubov [15] on the tightness of a family of measures, in order to show
the existence of an invariant measure, it is sufficient to establish the compactness and Feller
properties of the semigroup S(t) generated by A and to find at least one solution which is
bounded for ¢t € [0,00) in certain probability sense. The existence of invariant measures
using the aforementioned procedure was established in [18, 12, 3|, in particular, in the case
when A = A in a bounded domain. An alternative approach to establishing the existence of
invariant measures, which is based on the coupling method, was suggested by Bogachev and
Rockner [2] and C. Mueller [20]. This method can be applied even for space-white noise but
only in the case when the space dimension is one.

The existence and uniqueness of the solutions of stochastic reaction-diffusion equations
with general elliptic operators A in bounded domains, as well as the existence of an invariant
measures for such equations, was studied by S. Cerrai, see |4, 5, 6] and references therein.

In contrast to the case of bounded domains, the solutions of (1) in unbounded domains
are studied in weighted Sobolev spaces. Let p be a non-negative continuous L!(R?) () L>°(R?)
function. Following [22], we call p to be an admissible weight if for every T' > 0 there exists
C(T') > 0 such that

1 z|?
G(t,)xp < C(T)p, Vt € [0,T], where G(t,z) = W@‘M.

Some examples of admissible weights include p(z) = exp(—v|z|) for v > 0, and p(z) =
(1+ |z|™)~! for n > d. For such weights, define

LIQJ(Rd) ={w:RY > R, /]Rd lw(z)|?p(x) dz < oo} (2)

and

fuli= [ w@)Pole)

The long time behavior of the solutions of (1) is significantly different in bounded and
unbounded domains. The main reason is that the semigroup of an elliptic operator in a
bounded domain G with homogeneous Dirichlet boundary conditions has an exponential



contraction property:
ISt ullz2e) < Ce™ ullra), v e L*(G), (3)

where A; > 0 is the first eigenvalue of —A in G (subject to Dirichlet boundary condition
u = 0 on 0G). The estimate (3) implies the existence and uniqueness of a stationary solution
for a large class of Lipschitz nonlinearities f(x,u) and o(x, u), see e.g. [19] even in unbounded
domains. Furthermore, it is not difficult to show using stochastic ODE techniques (see, e.g.
[14] and references therein) that under the assumption (3), the corresponding stationary
solution is stable. The stability of the stationary solution, in turn, is the crucial step in
establishing the uniqueness of invariant measures. However, in unbounded domains the
validity of the estimate of type (3) heavily depends on the spectral properties of the operator

A. In particular, this estimate does not hold for A = A in R? (for example, ||S(¢)ullr2ga) =

c
T
of the diffusion operator in the entire space are often not sufficient for the existence of

a stationary solution, and additional dissipative properties of the nonlinearity f(z,u) are
needed. The question of the existence of invariant measures in unbounded domains with
A = A was studied in |9, 11, 22, 1]. Loosely speaking, the key result of the work [1] states,
that there exists invariant measure for (1) provided f satisfies the following dissipation
condition

||| £2(ray for u(x) = 6*12/4). Therefore, generally speaking, the dissipative properties

uf(u) < —ku®+c (4)

for some k£ > 0 and c € R.

The work [19] established the existence of invariant measure for (1) with A = A in R?
under different conditions on f. In particular, we show that the invariant measure for (1)
exists if f satisfies the global bound:

|f(z,u)] < @(x) € LYRY) N L>®(RY), Vu € R. (5)

The case of a nonlocal nonlinearity f(u), which appears, e.g., in the model of nonlocal
consumption of resources [25], was also considered in [19].

The goal of the present paper is two-fold: to expand the existing class of nonlinearities
f(x,u) and o(z,u), as well as the class of elliptic operators A, for which there is a bounded
solution of (1).

In the first part of the paper (Theorems 1 and 2), we consider equation (1) with A = A
and G = R?. We assume that W is given by

W) =3 varer()By(t) (6)

where () are independent Wiener processes, and {ey(x),k > 1} is an orthonormal basis
in L*(R?) satisfying

sup ||ex || poo ey < 1. (7)
k>1

An example of such basis in L*(R) is

1 .
65{6)(95) = {; sin (na) X[exk,2x(k+1)) (), cos (nx) X[gﬂk,%(kﬂ)](x)} ,n>0,keZ.



The basis in L%(R?) for d > 1 can be constructed analogously. We also assume that W has
bounded nuclear norm, i.e.

Z ar == a < 00. (8)
k=1
Theorem 1. Let u(t,-) € HY(R?) (for a.e. t) be an analytically weak solution of (1) (see
Definition 1) with the initial condition u(0,x) = ug(z) € L*(RY), where
o A=A inRY withd > 3;
o f(z,u) : RTx R — R is such that f(x,0) € L*(R%);
o There exists L > 0 such that Vo € R and Yu,v € R we have
|f(x,u) - f(ZL’,U>|, ‘O’([L’,u) - U($7U)| < L|U - U’v
e There exists M > 0 and non-negative n(x) € L*(R?) such that
uf(x,u) <n(x) for |u| > M and x € RY (9)
o There exists og > 0 such that ¥(z,u) € R? x R, |o(x,u)| < oy.
Then
supElJu(t, )| < C < o0 (10)
>0
for any admissible p € L*(R?) N L=(R%) (see (38) for the explicit form of C in (10)).
Remark 1. Note that while the condition (9) requires certain dissipation properties for the
nonlinearity f(x,u), this dissipation is significantly weaker than the conditions (4) and (5).
In particular, (4) can be recovered from (9) if f(x,u) = f(u) and n(z) = 0.
ftul . f(u?__.:" .

‘\"“\:f‘“ g

-C ’ =

Values of f that satisfy (9) with n =0

Values of f that satisfy (4)

Remark 2. As shown in [22, Proposition 2.1], if two non-negative admissible weights p(z)
and ((x) in R? satisfy

¢(x)
o M dr < o0, (11)
then
S(t) : Li(]Rd) — Lg(Rd) is a compact map (12)

where S(t) is the semigroup generated by A in R?. Based on this result, the Krylov-
Bogoliubov theory yields the existence of invariant measure on Lg(Rd) provided (10) holds
(|22, Theorem 3.1] and |1, Theorem 2]).



Our approach to the proof of Theorem 1 is significantly different from the one used in [1].
In our case, an infinite dimensional analog of the classic Ito’s formula is applied to a certain,
carefully chosen Lyapunov functional of a weak solution of (1). As a result, we obtain a weak
formulation of a new stochastic partial differential equation, the analysis of which yields the
desired estimates for the norm of the solution of the original equation.

We next consider (1), where the nonlinearities f(z,u) and o(x,u) are Lipschitz in « with
the Lipschitz constant having spatial decay. In this case, we construct an iteration scheme,
which leads to the existence of a bounded solution. A similar scheme was used in the work
[19], which deals with a self - adjoint elliptic operator Au := %Div(qu), u € L2(RY) with
a specific Gaussian weight p(z) = e ", As shown in [19], the semigroup S(t) for such
operator, acting in G = RY := {z = (21,22, ...,24) € R% 24 > 0} with Dirichlet boundary
condition u = 0 on JG, satisfies (3). The estimate (3) played a crucial role in showing the
existence and uniqueness of a bounded solution as a limit of an iteration scheme in [19]. In
the present paper, we construct an iteration scheme when (3) does not hold. We have the
following result:

Theorem 2. Let u(t, ) be a mild solution of (1) in L2(R?) (see Definition 2) with the initial
condition u(0,x) € L?(R%), where

o A=A inR? withd > 3;
o f(2,0)] < ¢(x), and |o(x,0)] < (), where

A0 o ooy L2(RY

e f and o satisfy the following Lipschitz condition:
‘f(mvul) - f($7u2>’? ‘U(x"l“) - U(%,Ug)‘ < L@(x)‘ul - u2’

Then for sufficiently small L (see (54) for the exact condition on the smallness of L), the
solution u(t, z) satisfies
sup Eu(t, )5 < oo (13)

for any admissible p € L*(RY) N L>=(RY).

Remark 3. The existence and uniqueness of a mild solution follows from [17].

In the second part of the present work, using the spectral analysis of self-adjoint differ-
ential operators, we extend the results of [19] in the linear case (Theorem 5) to a wider class
of self-adjoint elliptic operators defined on a Hilbert space H which can be either L?(R?) or
L2(R?). In contrast with [19], here the weight p does not have to be Gaussian.

Theorem 3. (Linear dichotomy) Let H be a separable Hilbert space. Consider
up = Audt + dWy(t) (14)
where w € H and A: D(A) C H — H. Assume

o A is a self adjoint operator generating a Cy-semigroup, with a discrete spectrum o =
{A\&}, and there exists € > 0 such that |Re(\)| > € for all k. Let {¢r} be the corre-
sponding eigenbasis of A in H;



o We have .
Wy = bafBalt) (15)
n=1

where {B,,n > 1} are independent scalar Wiener processes, and

)
D Nballfy < oo
n=1

Denote

Ua = Span {py s.t. Re(\) < 0}

to be the stable eigensubspace of A. Then there is a unique invariant measure for (14) in H
if and only if b, € Ua for every n > 1, in other words

k:Re(Ag) <0
In this case, the support of this measure 1s in Uy.

The paper is organized as follows. In Section 2 we rigorously formulate a version of Ito’s
formula and use it to prove Theorem 1. Section 3 is devoted to the proof of Theorem 2.
Finally, in Section 4 we prove Theorem 3 and provide a example of a class of operators, for
which Theorem 3 is applicable.

2 Proof of Theorem 1.

2.1 Preliminary facts.

Define a symmetric kernel k(z,y) : R x R — R as

k(z,y) == ) arer(z)er(y). (16)
k=1
We have
sup |k(z,x)] = ko < o0, (17)
zER?
/ k(z,x)de < oo, (18)
Rd
/ k(x,y)|*dedy < oo. (19)
R2 JRA
Then the operator R defined by
(Ro)(w) = [ Kn.)ol)dy. for o € L(RY, (20)
R

is Hilbert-Schmidt with the eigenvalues {ax,k > 1} and the corresponding eigenvectors
{ex, k > 1}. Furthermore, as shown in [7], for o, = o(z,t,w), which is F; measurable for a
suitable filtration F; and such that

T
E/ lo(z,t)|*dwdt < oo, T >0,
0 Jrd

6



the stochastic integral

t
/ o dW,
0

is well defined, and the || - ||z norm of o(z) € L*(R?) is defined as

lolfs = [ b a)lota)f?de.

We next proceed with the definitions of solutions and the well-posedness results for (1).
Let H be a Hilbert space of functions defined on R¢, (Q, F, P) be a probability space, and
F: be a right-continuous filtration such that W (t,z) is adapted to F; and W (t) — W (s) is
independent of F for all s < t.

Definition 1. An F;-adapted random process u(t,-) € H*(R?) is called an analytically weak
solution of (1), if V¢p € HY(R?) and for a.e. t >0

/Rd u(t,x)w(x)dx:/Rdu((),w)w(x)dx—/0 » Vu(s, z)Vip(x)deds
[ tasap@ie+ 3 [ ot aevai@das. )

Definition 2. An F;-adapted random process u(t,-) € L*(RY) is called a mild solution of
(1) if it satisfies the following integral relation for t > 0:

u(t, ) = S(t)uo() + / S(t—s)f(-,u(s,-))ds + / S(t— s)o(u(s,-))dW (s,-) (22)
0 0
where {S(t),t > 0} is the semigroup for the linear heat equation, i.e.
SOuta) = [ Gltr =iy, Glt.a) - Wel

We have the following well-posedness result

(23)

Theorem 4. [7] Consider the stochastic evolution equation:
u = (Au+ f(z,u))dt + o(z,u)dW(t)
If the following conditions hold:
(C1)
1 0) | z2(ray < 00; [lo(-,0)[|r < oo

(C2) For any u,v € H*(RY)

1FCou() = FE o) lzme < Lllu— vl 2gay;

lo(,u() = o()lle < Llu—vllr2me,

then (1) has a unique analytically weak solution satisfying (21).

The conditions (C1) and (C2) are straightforward to verify provided f and o satisfy the
Lipschitz condition, thus (1) has an analytically weak solution. In addition, with the above
assumptions, following [8], one can check that an analytically weak solution is also a mild
solution.



2.2 Ito’s formula.

We follow closely the work of Krylov [16], which allows us to apply the Ito’s formula to
a general functional of integral type. Let H := L*(R%), V := H'(RY), and ¥ : H — R be a
functional satisfying

li| For any h & € H, t € R, the function W(h + t£) is twice continuously differentiable as
a function of ¢ and the functions

, 0
PSZ(E)(h) = a‘l’(h + tg)t:()

5?2
Vige(h) = @‘I’w‘f'tf)t:o

are continuous as functions of (h,§) € H x H;

lii] Forany R € (0, 00) there exists K (R) such that for all h and £ € H satisfying |||z < R
we have

W (e (h)| < K(R)||€]l and [W g6y (R)] < K(R)|I]I7

[iii] If h € V, then W(y(h) € V, where W (h) is an element in H which satisfies ¥ ¢)(h) =
(U(y(h),&)u. Moreover,
WMy < Ka(X+ [|A]lv)

where K is a fixed constant;

[iv] For any v* € V the function (¥((v),v*)y is a continuous function on V' (in the metric
of V)

We will make use of the following result.

Theorem 5. [16] Assume v} € V is F;, measurable for a.e. t > 0, vg € H, the functional
U : H — R satisfies the conditions [i[-[iv] above, and u, € H satisfies almost surely

(@ = (G + [ @yvds+ Y [ v 6. oe)n aao)

for all p € V.. Then

() = W)+ [ Wi ludii(s)+ [

. 1
(\IJ(.)(US)’US)V + 5 Z \Ij(oek)(oek)(us) ds. (24)
k
The above is applied to the following functional on L?(R%):

Wl = [ glu(o)aufo)ds

where py(z) € HY(R?) N L>*°(R?) is an arbitrary fixed bounded function. On one hand, we
would like to consider g(u) which grows quadratically, i.e. g(u) ~ u? for large u, so that
U[u] behaves like a square of a weighted L? norm of u. However, for technical reasons we
need g(u) € L*(R?) for u € L*(R?), which is not true if g(u) = u?. To this end, we consider

8



a sequence of approximations g, (u), which are linear for large u yet converge to a quadratic
function as n — oo:

Wl = [ el

where g, : R — R is

0,0 <z < M:
gn(x) =S = (x = M)?*, M+2<x<mn;
~2nr,r >n+1

gn(2) = gn(—x) for x < 0. Here M is given in (9) and n > M + 2. We will also need g, is
C?*(R) with g, (z) > 0 for € R. For example, if we use cubic splines to “glue” the linear
and quadratic parts on [M, M + 2) and [n,n + 1], we get

(0,0 <2 < M;
Sz —MPM<z<M+2

(@)= (@—1=-M?+3 M+2<z<n;

—Z D2+ 224 2M)r+ (1 + M2+ 52 n <z <n+l

(20— 1 —2M)(z —n — 1) = 207 4 (02 4 9 L M) (n+ 1) + (1+ M)% o > n+ 1.

A g.(0)

-n =M M n

The function g, ()

1

Notice that by construction 0 < g, < 2. Moreover, since |g,(z)| < ¢,|z| for some
¢, > 0, if u(x) in L*(R?), then g,(u(z)) is also in L?(R?). Moreover, if Vu € L*(RY),
then |Vg,(u(z))| = |g,(u(z))||Vu| is also in L*(RY) since |g, ()| < ¢,. Consequently, if
u € HY(R?), then g,(u) € H(R?) as well.

We now check the conditions (i) - (iv) of Theorem 5 for V™ [u(z)]:

[ij We have

Vi) = [ gt d
Vo) = [ g @)

Uty (h) = g,(h(z))es(x).

Then U"[u + t£] is twice continuously differentiable in ¢ and W™ ¢y, W™ ()¢ are contin-
uous.



11 > > 0 s.t. S such that [, z < R we have
lii] YR > 03K >0 Vh, & LQ(Rd) h th fR 2d R h

[T ()| =

[ g mE@ade

< 1€l p2 ey g () @3]l 22 ray
< gnllzeo@®) lonll L2 @y €]l L2 ey

Similarly,

< 2/[p [l oo ey 1€ 72 e)-

0] = | [ g

[iii] We have

/

Wy (h) = gn(h(x))es()

Thus
o <>HH1Rd)
= [oenawras [ |9 ( g;(h(fv))sob(w))z
= [ ateyald+ [ |(s @) Th@en) + 6. 0@)Teo) |
< [ ateyaid 2 [ 1vh@F [ [am@ia@] 2 [ ||

< Ki(1+ ||| g rey)-

[iv] For any v* € H(R?), /
(", g (M(2)) () 11 (m2)

. . . . / 1 .
is a continuous functional of h on H(R?), since g, and g, are continuous.

For every F; - measurable u € L2(0,t, H'(R?)), for fixed w € © the expression Au(s,z)+
f(u(s,z)) € L*(0,t, H ' (R%)) is a linear continuous functional on the Hilbert space L?(0, ¢, H*(R%)).
By Riesz representation theorem, there exists v € L?(0,¢, H'(R?)) such that for every
¢(z) € H'(R?),

t t ¢
/ (A(2),v5) g1 (rayds = —/ Vu(s,z) - Vo(x)drds +/ o(z) f(u(s, z))dxds. (25)
0 0 JRd 0 JRd
Since u(t) is F-measurable, the equality (25) implies that v; is F; measurable as well. Now,
let u(t, x) satisfy

(P(z),ult, ) 2@ay = ((/ﬁ(x),u(O,x))Lg(Rd)—l—/o(¢(x)7v*(s,x))H1(Rd)ds
+Z / Var(6(x), o(z,u(s, z))er(s)) 2maydBi(s)  (26)

10



for every ¢(z) € H*(R?), where v* is implicitly defined by (25). Then by Theorem 5

/]Rd In(u(t, z))ps(x) da
- [ ontuto.2)afe) e
—i—Z/ /d g, (u(s, x))op(x)o (x, u(s, z))/arer (z)dzdBy(s)

/ RdVgn( u(s, x))pp()] - Vu(s, x dxd8+/ /Rd g (u(s, z))pp(x) f(u(s, x))dzds
/ /Rd gn (5,2))0?(z, u(s, x))Zak|ek(x)|2gob(x)dxds. (27)

k

To proceed further, we need to extend (27) to hold for any ¢ € H'(R?). Recall that ¢,
is an arbitrary function in H*(R?) N L>°(R?). Now, for any fixed ¢ € H*(R?) we can always
find a sequence of {©*,m > 1} € HY(RY) N L>®(R?) such that p* — ¢ strongly in H!(R?)
as m — oo. Notice that due to (7) we have ||eg| p1gre) < 1. Hence we may pass to the limit
in the deterministic terms in (27) as m — oco. It remains to justify the limit as m — oo in
the stochastic term in (27). To this end, we shall use the following result for one-dimensional
Wiener process W (t), [21] (Theorem 1.3.1): for T'> 0

/fm )dW (s /fo YdW (s)

/0 | fn(8) = fo(s)|?ds =T 0.

where —% means convergence in probability. In our case, we have

sup —P0asm— o

t€[0,T]

is true if and only if

2 [ ([ st (6@ — note, uts, ) vaentwiaz ) s

% t
< anak/ /]Rd er(z)dx /Rd(go{)”(a:) — ¢(x))*drds — 0, as m — oo,
k=1 0

implying that we have convergence in probability for the stochastic term. Passing to a
subsequence as m — oo if necessary, we have the desired result, i.e. (27) holds if " €
HY(RY) N L>®°(RY) is replaced with ¢ € H'(R?). Altogether, we arrived at the following
version of Ito’s formula for [, g, (u(x))p(z)dz:

Theorem 6. Let u(t,x) satisfy (26) for every ¢(x) € HY(R?). Then for all p(x) € H*(R?)

11



and a.e. w € )

| mtutt.o)eta s

- / (0, 2)) () d -
/ /9 u(s, z))p(@)o(z, uls, z))Varer(z)drdfi(s)
/ [ o (us.2)) () Vusxdxds+/4dgn 0.2 (2) f (u(s, ) s
b5 [ 0wt ) 3wl (o) P, )

k

2.3 The relation between Ito’s formula and weak solutions

Let u(t, ) be a solution of (26). In this subsection we use (29) to derive an equation for
2(t, x) := gn(u(t,x)), then use this equation to derive an uniform bounds in ¢ for g, (u(t, z)).
The proof of Theorem 1 is completed by passing to the limit as n — oc.

Lemma 1. The function z(t,z) := g,(u(t,x)) is an analytically weak solution of
dz(t, ) =[Az(w, 1) + g, (u(t, 2)) f(ult, ) = ga" (u(t, )| Vu(t, )
ol ) 3wl ) lulo)

g (u(t 2ot u(t.a)) 3 Varea()dh

Proof. Observe that

/ / (9., (u(s, 2))p(2)] - Vu(s, z)dzds
]Rd
/ / gn (s,2))p(z)|Vu(s,z 2dacds—// gn ))Vu(s, x) - Vo(x)drds
Rd 0 JRrd

//gn u(s, r))p(z)|Vu(s, )|*deds — //V V(z)dxds.
R4 0 JRd

Hence, (27) now reads as
9n
Rd

[ mtutt. (o) do
- [ aututo

dx—l— / /Rd gn(u(s, x))p(z)/ago (x,u(s, x))e,(x)drdB(s)

/o /Rd 9, (u(s, 7)) p(z)|Vu(s, v)|*dzds _/ Vg (u(s. 2))] - Veola)drds
+/0 /Rd In(u(s, 2)) f(u(s, )¢ (z)dwds

i % /o /Rd gn(u(s, ) g aro?(z,u(s, ))|ex(x) [ (z)dwds,

12



which concludes the proof of Lemma 1. O

Lemma 2. If u(t,z) is a solution of (26), then

E / gulult 2))p()dr < O (30)

for all t > 0, where

~ 2 1 2
¢ = ol cusllal sy (o + Wlsces (4427 ) ) (Iollwien + il )
31

Proof. Since an analytically weak solution is also a mild solution, we have
t
i1 gn ZGW )lew(-)[*]ds

+ / "5(t = $)g, (s, Do uls, ) 5 Ve ()
Using the fact that
B [ 50t - ) uls. Do uts. ) 3 Ve k() =
we have
E gulult, ) = E s<t> (0(0,)) + E / ts<t = )lg (s, )T (uls, ) — g (uls, NI Tus, )P
L gn )Y aro(-uls, ))lex()*lds.

k

Furthermore, since 0 < g,(z) < 2%, we have

E » S(#)gn(u(0,-))p(x)d

J.
-
J.

(0,9))p(z)dz dy

)p(z)dydx

/Gtm
Rd
[ Gt

) G(t, 2)ug(y)p(y + 2)dydz < ||pl| Lo rayl|uoll 2 ray
R

and

-2 [ 80t = 9l (uls, DIVus, ) Plds < .

13



Therefore

E [ nlult.o)p(a)te

< ||P||Loo(Rd |U0HL2 R4)
+= IE/ /Rd (t—s) Zaka MNlew() P p(z)drds
+ [ [ (= 9)ld, ulos Dt s (32)

We proceed with estimating the second term in (32). Since g, (v) < 2, for t > 1 we have:

| st = olatuts. ) S aetuts Dlent) Flote)dads

k

t
7t S o [ [ [ Gl o= plentu)plertviras
k

- 2% ( /+ /) [ [ 6= slatPowsisis @

with G(t,x) given by (23). Estimating each of the integrals above separately, we have

/tl/w/w (t = 5,2 = y)lex(y)]*p(x)dydwds
N /t1 /Rd /Rd G(t — 5, 2)|ex(y)Pp(y + 2)dydzds

IN

t
< Nl / / / Gt — s, 2)]ex(y) Pdsdydz = [|pll ey
Rd JRE Jt—1
and
t—1
/ / / Gt = 5,2 — y)lex(y) 2o(a) dydads
R4 JRA
B 1 _le—yl? 9
~ i [ L e oty
< 1 * dr B 1 2
>~ (47T)d/2||p||L1 (R%) ) 7d/2 - (4W)d/2||p||Ll(Rd)m’
hence

//Rd (=)l Z‘W )lex()F]p(x)dwds

1 2
< 20 (npnm(m+W||p||L1(Rd>m) (31)

We finally proceed with the estimate for the third term in (32). Without loss of generality,
assume 7(x) > 0, and let

A(s) :={y € R": —n(y) < u(s,y)f(y,u(s,y)) <n(y)}.

14



Clearly,
B [ [ 80— 9l ats Dt Mot
<=/ /A(s) Gt — 5.2~ y)g, (u(s.9)) F(y. u(s,y))pla)dydrds

since g, (u) has the same sign as u, and therefore everywhere in the complement of A(s) the
integrand is negative. Next,

/ Gt—s, 7—y)g, (u(s, ¥)) F (4, u(s, ) dy—z G(t—s, 2—y)g(u(s, 1)) F(y u(s,y))dy,

Ai(s)

where

Ai(s) = {y € Rt Ju(s,y)| < M},

and
Ag(s) = {y e R : Ju(s,y)| > M}.

By the construction of g, (u),

/A (#) G(t = 5,2 = y)g,(u(s,9) f(y, uls, y))dy = 0.

Combining the facts that |u(s,y)||f(y, u(s,y))| < n(y) in A and |u(s,y)| > M in As, we have
|f(y,u(s,y))| < +5n(y) in As. Moreover, since

19 (w)] < 2(Ju| + 1+ M)

we get

! 2
/A2(S) G(t —s,2 —y)|g,(uls, y)IIf (y, uls, y))|dy < (4 + M) /Rd Gt — s, —y)n(y)dy.

Proceeding as in (33), we have

! 1 2
[ [ [ 6t s = umtdsoterdads < s, (ol + ol )

thus altogether
/ RdSt_S (g (u(s, ) f (uls, )]p(x)dwds

1 2
< (44 57) Wl (Wllowen + bl o5) - 69

Combining (32), (34) and (35), the statement of the Lemma follows.

15



To complete the proof of Theorem 1, it remains to pass to the limit as n — oo in (30).
By Fatou’s Lemma, we have

Eéﬂm@@mmmsa

where
0,0 <z < M,

g @) =q iz —M>3M<z<M+2; (36)
(x—1-M)?>*+1z>M+2

and g*(z) := ¢g*(—z),z < 0. Finally, using the inequality
22 <2 —1—M)?+2(1+ M),

we get that for any ¢ > 0

]E/Rd W2(z, )p(x)da < 2F /R g (ult, o)) p(x)de + 201 + MY |lpll i <C (37)

where )
C =2C+2(1 + M)?|\pll 11 re) (38)

with C given in (31). The proof of Theorem 1 is complete.

3 Proof of Theorem 2

As before, G(t,r) stands for the heat kernel in RY. The main strategy of the proof it
to use an iteration scheme. Set u®(z) = ug(z) € L*(R?) and let u"*V (¢, z) be the mild
solution of

{du = (Au+ f(a,u™))dt + o, u™)dW (1); (39)

(0,2) = up(z).

The key ingredients of the proof is to show that the scheme produces a bounded solution at
each step, and that the scheme is convergent. This is done in the following two lemmas.

Lemma 3. Assume

2

8
6L s | 2+ all + ) |22 = il_ <1 (10)
p(y) Loo(Rd) ( ﬂ- LQ(Rd
where -
Cq = / G*(s,z)dxds < oo for d > 3 (41)
1 JRd
Then
sup ElJu™ ()2 < C (12)
>0

with C' independent of n.

16



Proof. Using induction, we first show that for any n > 1
supEHu(")(t)Hi < 00. (43)
>0

Set ul®(x,t) = ug(z). Assuming (43) holds for some n > 1, we proceed with the estimate
for w1 (¢):

W0 = St + [ S =9 @)ds+ [ St =)t )aw(s)
thus

Eflut ()13
2
+3

p

2

< 3||S(t)uo||l2) +3 ‘ /0 S(t—s)f(-,u™(s))ds /0 S(t —s)o (-, u™(s))dW (s)

p

= 3Jo+3J1+3J)2

We now proceed to estimate Jy, J; and Js.
Estimation of J,.
Jo = [[S)uolly < 1ol Lo g w0l 72 a)- (44)

Estimation of J;.

Jl Z:/ E
Rd

g/RdIE /0 S(t — 8)p()(1 + Lju™ (s, )|)ds

g;@AEWﬁwmz

= 2J11 + 2J12.

2

| ste= 916, e

2

p(x)dx

2

Eﬁaw@wwwww$pwm

p(x)dx + 2/

R4

Each of the resulting terms is analysed as follows

JH;:/Rd p(a:)dmﬁQ(/Rd /OH...

Estimating each component of (45) separately, we have

I

and

2 2

/ |
t—1

[ ste=setas

2 pdx) (45)

pdx + /
R4

2

t t
/ S(t—s)p(-)ds| pdr < ”PHLO@(W)/ E|‘S(t—3)%0(')|‘%2(w)d3 < HP”Lw(Rd)”SOH%?(Rd)
t—1 t—1

t—1 2

S(t—s)p(-)ds

L (L ) o

1 2\, .,
4m) 1—9 HpHLl(Rd)

pdx

IN

7

L2(R)

17



Thus altogether

9 9 \2 o |2
T < 2 pll el 2agge + e (—) ol |2 =4 e
LD LA(R) (47T)d d—2 LIRS \/ﬁ L2(R4) 1
Rewriting Ji5 as
t 2
/ E( / G<t—s,x—y)so(y)mum)(s)rdydsr) oz
R4 0 R4
t 2 t—1 2
< 2 /E/ pdx—l—/E/ ... pdx
R4 t—1 R4 0
= 2(Jiz1 + J122) (47)

we have

t N u™ (s PLy) 2 T
< [E[ ( [ 6= s = e L) @dy> pi
< 1l ey B2 / / 2 s, )P () dyds

(y)
< L?|p|| 2 ay [|[—= sup E[|u™ (8)|?, 48
T v R el (48)
where we used the induction assumption (43). Next, under the same assumption
t—1 |u n) | 2
Jiz2 < /Rd o d/2 ———————dyds| pdx
t—1 (n /
< LQ/ e / / T sk / )5 y)] dsp(:p)dx
0 47T t— S / R4 47T t— 8 / R4 (y)
] ds y)2
< L? —_ dy E dyd d
<2 o ) (/ = oy W E L W0 ) et
1 2 \? 2 ) 112
<IL? — — 1ray sup E|[w™ (2)|]5. 49
<V (123) |5, el @ (49

Estimation of J;.

B B STV [ [ 60 s ol pen(o)iuasis

RXIN e
k R4 JO

2

pdx

dsp(z)dx (50)

/]Rd Gt —s,x—y)o(y, u(")(s, y))ex(y)dy

18



The k-th term in (50) can be estimated as

t
ak/ /E
R2 JO
t
ol
R4
+2ak/ /
R4

= 26Lk J21 + JQQ

2
dsp(x)dx

Gt — 5,2 —y)oly,u™ (s,y))er(y)dy
Rd
2

dsp(x)dz

/Rd G(t — s,z —y)o(y,0)er(y)dy

2

dsp(x)dx

RdG (t—s,2 —y)Lo(y)u™ (s, y)ex(y)dy

Using the bounds o(x,0) < ¢(x), |ex(x)| < 1, as well as (46), we have

t
]Rd 0

t
Jp < E / / [ Gt = .2 =) L) (5. )l lex )y
0 d d

el ]

= Joo1 + Jaga.

2
dsp(x)dr < Ay

g G(t —s,v—y)o(y,0)ex(y)dy

Now,

2

p(x)dxds

For we estimate Jos; as follows.

gt [T [ B[ cu s e @l plarieas
<o [ e s e [ e Ry ) ptejasas

supEllu 'O,

Loo(Rd) =

< L*Cyllpll 11 ey

)
where Cy is defined in (41). Similarly,

st [ B[ c s i @iy s

LQ/t 1 /Rd (/Rd G(t — s,z — y)dyE /Rd Gt —s,o - y)so(y)2|€k(y)|2|u(”)(y)|2dy) p(x)dads

y
< Lol gy ) )| p(y)dyds (51)
< llplls S‘Ly) sup El|u™ ()] (52)
p(y> Loo(]Rd) tZO g
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As a summary of the estimates above, we have
[u™ D @))2 < 3(Jo + J+ Jo) < 3Jo+6(Jin+ Jio+ Y apdn + Y axa)
k

< 3Jo+ 6(A; + 2J121 + 2J122 + aAy + adais + adaz)
= Ay + As sup]EHu(")(t)Hi, (53)
>0

where Ay = BHpHLm(Rd)HuoH%Q(Rd) +6A4;(1+a) and L > 0 is chosen to be small enough for

2

8 v(y)

e

A3 = 6L2H/)“L1(Rd) (2 + CL(l + Cd)) ‘

(47T
Loo(Re) L2(R)

(54)
Consequently, we have

sup E|[u™ (#)[|2 < < 00
>0

F=1- A
for all n > 1. The final conclusion follows from the fact that if a nonnegative numerical
sequence {x,,n > 0} satisfies

Tnt1 < a+ by,

with b < 1, then z,, < ;% for all n > 0. O

Lemma 4. (Convergence) If A3 < 1, then there exists a limiting function u*(t) € L2(R?)
such that

sup ]E||u*(t)||f2) < 00
>0
and

sup E||u(") (t) — u*(t)||f, — 0

>0

Proof. For any n > 1 we have

Eflut™ () - u™ (@)

t —S)[f(-,u™(s)) = f(-,u"V(s))]ds
z/RdE/OS@ JF G u® () — £ uD(s))]d

—|—2/E
Rd

= 2L+ 21,

p(x)dx

IN

2

/0 S(t — 8)[o (- u®™ (s)) — o (-, u® D ()]AW (s)| p(x)de

We now estimate the above two terms.
Estimation of [;.

t 2
nos | E( / G(t—s,x—y>L¢<y>ru<n><s7y>—u<"—1><s7y>|dyds) p(a)da
Rd 0 Rd

= 2I11 + 21

IN
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Proceeding as in (48), we have

Iy < /Rd /t (/ (t— 5,2 — y)Lp(y)[u™ (s,y) — ul"V(s, y)ldy)2 dsp(w)dw

<loleo® [ ([ B0 6,0) sl ) s

e(y)

p(y)

Similarly, using the same reasoning as in (49), we have

L, < /
Rd

1 2\’
< I? _—
= (471')‘1 (d_2> HIOHLl(Rd)

Estimation of I».

sup E[u™ () — u" "V (1)][7.

< L?||pl| 1 ey S

Loo(R4)

2

L (n (n—1)

R lf )d/2

’y)|dyd8

3
ey n n—
( sup E[Ju™ (£) — u™ D (8)]2

)
VP | oy 20

I, < ay tE Gt — s,z —y)|o(y, u™ — oy, u"V ex(y)d st x)dr
S [, [ E| 605w iotn6) ot Veats)iy] dspta
(55)
The k-th term in (55) may be estimated as
" // : /Rﬁ“—8>x—y>[0<y’u<"’<8>y>> = oy u"V(s,y)len(y)dy| dsp(x)da

t—1 t
= ak/ ~--ds+ak/ -ods
0 t—1

= aply + arla

We estimate [5; in a similar manner as it is done in (51):

t 2
Iy < / / pda IE/ Gt — s,z — ) 22U 10 (6 ) — v (s, ) P ol enl*dyds
t—1 JRd Rd p(y)

2
2| ¥ (n) (n—1) 2
= sup E||u'™ (t) — u™ "7 (t)]]
H VP g

< HpHLl(Rd)L
Loo(Rd) t>0

Analogously,

t—1
2
< [ [ B|G( =50 - Lol (s.0) 0V pllen(w)ldy plodads
0 R
2
< Il sy I*Ca supEu(6) ~ " V(D)2

[,o° (]Rd) tZO

s
VP
Finally, summarizing the aforementioned estimates, we have

E||U(n+1)(t) - ( )H2 < 2[1 + 2[2 < 4[11 -+ 4[12 + 2 Zak[m + 22%[22

< Agsup E[lu™ (1) — u™ D (1)]]7,

t>0
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where

> o) |

1 2 \?
Loo(Re) +2(47T)d (d_2) \/m
(56)

Note that Ay = %Ag < 1 where A3 < 1is defined in (54). It is straightforward to verify that
{u™} in this case is a Cauchy sequence, and thus the statement of the Lemma follows. [

¥

Nz

A4 = 2L2HIOHL1(Rd) (2+CLCd+CL)

L2(R?)

In order to complete the proof of Theorem 2, it remains to show that u*(¢,x) is a mild
solution of (1). Using the same reasoning as above,

E ‘ /0 St —8)[f(ul™(s,)) = f(u*(s,)lds|| < C'sup [ (#) = w* ()5 = 0,1 = o0
and
E ‘ /o S(t—s)o(-,u™(s,)) — (-, u(s,))dW(s)|| < Cstlig [ u(™) (t)—u*(t)”i — 0,n — 0.

p

Hence u* is a solution of
u*(t) = /Ot S(t—s)f(-,u"(s,))ds + /Ot S(t—s)o(-,u"(s,-))dW(s)
with the initial condition u*(0) = uo(z) and it satisfies
Stl;%)EHu*(t)Hi < o00.

This completes the proof of Theorem 2.

4 Proof of Theorem 3

Throughout the proof of Theorem 3 we will use the notation: for any v and v in H, u®wv
is a linear operator on H defined as

u®v[h] ;== ulv,h), h € H.

where (-, -) denotes the dot product in H. Note that W(t), defined by (15), has a covariance

operator
Q=) bab.
i=1

Indeed,
e () is a bounded linear operator on H;

e () is a nuclear operator with the trace
TrQ := Z(er, e;) = Z 16:]|* < oo (57)
j=1 i=1
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e () is the covariance operator for Wy: for any h € H

CovWy[h] := E(W, @ Wy)[h] = tQ[h].

By Theorem 11.7 [8], the invariant measure for (14) exists if and only if

t>0

sup Tr(Q¢) < oo, where Q; = Z/ (r)b;)dr.

Hence the desired condition is equivalent to

Z/OOO 1S(£)b;|*dt < oc. (58)

The following Lemma shows the the semigroup S(¢) has the exponential contraction
property on

Uy = Span {(Pk: s.t. Re()\k) < 0},

which is essential in establishing Theorem 3.

Lemma 5. Let {\g,k > 1} and {¢x, k > 1} be the corresponding eigenvalues and eigenbasis
of A. Then ||S(t)uolly < e " ||ug|lg for any ug € Ua, where —p = max{2Re\;} over the set
of {k: Re\, <0}

Proof. Write
o0
Up 1= Z Cpn
k=1

with ¢ = 0 if Re\, < 0. Let u(t) be the solution of

u(t) = Au(t);
u(0) = o
Decomposing u(t) in the eigenbasis {¢x} we have

= alt)en

k=1
thus o o .
Zci(t)@k = ch( )Api Z Ak (t) o
k=1 k=1 k=1
and consequently
cx(t) = cge)‘kt
Finally
lu@)lF =D lex@®P = D (PN < ey () = e [luo
k=1 k:ReAp <0 k=1
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It remains to show that the stable subspace U, is an invariant subspace for the solutions
of (14). In other words, we show that if uy := u(0) € Uy then u(t) € Uy for all t > 0. Recall
that

u(t) = S(t)ug + /0 S(t— s)dWy(s)

where Wy (t) = >, bifk(t) and by € Ua. Then Q : H — Uy, since Vh € H Qh =
> bi(b;, h) € Uys. Furthermore, since @ is self adjoint and positive definite (due to (57)) we
have {u > 0} and {¢y, € Ua} such that

QUr = pkr.
Then Wb(t) = Zl \/szﬁz(t); and

b{ﬁu—smm E:wz/ (t — s)ibidfi(s).

On the other hand, by definition of Uy, ¢ are the basis functions in Uya, so we can write
Y = Z Cg,z‘%-
k

Analogously to the proof of Lemma 5, we have

t—S Z )‘kts)(,D € Uy.

hence

/Ot S(t — S)de(S) € Uy.

Finally, since ug € Ua, we have S(t)ug € Ua, implying that U, is an invariant subspace.
Moreover, using the contraction property of S(t) on U, we can show the existence and
uniqueness of the invariant measure on Uy the same way as it is done in the proof of [19,
Theorem 5|. Finally, since [ReAz| > ¢ > 0, the operator A has the exponential dichotomy
property (|13, Sec. 7.6]). Thus for all b ¢ Ua, we have ||S(t)b]| — oo, t — oc.

1 :
Example 1. Let Au := S div(pVu), where u € L2(RY) and p(x) € L'(R?) N C*(R?) satisfies

LAp  |Vp|?

2 p p?

— 400, |z| = o0 (59)
Then A has a discrete spectrum, and Uya s the span of all but finitely many eigenfunctions
of A.

Let Bu := Au — g(z)u, where g(z) is a real valued function on R? We will make use of
the following result, which characterizes the spectrum of B.

Theorem 7. ([23, Sec. 16.4]) Let q(x) — 400 as x| — oo. Then the spectrum of B in
L*(RY) is discrete. In addition, if q(x) > qo, the eigenvalues {\,,n > 1} are contained in
the interval (—oo, —qol, and A, = —0c0 as n — 0.
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Consider now the following spectral problem: find A € R and u € L2(R?) which satisfy
1. .
—div(pVu) + Au = 0,2 € R°. (60)
P

After the substitution u = vp~1/2, (60) reads as

2
Av + Vol _ L
2p? 4p

)v+)\v:O,:c€Rd. (61)

By Theorem 7, if (59) holds, the problem (61) has discrete spectrum {\;} with correspond-
ing eigenfunctions {v,(z) € L*(R%)}, or, equivalently, {\;} and {uy = vep™/?} € L2(R?)
are the eigenvalues and eigenfunctions of (60).
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