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Abstract

We prove the periodicity of all H2-local minimizers with low energy for a one-dimensional
higher order variational problem. The results extend and complement an earlier work of
Stefan Miiller which concerns the structure of global minimizer. The energy functional
studied in this work is motivated by the investigation of coherent solid phase transformations
and the competition between the effects from regularization and formation of small scale
structures. With a special choice of a bilinear double well potential function, we make use of
explicit solution formulas to analyze the intricate interactions between the phase boundaries.

Our analysis can provide insights for tackling the problem with general potential functions.

1 Introduction and Statements of Theorems

In this paper, we study the structure of H2-local minimizers for the following functional:
1
E(u) = / €uly + W(ug) +u’dz  subject to uy(0) = uz(1) =0 (1)
0

where W is some double-well potential function usually taken to be W(p) = (p*> — 1)%. In
order to facilitate the use of explicit solution formulas, in the present paper, we consider the

following form of W:

W) = (pl 1= L7V P20 @
(p+1)?% p<0

2(p—1), >0
so that W'(p) = (p=1), P , W) =W (07)=—-4 and W"(p) =2 — 46y(p)-
2(p+1), p<oO



The reason for this choice is that the corresponding Euler-Lagrange equation for (1) is given
by a linear differential equation with constant coefficients together with some linear jump

conditions for the solutions.

Before presenting our results, we introduce for each [ > 0, the function P(z,l) which

solves the following problem:

€ Pozs(7,1) = Pog(2,1) = P(2,1) and  Py(2,1) >0 forz € (=3, 3),
Py(—35,0) = Pu(5,1) = 0, (3)
EPrpn(—L,1) = EPnu(d,l) = -1
which represents the cell-problem for the Euler-Lagrange equation for £. The existence and

uniqueness of the solution will be given by Proposition 3.3. Now let N = % be an integer

and Q" (z) be the following periodic version of P(-,1):

E),l) for 0<y<Il and ¢=0,1,2...N—-1. (4)

QV(il+y) =P ((—1)2' (y -3

The following are our main results.

1.1 Theorem. There exist constants Cp, < 10, I, and €, > 0 such that for any 0 < € < €,
if Crellne| <1< 1, and N =} is an integer, then the function QN (z) defined as in (4) is

a stable stationary point of the functional £(-).

1.2 Theorem. There exist constants Cg > % and €, > 0 such that for any 0 < € < €,, if

u s a weakly stable stationary point of £(-) satisfying

£lu) < 2&

_Ma

()
then u(-) = QN(-) or —QN(-) for some positive integer N.

1.3 Theorem. There exist constants Cs < 10 and €, > 0 such that for all 0 < € < €, and

0<C<CCg,ifl=Celne| and N = % is an integer, then Q" (-) is unstable.

(Note that for the | in this Theorem, £(QY(-)) = O(+~).)

[Ine|

The notions of stationary points, their stability and relationship to local minimizers of £

will be given in Section 2. All of the above results can be extended in a natural way to
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the Dirichlet {u(0) = u(1) = 0} and periodic {u(0) = u(1); u4(0) = u,(1)} boundary con-
ditions.

Our results in essence establish the fact that if u is a stationary point of £(-) of low
enough energy, then it is stable if and only if it is periodic. Theorem 1.3 states that we
have captured the correct range of the energy values in terms of the stability properties of
periodic structures. Our work hence extends and complements the following Theorem of S.

Miiller which studies the structure of global minimizer for the functional (1) in the case of

W(p) = (p* —1)% Let Ag=2 [, W2 (p) dp.

1.4 Theorem ([Miil]). There exists an €, > 0 such that for 0 < € < €., if u is a global

minimizer of £(+) in the class of periodic functions:
HZ(0,1) = {u € H*(0,1) : u(0) = u(1) and uy(0) = uz(1)},
then u is periodic with minimal period T¢ = 2(6Aq€)3 + O(e3). Moreover,

(649€)3 + O(e3).

NG

” (x + %) — —u(z) for z € (0,1) and &(u) =

The motivations for the investigation of (1) are twofold. One comes from the study of
coherent solid-solid transformations which very often give rise to some fine scale mixtures of
different phases with characteristic length scales. The formulation of energy minimization
in the modeling of these transformations can be found in [Kha, BJ1, BJ2]. In the one-
dimensional setting, the phenomenology of the formation of mixtures of different phases can
be captured to sufficient degree by (1) and related functionals. It is the combination of the
strain energy W (u,) which favors u, to be 1 or -1 and the elastic foundation term u? that
leads to the formation of fine scale structures. However, definite length scales are determined
by the incorporation of the strain gradient or surface energy term €’uZ,. We refer to [TZ]
for a more detail account of (1). The works [RT, RW1, RW2] also consider some nonlocal

versions of u®. A two-dimensional model can be found in [KM1, KM2)].

The second motivation is that (1) can be viewed as a regularization of some functional

which is not lower-semicontinuous. For example, the following functional

Eo(u) = /0 (W (uy) + 12) da (6)



does not have a minimizer. Instead it possesses a minimizing sequence {u‘s} 550 of the form
that ul oscillates between 1 and —1 with increasing frequencies such that Hu‘sﬂw — 0.
The incorporation of the higher order term €u?_ in (6) penalizes the oscillations in u, and
hence limits their number. By simple compactness arguments, a minimizer for (1) exists.

Furthermore, formal reasoning leads to that (1) can be approximated by
1
1
Elu) = / 56A0|um\ +u*dr subject to |uy| =1 a.e. (7)
0
where Ay = 2 f_ll /W (p) dp, or even more explicitly, by

1
EX(u) = / u® dz + €Ay x (Number of times u, changes between 1 and —1) (8)
0

with u subjected to the same constraint. Assuming the validity of such an approximation,
the minimizer u of (1) can be approximated by the minimizer of £! or £2. Hence we infer
that there is a collection of roughly equidistant points {¢;}’s at which u, changes between
1 and —1. In between these points, |u,| stays very close to 1 so that u is very much like a

sawtooth function. We call the transition of u, between 1 and -1 an interface and the region

between any two interfaces a phase segment or simply a segment. See the following figure.

u(x) m
Interfacei/ HSegmentﬁ \—i

Another interesting feature of the functional (1) is the competition between multiple — two

Figure 1.

— length scales. One is e, the interfacial width and the other is /, the length of the segment.
The result of this competition is that | = O(es) for the global minimizer of (1). Rigorous
justification of the relationship between £, £! and £? falls in the regime of I'-convergence of
functionals. We refer to [Miil, AM] for a discussion of this approach for the present problem.
[RW1] also uses this method to study (1) but with u? replaced by eu? in which case, [ = O(1)

and hence there is only one small length scale left in the problem.

In order to study dynamic problems such as gradient flows, the classification of critical

points is also important as the ultimate observed patterns of the phase transformations
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are consequences of both energetic and kinetic effects. Our results state that (1) has many
critical points but those having low enough energy and stability property are in fact periodic.
Hence a time dependent solution can very likely fall into the basins of attraction of these local
minimizers and stay there indefinitely. We refer to [ACJ] for some experimental investigations

of such phenomena which is relevant to the current functional.

There are relatively few methods that can be used to describe the structure of critical
points compared with those that can prove the existence of them. In addition, as (1) is a
higher order variational problem, the usual techniques for second order equations are not
easily at our disposal. Even though it is plausible to use the approach of I'-convergence to
deduce that there exist local-minimizers which are nearly periodic (see [KS] for a general
framework), to conclude other statements such as the existence and characterization of other

types of local minimizers or critical points, more precise estimates are needed.

Our approach, originated in [Miil], resembles that of asymptotic expansion. Theorem
1.1 is proved by following quite closely the approach of [Miil, Thm 5.1]. However, the proof of
Theorem 1.2 is much more delicate. It requires careful analysis of the interactions between
the interfaces. Our method can potentially be used to find all critical points which do not

fall easily in the regime of I'-convergence.

Our analysis is made possible by the special choice (2) of W. It allows the use of explicit
solution formulas. Such a choice is also used in [TZ, VHRT] in which detailed analysis is
performed for the case when the number of interfaces is small. We believe that our results
can provide useful insights to tackle the case of general W’s concerning the types of quantities

and estimates to be looked upon.

It is instructive to compare (1) with the following Allen-Cahn functional:
1
F(v) = / ev2 + W(v)dz subject to v,(0) = v,(1) =0 (9)
0

for which the critical points are periodic and unstable except the global minimizer which has
only one interface where v changes between 1 and -1 [CGS]. This model thus cannot capture
any fine scale structures. Furthermore, the time dependent problem for the above functional

demonstrates the existence of metastable states — interfaces move with exponentially small



speeds [CP, BX]. This is due to the fact that each pair of adjacent interfaces gives rise to
an ezponentially small eigenvalue. However, for (1), we are dealing with algebraically small

etgenvalue.

1.5 Outline of Proof

Using the analysis of [Miil], we can easily deduce that for any critical point of low enough
energy, u has a sawtooth shape with |u,| &~ 1 away from the zeros of u, or the interfacial
regions. This is seen by considering the Euler-Lagrange equation of (1) which for smooth W

reads:

2 _ W”(um)

€ Uggrx 2 Ugy — U.

If the distance between the interfaces are long, then the behavior of v can be described by

Wll(ux) i (uz)

. W
EUpppr = 5~ Ugzz for x near the interface and by ——~*u;, = u for z far away from the

interface. From these observations, sharp estimates can be deduced. Theorem 1.1 is proved
by showing that the minimum energy F(l) of a monotonic function u over an segment of

length [ is a convex function of [. This is very similar to the approach of [Miil, Thm 5.1].

However, in order to deduce the periodicity of stable patterns, we need to consider the
possibility of short segments. In this case, the above separation of scales is not quite useful.
We need much more precise information about the interactions between the interfaces. The
core idea of this paper is to capture these interactions by means of a propagation map which
relates the behaviors of v at both ends of an segment. With this map, we can find out the
relationship between the lengths of adjacent segments. As an illustrative example, consider
the following configuration of u and wu,:

V ari ati on

A/ B.C

Figure 2.



In the above Figure, the lengths of |[AB| and |BC| differ substantially from each other. We

now vary u by moving the interfaces at A and B. The second variation of u is found to be:

O(e’lBTC‘

0% (u) ~ — ) 414B]

In order to determine the sign of the second variation, we need to analyze the relationship
between |BC| and |AB|. This procedure falls into an unfortunately large number of cases
which we will check one by one. From this analysis, we conclude that each short segment
leads to an unstable eigen-mode and hence in order for u to be a stable critical point, it
can only have long segments. Then a reasoning using first variation shows that v must be
nearly periodic. A final step using an implicit function theorem type argument concludes

the periodicity of w.

This paper is outlined as follows. Section 2 gives the definitions of solutions and their
stability for the Euler-Lagrange equation of (1). Some regularity property and preliminary
estimates for u are also proved. Section 3 introduces the propagation map which will be
used throughout the paper. The proofs of the Theorems will be given in Sections 4, 5

and 6. The Appendix gives some explicit examples of unstable solutions.

2 Euler-Lagrange Equation

The Euler-Lagrange Equation for the functional £ is formally given by

WI/ "
EUppws = 2(u )um —u (10)

or, in the integrated form:

! x
E Uy = w ;uz) — / u(y) dy + C  for some constant C. (11)
0

Note that there is an ambiguity about the meaning of W’(0) which occurs at the points
where u, = 0. From Theorem 2.8, it is sufficient to consider those solutions v with only a
finite number of zeros for u, so that u is piecewise monotone. In this way, the ambiguity of

W'(0) can be handled by imposing appropriate jump conditions for u. However, we do not



a priori limit the number of the zeros. The necessary formulation for the solutions of (10)

will be given next.

2.1 Definition. A function u is said to belong to class Z if u € C*([0,1]) and [0,1] can be
partitioned into a finite number of segments {[c;,c;ix1] i =0,1,...N — 1} for some positive

integer N and ¢;’s: 0 =cy < c; < -+ <cy_1 <cy =1 such that

1. u is monotone (uy > 0 or u, < 0) in each of the segment (c;,c;v1) and the sign of u,

alternates between adjacent segments, i.e. u, changes sign across the c;’s.

2. the zeros of ug are isolated. In particular, u, is not identically zero in any interval.

Remark. A priori, there can be two kinds of zeros for u,. One is the sign-changing zero
¢; which indicates the location of the interface. The other is the interior zero which lies in
between any two adjacent c;’s. The sign of u, does not change across these zeros. We are
mainly concerned with the sign-changing zeros while the interior zeros can be shown not to

occur for local minimizers or any stationary point of £ with low energy. O

In the following, the notation [f](z) refers to f(z*) — f(z7).

2.2 Definition. A function u € Z is called a solution of (10) if the following hold for all i:

GQUzzzz =Ugy — U, T E (Cia ci—}—l);
uz(c;) =0 and uy >0 (oru, <0) forall x € (¢, cit1);
[62uwxw] (Cz) (: [%Wl(ua:)] (CZ)) = _QSgn*(uzz(ci))'

Ua(0) = uz(1) =0, ttpga(0) = —s80" (Uga(0)),  ttga(1) = 5807 (1 (1))-

In (14), the symbol 2sgn*(u,,(c;)) refers to sgn(ug(c])) —sgn(ug(c;)). In (15), sgn*(uz(0))
and sgn*(u., (1)) refer to sgn(u,(01)) and —sgn(uy(17)) respectively.

Remark. Since u satisfies (12) in (c¢;, ¢;41), it is analytic. In addition, as u, is assumed not
to be identically zero, the zeros of u, inside each segment are automatically isolated and also

do not cluster at the ¢;’s. Hence the quantities sgn(u,(c;%))’s are well defined. O



In fact, the following Proposition states that we can replace the sgn* by the usual sgn.

2.3 Proposition. If u € Z and satisfies (14) and (15), then uz,(c;) #0 for i =0,1,...N.

Hence Sgn*(uww(ci)) = Sgn(uzz(ci))'

Proof. The proof follows easily by contradiction. Suppose uz;(c;) = 0 and u,(c;") > 0 and
ug(c;) < 0. Then we have Uz, (c;) > 0 and Uy, (c;) < 0 which contradicts (14). The other

cases follow similarly. O

The following Proposition motivates our definitions of solutions and stability.

2.4 Proposition. Let u € Z and ¢ € V*° = C*([0,1]) ({¢(0) = ¢, (1) =0}. Then the

following statements hold.

1d
1. The first variation of €(u) with respect to @, defined as Ed_g(u + tp) equals:
t=0
N—1
Z {[62UIII] (cz) + QSgn* (u:c:c(cz))} (p(ci) + {€2uwww(0) + Sgn uwz } (,0

=1
N-1

cit+1(t)
— {eQuwm(l) — sgn™ (Uge (1 } (1 E / (€ Usaez — Uz + )@ dz (16)

In particular, uw € Z is a solution (in the sense of Definition 2.2) if and only if

=0 for all p € V.
t=0

d
— t
dtS(u+ ©)

2. Suppose ugz(c;) # 0 (which holds when u is a solution). Then there are C* functions
c;(t) such that ¢;(0) = ¢;, and for small t, uz(c;(t)) + tpz(c;(t)) = 0. Furthermore,

&(0) = — %(Cz'.) (17)
(In essence, the c;(t)’s are the sign-changing zeros of u, + ty,.)

3. Suppose uzy(c;) # 0 (which holds when u is a solution) and u, # 0 for x € (¢;, cit1), i-e.

ug has no interior zeros, then the second variation of £(u) with respect to ¢, defined
1 d?
as ——=E(u +typ)

5 42 equals:

t=0

N-1
' 2 2 2 24 9 @i(ci) 18
0 i=0 zx\&1



Proof of (16). To prove (16), we compute

1d 1d [
5 —E(U + t(P) = 62(“:61 + t(pzz)z + (|um + tﬁpz| - 1)2 + (u + t@)Q dx

2 dt 2 dt J, —
m/l |um+t90m|_ |um|dx
0 t

t=0 0

1
0 t—0

The last term of the above equals
Uz + tps| — |ugl

Loy
lim dx + lim G dzx (19)

As u, is assumed to have isolated zeros, we can ignore the second integral of (19). To simplify

the first integral, note that

tb| — tb| —
la+th] — |a] < |b| for all a,b,t and lim la+th) = Ja] =sgn(a)b if a # 0.
t t—0
By the Lebesgue Dominated Convergence Theorem, we have
T t x| — Yz !
lim s+ b0 = s dx = / sgn(uy) @, dx (20)

The above steps thus lead to

1d b,

5 E(u+typ) = € Uz Pra + (Juz] — 1)sgn(ug)ps +up dz (21)

2 dt =0 0

Performing integration by parts twice on each segment (c¢;,c;+1) and using the facts that

[u+ t@] = [Uug + tg] = [Uge + t@ss] = 0 at © = ¢;, (16) follows.

It is then easy to infer the equivalence of u being a solution in the sense of Definition

2.2 and the vanishing of its first variation for all ¢ € V*°.

Proof of (17). Tt follows from elementary computations. Since u, and ¢, are both C!
functions and w..(c;) # 0, we can use the implicit function to show the existence of C!

functions ¢;(t) (for small enough t) satistying u,(c;(t)) + t¢.(ci(t)) = 0. Furthermore,
U (€i(8))Ci(t) + twa (ci(£))Ci(t) + pu(ci(t)) = 0
which leads to (17).

1d
Proof of (18). We start from the first variation, §£5 (u + tp) which equals

Nel e it
1 d ci+1(?) 2 2 2 2
—— € (Ugz + tpzz)” + (ug + tpy —sgn(ug + tey))” + (u+ tp)° dz
2 dt — Jeit)

Nl peiga(t)
= Z / € (Ugg + 1Prz)Paz + (Ug + 1o, — g0 (g + tpg)) 0z + (u + tp)p dz (22)
i=0 v cilt)
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The condition of no interior zeros for u, is to ensure that for ¢ small enough, there is no

new zeros for u, + typ, other than the sign-changing ones, ¢;(t)’s. Now (18) follows by
differentiating (22):

cit1(t)

5 (u+ty) Z 28gn* (U (c; (1)) s (ci(8)) 6 (t) + / 2, + o2 + ¢ dx.

2 dt2 ci(t)

and then utilizing (17). 0O

We now introduce the following definitions for all u € Z such that u,,(c;) # 0.

v =H?*0,1)N{g: %(0) —%(1) =0}, (23)
”D(u,gp):/egom—l—(pwdac QZlu @) foruEZandngV (24)
1
and 0°E(u, p) = D(u, @) +/ ©* dx (25)
0

2
YT ;€ (u+tp) i But
this is not an issue in this work due to Theorem 2.8(3) and (41) of Proposition 2.9 below

In general, if u, has interior zeros, 9*€(u, ¢) will not be equal to

Also, all our main Theorems are formulated in terms of 9*£(u, ).
Again, the condition of ug.(c;) # 0 follows from Proposition 2.3 if v is a solution.
2.5 Definition. A function u € V is called a stationary point of £ if for all ¢ € V,
d :
—&(u+ty) exists and equals to 0.
dt 0
2.6 Definition. A solution u € Z of (10) is called (weakly) stable if
forallp #0,€V, 0’E(u, ) (>) > 0.
It is called unstable if

there exists a o € V such that 0°E(u, ) < 0.

2.7 Definition. A function u € V is called a (strict) H?-local minimizer of € if there is a

d > 0 such that
EW) (>) = E(u) forallveV with0 < ||v—ul|z < 6.
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(In the literature, the above definition is frequently called a weak-local minimizer in contrast

to strong-local minimizer in which the H?-norm is replaced by the L°°-norm.)

Equipped with the above definitions, the following Theorem addresses the regularity
property of stationary points and the relationship between the notions of stationarity, sta-

bility and local minimizers with respect to €.

2.8 Theorem. Let u € V.

1. If u s a stationary point, then the one-dimensional Lebesgue measure of the zeros
of ug vanishes, i.e. L'{x:u,(x) =0} = 0. In addition, u € H?([0,1]) (and hence
Uze € C2([0,1])) and fol w(@)dz = 0. Let V(z) = [ uly)dy. Then the following

identities also hold:

EUgze — (Jug] — Vsgn(ug) + V(z) =0, a.e. z €[0,1]; (26)

eul (z) — (Jug] — 1)? + 2V (2)ug(z) — v?(z) = uy(0) — 1 — u?(0), for all z € [0, 1R7)

x

2. There ezists a 6, > 0 (independent of €) such that any stationary point u with £(u) < 4,
belongs to Z and hence is a solution of (10) in the sense of Definition 2.2. In
particular, Uz, satisfies the conditions (14) and (15) at the sign-changing zeros ¢; of

ug and hence ugy(c;) # 0 by the Proposition 2.3.

3. Any H?-local minimizer u is a stationary point. Hence if further €(u) < 6, (same as
in the previous statement), then u € Z. In addition, u,(x) # 0 for x # ¢;, i.e. u, does

not have any interior zeros.
4. If u € Z is an H?-local minimizer, then it is weakly-stable.

5. If u € Z is a stable stationary point such that uz(x) # 0 for © # ¢;, i.e. uy does not

have any interior zeros, then u is a strict H?-local minimizer.

This Theorem indicates that in order to study the properties of low energy H?-local
minimizers, it is sufficient to consider the function space Z and the notions of solutions and

stabilities given in Definitions 2.2 and 2.6. It also follows from Theorems 1.1 and 1.2
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that all H%-local minimizers of £ with low enough energy are actually stable. For simplicity,

after the proof of this Theorem, we will omit the prefix H? for the rest of this paper.

Proof of 1. We can basically follow the same computation leading to (21) which also applies

for any ¢ € V. It now takes the form of:

1d 1 . .
= —E(u + t(,O) = €2Uzw99ww + (|U:c‘ - 1)Sgn(u$)gpw 4+ up dr + lim | Q0$| dx
2 dt A L
- . d ‘ . 1
Since by assumption, %5(u +tp)| existsforall p € V, it must be that L' {z : u,(z) =0} =
t=0

0. Hence (21) also holds.
1
Choosing ¢ = 1 gives / udr = 0. Thus, without loss of generality, we can assume
0

fol @dz = 0. Then

1 1
/ EUppPredr = — / (Jug| — 1)sgn(ug) @y + uep dx
0 0

1
2
/ € Ugp Pz AT
0

for some constant C. Hence u € H3([0,1]) and u,, € C2([0,1]). Now the use of integration

50 < lual = Uz llallze + llull e olle < Cliwall 2

by parts in (21) is justified and (26) follows.
Identity (27) follows by simply multiplying u., to (26) and then integrating from 0 to z.

Proof of 2. We need to show that the zeros of u, are isolated. Assume on the contrary that
there exist z;’s such that z; — b € [0,1] and u,(x;) = 0. Then u,(b) = 0 and u,,(b) = 0.

From (27), we have
ul (z) — (lug| — 1)? + 2V (2)uz(z) — v?(x) = —1 — u?(b). (28)

Let max {|uz(x)| : z € [b, ;] U[z;,b]} = |ugy(Z;)|. By the assumption, the Z;’s exist and

Z; — b. Furthermore, u,,(Z;) = 0. Substituting Z; into (28) and rearranging give
Z;

[t
b

< el [ )l dy < o)

lug| [2 — |uz| + 2V (z)sgn(uy) 2

] |,1;:ji —

where the constant ¢ can be chosen as small as possible if Z; is close enough to b. Now by

Cauchy-Schwarz Inequality, if £(u) is small enough, so is ||V . Hence |u,(Z;)| = 0 and

13



uz(z) = 0 for x € [b, T;] contradicting the fact that £' {z : u,(z) = 0} = 0. Thus, the zeros
of u, are isolated and so u € Z. Now it is easy to check that u is a solution of (10) in the

sense of Definition 2.2.

Proof of 8. Let u be a H?local minimizer, then for all ¢ € V, there exists s > 0 such that
E(u+tp) > E(u) if t| < s, ie.

1 1

Ugp + 1 — |u

2t/ <€2umm§0mx + UpPy + UP — | 2 SDZ| | $|) dr > _tz / 62(,0;25;5 + Qoi + §02 dx
0 0

Upon dividing ¢ in the above and following (19) and (20) give

1
/ €2wa§0ww + Ug Py +up dr — / Sgn(um)(pz dr — / |90:c‘ de > 0
0 {

ugp 70} {uz=0}
1
and / Uy Ppa + UgPy + u@ dr — / sgn(ug)p, do + / lpz| dz < 0.
0 {Umio} {UWZO}

Hence £! {x : uz(x) = 0} = 0. It then follows easily that u is a stationary point of £.

We now proceed to prove directly the non-existence of interior zeros for local minimizers.
(This fact can also follows from (41) in Proposition 2.9 below.) Suppose there is a p €
(¢i, ¢iy1) such that u,(p) = 0 and u, > 0 for z € (¢, ¢i41). Then ug,(p) = 0 and ug,(p) > 0.
In addition, p is an isolated zero of u, as v is an analytic function which satisfies (12). Let
0 < A< 1. Consider the test function ¢ € C§°(][0, 1]) such that ¢, (z) =1 for |z — p| < A,
¢z(x) = 0 for |x —p| > 2A and pp_+221:14 ¢ydr = 0. For 0 < t < 1, the difference of the

energies £(u — ty) — £(u) equals

/ +/ 62(“56:6 - t(pa)a))Q + (|uw - t90$| - 1)2 + (u - tQO)Q

—ul, — (lug| —1)* — v’ dzx

All the terms of the above are smooth functions of ¢ except:

p+A
—/ |ugy — tp| d.
p—A

If Ugpe(p) = 0, then gy, (p) must be zero in order for u,(z) > 0 near p. Then we would
have Uy = Ugy = Uggy = Uggee = 0 at p so that uy, = 0 in (¢4, ¢;41) contradicting the fact

that the zeros of u, have zero Lebesgue measure. Thus .., (p) = 2¢ > 0. Now for A small
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enough, the above integral can be approximated by

2cA?

A
8 3
—2/ cx? —tlder = ———t> + 2tA —

Since u is a stationary point, we can ignore the constant and first order term of t. The first
term will give a definite negative contribution for 0 < ¢t < 1. Other negative contributions
can only come from some O(#?) terms which is of much smaller magnitude than t2. Hence u
cannot be a local minimizer. This concludes that u cannot have zeros in the interior of any

segment (¢;, Cip1)-

Proof of 4. If u € Z is a H*local minimizer, from the previous statement, u is a stationary
point and a solution of (10). In addition, u, has no interior zeros in any segment (c;, ¢;y1)-
(The assumption of low energy is not used in the proof.) By following the same computation
leading to (18), we have 0°£(u, ) > 0 for all ¢ € V*°. Simple approximation extends the

conclusion to all ¢ € V.

Proof of 5. The goal here is to show that if u € Z is a stable stationary point of £, then

there exists a § > 0 such that
if 0 < ||[v — ul| 72 < 6, then E(v) > E(u).

The proof is elementary but a little delicate due to the non-differentiability of W (p) at p = 0.
It is achieved by modifying v in several stages. Each stage improves the regularity of v and
simultaneously lowers its energy. Throughout the proof, we will make use of four Claims

whose proof will be provided right afterwards.

Recall that the ¢;’s denote the zeros of u,(x) (with ¢¢ = 0 and ¢y = 1). Let further
d; = u(c;). By the Remark after Definition 2.2 and the finiteness of the number of zeros
of ug, there exists an m > 0 such that |ug;(c;)| > m for all i. In the following, § is some
small positive number. The notation o(1) denotes some quantity (independent of €, ¢; and

d;’s) which goes to zero as 6 —» 0.

Now the fact that |[v — u|| ;. < d leads to v, € C3([0,1]) and ||vy — Uzl ;o < 0(1). Then

v “approximately” belongs to Z in the following sense: there exist {c¢} < c¢?:i=0,1,...N}
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such that for all ¢, ¢ < ¢}, and
le; — il Ief —ail v(e) = dil, Ju(cf) — dif <o(1),
vz(ci) = vz(c}) = 0 and sgn(vs)|ac(ez et ,) = 580(Uz) |ze(eicirr)-
Consider the following problem:

GQVEZMM - V;Az + V= Oﬂ YES (612’ Czl—l—l);

Vi(e}) =v(c}), Viieip) =vlci), Viled) =0, Vilci,) =0.

7 7 T

By Claim (ii), it has a unique solution. We now replace v by V' for x in each of the
segments (c7, ¢;,,) and call the resultant function 9. Claim (i) gives £(v) > £(?). Since §
can be chosen as small as possible, we can further assume that |0,4(c})| and |Tg4(ci)| > 2.

Next we eliminate the segments (c!, ¢?) by modifying @ to be 1 such that sgn(v,)

1773 |w€(c},c}+1) =

g0 (Ug) |ze(cseipr) and E(D) > E£(¢¥). By Claim (iii), this can be done. Using the similar
construction for 4 from v leads to a ¢ such that 9,(c}) = 0, ¥(c!) = ¥(c!) and () > E(1h).

Thus we have £(v) > £(0) > £(¢) > E(¢). Finally, Claim (iv) gives that £(¢) > £(u).
This completes the proof of statement (5) of the Theorem. O

Now we provide the statements and the proofs of the four Claims used in the proof of

the above Theorem.

Claim (i). Let w be the solution of the following boundary value problem:

EWappy — Way +w =0 with wy >0 for 0 <z <1,

(29)
and w(0) = dy, w(l) = ds, wy(0) =0, wy(l) = 0.

! !
Then / vZ, + (vp — 1) +vidr > / Ew?, + (wy — 1) + w*dx for all v such that
0

T

0
v(0) = w(0), v(I) = w(l), v:(0) =0, v;(I) =0 and v, > 0 for 0 <z <.
Proof. The proof is simply given by the following consideration. Let ¢ = v — w. Then
I I
/ evZ, + (v, — 1)? + v’ dx — / Ew?, + (wy — 1)? +w?dx
0 0
! I
= 2/ Wz Par + (W — 1)y + wep dz +/ € Pzy + 7 + ¢ d.
0 0
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The first integral is easily seen to vanish by using integration by parts. The Claim follows.

O

Claim (ii). Let w be the solution of (29) with the additional property that w,,(0) > 0
and wg,(l) < 0, then for all d|,d, and l' such that |d| —d,|, |d\—ds| and |I' — 1|
are small enough, (29) has a unique solution w' with w'(0) = d}, w'(I') = d}, and

w' (0) = w(I') = 0.

Z

Proof. This is proved by observing that the solution v can be written as v = Ae’® 4+ Be ™ 4+
Cer + De=® (see (47) below) where A, B,C and D satisfy a 4 x 4 linear system (similar to
(48)). It is easily verified that the determinant of the system is a smooth non-zero function
of [ # 0. It then follows that a unique solution exists and it varies smoothly with respect to

d1,d2 and [. ]

Claim (iii). For any m,n,p > 0, there exist 6, A, B > 0 such that if
5
/ wix dr < n, (Pz(o) = (Pz((s) =0, Qozm(o) =m, |§0www‘ <p for T > (5; (30)
0
then there ezists a (x) with the properties that: (L =§+ A+ 2B)

V() = o), ¥s(y) = @a(y), fory=0,L; tpg(x) >0 for0 <z < L;  (31)

Jo 0%+ (lpa] = 12 + @2 da > [ 42, + (Jths| — 1) + ¢ da. (32)

The statement of this Claim is reminiscent to the fact that if ¢ is a function with discon-

tinuous ., the value of £(p) can always be reduced by small H?-perturbations.

Proof. Let d, A, B be some positive numbers with their values to be determined. For sim-
plicity, first assume that in addition to (30), ¢,(z) = 0 for 0 < z < é and @, () = m for
x > d. We define 9 as follows:

$(0) = ¢(0)
(zn—ﬁs)x 0<z<i+A

Yo(z) = ¢ m(@+A)+m(1-2)(x—-6-A4) 6+A<z<i+A+B
mL+m (1+42) (z— L) §+A+B<z<L

17



Figure 3 describes the shapes of ¢ and .

Its properties to be used in the proof are:

1. it satisfies the conditions of (31);

2. ||t — S0z||L°°[0,L] <md (1+ %)

m W (x)
3. 1Y = @l peopo,ry = %' >
b | X
0 o o+A o+ A+B o+ A+2B
(=L
Figure 3

Now compute the difference between the energies of ¢ and :

L

L
| et el =1+ o= [ @ (] - 1P 0 ds
0 0

L L
= [ @ttt [ (el =17 = (W - 10?4 - 0o
0 0

The first integral of the above is equal to:

2 2 2
9 9 9 mA 9 Ad 9 Ad
— — A 1-— | B 1+— | B
em”(A+2B) e{<5+A)(&+)+nz< ﬂJ +m <+QB
o A%6
_ 2.2 o A9
- ents (1- 05— 57 (3)
while the second integral can be bounded by
A A
€ (o = bollmous + o = llimo) L < Oms (14554 5) L GO

where C' depends on the Lipshitz constants of the function (|z| — 1) and z? for bounded

range of z. Comparing (33) and (34), it can be seen that upon choosing
0K AKBKE, (35)

the energy of ¢ in [0, L] will be lower than that of ¢ by at least an amount of Cd. (The

constant C' depends on € and m).

The extension to the more general ¢ is elementary.

1. Suppose @, (x) #Z 0 for 0 < z < §. By the hypothesis that foé @2 dr < nand p,(0) =0,
we have ¢, € C2([0,6]). Hence |02l poopo,g < 0(67) and f05\<pw|dx < 0(82). Thus
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modifying ¢, to be zero in [0, §] will cause an increase in its energy of at most O(5'*%)

for some o > 0. If § is small enough, this change can be absorbed by the term of (33).

2. Suppose @y (r) Z m for x > 6. We can replace it by ¢ which does satisfy @,, = m
for x > 4. Since |ugy,| < p by assumption, we have ||@z — (ﬁmanm[(s’L] < O(L) for
0 < L < 1 which leads to |E(¢) —E(@)] < O(L?). On the other hand, from the
previous estimate, we have £(¢)) — £(@) < —C46. Hence if L is further chosen to be
0 < L < O(57) - still admissible to (35) — £(v) will have a lower value than &(¢).

The whole Claim is thus proved. O

Claim (iv). Let 0*€(u,¢) > 0 for all ¢ € V. Then there is a n > 0 such that if v is a
function satisfying for all i = 0,1... N — 1 the following conditions:

62vmacacm — VUgg +v= 0 fO’f' T e (aia a’i—f—l)a
ve(a;) =0, v(a;) = by, Sgn(vm”me(ai,aiﬂ) = Sgn(u$)|1‘6(0i;ci+1)7
and |a; — ¢, |b; — di| < m,

then E(v) > E(u).

Proof. This Claim is essentially a finite dimensionallocal-minimization problem. Let ¢;(t) =
¢; + t(a; — ¢;). Consider the collection of functions {U(z,t):z € [0,1]},.,<, such that:
Ug(ci(t),t) = 0, U(ci(t),t) = di + t(bi — d;), sgn(Us(,1))|oc(eit)eirt) = 58N (Usz)|ze(eireisr)
and U(-,t) satisfies (12) for = € (¢;(t), ciy1(t)). Let E(t) = E(U(x,t)). Following the same
derivation as for (16) and (18), it is easy to verify that £'(0) = 0 and £"(0) > 0 for all a;
and b;’s close to ¢; and d;’s. Then £(u) is a strict local minimizer among all small deviations

of the a; and b;’s from the ¢; and d;’s. O

Next, we prove some preliminary estimates for any stationary point of the functional (1)
having small enough energy. The results are crude but important to prepare for our proof

later. They are similar to the results of [Miil, Section 2.
2.9 Proposition. Let u € Z be a solution of (10) and E be the energy of u:

1
E=E&(u)= / eul, + W(ug) + u® dx.
0
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Then there exist constants E, < 1, €,,C1,Cy > 0 such that for all € < €, and v with £ < F,,
the following statements hold for all i =0,1,...N — 1 and x € [0, 1]:

‘ff u(y) dy‘ < C\E3; 36

||€tgaa(cF)] — 1] < CLE?, 37
lug(z)| < 14 C,E7; 38
l2u2,(c;) — 1| < CEz 40
lug(z)| — 1| < C1E+ at all T such that ug,(z) = 0. 41

42

(36)
(37)
(38)
u(z)| < CLE3; (39)
(40)
(41)
(42)

Coelln E| < (¢i1 — ¢;) < C1E3.

In particular, if E is small enough, (41) states that within any segment (c;, ¢i11), Uz does not
have any interior zero and also there must be a point & such that |ugy(z)| > 5. Furthermore,

(42) states that the length of any segment cannot be too long but is much longer than e.

The proof relies on the following integrated version of (12) is used often in the analysis:

EUpgs — EUgze(cl) = uz(r) — / u(y) dy. (43)

Multiplying the above equation by u,, and integrating from c; to z gives:

62“295(35) — (ug(x) — Sgn(uw))2 = 62“:2555(01') -1+ 2(€2uwww(cg—) + sgn(ug)) Uy

9 ( / u(y) dy) ua(2) + 12(2) — u2(cr).  (44)

In the following, we will use C to denote some generic constant independent of € and wu.
Its values can change from line to line. The symbol O(a) refers to some quantity bounded

by Ca. Without loss of generality, we also assume that sgn(ug)|(e;,ci.r) = (—1)"

Proof of (36). This is done by using the Cauchy-Schwartz Inequality:

/ab u(z) dz

Proof of (87). Letting x = c;,, in (43) gives:

9 9 Cit1
€ UCUCUCU(CZ—H) — € uwww(cj—) == _/ udzx.
c

4

N

< (/abu2(x) dxf (b—a)? < O(E?).
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Upon summing over the 4’s, we have

7j—1

Cj
6 uzzz Z 6 U;C.CC:C €2u$$$(ci_)) — E2UI$$$(CE)|—) = —/ Ud.’E

=1 o
Without loss of generality, assume ¢y = 0 and u, > 0 on (cg, ¢;). Then by (14) and (15), we

have

EUgge(c;) = —1 — QZ / u(z) dx.

In view of (36), the above leads to ||e? Uz (€ -1l <0 (E?) which by (14) also gives
I Uzga(C] )| — 1| < O( (E2).

Proof of (38). Consider (43). Let u, > 0 in (c¢;, ¢;11) and attain its maximum at Z. Then

Uzz(Z) < 0 and hence
0 < Us(F) < —Cttgan(cF) + / u(y) dy < 1+ O(E?).

i

The lower bound —1 — O(E?) < u, can be proved similarly.

Proof of (39). Let u(z) = D > 0. By the (38) just proved, we must have

z+A ) T ) D3
either / u“(y)dy or / u(y)dy > ————
v ) 2—A ) 3(1+ O(E?))

D
for some constant A = —————_ This leads to D < O(E3).
1+0(E?)

Proof of (40). Consider (44) and assume u, > 0 for x € (¢;,cip1). Let T be the point
where u, attains its maximum. Then u.,(Z) = 0. Furthermore, by (36) — (39), we have

—(ug(Z) — sgn(ug(%))? = €ul,(¢;) — 1 + O(E?) so that €2u2,(c;) — 1 < O(E?).

On the other hand, integrating (44) from z = 0 to x = 1, we obtain:

1 1
) = / eu2, — (ug — sgn(ug))* dr > —/ W(u,)dx > —E.
0 0

MI»—‘

eul (¢;) —1+O0(E
Hence we also have the lower bound e2u2_(¢;) — 1 > —O(E?)

Proof of (41). This follows immediately from (44) and all the previous estimates.

Proof of (42). Without loss of generality, assume that u, > 0 on (¢;, ¢;1). First we consider

the upper bound. Let

1 1
my = meass T € (¢, Ciy1) © Uy > 3 and m_ = meas{x € (¢;, Ciy1) @ Up < ("
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Then obviously,

Cit1

1

Wiamaez v (D)

Ci

Moreover, simple rearrangement, argument leads to:

my
Ci+1 2 /x\2 m
/Ci u(a:)dx_/_m% 5 dx 18

Then (42) follows by the fact that: (¢;41 —¢;) = my +m_ < O(E%) + O(E%).
For the lower bound, using the previous estimates, we can write (44) as:

edu,

V(= 1) £ O(E})

ul (z) = (ug — 1)2 £ O(E?) ie. dz=

I

Upon integrating the above from u, =0 to u, =1 — CE?* for some large enough constant

C, the following estimates hold:

1-CE1
d
(e =) > / L = O E))
concluding (42). O

We also have the following lower bound for the energy inside any segment (c;, ¢;41):

2.10 Lemma. Under the same hypothesis as Proposition 2.9, then for all ¢ < ¢, and u

such that E < E,, it holds that
Cit1 3
/ ul, + W(u,)dr > 7€ Jor alli
Proof.
Ci+1 Ci4+1 1
/ uZ, +Wu,)dx > e/ eu, + —W(ug) dz
c; Cq €
1
2 3
> 2 ’ VW (ug) | tge| dz = 7€
0

since from (41), there must be a point T € (¢;, ¢;41) such that |ug(z)| >

1
5
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3 Propagation Map for Euler-Lagrange Equation

Here we introduce the propagation map which relates the boundary values at the end points
of a segment over which the solution u is monotone. Precisely, we consider the following

boundary values problem:

Ugppe — Ugg +u = 0 such that u,(0) = uz(l) =0 and u, # 0 for 0 < z < L. (45)
UX(X) For the case u, > 0, the initial and final values are
defined as:
5 (RP.Q) (R"P"Q')I g w(0) = R, €gy(0) = P, uuggs(0) = —Q

U(l) = RI’ euﬂm(l) = _Pla €2ua:a:a:(l) = _QI.
Figure 4.

The existence of a unique solution to the above problem is proved in Proposition 3.3. In
the actual application of the result, the segment (0,7) will be one of the (¢;,c;11)’s. As we
are interested in the case of ¢ — 0 and £(u) < 1, by Proposition 2.9, we only need to
consider the regime of [, R, R' = o(1) and P, P',Q,Q" =1+ o(1).

Our goal is to compute the following propagation map as a function of [ and e:
(Ra Pa Q) —)l,e (RI, P’a QI)

This requires solving (45). Its characteristic polynomial is €2r* — r? + 1 = 0 which has four

roots +A and +\:
1+ V1 — 4¢e? 1 —+/1— 4e?
A=/ and A=y (46)

As € — 0, they have the following asymptotic forms:

_ 1-12+0(e")
€

A and A =1+ O(é?).

The solution u of (45) is given by:

u = Ae*® + Be ™" + CeM + De " (47)
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where A, B, C, D satisfy:

(
A+B+C+D = R
AMA-B)+XC-D) = 0
(A= B)+(C - D) s
A(A+B)+N(C+D) = £
\ ANMA-B)+X(C-D) = —é%
The exact solutions and asymptotic approximations for these constants are:
p A=l 232 0
4 - eP —A7'Q — €N°R _ e(P—Q GR)—i—O(e?’) — oe)
2\/11—4622 \ 2
P+A Q- P —
g - £+ Q-e¢XR _ «P+Q ER)—l—O(e?’) — et o(o)
) 2 (YL g y (49)
ANMR—-=+ %5 —eP R 1
oL CWRELG)  riqir o 1
2(22 1_P4€2 Q) 2 2
e€(NMR—=—% —eP-Q+R 1
D = € e — +0 2 = — +40o(1
\ 2v/1 — 4€2 2 (6) 2 0()

Now, if u;(l) = 0, we have:
A(AeM — Be M) + MCeM —De M) =0 or AeM =Be M —AA(CeM — De M.
Then the solution form (47) for u becomes:
u(z) = (Be M — A1 (CeM — De M)) e Mel® + Be A + Ce + De . (50)

which leads to the following expressions:

R = u(l) = 2Be ™M+ (CeM + De™M) — ¢(CeM — De ) + O(€?)
P = —eug(l) = -2 4 (0t — De M) —e(CeM + De M) +0(2) (1)
Q' = —ug(l) = (CeM — De M) — 2(CeN — De ™M) + O(€?)

Similar results can also be derived for the case u, < 0. Then we would write
P = —euy(0), Q= €upr(0) and P’ = euz(l), Q = ¢ tpps(0)
so that P, P',Q, Q" are all positive numbers.
The following classification of segments is crucial to the approach we use.

3.1 Definition. A segment (c;, c;11) is called long if (ciy1 — ¢;) > 10€|ln€|. It is called short

otherwise.
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By means of (49), we now expand the formulas (51) so as to relate (R, P', Q') to (R, P, Q).

The results are grouped into four categories.

3.2 Proposition. Let Q = 1 + o and v? = e~<. For any c¢; > 0, there exist €, and l, > 0

such that the following expressions hold for all € < €,:

Long Positive Segment. Ifu, > 0 and 10¢|lne| <1 = L <, then

P = Q+eR+0(e) (52)
P = Q —eR +0(&) (53)
R = R+L—2e+aL—2ea+%3+TL2—eRL+O‘TL3+o|L3\+O(62) (54)
P = Q+(R+§—e)L+a7L2—eaL—eR'+0|L3|+0(€2) (55)
Q = Q+(R+§—e>L+°‘7L2—eaL+olL3l+0(62) (56)

Long Negative Segment. If u, < 0 and 10¢|lne| <[ =L <., then

P = Q—eR+0(&), (57)
P = Q +¢eR +0() (58)
R = R—L+2e—aL+2m—%3+RTL2—eRL—%H+O\L3\+O(62) (59)
p = Q_(R_g_q_e)L+aTL2—eaL+eR'+0|L3|+O(€2) (60)
Q = Q—(R—%Jre)L+aTL2—6aL+0|L3|+0(€2) (61)

Short Positive Segment. If u, > 0 and | < 10¢|ln¢€|, then

P = Q-—2Qv*+eR+ O(%) +o(v°) (62)
P = Q' —2Qv* —€eR +O(?) + o(v?) (63)
R = R+1-2+al—2ea+ RTZQ — €Rl + 2ev* + o(ev?) + O(€%) + o(v?) (64)
P = Q-2+ <R+ é - e) l+ %ZQ —eal — eR' + O(€%) + o(v?) (65)
Q = Q+<R+é—6)l+a712—eal+0(62)+0(1/2) (66)
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Short Negative Segment. If u, <0 and [ < 10¢|lne¢|, then

P = Q—2Qv* —eR+O(%) + o(t?) (67)
P = @ —2Qv° +€eR + O(*) + o(v?) (68)
R' = R-1+42—al+2a+ RTZQ — €Rl — 2ev* + o(ev?) + O(€%) + o(v?) (69)
P = Q-2 - (R — % + e) [+ %52 —eal + eR' + O(€%) + o(v?) (70)
Q = Q- (R— %—i—e) l—i—%lz —eal + O(€%) + o(v?) (71)

We make the following remarks about the above expansions:

1. If 1 > 10e[Ine|, then e ¢ < O(€2);
2. For all 8, if £(u) is small enough, then 12 = e~c < § (see (42));
3. e M=1v2+0(?).

4. The expressions (53), (58), (63), and (68) come directly from (51) and are consistent
with the formulas for R', P', and @)’ (such as (54), (55), (56) and so forth).

5. Not all the terms are relevant in the actual analysis. In fact, we just need to keep the

terms of order up to L?,1?, and 2.

As a first application of the use of the explicit solution formula, we prove the existence
and uniqueness of the initial-final value problem (45) and also the functions P(z,[)’s defined

in (3).

3.3 Proposition. There exist l,,, B > 0 such that for all 0 < 1 < I, and Q, Q" satisfying
Q — Q| < al and |Q + 1| < B the following boundary value problem

EUgpee — Uge +u =0 for z € (0,1) (72)
uz(0) = 0; uz(l) = 0;
€2U$$$(l) = Q7 ezumzm(o) = QI

has a unique solution u. In addition, uy(x) > 0 for x € (0,1).
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Proof. The existence and uniqueness follows from the explicit solution formula similar to

(49). In the present case, the expressions become

( 4 - Qe_Al _ Q/
- 62A(A2 _ )\2)(6Al _ e—Al)
B — QeAl . QI
-2 2 _ \2)(pAl _ o,—Al
< ¢ A(A_Qe):/\)l(j_ QI ¢ ) (73)
¢ = EN(A2 — \2) (M — e )
D - _Qe)\l + Q/
L - eQA(A2 _ /\2)(6,\1 _ e—,\l)

(Uniqueness can also be proved from an energy type estimate.)

To prove the positivity of u,, using the integrated version (43) of (72), we have

Ug(T) = EUges(T) — /Ow u(y) dy — €Uz (0).

Suppose u; < 0 somewhere in (0, 1), then u, attains a non-positive local minimum at a point

Z € (0,1). Then u...(Z) > 0. Hence,

uz(Z) > —

/ u(y) dy‘ — | €tgea(0) + 1] + 1
0

If it can be shown that foj u(y)dy is small enough, then by the assumptions of this Proposi-
tion, we would have u,(Z) > 0 which leads to a contradiction. To achieve this, we use (43)

to get:

/O u(y) dy‘ = | Pt (0) — Prigm (1) < . (74)

Multiplying (72) by u and then integrating by parts give
l
/ Eul, +ul + v’ dx
0
= —Upgz () u(l) + €Uz (0)u(0)
< |€2waw(0) — €Uz (1) [|u(l)] + |€2“zm(0)||“(l) — u(0)]
l ! !
[ )~ utya + o [u)as] + |uees) | [ w0y
0 0 0

I 3 I I 3
(/ uZ dy) and / udy‘ < 12 (/ u? dy) , the above leads to
0 0 0

l
/ ul, +ul+utde <4
0

< «

l
/ uydy‘ <l
0

+«

o=

By
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in which 6 can be made as small as possible if [,, a, 5 are chosen small enough. A simple

application of Cauchy-Schwarz inequality gives for all z,

T [
[ o) dy\ < [ utw)lay < 35
0 0

which finishes the proof. O

Notation. Before leaving this section, we introduce some notations to be used in all of the
following analysis and Figures. The function u always refers to a function from Z which
solves (10) in the sense of Definition 2.2. The triples (R;, £P;, £Q;) and (R}, £P!, +Q})
denote the values of (u, €Uy, €Uyzyy) at c:“ and c;_ ;. The + are chosen according to the sign

of ug in (¢4, ¢;i41). With this notation, we then have

Ri=Riy1, P/ =Py, and Q; + Qi1 = 2.

2

4 Proof of Theorem 1.1

In this section, we will prove the stability of periodic structures with long periods.

By approximation, we can assume that ¢ is C*°. In this case, we have the expression
(18) for the second variable of £ with respect to ¢. In addition, the zeros {c;(t)}X" of

ug(z) + t(x) are C' functions satisfying (17).

Let E(l) be the quantity defined in Proposition 4.1. Then for small enough ¢,

=

E(u+tp) > - E(l;(t)) where I;(t) = cip1(t) — ¢(2).

i

Il
<)

The above together with £(u) =Y. E(1;(0)) lead to

%S(u + tp) » = %E(lz(t)) . and %5(11 + tp) . > Z: %E(lz(t)) .
Since
L B0.()) = B L)) and T B(.0)) = BL0)E0)° + B0
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we have

2

EEe )| 2 L EWEOY + B

t=0

= E"(l)Z(li(O)) +E'(1) > _(I:(0)) (since 1;(0) =1)

= E"(l) Z(z;-(())f (since 32, 1; = 1)

> Mi Z )2 (by (77) in Proposition 4.1)
where the constant M can be chosen to be close to 1 (independent of € and {). The desired
result follows by using the fact that [;(0) = ¢;11(0) — ¢;(0) and also (17).

4.1 Proposition. Let P(z,l) be defined as in (3) and
E(l) = / EP2 4+ (P —1)2+ P’da

Then
1

1. /2 evl, + (v; — 1)* + v*dx > E(I) where v, > 0 for x € (=4, L) and vy(£3) = 0.

N~

2. There exist constants C, < 10, I, and e, > 0 such that for any 0 < € < e, if

Crellne| <1 < l,, then for some constant C,

3

‘E(l) <2e+ 12) < o (z2+§) (75)
E'(l) - g < cor (12 + ;) (76)
‘E”(Z) - % < e+ %) (77)

(This Proposition is basically the same as [Miil, Thm 4.2(i), 5.1]. The proof here is much

simplified due to the use of explicit solution formulas.)

Proof of 1. (This statement is similar to Claim (i), page 16.) Let ¢ = v — P. Then
%
/ EvZ 4+ (vp — 1)2 +v?dr — E(I)

L L

> 9 2 9 9 2 2
=2 | € Puue+ (Pr— 1)+ Podr + | €y, + 0f + ¢ do

N~

N~
N~

29



The first integral of the right hand side of the above equals

L

2 (€ Pospz — € Prggp — ) ‘i + 2/2 (€2 Ppygz — Pow + P)pdx

3
which vanishes by the property (3) of P and the fact that cpm(i%) =0.

Proof of 2. We first simplify the expressions for E(l), E'(l) and E"(I).

L L
E(l) = / 62P§m+(Pm—1)2+P2d$:/ P, + P} + P> — 2P, + 1dax

L L
2 2

L

I 2
= &P,P[?, +/ (—€* P + Po) Py + P* dz — 4P(é,l) +1
-3 _L
) i l l
= —€ Pa:a:a:P|2l _4P(_al)+l :l—ZP(—,l)
L 92 2
Similarly,
; z l
_1
L l
= 2P Py’ + eQPﬁz(%, D+1+P3.0)
2
l l
— 1_ep2 (- P2(-
€ xac(27l) + (2’5)

where we have used the fact that P,(£%,1) = 0 and hence Py(£L,1) = FLP,,(+L,1). Finally

B0 = —2epu (b ndp, Ly +opl z)ﬁp(%,

27 dl” 2" dl )

Next we express P(z,[) by the explicit solution formula (47) which now takes the following

form:
P(z,l) = A(e* — e ™) + C (e — ).

From the boundary conditions for P: P,(%,1) = 0 and € Py, (4,1) = —1, we have:

1 1 1 1
4= S EA(A2 - N2 (eA% = e‘A%) and €= EAN(A2 - \2) (e’\é + e"\%> '
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Then the following formula hold:

p l I 1 —1 e — )3 1 [ ers — e—A%
20 = EN=X) [ A\ M e ) Alehd et
d 1 1 2 2
—P(-,l) = —
dl (2’ ) e2(A2 =A%) (eAé + e_’\%)Q (eA% + e—A§)2]

I 1 [ [ s et — ey
wa(_al) = 2(A2 _ )2 A AL 2L —A AL AL
2 € (A A ) er2 +e 2 etz +e 2

<Cz3(12+5), dP(£ l)—l‘éc(l“rf),

- l dl” 2’ 2 l
l € d l € €
v <crz(i2L€ oy fl < 2, €
€P$$(2,l)+1‘ < Cl (l + l)’ e—lem(Q,l) 2‘ < (Ce (l + l)

The above expressions immediately lead to the desired results. O

5 Proof of Theorem 1.2

The essence of the proof is to analyze the patterns consisting of both long and short segments
and show that they have negative second variations. This is achieved by careful consideration
of the interactions and matchings between long and short segments. We rely heavily on the

formulas derived in Section 3.

To prepare for the proof, we first show that there must be at least one segment of length
longer than 5L where L = 10¢/ln¢| is the length of a long segment (see Definition 3.1).

For if otherwise, by Lemma 2.10, we would have

E(u) > (No. of segments) x (Lower bound for the energy in each segment)
13 _ 3
5L4  200|Ilne|

contradicting the smallness assumption on the energy (5).
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Now let (c;, ci11) be any one of the segments with length > 5L. Assume for the moment
this segment is not at the boundary. Consider the two adjacent segments (¢; 1,¢;) and

(€it1,Cit2). The following three cases can happen:

1. If both of them are short, we call the collection of segments {(c;j, ¢j+1) : 7 =4 —1,4,i+ 1}
SLS.

2. If only one of them is short, we call the same collection of segments SLL or LLS.

3. If both of them are long, without loss of generality, we consider the segments to the right
of (¢it1,Civ2). We keep searching to the right until we find a short segment (cg, cxy1)-
By Proposition 5.3 (proved later), the segments {(c;j,cj+1) :j =1,...k — 2} have
roughly the same length. Now if ¢, — ¢ > %(Ck—l — Cp—2) > 2L, then we consider
the collection of segments {(c;j, cj+1) : j =k — 2,k — 1,k} and call it LLS. If otherwise,
we then consider the collection {(cj,cj+1): 7 =k —3,k—2,k — 1} and still regard it
as LLS. (Note that in this case, the segment (cx_1,cx) is not yet known to be short

according to Definition 3.1.)

If the initial long segment (¢;, ¢;41) is at the boundary, we can reflect the function u cross
the boundary point (which is admissible due to the boundary conditions). Now the segment
will have at least one long segments as a neighbor. Hence only the cases 2 or 3 above will

arise.

In view of the above discussion, if v has both long and short segments, then it must contain
a pattern of SLL, LLS or SLS. Hence Theorem 1.2 will be proved once we establish the

following claims:

Claim 1. If v has a chain of adjacent long segments, then a sub-chain of them must have

roughly the same length.
Claim II. If u contains any of the patterns LLS, SLL or SLS, then it is unstable.

Claim III. If u is a (nearly periodic) pattern with low enough energy with only long seg-

ments, then it is actually periodic.
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We now proceed to prove the above claims. Their precise statements will be given along

the proof.

5.1 Proof of Claim I
5.2 Lemma. If both (¢;_1,¢;) and (c;,civ1) are long segments, then

Q. =1+0() and Q;=1+0(e) (78)
Proof. Consider the point ¢;. By (53) and (57), we have

P =Q, ,—€R._, + O(€®) and P;=Q; — eR; + O(é?).

3

Since P/_, = P; and R._, = R;, it follows that Q!_, — Q; = O(€®). This, together with the
continuity condition (14) — @Q}_, + Q; = 2 — gives the desired statement. O

5.3 Proposition. If{(c;,ci11), 1 =m,m+1,... ,n} are all long segments, then there exists

an L. > 0 such that

- (5-)

and Li=ci;1—c; = Lc+o(L?)+o(e) fori=m+1,...n—1. (80)

= o(e) for i=m+1,...n; (79)

Proof. First, by the previous Lemma, we have Q; = 1+ O(¢?) fori =m +1,... ,n. Then
(56) and (61) lead to

L; .
Ri::tgilie—i-o(L?)—i-o(e), i=m+1,...,n. (81)

Hence we must have |R;| > O(e) for the same range of the i’s.

Next, by setting = ¢;;1 into (44), we obtain
Uz (Cip1) — €uz, (i) = u?(cipr) —u’(e) or Ph, — P’ =R}, — R}.
Upon summing over the #’s, it holds that

2 2 _ p2 2
P!~ P?=PR:- R
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By restricting m + 1 < i, 7 < n, we can again invoke Lemma 5.2 which together with (52),
(53), (57) and (58) gives

(1+eR;)* — (1£€R;)” = R} — R} + O(¢).
If R;R; > 0, then

(1+€R;)>—(1+e€R;)> = R — R +0(¢)
2¢(Rj — Ri) = (R;j— Ri)(R; +R;) +O()
O(€?)

Rj - RZ = m = 0(6) (Since |RZ|, |Rj| > 6.)

Similarly, if R;R; < 0, then

O(€?)

Rj+Ri=—""" —
]+ Ri—Rj+2€

= o(e).

To conclude (79), we can just take L. to be any of the 2(|R;| +¢€)’s. Statement (80) would
also follow from (81) which now says L; = L. + o(L?) + o(e). O

The following Corollary is interesting in its own right even though it is not used in the
later parts of our proof. It demonstrates that just the consideration of the first variation can

already lead to some strong conclusion.

5.4 Corollary (Nearly Periodic Structures). If u € Z has only long segments, then it
is nearly periodic in the sense that there exists R, and L. such that (79) and (80) hold for
ali=0,1,...N —1.

Proof. We can extend the conclusion to the boundary segments because it automatically
holds that €2y, = +1 + O(€?) at the boundary points. This is what is actually needed in
the proof. O

5.5 Proof of Claim II

Without loss of generality, it suffices to consider the following categories of patterns for wu,:

LLS (Long-Long-Short): (Figure 5.) The lengths of the segments satisfy:
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|EA| = Ly > 10¢|lne|; |AB| =L > 10e[lne|; |BC|=1<1|AB].

Y (RVP.Q)

E L L B/| C
- /
(R,.P»Q,) (R,,P,, Q)

Figure 5.

SLS (Short-Long-Short): (Figure 6.) The lengths of the segments satisfy:

|[EA| =m; |AB|=L >10e[lne|; |BC|=1; |EA|, |BC| < 2B

u,

(R

R.Q) R
/

E mA L B/I/C
(R.R,Q) (%/,QB)

Figure 6.

0

We will produce test function ¢’s such that 8?£(u, ¢) < 0 for the above patterns. They

are constructed by moving the interfaces and are given precisely in the next section.

5.5.1 Construction of Test Functions

Consider the following second order (Allen-Cahn) equation:

w'(U, .
€ Upay = (2 ) or equivalently, €Uyzy = Uy — 1

such that U,(£l) =0 and U, > 0 for |z| < L.
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The solution, considered as a function of x and [, is given by:

ec +e ¢
Ce —"—6 €

Let 12 = e+ note that 2/ is the length of the segment. Associated with the above

function are the following quantities:

U, (~ Up(1,1) =0
Usa(—1) = % (1 - 52) Us(1,1) = —% (;Zi)
Uni(— zl)=%(1_”) lea,z):%(i;ﬁ)
et ==, emlt) ==
Unat(—1,1) = 5 (;52)2 Uen:) = (%)2

which will be used to compute the second variations.

Making use of the above U(x,1), we introduce two types of test functions which mimic

the movements of the interfaces:

Type One — F,(z,l) — Movement of One Interface (Figure 7.)

U

| X =l | X
Figure 7.
o Ug(z — g,l—i— g) — Uy(z,1) Upe(z,1)  Ugl(z,1)
Folw, 1) = lim 5 =TT T
Then F satisfies the following estimates:
1 1—12
F.(=11) = F, (1,1
CLy=0 R)=1(155)
l
1
/ EF2 + F2dz = —(1—4v%+o(v?)) (82)
-1 €
Fl,)) = F(=l,1) = 1—4>+0o(1?) (83)



Type Two — G,(z,l) — Translation of Two Adjacent Interfaces (Figure 8.)

o o

o o
Figure 8.
T + ) - Uzl\4,
Gl ) = lim 2@ ELD 2Tl )
6—0 )
Similarly, G satisfies:
1(1—-02 1/1-02
Gol=l0) = £7 <1+1/2>’ Gall, D) =7 <1+u2)
!
/ G2, +G2dr = 2(1 — 202 + o(V?)) (84)
1 €
GlL,)-G(-l,l) = 0 (85)

A bit of motivation for the following analysis is in place. From (82) and (84), the negativity
of the second variations comes from —v2. So our goal is to characterize v? as accurately as
possible. It turns out that if a short segment is adjacent to a long segment, then its length
cannot be arbitrary. This is due to some intricate interactions between the long and short
segments. We will use the results of Proposition 3.2 to provide some lower bounds for the
values of v2. It is unfortunate that the present approach requires the consideration of a large

number of cases.

We now proceed to analyze the patterns LLS and SLS.

5.5.2 Instability of LLS

We refer to Figure 5. Consider the point A. By (52) and (78), we have
Py=1+€eRy+0(e®) and Qu= 1+ O(€). (86)
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Using (55) and (56) for the propagation map (Ry, Py, Qo) — 1 (Rp, Py, Qp), at B, we have
L

Py = 1+ (Ry+ 5~ €)L — eR, + O(L*) + O(€) (87)
L

Qy, = 1+ (Ry+ 5~ €)L + O(L?) + O(é). (88)

Next consider the triples (Rj, P, Qy) and (Ry, Pi, Q1) associated with the point B. Let
V2 = e~¢. By (53) and (67), the following hold:

P, = Qy—eR +0(&) (89)
P, = Q1 —2Q1v* —eR; + O(ev®) + O(é%) (90)

which together with P = P; and Qf + Q1 = 2 lead to
Qy, = 1—-v"+0?) +0() (91)
Q1 = 1+v2+0(?) +O(). (92)
By substituting (92) into (90) and comparing (91) and (88), we have

P, = 1—1v?—€Ri +0(1?) +0() (93)
= = (Bt - ) L+0UY) +00) + O() (94)

We now consider the following cases.

Case of LLS;: assume Ry < —2L. By (94), this assumption leads to

2

2 1 L
L (e L?) > —. 95
2z (5-g) ol 2 2 (99
Now vary the pattern by moving the interfaces at A and B as shown in Figure 9.

u(x)

Figure 9.
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This corresponds to the test function:

R (o - 54, 455) ve (B
U, =1 Gy(z— MTB, %A) xz € (A, B) (96)

- (%) B (-0 + 29,%5) ae(B,0)
(See the remark at the end of this case.) Now the quantity D(u, ¥) equals:

C 2 2
/ (202 + V%) dy — 2 va(4) 2 v.(B)

= (E€F2 + F)dx+ | (€G%, +G?)dx + (EFZ, + F2)dx
E A B
21 1 21 1
CPO 6P1
1 2 [(14+2\°1 )
= ~4° “(1-4
e+e <1—y2> e( V)
2 1 2 1

€l+€eRy+0(2) €l—12—€Ri+0(12) +0(e)
—20% 4+ 2¢Ry — 2eR; + o(v?) + O(€?)

= . (97)

where in the above computation, we have used (86) and (93). By the lower bound (95) for
v? and the fact that |R; — Ry| = L + o(L), we have

L2
D(u,¥) < — (98)
Now ¥(z) ~ 1 for z € (A,B) and =~ 0 for z € (E, A) U (B,C). So f]g U2dz = L + o(L).
Hence we have

C L2
€ (u, ) :D(u,\Il)+/ Wdr = +L+o(L) <!
E €

proving that the pattern LLS; is unstable.
Remark about the test function U (96).

1. The extra multiplicative factor for F} in the segment of (B, C) is to make ¥, continuous
with a common value of % at A and B. In this way, the continuity of ¥ holds up to
error terms consisting of e ¢ which are transcendentally small compared with 2 and

hence can be ignored.
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2. By (83), U(B) —¥(C) =1—0O(v?) # 1, so an extra piece of perturbation needs to be
added to ¥, in order to make W(E) = 0 and ¥(C) = 0. This can be done by choosing
an appropriate function g,(x) satisfying:

ov? O(?
e < 220, nale < C%2 and spi(a) (4, B).

Note that ||[¥,||, is transcendentally small near the center region of the long segment

(A, B), the error introduced by g, can be bounded by:

ey 2 o V! v L9
: €0+ 9, dr < € xﬁxL—i—ﬁxL:Zo(y )-
Compared with the expression (97) for D(u, ¥), the above is within the range of ac-

ceptable error for our analysis. Hence we can in effect ignore g,.
We will not repeat the above remarks for the remaining analysis. 0

Case of LLS,: assume Ry > —2L and Q5 = 1+0O(€?). (The reason for introducing this and
the following cases is that we might not have (95) — this can actually happen (see Section
A). Thus we cannot directly deduce the same negativity for D(u, ¥) as in (98). To tackle
this, we further consider the pattern to the right of LLS.)

First, just the assumption on R, and the fact that [ < % imply:

(Rl—%—i-e)l: <RO+L+0(L)—é+6>lZ <§—§+0(L)>ZZ% (99)

Consider the point C. In view of (71) and (92), it holds that:

l
Q =1+1*— (Rl ~ 5 + €> I+ 0(v?) + O(€?). (100)
Since Q] = 2 — @, which equals 1 + O(€?) by the assumption of this case, the above leads

to the following lower bound:

T (R1 - é + e) I+ 0(?) + O(e?) > IL—; (101)

Now using the same test function (96) and reasoning as in LLS;, we have:

—2v% 42 -2 2 2 Ll
Pl ) — v* 4+ 2eRy — 2eR; + o(v°) + O(€?) §_7_ (note: 1> ¢
€ €
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Thus it holds that
5 Ll
0°E(u, ¥) < —7—+L+0(L) <0
€

so that this case is also unstable.

Case of LLSS: assume Ry > —2F and there is a short segment (C, D) to the right of (B, C).

The configurations of v and u, are shown in Figure 10.

A L

(Rl’ Pl ’ Q J) (RZ’ I:)2 ’ Q 9

Figure 10.

Let |CD| =k and p? = e~ . Consider the point C again. Using the (70) and (92) associated

with the propagation map from B to C, we have
P = Q;—2Q./* - <R1 - % + e) [+ €Ry + o(v?) + O(€?)
= 1-1v*— <R1 — é + e) I+ eRy + o(v?) + O(?) (102)
In addition, applying the map from C to D and by (62), we have:

Py = Qy — 2Qou* + €Ry + o(11?) (103)

Comparing (102) and (103) and using (100) and @} + Q2 = 2 give:

Q = 1—12+ (Rl - é - e) I+ o(¥?) + O(é%). (104)
u? = <R1 — % + 6) I+ o(v?) + o(p?) + O(€?) (105)

which lead to
Py=P =1-1*— 1+ eRy + o(v?) + o(p?) + O(€?). (106)
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Now vary the pattern by moving the interfaces at B and C' as shown in Figure 10. The

test function ¥ used is thus:
F(x—A“L—BB;) z € (A, B)
U, =9 (E5) G (o - B2,%8)  ze(B,O) (107)

— 2 2
(1

)F (co+ 42, 2:6) 2 (C,D)

2

In this case,

|
1 [1+2\%2 1442\ 1 21 21
= = (1 - 202 Y ) I ——
e+<1—1/2> e( V)+(1—u2 e( w) eP, eh

1 2 (1+o0(u?) 2 1 2 1
= 4+ 1+ V= _Zz
6+6( + 20+ € el—v2—€eR; €l—1v2—p?2+eRy
—2u% — 2eRy + 2eRy + o(p?) + o(v?)
€
—%/ﬁ — 2eR; + 2€eRy + o(V?)

€

In view of (99), (105) and the fact that |Ry — Ry| = [ + o(l), we have

Ll + o(v?)

L
p? > _l +o0(v*) and hence D(u,¥) < — 11
€

108
2 1o (108)

Consider two situations. If o(v?) < %l, then D(u, V) < —QL—Slé. For W, it is approximately equal
to 0 in the segments (4, B)U(C, D) and 1 in the segment (B, C). So ff U2 dz = O(L+1+k).

Again we have

825(u,\lf):D(u,\I/)+/ \IIde——%+O(L+l+k)<O‘
A

If o(v*) > Lt then (101) holds and the same reasoning and test function (96) as in LLS;

can be used to conclude that this case is also unstable.

Case of LLSL: assume Ry > —2& and there is a long segment (C, D) to the right of (B, C).

The configurations of v and u, are illustrated in Figure 11.
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Variation'

) P11Q1) (RZ;PZan)

Figure 11.

In this case, at the point C, by (52), we have Py = Q3 + €Ry + O(€?). In view of (102), (104)
and (99), the following hold:

o(v?) + O(e*) = <R1 — é + e) I+ 0(e) > 1L—3l +O(e?)

so that v? > o(v?) > L. Using the same test function as in LLS; also concludes that this

pattern has a negative second variation.
Thus all the examples of the category LLS are unstable.
5.5.3 Instability of SLS

We refer to Figure 6. Let p? = e~ and 12 = e~¢. First, the relations (67), (70) and (71)
lead to P| = Q) —e€Ry+ O(€?) and P, = Qo —2Qo1* — €Ry + 0(v?) + O(€?). Their comparison

gives
P, = 1—1v*—€Ry+0(V?) +O(?) (109)
Ry = 1+ 12 +01?) +0() (110)
Similarly
P = 1—p”+€R +o(p?) + O(e?) (111)

Using the map (Ry, P, Q2) — (RS, Py, @), we have:

Py = 1-12— (RQ - % + e) I+ €Rs + o(v?) + O(€) (112)

QIQ = QQ - (RQ — é + E) l+ 0(62) (113)
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Without loss of generality, we can assume Ry > % In addition, by the hypothesis of this

case — [ < %, we have the following estimate:

l Ll
- — > —

Now we divide this category into the following two cases each of which will be shown to have

negative second variations.

Case of SLSS: assume that there is a short segment (C, D) to the right of (B, C). Figure

12 shows the configuration of u,.

R.P1Q)  (R:P:.Q)

Figure 12.

Let k = |CD| < 10¢|lne| and 62 = e~ <. Consider the point C. Using (62), we have:
Pg = Qg — 2Q352 + €R3 + 0(652).
Since P) = P; and Q3 + @) = 2, (112) gives:

5 = <R2 - é + e) I+ o(¥?) + o(6%) + O(€?) (115)

Py = 1—1* =8 +eR3+0(v?) +0(6%) + O(€%) (116)

Consider the following test function ¥ which mimics the movement of interfaces at B and

C:

—Fy (z - 457,757 z € (4,B)
Uo=1{ (E5)G. (o - B2, %SE)  ze(B,C) (117)

2
(22) o (~o+ 942, 25¢) 2 e (C,D)
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Then D(u, ¥) equals:

D 2 2
/ (€02 + U2)dx — 2 V2 (B) -2 ¥, (C)

A |Uze(B)| Uz (C)]
_ 1 (14~ 22(1_2"2)+ 1+62\?(1-462) 21 21
€ 1—12 € 1—462 € eP, €P;
1 2+40% 14 0(6%)
= —+ +
€ € €
2 1 2 1

T el—12—€eRy+0(12) +0(e2) €l —12— 6%+ eRy + +o(v?) + 0(62) + O(e?)

—26% — 2¢(Ry — R3) + o(v?) + 0(6?)

€

Hence, by (114), (115) and the fact that |Re — R3| =1 + o(l), we have

Ll + o(v?)

Du,¥) < —
(u’ )— 76

Again, we consider two cases. If o(v?) < £ then

Ll
0% (u, ®) = Tt I+ o(l) < 0.

If o(v?) > %l, then we move the interfaces at A and B as shown in Figure 13:

Variation

Figure 13.

The corresponding test function is:

(H“z) F, (z — B4 4E) z € (E,A)

1—p2 T2 2
Up= 3 G, (o — 452, 254) v € (4,B)
— (45) Fr (~a+ 242,52) € (B,0)
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Similarly we have:

D(u,\Il) — /C( 2\112 +\Il2)d \I] (A) 2 \II%(B)

E ‘uww(A ‘“m(B)‘
_ 1+ 2\’ 1—4u 1+u —-42 21 21
- 1— p? eP ebP
=27+ 26R1 — 26R2 + ( ) +o(v )
B €
The assumption on o(r?) now gives:
Ll

0% (u, ®) = - +L+o(L)<0!

Case of SLSL: assume that there is a long segment (C, D) to the right of (B,C). In this
case, we have Py = Q3+ €R3. Combining the fact Q) + Q3 = 2 together with (112) and (113)
gives

o(v?) + O(¢%) = (R2 — é + 6) > ﬂ (by (114))

Hence 12 > o(v?) > (Ry— L +¢)1 > L. and we can then use the same ¥ as in (118) to
deduce that the second variation is negative.

Hence, we have also shown that all the cases of SLS are unstable. Claim II is thus

proved.

5.6 Proof of Claim III

In this section, we assume that « is a solution of (10) with only long segments. We will prove
that [; = [;;; for all 7 and hence u is periodic by Proposition 3.3. The approach taken here
resembles the use of implicit function theorem. We will exploit again the solution formula
given by the propagation map defined in Section 3. We use the same notation as in that

section.

Consider the boundary value problem as stated in Proposition 3.3. Given ), @)’, using
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(47) and (73), we can express the solution as follows:

R (=u(0) = 5 (Agl_ = {Q(eAM( :Af_A;)_ A—l)w' _Q(e;l(;lej;)_ ;)262’}
R=u0) = am | e ey )
P (= ca(0) = G(AQ{AZ){A[Q@(ZA A K R G Ta 2@’]}
P (=) = 5 A21_A2){_APQ(;A?’_(e:_l;)e‘“)} +A[2Q(—e§2'_(e;;)e—”)]}

Similar expressions hold if u, < 0 for z € (0,1) (by changing @ and @’ to —Q and —@).

The above results are now applied to the solution u. Let R = u(cf), PF = eug(cf), QFf =

e2uwm(c§t) and l; = ¢; — ¢;_;. Since R = R; and P;' = P, we have, fori =1,2,...N — 1:

_ 205 - QM+ e™) 208, - Q@ (e +e ™)

A(eAli _ e—Ali) )\(6)‘li _ G_Mi)
B Q;‘(eAlH—l + e*AlH—l) _ 2@;1 _ Q;"(e/\lu-l 4 e*/\l¢+1) _ 2Qz’_+1 (119)
- A(eAl¢+1 — e_Ali+1) )\(eAli+1 — e—)\li+1)
4 AR Qi r )] A[2Q7, — Qi (¢ + e
and  — (el — =) + (i — e—Ni)
| ALQEEM M) < 2Q5,] A QE e 200
- (eAli+1 _ Q*Ali+1) (e)\lH—l _ 6*)‘li+1)

For convenience, we introduce the following notations:

B e*Al 1+672Al A
o) = (1—e ), n() = 1 _ o—2Al’ E(l) = 1 o—2Al and o = A= €+ O(e?).

As QF + Q; = 2, we can write QF = 1+ §; for some number 6;. Then (119) and (120)
become: (i =1,2,...N —1)

20(l,’+1)€_)\li51‘_1 + 29(106_)\[“1 6i+1 + [9(lz+1)(1 + 6_2)‘%) + H(ZZ)(l + 6_2)‘li+1)} 51

—200(1:)0(li1) (n(li)di—1 +n(liy1)0ir1 + (E(li) +2E(li+1)> 51}
= O(lix1) (1 — %)% = 0(1;) (1 — e Mirt)?
—00(1:)0(liy1) [E(l:) — 2n(l:) — (E(liva) — 2n(liy1))]; (121)
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and

29([14_1)67)‘[151;1 + 20(11')67)‘%4'15“_1 + [H(ZH_l)(l + 672/\%) + G(ZZ)(I —+ 672/\li+1)} 51

o P0esn) [10)6, 4 1) + (Eaa +2E(zm>) 51}
= ) (1 — e N2 — (1) (1 — e Netr)?
1) 151 — 30— (Besr) — 200000 (122)

Let 1= (I1,1s,...1x)". We now introduce the following vectors a, b(l), e(l) € RV~! and ma-
trices A(1),D(1),0(1) € RV=U*(N=1): (In the following, (M); refers to the i-th component
of M and the subscript ¢ ranges from 1 to N —1.)

(@) = o
= —Al;)2 “Mp1)\2 1— e i 1 — e Mit+1
(b@)i = O(lir1)(L —e™™)" = 0(L) (1 — e+)" = ()0 (lir1) (1 +e M 14e Nt

1—e M 1 — e Min
1+ e M 14 e Min )

() = E() = 21(0) = (Bltn) = 20(0)) = (
(ADa), = 20(lip1)e Migi_1 +20(1)e M+t 4
+ [9(li+1)(1 + 6_2’\”) +0(L;)(1+ 6_2’\l"+1)] 0;
DWa), = nltbis-+ (s + (ZEEEE 1) 5

2
©() = the (N —1) x (N — 1) diagonal matrix with ©(1);; = 0(1;)0(l;1)

I = the (N —1) x (N — 1) identity matrix
(In the above definitions of A (1) and D(1), we set 69 = dy = 0.) The expressions (121) and
(122) can now be concisely written as

A(a—200)(I+D())a = b(l) - cO@)e(l)
and A(l)a— 2%@(1)(1 +DI))a = b(l) — ~61)e(l)

b(l) = @(I +D(1)) te(l) or equivalently (1) 'b(1) =
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Component-wise, the above is equal to, for i =1,2,... N — 1:

L—e M 1—eMin
1+e M 14 e Nin

- S Lo, (ST e
a 9( z+1 1 ik \ 14 e~ Al 1 + e Ak

Consider the function

l\DIr—t

1— —al 92 —al
fa(l) = H% and its derivative f.(l) = ﬁ.

A yN-1

Hence there are numbers {li, li} such that
i=1
2)e i S L 5 20 ¢ Al
—— (L= - )T+ D(1 i | ——————(lp — 1 .
e~k = i {Z : T L
(123)
E(l;) + E(l; 2e~ Ak 2e 241

Note that () > (liv1) 1= =7 + p—Tvave Since 10¢|lne| < I; < o(1), all the
entries of D(1) are bounded by O(€'®) which implies that the entries of (I + D(1))~! can be

bounded by some O(1) constants. Furthermore, we have

—Ai; —Aly,
P _on), AT 2 0(0) and L1 <60 < 20
(1 + e—)\li)Q (1 + e—Alk)Z 2

so that the entries of ©(1)7*A(1)(I+ D(1))~! can be bounded by O(max;(/;*)). Applying
these estimates to (123), we have Y, [l; — lix1]* < 0(1) Y, |li — li+1|* which leads to I; = l;14
for all . Hence e(l1) =0, a=0 and Qf = 1. By Proposition 3.3, u equals Q" (z) given
by (4). Claim III is thus proved.

6 Proof of Theorem 1.3

The Theorem follows easily by the formulas and approach we have been using. Let | =
Ke|lne| for some K, N = 1 be an integer and u = Q" (z). Then,
l
V¥ =ec=c and u(B) = 3t o(l) = O(e|lnel).

Now the graphs of v and u, are shown in the following figure.
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A
Figure 14.
Consider the variation of u, given by:
(

F(o— 45 254), e (4B
_ F,(—z+2< S8 z€(B,C)
R (0 -%2,25), se(C.D)
| —Fu (- + P55, 55P), v e (D, E)

With the above, we have

E 2 2
D(u,¥) = / (W2, +02) dz — 2 Ys(B) -2 ¥s(D)

4 ) " 4 1/1-12\?

= —(1=4+o()) — €|uge(B)] € (1 +u2>
4(1 = 42 + o(v?)) !

= ¢ (1 T 1-22 —eu(B) + 0() + O(VQ))
W+ 0(@)

where in the above, we have used (67) with Q = €*uz.,(B) = 1 to express eu,,(B). Hence

the overall second variation for the test function VU is given by

2 2 _ =7 K 21
T +O(€)—|—2l+o(l): Te —I—O(e\ne|)<0
€ €

0% (u, ¥) <

as long as 0 < K < 2 and € is small enough. Thus Theorem 1.3 is proved.

A Explicit Examples

In this section, we provide some simple explicit examples of unstable solutions of (10) to

illustrate that the various cases considered in the proof of Theorem 1.2 can actually occur.
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We will find 4L-periodic functions which solves the following unit cell problem:

ux(x)
ug, > 0 for z € (=1,1); /\\
ugy < 0 for xz € (=L, —1)J(, L); -L — | L

and u(z) = —u(—z) for x € (—L, L).

Figure 15.
By symmetry and (47), it suffices to consider u given by the form:
A(er — e™%) + B(e? — e7N) 1z € (=1,])
Cer? + De ™2 + Ee? 4+ Fe ™ 1€ (I, L)

Given L > 0, there are seven unknowns A, B...F and [. They are found by the following

boundary and jump conditions for u:

ug(I7) = 0; ug(I*) = 0;
u(l”) = u(l*);
Ugz(17) = Uga (I7);
€ (Ugar (I7) = Ugaa(17)) = 2;

uy(L) = 0; ugp(L) = 1.
The above correspond to the following system of equations:

AA(eM + e M) + AB(eM +e7M) =0 124

A(CeM — De=™) + \(EeMN — Fe ™) =0 125

A(eM —e ™) + B(eM — e7N) = CeM + De ™M + EeM + Fe ™ 126

—A3A(eM + e M) — XB(eM + e7M) + A3(CeM — De™™) + N3(EeM — Fe™) = %(128

€

129

(124)

(125)

(126)

A2A(eM — M) + X2B(eN — eN) = A2(CeM + De=M) + N2 (EeM + Fe ™) (127)
(128)

A(Cer — De M) + N(EeMN — Fe ) =0 (129)

(130)

A3(Cer — De= M) + N3(BEer — Fe ) = & 130

m

o1



Let v = 2. Using (124) — (128), we obtain:

s _é(e,\l_i_exl)B
A eAl + e*Al
oo A [N+ e N By e~ M
N A\ eMl 4 M €2A3(1 —~?)
b i M 4 M B el
A el + e M 62A3(1 _ 72)
e M
F = B————
A3y (1 —~?)
e
F = —-B+

A3y (1 —~?)
Substituting the above into (129) and (130) leads to the following two expressions for B:
AME-D) 4 o=AL-1) _ q (eAE-D 4 =AML= _ 1) (M 4 ¢=A)

B = d B=
N3y (1 — 12) (M + e—ML) an A3y (1 — 72) (Ml + e=AL) (N 4+ e=N)

and hence the following relationship between [ and L:

(eA(L_l) + e A=Y 1) (G’V + e_Al) (14 e 2M (1 _ AT 4 €—2A(L—l)) (131)
e 4 e=AL —\1 + e—2AL

We will use the above to determine the value(s) of /.

To simplify the following computations, we will assume that L = Ke|ln¢| for some suf-
ficiently large K. Note that (131) has the trivial solution [ = £ which corresponds to the
%—periodic solution. We look for two additional solutions. (By Claim IIT of the proof of

Theorem 1.2, these are the only three solutions.)

1. | = he|ln¢| for some b < £

In this case, e ?AL e ML= and e 2AML-0 are all transcendentally small and thus can

be ignored. Then we have:

(eA(L—l) 4 e ML) 1) (e)\l + 6—Al) eML=20) 4 o=A(L-21) _ (e,\l + e—,\l)

—2Al _ _
‘ B er 4 e —l= AL 1 AL
(AL —21))* = (\)? + O(L?)
- e 4 e AL )
The above has a solution for [ satisfying:
e—ZAl — O(LQ)

which belong to the case of LLS; — see (95). The graph of u is shown in Figure 16.
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2. y =L —1 = he|ln¢ for some h < %.

Let y = L — [. By ignoring all the transcendentally small terms again, we obtain:
e)‘(L_2y) + e_)‘(L_Qy) — (e)‘(L_y) + e_)‘(L_y))

eAL 4 e—AL
2A\?Ly + o(Ly)
e + e

—e™ M 4 g2

which has a solution for ¢ such that
e ™™ = O(Ly).

This belongs to the case of SLSS — see (114). The graph of u is shown in Figure 17.

u(x) e u(x)
| AN L L
L S X Lo R
Figure 16. Figure 17.

By using the above approach together with some perturbation argument, it seems possible
to construct other non-periodic unstable solutions. It is certainly interesting to characterize

the structure of all critical points.
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