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ABSTRACT. In this paper, we prove two results concerning the long time behav-
ior of two systems of reaction diffusion equations motivated by the S-I-R model
in epidemic modeling. The results generalize and simplify previous approaches.
In particular, we consider the presence of directed diffusions between the two
species. The new system contains an ill-posed region for arbitrary parameters.
Our result is established under the assumption of small initial data.

1. Introduction. The purpose of this paper is to study the long time behavior
of two reaction-diffusion systems motivated by the S-I-R model. To model the
transmission of an epidemic, in 1927, Kermack and McKendrick [7] first provided
a kinetic system in an unstructured population. In this model, the population is
assumed to be subdivided into three classes: the susceptible (S), infective (I), and
recovered (R) populations, the total population is constant and the sizes of the
susceptible and infective populations evolve according to the following system

Sy = —aSI for t > 0,
I; =aSI—~I fort >0,

where o and y are positive constants. Many extensions incorporating, for example,
age structure, time delays, spatial diffusion and variable infectivity have been con-
sidered (see, e.g., [1], [2], [4], [6]) during the past 80 years. In this paper, we focus
on the models dealing with spatial issues.

In 1981, Webb [12] proposed a spatially inhomogeneous model in a bounded
environment as follows

Sy = k1AS — aS1 forz e Q, t>0,
Iy = koAl +aSI—~1 forx e Q, t >0, (1)
g—f:%zo forz € 002, t > 0,
S(Z‘,O) :SO(J:)’ I($7O) :IO(J:) in Qa
where A = Zf\;l 68—; is the usual Laplace operator, €2 is a bounded smooth domain

in RY with unit outward normal vector v on its boundary 0€2, ki, ks are two
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positive constants representing the diffusion rates of the susceptible (S) and infected
(I) population densities respectively. The constant « represents the infection rate
of the susceptible while =y represents the recovery or death rate of the infected.
Moreover, the author analyzed the long time behavior of solutions to (1) with equal
diffusion coefficients in the one-dimensional case. We generalize Webb’s result to
higher dimensions without any restriction on the diffusion coefficients.

Theorem 1.1. If 1 < N < 3 and the initial values So(x) and Io(x) of (1) are both
nonnegative and not identically zero, then there exists M € (0,7v/a) such that,

i SC0) = M o= Jim_ | 16, o@="0. 2)
Moreover, || I(-1) |c@) decays to zero exponentially.

Our second theorem concerns a modification of the above system by incorporating
directed diffusion between the two species.

St = k1Sza +11(SS2)x +13(S1,), — ST for 1 €Q, t>0,

I =kolpy +1o(I1)y +14(ISy)s + ST —~I forax e, t >0, 3
95 =9l =0 forzcoQ, t>0, O
S(l’,O) :SO(x)v I(.’E,O) :IO(ZL') in Q,

where 1, I, I3, l4 are positive constants.

Theorem 1.2. Suppose that N = 1. There exists a constant ¢ > 0 such that if
initially
Soze [ [Sh@)? + B3a) + ()]s <
Q
then
Jim 1SCt) = Malley= |, tm [ 1) llo@= 0,
where My > 0 is a constant.

The key feature of the above system is the presence of diffusion fluxes depending
on the population densities. While the terms I4(SS;), and l2(I1,), enhance the
smoothing effect of regular diffusions, the terms l3(S1;), and l4(I.S;), on the other
hand facilitate the repulsion between the two species. The main function behind
these terms is that each type of species attempts to avoid high density of either its
own or the other population. Thus this has the effect to avoid overcrowding. See
[4, 5] for a discussion in the single species case. For systems with directed diffusion
and general initial data, they might contain an ill-posed region. Thus care is needed
in order to investigate long time behavior and even prove global in time existence
of solutions. In the following, we explain intuitively the derivation of (3) and the
ill-posedness phenomena.

1.1. Derivation of (3). Let {X;}; and {Y}}, be the position of individuals of the
susceptible and infected species and S and I be some functions representing their
population densities obtained by appropriate spatial averaging. Suppose that each
of X;’s and Yj’s perform independent Brownian diffusion with drift given by the
population densities:

dX; = o dWH(t) —mVS(X;,t)dt — o VI(X;,t)dt (4)
dY; = o1dW;(t) —nsVS(Y;,t)dt — nsVI(Y;, t)dt (5)

The above means that each individual can sense the spatial variation of population
densities and attempt to go downhill of the density functions. With the above, the
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key is to derive (continuum) equations for S and I as the number of particles goes
to infinity. This is obtained by testing with smooth functions. Let ¢ be any smooth
spatial function. By Ito’s formula [11], we have:

dp(Xi(t))
1
= Vp(X;) dX; + §A50(Xi) d(X;)
(where (-) refers to the quadratic variation of the process)
2
= Ve(X) - (1dW} (t) = mVS(Xi,t) dt = i VI(Xi 1) dt) + TLAp(X) dt.

Integrating in time, we have:
t
PX(D) = o Xi(0) + o1 [ VolXi) - dIVE()
0

_ /Ot Vo(Xi(s)) - (mVS(XZ-, s) + 2 VI(X,, s)) ds + /075 %%A@(Xi(s)) ds.

Upon summing over all the X;’s and dividing by its total number N gives:

fvgwﬁ(t)) = }Vzijﬂxxo»m}v; /O V(X0) - AL (s)
;];/0 V(Xi(s)) - (mvs(Xi,s) +772VI(X1'75)) ds

t 0_2
+21VZ/0 5 Dp(Xi(s)) ds.

1
By Law of Large Numbers, as N — oo, the empirical density N Z dx, () formally

converges to the deterministic spatial density function S. Hence the above gives,
for each smooth function ¢, the following identity for S:
t t
(80.0) = (5. ¢) = m [ (501,90 VS)ds —no [ (8(:), 9571 )as
0 0
o? [!
+ 2 <S(s), A<p> ds.
2 Jo
which is equivalent to the weak form of the first equation of (3). (In the above,
< , > refers to the inner product between functions.) The equation for I can be
obtained in a similar fashion. The above derivation can be made rigorous by using
the general theory of particle representations of PDEs (see for example [8]).

1.2. Ill-posedness of (3). Here we indicate the ill-posedness phenomena of the
system with general coefficients. Consider the linearization around a constant state
S and I keeping only the highest order derivative terms:

It = kQILEI + ZZI_Iaw + l4I_Sacz

which is written in the following matrix form:

i S . k1 +£1§ 135' - S (6)
at\ I ) ld ko + Io1 L. )
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It is easy to see that the above system is well-posed if and only if the coeffi-
cient matrix has only eigenvalues with positive real parts. This is similar to the
requirement that the diffusion coefficient for heat equation must be positive for well-
posedness. This can also be seen more concretely by taking the Fourier transform
of equation (6):

d S(fi) — ¢ k1408 135 5?(5775)

dt \ I(&,t) o kg + 121 I(&,t) )7
The imposed condition implies that the growth rates of S and I do not increase as
|¢] — oco. Now we compute the eigenvalues of the matrix:

ki +1S — A 135 B
det( N k2+l2f—)\>0

which gives:
A2 — (kl + llg + ko + lgj)/\ + (kl + llg)(k‘g + lgf) — l3l4;§j =0.
Setting a = ki + 1,5 and b = ky + Io] gives

1 —
Mo = (a tot/la-b)?+ 4131451> .

Hence we need

a+b > \/(a — b)2 + 4l3l4§f
ie.
or equivalently,
kiko + llkgg + kllgj > (l3l4 — lllz)gf (7)

From the above, we notice that formally, the system is in general ill-posed, in par-
ticular when I3 and [l are large. Nevertherless, it can still be well-posed (at the
linearized level) if S and I are small. This is the case on which we will concentrate
in this paper.

This ill-posedness phenomenon also appears in the avoidance and overcrowding
model considered in [9]. They study the following model:

St = kl(SNz)z-f—kQ(SIx)z —OéSI
I = ki(INy)y+aSI—~I
R: = ki (RN.),++1

where N = S + I + R denotes the total population and R denotes the recovered
population. Using the condition (7), we see that it is ill-posed at any constant state.

Let us state that the main contribution of the current paper is the simplicity
of our approaches, compared with the abstract functional analysis setting using
semi-group theory. (See [3] for a general survey about reaction diffusion equations
and their long time behaviors.) We mainly employ energy estimates combined with
maximum principle. The key element of our approach is the observation of the

fact that / I(x,t)dr — 0 as t —> co. Several uses of embedding theorems imply

convergence in higher order norms. This seems to be a novelty and might be useful
in other systems arised in mathematical biology. In addition, we also generalize
some earlier results. For example, the work [12] does not consider directed cross
diffusion and requires the diffusion coeflicients of the two species to be the same;
the results in [10] about long time behaviors require a priori the uniform bounds
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of the solutions. The disadvantage of our approach appears to be that our results
depend on spatial dimensions even though we believe this can be overcome by using
higher order regularity and embedding theorems. But in order to make the key
idea transparent, in this paper, we prove Theorem 1.1 and Theorem 1.2 for
dimensions 1 < N < 3 and N = 1 respectively.

2. System without directed difussion. In this section, we study the large time
behavior of the system (1). In the following, we use F'(t) to denote the spatial
average of a function F(x,t):

F(t) = |é|/QF(x,t)d:v.

2.1. Preliminaries. By the maximum principle, it is easy to see that
S(xz,t) >0, I(x,t) >0 for t> 0.

Hence w.l.o.g., throughout this section, we always assume that Sp(xz) > 0 and
Ip(z) > 0 on . For later convenience, denote

S* = max Sy(x) > 0, S, = min Sp(z) > 0,
Q Q

I" = max Iy(x) > 0, I, = min Iy(x) > 0.
Q 9

Since S; < k1AS for z € Q, t > 0 satisfying g—f =0 for z € 99, t > 0, it follows
immediately from the maximum principle that

S(xz,t) < S* fort > 0.

By integrating the first equation in the system (1) over the domain 2, we have
d— — _
%S(t) = —aSI(t) <0, with S(0) >0, (8)

This implies that S(t) decreases monotonically to a nonnegative constant M as
t — 4o0. Similarly, integrating the sum of the first two equations in the system (1)
over the domain €2 gives

%‘s TI(t) = —~I(t) <0, with ST 1(0) >0, 9)

which yields the monotone convergence of S+1(t) as t— +o0o. Therefore lim;_, oo I(t)
also exists. Moreover, by integrating (9) from 0 to ¢, we get

SEI() - STI(0) = — / T(r)dr.
0

Letting ¢ — +o0 in the above equation, the convergence of S + I(¢) and 1(t) guar-
antees that lim;, o I(t) = 0.
Let us first summarize the basic properties of the solutions S(x,t) and I(z,t)

obtained from the above preliminary analysis as follows.

Lemma 2.1. For N > 1 and Sp(z) > 0, Iy(z) > 0 on Q, we have
(a) S(z,t) < S* fort > 0.

(b) lim o0 S(t) = M > 0.

(¢) lim; o0 I(t) = 0.

Next we provide a simple lemma which will be used frequently.
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Lemma 2.2. If h(t) > 0 satisfies
R'(t) < =AR(t) + g(t), h(0) = ho >0, (10)
where the constant A > 0, g(t) > 0 and lim;—, 4o g(t) = 0, then lims—, oo h(t) = 0.

This lemma is rather standard. We include a proof here for the convenience of
the readers.

Proof. For any fixed € > 0, there exists 77 > 0 such that g(t) < e for t > T3.
Suppose that %h(t) > ¢ for any t > T7, then we have

R (t) < =Ah(t) + g(t) < —%h(t)7 for t > Ty,

which implies that lim;—, o h(¢t) = 0. This is a contradiction. Thus there exists
T2 > T1 such that
A
§h(t) <e at t="Tn. (11)
Notice that for t > Ty > Ty, h'(t) < —Ah(t) + €. Hence by direct computation and
(11), it is easy to obtain that for ¢t > Th
3e

h(t) < exp(N(T2 = )h(T2) + T < -

O

2.2. Proof of Theorem 1.1. First we state the main estimates for S(x,t) — M
and I(x,t) derived in this paper.

Proposition 1. For1 < N <4,
t—lg-noo FSCot) = M flweeo)= t—lég-noo 1G5 t) lw22(@)= 0.

Remark 1. It follows immediately from the Sobolev Embedding Theorem that for
1<N<Z3
| SCt) = M llgr < | SCH = M w22,
and
100 lerwn@<cll 1) [lwz2(q),
where 0 < 4 < 1/2 and the constant ¢ is independent of ¢. Therefore,
Jim 1S(.0) = M o= lim_ [ 16,8) llo) =0,
for 1 < N < 3. Estimate (2) in Theorem 1.1 is thus verified.

Since the proof of Proposition 1 is quite lengthy, we will demonstrate it later and
continue to prove Theorem 1.1 here.

Proof of Theorem 1.1. Suppose that M > ~/a, then because of the estimate (2),
there exists T' > 0 such that

aS(z,t)—y>0 for zeQ, t>T.

Thus from the second equation in the system (1), it is easy to see that

d_
ﬁl(t) >0 for t > T,
which implies that I(¢) > I(T) > 0 contradicting Lemma 2.1(c). Therefore, 0 <

M <~y/afor1 <N <3
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Let us first show that M < ~/a. Suppose that M = ~/a. Set w(z,t) =
S(x,t) — M and rewrite the system (1) as follows

wy = k1 Aw — awl — I for z€Q, t>0,
I; = ko AT + awl forz e, t>0, (12)
%:%:0 forx € 09, t > 0,

w(z,0) = wo(x) = So(x) — M, I(x,0) = Ip(xz) in Q.

Integrating the first two equations in the above system over the domain 2, we
have _ _
w'(t) = —awl(t) —yI(t) for ¢>0,
{ T(t) = awl(t) for ¢ > 0.
Then it follows from direct calculations that

BT) + T(T) —w(t) — T(t) = —~ /t T(r)dr,

where T' > t > 0. Letting T' — 400, because of Lemma 2.1(b), (c), we have

+oo 1 _
/t T(r)dr = ~(@(t) +T(t)
Hence
+oo
lim I(r)dr = 0. (13)

t——+oo t

Due to (13), we can apply L'Hépital’s rule to obtain
w(t) L —awl(t) —yI(1)

Jm o = lim = =7,
—+o0 ft I(T)dT t—+o0 _]<t)
where the second equation holds because of (2). This positive limit guarantees that
there exists T} > 0 such that w(t) > 0 for ¢t > 1.
Using the second equation in the system (12) again, we deduce that
d 1 1 [ |vIP
a0 an](x,t)dm—k‘gﬁ e

(Here recall the assumption that M = 1.) Hence

1 1
—/1n[(x,t)dm> —/lnI(x,Tl)dL for ¢t > 1.
€ Jo € Jo

Thanks to (2), we derive a contradiction by letting ¢ — 400 in the above inequality.
Therefore M < 7/« is proved.

Secondly, we will verify that || I(-,?) ||, decays to zero exponentially. Let
0 =(y—aM)/2. Since M < v/a, § > 0. Then due to (2), there exists T > 0 such
that

dx + ow(t) > 0, for t > Ty.

v—aS(z,t) >0, for t >T,
and the equation satisfied by I(x,t) in the system (1) yields that
I < ko AT — 01, for t>T.
Now compare I(x,t) with the () given by:
I'(t)=—-0l(t), U(T)= mﬁax[(x,T).

It follows from the maximum principle that

I(z,t) <I(t) = U(T)exp(—0(t —T)), for t >T. (14)
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Now it only remains to show that M > 0. Using the estimate (14), the equation
satisfied by S(z,t) in the system (1) becomes
Sy > k1AS — cexp(—0t)S, for t > T,

where ¢ = al(T) exp(6T). Similarly, compare S(x,t) with the function h(t) which
satisfies

h'(t) = —cexp(—6t)h(t), h(T) = mﬁin S(x,T)>0, t>T. (15)
By the maximum principle, we have
S(x,t) > h(t), for t>T.
While, at the same time, let us solve the initial value problem (15) for ¢t > T.
h(t) = h(T) exp (g exp(—6t)) exp (— gexp(—GT)).
Consequently,
M > h(T)exp (— gexp(—GT)) > 0.
Theorem 1.1 is thus proved. O

The rest of this section is dedicated to the proof of Proposition 1. To better
explain our idea, we divide our proof into several lemmas. The estimates of S(x,t)—
M and I(x,t) are improved gradually during the presentation of these lemmas.
For convenience, we always use ¢; and C;, ¢ > 1, to denote constants which are
independent of x and t.

Lemma 2.3. For N > 1, limy ;o || S(-,t) = M [|2(q)= 0.
Proof. Denote w(z,t) = S(x,t) — S(t). Then w(x,t) satisfies
Wy = kiAW — o]l — aSI +aSI, forz € Q, t >0,

with 9@ /0y = 0 for z € 9Q, ¢ > 0. (Note that S (t) = —aST.) Multiplying this
equation by w, integrating by parts and applying Cauchy-Schwarz inequality, we

have
1 _
Ld widr = —k1/ |vw|2dx—a/w21dx—a5/wldx
2dt Jo Q Q Q

IN

1 —
—klcl/dex—a/wzldx+a/1b2ldx+fa52/Idx
Q Q Q 4 Q

S —klcl/ﬁ}Zdw—FC’lT.
Q

Then it follows easily from Lemma 2.1(c) and Lemma 2.2 that
m () lL2@)= 0.
Combined with Lemma 2.1(b), the lemma is proved. O
The following lemma also holds for N > 1.
Lemma 2.4. For N > 1,

tiigloo Il I(,¢t) ||W1’2(Q): tiigloo I S(,t)— M ||W1,2(Q): 0.
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Proof. Recall that I(z,t) satisfies
I = ko AT + ST —~I, forx € Q, t >0,
with 0I/0v = 0 for x € 99, t > 0. Standard calculations give that
1d
—— | Pdx= fkg/ |VI|2dx+/(aS—7)Izd:c,

and
1d

77/ \VI|2de = —/@/ \AI|2dx—Ay/ |VI|2da:—a/ SIAIdz.
2dt Jg Q Q Q
Then, it follows from Lemma 2.1(a) that

li 2 2
2dt/ﬂ([ V) de

= —(k2+7)/ |VI|2dx+/(aS—7)I2dx—k2/ |AI\2d;v—a/SIAId3;
Q Q Q Q

IN

— (ks +7)/ \VI*dx + / (S — ) *dx — kg/ |AT|2dx
Q Q Q

2
+k2/ |AI\2d:r+a—/ S21%da
Q dka Jo

< fkg/ (I* +|VI]*)dz + CQ/ IPdz.
Q Q
Setting h(t) =|| I(-,t) [[w1.2(q), the above inequality can be rewritten as
C
B (t) < —koh(t) + —2/ Idz. (16)
h(t) Jo

Choose § = min{3, Niw} € (0,1). By Holder’s inequality, the Sobolev Embedding
Theorem and the fact that I > 0, we derive that

/ Pdz < (/ Idm)e(/ I0da)' " < oo (H)h20(1).
Q Q Q
This, together with (16), yields that
1d
0 dt
Hence lim 4 o0 || I(+,2) [lw1.2(0)= 0 follows again from Lemma 2.2.
Next we prove the long time behavior regarding S(x,t). Consider w(x,t) =
S(x,t) — M which satisfies
w; = k1Aw — awl —aMI, forxz € Q, t >0, (17)
with dw/dv = 0 for x € 99, t > 0. By direct computations again, we have
1d
24t Jq

RO(t) < —kah®(£) + c2CoT (1),

(w? + |Vw|[?)dz = —kl/ |Vw|2dx—a/w2ldm—aM/wIdx
Q Q Q

—kl/ |Aw|2dx+a/wIAwdx—i—aM/IAwda?.
Q Q )

Since Lemma 2.1(a) tells us that w(z,t) is bounded, we have
1d
2dt Jg

< —k / (w? + |Vw|?)dz + kl/ w?dr + c31(t) + Cg/ I’dz.
Q 0 Q

(w? + |Vw|?)dz
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Obviously, because of Lemma 2.3 and lim; o || I(-,1) [[w12(0)= 0, we are now
ready to apply Lemma 2.2 to derive that

lim || S(',t) - M ||W12(Q): 0.

t—+o0

Proof of Proposition 1. Using (17), it is routine to check that
1d
el Awl?
5 7 /Q |Aw|*dx
= /(Aw) (k1 A(Aw) — aA(wl) — aMAI)dx
Q

= — w)|?dz + « w) - V(wl)dxr + « w) - T
- kl/ﬂw(A )2dz + /QV(A)V(I)dJrM/QV(A)VId

IN

c;l/ (IV(wI)|? + |VI[*)dz

Q

< 04/ (I|Vw|® + |VI?)dz.
Q

We only have the boundedness of w due to Lemma 2.1(a), thus I(z,t) has to be
kept in the last inequality above. Now let us put together all three terms fQ w?dz,
Jo IVw|?dz, [, |Aw[*dz, and continue our calculations further.

Ld
2 dt

= —kl/ |Vw|2da:—a/w21dx—aM/wIdx
Q Q Q

—k‘l/ |Aw|2dac+a/wIAwdx+aM/IAwdx
Q Q Q

/ (w? + |Vw]? + |Aw|?)dz
Q

—kl/Q|V(Aw)|2d:c+a/QV(Aw)-V(wl)dx—i—aM/QV(Aw)-VIdx

< fkl/ |Vw|2dx+c4f(t)fﬁ/ \Aw\2d1+04/.72dx
Q 2 Ja 0
+C4/ (I|Vw|? +|VI?)dz
)
k k -
< -2 (w2+\Vw\2+|Aw|2)dx+—1/wzdx+C4I(t)—|—C4/12dx
2 Ja 2 Ja Q

+C4/ \v1|2dx+04/12|Vw|2dz.
Q Q

In order to take care of the last term in the last inequality above, we restrict the
dimensions of the domain Q to 1 < N < 4. Then, it follows that

/ P|Vuw|*dz < ( / dz)'( / [Veoltdz) * < e | 10, ) By | w(,1) e
Q Q Q
Together with Lemma 2.4, there exists T > 0 such that for ¢t > T,

C4/ I?|Vw|?dr < %/ (w? + |Vw]? + |Aw|?)dz.
0 Q
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Consequently, when ¢ > T
1d
2dt Jq

k k -
< =2 (w0 + |V + |Aw]?)dz + 51/ widz + g1 (t) + 64/ IPdx
Q 0 Q

(w? + |Vwl® + |Aw|?)dz

4
+C4/ |VI|?dx,
Q
which, combined with Lemmas 2.2 and 2.4, implies that
tl}?oo || S(',t) - M ||W2:2(Q): 0.

We can deal with I(x,t) by the similar procedure. For the convenience of the
readers, we write down some calculations here, especially the parts which are dif-
ferent. Recall that I(z,t) satisfies

I = ko AT + ST —~I, forx € Q, t > 0.

Then we have

1d ,

— —kg/Q|V(AI)|2dx—a/QV(AI)~V(SI)dat—7/Q(AI)2dx

< 05/ (I?|Vw]? + |VI|?)dz.
Q
Therefore,
Ld [ p o \vIP 4 |ALR)de
24t Jg
< —(kg—l-’y)/ |VI|2dx+/(aS—'y)Ide—k:2/ |AI\2dx—a/SIAIdx
Q ) Q Q

+c5/ (I*|Vw]? + |VI|*)dz
Q

IN

—@/ (I2+|VI|2+|AI|2)dm+c5/IQda:+C’5/ IVI|2dx
2 Jo o o

+05/ I?|Vw|?dz.
Q

When 1 < N <4,
1d

2dt
k

7£/ (I* +|VI|* + |AI\2)dz+cs/ I2dx+C5/ |VI|2dx
2 Ja 0 Q

O [ 1(-) [[fyr2io | w5 1) [fr22(q)s

and then by applying Lemma 2.2, we deduce that

/ (I + |VI|* + |AI)?)dx
Q

IN

im | 1(t) [lwae= 0.

t——+oo
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3. System with directed difussion. In this section, we study the large time
behavior of the system (3) with directed diffusion in the one dimensional case.

As stated earlier, extra care is needed due to the possibility of ill-posedness of
the system. In addition, in the current case we do not have the maximum principle
at our disposal so that a priori we do not have || S(-,t) ||p~@)< C < oo for all
time.

Now we proceed to the proof of Theorem 1.2. First by applying similar argu-
ments at the beginning of Section 2.1, we obtain the estimates for S and I.

Lemma 3.1. For N > 1 and So(z) > 0, Ip(x) > 0 on Q, we have
(a) 8 (t) <0, limy_ 400 S(t) = My > 0.

(b) lim; o0 I(t) = 0.
Proof of Theorem 1.2. Denote
u(x,t) = S(x,t) — S(t)
and rewrite the system (3) as follows.

up = k1ugy + 11 (Sug) s +13(S1,) e — aST + ST for x € Q, t >0,
L =kolpy +10(I1)e +1a({ug)e + ST —~I  forxz e Q, t >0,

%:%:0 o forxz € 992, t > 0, (18)
u(x,0) = So(z) — So, I(z,0) = Ih(x) in Q.

(Note again that gl(

t) = —aSI.)
Using the system (1

8), it is routine to check that

1d
24t Jg

= —k / uidw — 1 Suidaj —l3 | Suzl,dex — o [ Sludx
Q Q Q Q

< —kl/ uidx—lgg/ uwlgcdx—lg/ uuxlwdac—ag/ Tudzx,
Q Q Q Q

Ld IPdz
2dt Jq

- —k2/Izdﬂc—lg/IIgdx—l4/IuIIIdx+a/ S.Tzdx—'y/IQdm
Q Q Q Q Q

< —7/ I2dx—k2/ Iﬁdm—l4/1uxlmdx+a§/ I2dx+a/u12dx,
Q Q Q Q Q

1d
2dt Jq
= —kl/uiwdx—ll/(Sum)mumdx—lg/(SIw)wumdm—l—a/ STug.dx
Q Q Q Q
< —kl/uiwdz‘—lgg/ Imumdx—lg/ulmumdx—lg/lwumumdx
Q Q Q Q

—aS Ixumdx—a/ulzumdx.
Q Q

uldx

2
uydr
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Note that in the above, we have used the following computation:

Q Q Q

3
< — | Spuzug,dr = —/ uium dr = —/ <U“L> dr = 0.
Q Q a\3/,

I?dx
= —]{72/ Iixdx—lg/(IIz)zImdx—l4/(IuI)wImdx—oz/ SII,.dx
Q Q Q Q
+v/ Il dx
Q

< —kg/lgwdx—v/lidx—u/quII$Idx—l4/IwuwIwwdx
Q Q Q Q

—&-a?/ Iidx—i—a/ ulidx—l—a/ Tuy I dx.
Q Q Q

DN | =
Sl
S~

Similarly, we have used:

—/(HI)IIM dx = —/ I’I,, da;—/[[iw dx < —/ I?I,, dx = 0.
Q Q Q Q

Putting together the above four inequalities and setting

2(t) = / (v’ +ul + 17 + 1) dz,
Q

p2(t) = / (w2 +ul, + I* + 12 + 12,)dx,
Q

we obtain that

1d ,
§$€ (t)

< —kp*(t) — 138 / ug Ipdr — 138 / Lopypds
Q Q
—13/ uumlxdx—lél/ qulxdsc—lg/ ulmumdx—h;/ Tug I, dr
Q Q Q Q

—13/Imuzumdx—h/Imuzfmdx—i—H(t), (19)
Q Q

where k = min{k, ko, v} and

H(t) =aS (— Tu+ 1% —Tu, —|—I§)dm +a/ (u12 —ulyuy —I—ulg +Iu$Ix)das.
Q Q
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Recall that u(z,t) = S(x,t)—S(t). Hence by Lemma 3.1, the Poincaré inequality
and the Embedding Theorem, we have

1 1,

_ 1 1
Ht) < aSo/(§IQ+fu2+I2+§I§+ uZ + I2)dx
Q

2 27

2 1 2 1 2 2
+a || u(t) =@ [ (I7+ 5II + 3l + I2)da
Q

1 1
ba l 16,8) ooy [ G2+ Gu)do
Q
< craSop?(t) + caal®(t).
Then applying Lemma 3.1, the Poincaré inequality and the Embedding Theorem
again, it follows from (19) that
1d — 1 1 — 1 1
S—0(t) < —kp2(t)+l350/(flg+fui)dx—klgSo/(fI%z—kfuiz)dx
2dt Q 2 Q 2 2

1 1 1 1
+ig || ul(-,t) e (a / Y SR N Vi R R Vi ¥
| lowy | (T + U+ 5 lea + uin,)

1 1 1 1
Iy | I(-,8) || poo 242+ 22+ 2l )d
Ha | L) lomion ([ a2do)?( [ ko’
Q Q

Ha ) iy ([ o) [ dn)t 4+ ()
Q Q

k(1) + 51550”() + Sels (D) (1) + Helal(D)p()

+clzl(t)p (t) 4 clab(t)p? (t) + H(t)

< —kp*(t) + %lggopQ (t) + c3lzl(t)p? (t) + calal(t)p*(t) (20)
+e1aSop? (t) + coal3(t).

Moreover, notice that ¢2(t) < c4p?(t) since u(t) = 0. It follows immediately from
(20) that

IN

1d ,
Qage (t)

< k(1) + 31550 (1) + eslsl(1)0? (1) + eslal(1) (1)
+e1aS0p%(t) 1+ cocsald(t)p?(t)
= —k?pz(t) + [(§l3 + Cloé)go + (63l3 + c3ly + 620404)6(75)} pQ(t) (21)

Therefore, if initially

N |

)

1 —
(513 + 6104) So + (0313 + 63l4 + 6264()[)8(0) S

de*(t)

< 0 and hence
dt |,

then

£(t) < £(0) for t>0,

which immediately yields that

N |

1 _
(513 + Cla)So + (0313 + c3ly + 020404)€(t) < — for t>0. (22)
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At the end, (21), (22) and £2(t) < c4p?(t) together imply that
1d

k
S < ——02(1).
2 dt () < 20,4 ®)

Consequently,

lim (t)= lim [ (v +u2+I*+1))dz=0.

t——+o0 t—+o0 Q

This implies that
t_lg_noo | (-, t) ||c(§): tl}ﬂ_noo | 1(-t) Hc(ﬁ): 0,
because of the Embedding Theorem. And Theorem 1.2 follows from Lemma 3.1. [
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