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ABSTRACT. We analyze the continuum limit of a thresholding algorithm for
motion by mean curvature of one dimensional interfaces in various space-time
discrete regimes. The algorithm can be viewed as a time-splitting scheme for
the Allen-Cahn equation which is a typical model for the motion of materi-
als phase boundaries. Our results extend the existing statements which are
applicable mostly in semi-discrete (continuous in space and discrete in time)
settings. The motivations of this work are twofolds: to investigate the inter-
action between multiple small parameters in nonlinear singularly perturbed
problems, and to understand the anisotropy in curvature for interfaces in spa-
tially discrete environments. In the current work, the small parameters are
the spatial and temporal discretization step sizes: Az = h and At = 7. We
have identified the limiting description of the interfacial velocity in the (i)
sub-critical (h < 1), (ii) critical (h = O(7)), and (iii) super-critical (h > )
regimes. The first case gives the classical isotropic motion by mean curvature,
while the second produces intricate pinning and de-pinning phenomena, and
anisotropy in the velocity function of the interface. The last case produces no
motion (complete pinning).

1. Introduction and Main Results. The current paper addresses convergence
issues related to a thresholding scheme for motion by mean curvature. The key is
the analysis of the algorithm in the space-time discrete setting in which there are
two small parameters - the step sizes in the spatial and temporal directions. The
ultimate results depend on the relative sizes of these parameters.

The analysis of motion by mean curvature (in which the normal velocity of a
moving manifold is given by its mean curvature) is an active area. Not only it is
interesting in geometry in its own right, it also finds many applications in materials
science and image processing. It is a prototype of a gradient flow with respect to
the area functional. Due to the possibility of singularity formation and topological
changes of the evolving surface, elaborate approaches need to be used. These include
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(i) varifold formulation, (ii) the viscosity solutions, and (iii) singularly perturbed
reaction diffusion equations.

The thresholding scheme is a particularly simple algorithm to capture the key
feature of (iii). It is essentially a time splitting scheme. The first step is linear
diffusion while the second step is thresholding to mimick the fast reaction due to
the nonlinear term. This is heuristically proposed in [4] and rigorously analyzed in
[8, 2] in the continuous space and discrete time setting. See also the work [6] for an
analysis of an reaction diffusion equation in which both space and time variables are
discrete. However, so far all the rigorous results essentially works in the case when
the interfacial structure is well-resolved. We call this the “sub-critical” regime.
When this is not the case, intricate pinning and depinning of the interface can
happen. This is analogous to a gradient flow in a highly wiggling or oscillatory
energy landscape. The motion also demonstrates anisotropy of the normal velocity.
The motivation of the current paper is to capture these phenomena quantitatively
and relate them to the underlying small parameters in the algorithm.

The most relevant reaction diffusion equation for motion by mean curvature is
the following Allen-Cahn equation:

U 1

% =Au— ?W'(u) (1)
In the above W is the double well potential W (u) = (1 — u?)? and € is a small
parameter. The qualitative behavior of the solution is that the underlying ambient
space is quickly partitioned into two domains on which u takes on the values 1
and —1 which are the minima of W. The function u also makes a smooth but
rapid transition with thickness O(e) between the two domains. The key is then
to understand in the limit of ¢ — 0 the dynamics of this transition layer. It is
proved in various settings that the limiting motion is motion by mean curvature
[5, 12, 6, 10, 9].

As the thresholding scheme is very simple to implement and describe, we embark
on its analysis demonstrating the interplay between two small parameters. The
scheme is a time splitting approach to solve (1) (in the regime € < 1). Given an
initial shape g, and its boundary T'g = 9€)g which is often called the interface, a
sequence of functions {uy},~, is constructed in the following manner: for & = 0,
we define B

i) = 1oy (o) ~ 1oy ={ 1, T TEQ @

then the following two steps are alternately performed (for £k =0,1,2,...),

e diffusion step:

9 = Av, for 0<t<r, 3)
v(z,0) = up(z);
e thresholding step:
ugt1(z) = sign(v(z, 7)). (4)

Note that the second step above is to mimick the fast reaction term which drives
u to 1 or —1, the minima of W. The solution of the problem is described by the
sequence of subsets {x : ug(z) = 1}. Precisely, we define the time dependent set
and interface as

a7 (t) = {x cup(z) > 0, for kT <t < (k+ 1)7} and T7(t) = 907 (1).
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Then as 7 — 0, 27 (¢) (or I'"(¢)) has been shown to converge to motion by mean
curvature in the viscosity setting [8, 2].

Now we describe some notations and the algorithm for the space-time discrete
version of the above thresholding scheme (3) and (4). Let Q C R? be a bounded,
smooth domain, and I' = 9f be its boundary. Let h > 0 be the spatial discretization
step size. Define

o = {(m,n) € Z? : dist[(nh, mh), Q] < h} (5)

which are the indices of the lattice points within distance h of 2. Let again 7 > 0
be the size of the time step. Given an initial set {2y and its lattice representation
Q% the discrete thresholding scheme produces {u;""} k>0,(mn)ez2 8 follows. Let

mmn 1 for (m,n) € Qk,
Uy = 193 (m7n) - 1(Qg)c(m7n) = { ~1 for (m,n) e (Qg)c (6)

For simplicity, we will also use u to denote the discrete function {u™" : (m,n) € Z*}.
Similar to the continuous space case, the following two steps are alternately per-
formed (for k =0,1,2,...):

e solution of semi-discrete heat equation: for (m,n) € Z? and 0 < t < 7,

%wm,n@) — %[merl,n(t)+wm71,n(t)+wm,n+1(t)+wm,n71(t)74wm,n(t)]’
w™™(0) = wu".

(7)

e thresholding step: for n,m € Z,
u?ﬂ := sign [wm’"(r)] = sign ((Sh(T)[uk])mn) , (8)

where the S"(-) is the solution operator of (7), i.e. w(t) = S"(¢)[us].

Note that the above space time discrete scheme involves two small parameter
7> 0 and h > 0. We assume that 7 and h are related through

h=Ct7, wherey>0and C > 0. (9)

The following three cases are considered:

Case 1 (sub-critical): v > 1, i.e. h < T;
Case 2 (critical): v =1, i.e. 7= ph for some constant y;
Case 3 (super-critical): v < 1,ie. h> 7.

Roughly speaking, the main result for Case 1 is that the level sets of a discrete heat
equation move according to the motion by mean curvature. This gives the same
result as [2]. Case 2 gives a version of anisotropic curvature dependent motion
which demonstrates pinning of the interface when the curvature of the interface
is too small. In Case 3, there is no motion at all, i.e. the interface is completely
pinned.

It is worth noting that the critical regime is given by h = O(7) and not h = O(,/7)
as one would originally guess based on the self-similarity property of heat equation.
The reason is that outside our domain of interest 2(¢)7, the discrete heat kernel
(defined in Section 2) is well-controlled (exponentially small) if 7 is bounded (see
Lemma 1 for details).
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1.1. Curvature Dependent Motion and Viscosity Solutions. As mentioned
earlier, singularities and topological changes can occur for motion by mean curva-
ture. Different mathematical approaches are invented to define the solution for all
time. Due to the presence of maximum principle, we find the viscosity solution to be
the most suitable and convenient approach for our problem. We spend a moment to
briefly describe this method which can produce a “unique” global in time solution.
The essential idea is to represent the moving interface I'; as the zero level set of
a function u(z,t):
Iy ={z:u(z,t)=0}. (10)
The function u is thus often called the level set function. It solves an appropriate
partial differential equations related to the motion law of I';. The main result in this
approach is that in the space of uniformly continuous functions, there is a unique
solution u and the set I'; does not depend on the initial data u(-,0) as long as it cor-
rectly captures the interior and exterior domains of I'y. On the other hand, this set-
up does not a priori ensure that I'; corresponds to a manifold in any geometric sense.
This can happen if I'; has positive n-dimensional Lebesgue measure in which case I';
is said to fatten or develop non-empty interior. It also means that the solution of the
geometric evolution can be non-unique as 0 {z : u(x,t) > 0} # 0 {x: u(z,t) < 0}.
Conditions preventing this from happening are discussed in [3]. On the other hand,
a definition of generalized front is used so that a “unique solution” can be defined.
This approach defines the interface as the following triplet of objects:

Iy ={z:u(z,t) =0}, Df ={z:u(x,t)>0}, D; ={z:u(xt)<0}. (11)

D; = {x: u(x,t) < 0}

‘\
M ={x u(x,t) =0}

Figure 1.

(See Fig. 1.) Then D; (D;) is called the interior (exterior) of the front T'y. Tt is
shown that the map:

Et:(F()?D(—)FvDO_)*)(FtvD:_aDt_) (12)

is well defined. We refer to [14] for more detailed description.

Next we describe the equation for general curvature dependent front propagation.
We follow the exposition in [11]. Given an interface (hypersurface) I' in R™. We
consider its motion described by a normal velocity function V of the following form:

V =V(Dv,v) (13)
where v is the unit (outward) normal of I'. In the above, D is the gradient operator

on R and v : R® — S™! is defined to be the unit normal vector function of any
foliation of hypersurfaces containing I'. In this way, Dv is a symmetric matrix and
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its value does not depend on the choice of the foliation. If V' = div(Dv), then the
motion is called (isotropic) motion by mean curvature. In general, the motion law
(13) is sometimes called anisotropic curvature motion. If we want to represent the
moving interface by (10) or (11), then the function u needs to solve the following
partial differential equation:

ug + F(D*u, Du) =0 (14)
where the function F' is related to V in the following way:
F(X,p) = ~lplV (= Il (1 =5 < B) X (I =5 x ), D) (15)

where p = |p\_1 p. In order to apply the viscosity solution approach, the following
monotonicity condition for V' is crucial:

V is nondecreasing, i.e. for all X <Y and p, then V(X,p) > V (Y, p). (16)
The above property is translated to the function F' as
for all X <Y and p, then F'(X,p) > F(Y,p). (17)

With the above set-up, then it can be shown that equation (14) is well-posed in
the space of uniformly continuous functions. Given an initial manifold I'y = 99y, a
usual choice of the initial data u(z,0) = ug(x) for (14) is given by the sign distance
function to I'y:

. dist(z,g), x € Qq,
do(z) = sdist(z, To) = { —diét(:c Or)o) e Qg (18)

The map E; in (12) is independent of any uniformly continuous initial data as long
as it has the same sign as dyp: up > 0 on 2y and uy < 0 on Q.

The definition of viscosity solution of (14) is given in Section 1.2. Of the con-
sistency and stability conditions generally required for most of the proofs for con-
vergence of numerical schemes, for the current algorithm, the latter is quite easy
to satisfy by means of maximum principle. The crux of the matter is the former
condition which is the key result of our paper. Once we have this, then we can more
or less quote some general convergence result.

1.2. Main result: Sub-Critical Case. Our most complete result is the sub-
critical case for which we can prove convergence to motion by mean curvature in the
viscosity sense. In this case, the velocity function is given by V(Dv,v) = Div(Dv).

Then (14) becomes
ou . ( Vu (D*uDu|Du)
o div [ —— ) = Aq — 2 2R
ai = 7 () DuP

For convenience, we give the definition of viscosity solution specifically for this case.

(19)

Definition 1. A locally bounded upper semicontinuous (usc) function (respectively,
lower semicontinuous (Isc)) function u is a viscosity subsolution (respectively, su-
persolution) of (19), if for all ¢ € C*(RN x (0, +00)), and if (z,t) € RY x (0, +o0)
s a local mazimum point of u — ¢, then one has

% w,t) - (% - \D¢D9\Dg)

o Do ><x,t><o, if Do, t) 0, (20)

and
99

E(% t) — Ad(z,t) + Apmin(D?d(2, 1)) <0, if D(x,t) =0, (21)
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where Amin(D?¢(x,t)) is the least eigenvalue of D?*¢(x,t). (Respectively, if for all
¢ € C2(RYN x (0,+00)), and if (z,t) € RY x (0,+00) is a local minimum point of
u — ¢, then one has

99 (e.1) - (Aqs— MW) (2.) >0, if Do) £0,  (22)

ot Do’
and 5
6—‘f(gc,t) — AG(2, ) + Apao(D?¢(x,t)) >0, if Dp(x,t) =0, (23)

where Apaz(D?¢(z,t)) is the mazimum (or principle) eigenvalue of D*¢(z,t).)
On the other hand, a simpler characterization can be given.

Proposition 1. [2, Prop. 2.2] A locally bounded upper semicontinuous (usc) func-
tion u is a viscosity subsolution (respectively supersolution) of (19) if and only if it
satisfies (20) and

%f (x,t) <0 if Do(x,t) =0 and D*p(z,t) =0, (21)
respectively, (22) and
%‘f (z,t) >0 if Do(z,t) =0 and D*p(z,t) = 0. (23")

The consistency proof of the thresholding scheme relies on the following result.

Proposition 2. [2, Prop 4.1] If (¢1), is a sequence of smooth functions bounded
in C%1 and converging locally in C*' to a function ¢ and (xp,,ty) is a sequence of
points converging to (x,t) € RY x (0, 00) such that ¢p(xn,ty) =0, then if Do(x,t) #

0,
liminf — | = — 7/ exp [ —E VL) gy
b (2 (47771)% {¢n(-th—h)>0} < 4h

| 96 . (D*6Dg|Dg)
Z?ﬁwm,m(m B0t T Dop

Moreoever, if Dé(x,t) =0 and D?*¢(x,t) = 0 and if the inequality

) (z,t). (24)

1 1 / lzn — y|2
- - exp| ———— ] dy <0 (25)
2 (Arh)F Jign(tn—n)>0} < 4h
holds for a sequence of h converging to 0, then
¢
—(z,t) <0. 2
5 (@1) <0 (26)

With the above preparation, we are ready to present our result. We start by
introducing

and
w(x,t) = limsup  ul"". (28)
kT—t;(mh,nh)—x
Theorem 1 (Sub-critical case). Assume v > 1. Then the functions u(x,t) and
w(x,t) are viscosity subsolutions and supersolutions of (19), respectively.
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A few remarks about the consequence of the above statement.

1. Let u be the solution of (19) with the initial data ug given for example by (18).
Then the sets Iy, D;, and D; produced by the map E; (12) is well-defined.
As shown in [2, Thm. 1.2], the above statement implies that

w(x,t) =1in D; and @(x,t) = —1 in D; . (29)
In other words,
O{z :u(x,t) > 1}, 0{z:u(x,t) < -1} C T}y

It is in this sense that we say the zero level set of uy in the limit moves
according to the motion by mean curvature. Note that in general we can only
say the limiting interface is contained in but might not equal to I'y. See the
next item of remark.

2. As we are dealing with discontinuous initial data and functions ug, k > 0, so
in general the limit (as h,7 — 0) can be non-unique. In fact, we can infer
using [2, Thm. 1.1, Cor. 1.3] that we have a unique limit if

U Iy x {t} = 0{(z,t) : u(z,t) > 0} = 0 {(x,1) : u(z,t) <0}
>0

i.e. with no fattening phenomena, and in which case the boundary of the zero
level set for uy, converges to (J,»,I't x {t} in the sense of Hausdorff distance.

1.3. Main Results: Critical and Super-Critical Cases. We next describe the
results in the critical case, i.e. 7 = ph for fixed p > 0. To concentrate on the key
ideas of our approach, we assume that locally near the origin, the boundary of the
initial set ) is represented by a graph. More specifically, we assume that for some
co > 0,

Qo N (—co, o) X (—co,c0) = {(a:,y) da] <ecpr—co <y < fx) < co} (30)

where f(x) is a C2, even-function satisfying

£(0) = f/(0)=0, f(0)=-r<0. (31)
The quantity x represents the curvature of 9 at (0,0). (See Fig. 2.)
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A note about convention. For simplicity of presentation of the results in
this section, we consider an equivalent initialization 45" = % + Jug"" and the
threshholding step @,;} := 5 + su,"", where 45" and @} are given by (6) and
(8) respectively. In other words, we replace the “—1 & 17 thresholding scheme with
a “0 & 1”7 one. This new scheme will still be denoted with ug"" and u,}.

With the above notation, let w be the function obtained from (7) for k¥ = 0 and
ng € Z be such that

1 1

wh (1) < 5 and w® "7 (r) > 7

We call ng the “discrete normal velocity” of the boundary point (0,0) € 9. The
true physical normal velocity V is defined as:

(32)

h

V= lim %= lim ©° (33)
We will show that V exists and is still given by a function of the curvature .
Precisely,

Theorem 2 (Critical case). Assume k > 0. For sufficiently small 7 > 0, w®%~"(7)
< % holds if and only if

n—1 2k 2n oo oS}
Z/\/:ewfdx—l—l/\/:elfdx < 1/ ef%da:—i— Z / ef%da:.
k=1"0 2 2 \/iin =

0

In particular, if w0 (1) = %, then

ol Vi e 1 VIR e 1 [® . X e L
Z/ e_Tdac—i—i/ e_Tdaczi/ _ e Tdr+ / e Tdz.
k=1 70 0 Ve k=no+17\ %

(35)

Note that the discrete velocity ng = no(u, &) is an implicit function of p and x,
or more precisely pk. It is also straightforward to see from (35) that if k1 < Ko,
we have ng(u, k1) < ng(u, k2). Furthermore, if £ is small enough, then ng = 0, i.e.
the interface is pinned. This can be extended to the case x = 0 giving ng = 0. The
last two statements are formally stated in the following corollary which essentially
covers the super-critical regime.

Corollary 1 (Super-critical case). Assume T = ph. If uk is sufficiently small, then
ng = 0, i.e. the front does not move.

From numerical calculation, we find that the smallness condition is quantified by
pur < 0.8218.

We next show that the result in the critical case converges to that of the sub-
critical case when yu — oco:

Theorem 3. Let ng, p and k satisfy (32). Then
. no
lim — =&,
p—oo 1

i.e. we get the mean curvature motion as in the subcritical case.
Finally, we obtain an extension of Theorem 2 to reveal the anisotropic dependence

on curvature. In particular, we want to calculate the normal velocity of a boundary
point if the normal line at the point forms an angle with the coordinate axis. For
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concreteness, let the normal line at (0,0) € 0Qp forms an angle 6 with the z-axis

(measure in the counter-clockwise sense). Without loss of generality, we assume

0 <6 < 7. We consider the case that tan = % for some positive integers p < gq.
We assume that locally in some neighborhood of (0,0), 9§ is given by

Ii(qQ +p2)3/2

23 (36)

00 = (z,9(x)), where g(z) = Sx — voz? with vy =
so that W = k which gives the curvature of 9Qq at (0,0). In this setting
the notion of normal motion has to be defined somewhat differently from the one
in Theorem 2 since the line in the normal direction intersects the grid only at the
points (np,nq),n € Z, and thus bypasses the grid points in between.

To quantify the motion in the normal direction, we use S to denote the following
set of grid points confined in some strip:

S::{(s,j)622:0<s<q, foo<j<§5}. (37)

For every (s,j) € S, let d(s,j) := dia=spl he the distance from (s,7) to the line

p*+q*

Y=, This is illustrated in Figure 3.

y

NENCY)

Figure 3

TTTTTETeT T @~ ¥

Next, we re-order the elements in the set .S with respect to d as follows:
S = {(Slajl);(SQan);(337j3)a"'} (38)
such that for d; := d(s;, j;), we have
0<d <dy<ds<...

For example, if p = 1, the points in S will be ordered as

{(170)a (270)7 (X3} (Q71,O), (Oa 71)7 (L 71)7 (2a 71)7 (a3} (q717 71)a (07 72)a (17 72)a }
In this setting, we have the following result:

Theorem 4 (Anisotropic curvature motion, critical case). Given positive intergers
p and q, and positive numbers K and p, and the set S be defined and ordered as in
(37) and (38). Fiz an integer ng > 0. Then, for sufficiently smallt, ws, ;. (7) < 1
holds if and only if
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3d, [3d;
1/ e id+nozl/ -y <1/0o *4d+§: T e
= e x e z < = e x e x
2 0 =1 0 2 V Zro 1=no+1 %

(39)
In particular, if wy, j, (1) = 3, then

3d, p

= e x e T =- e x e z.
2.Jo i=1 VO 2 ZZZO i=ng+1 %

(40)

In this case, dn,h is the normal displacement at time T and d”TO s the normal
velocity.

Here we make some remarks about our results.

1. As mentioned earlier, the key of the convergence proof in the current approx-
imating scheme is the consistency statement. Our results in the critical case
essentially gives an analytical (though implicit) expression for the displace-
ment in one iteration step. In principle we can follow the approach in [13] and
[11] to prove the convergence similar to the sub-critical case. However, the
velocity function is required to be continuous. This is not the case here. To
keep the paper within reasonable scope, we do not pursuit the full convergence
result.

2. Our result about the anisotropy of the velocity function is only for rational
angles. It is certainly interesting to extend the result to the irrational case.
From the simulation in Section 5 (Figures 12 and 13), it seems that the angular
dependence of the velocity function can be quite intricate. We will investigate
further this issue in a future work.

As the proofs of our results rely heavily on the asymptotics of some discrete heat
kernel, we first collect their key properties and investigate their connection to the
continuum heat kernel.

For convenience, we will use the following common notations:

1. A = O(B) means there exists a finite positive constant C' such that |A| <

C|Bl;
|4
2. A=0(B) or A < B means hmﬁ =0;
|4
3. A > B means hmﬁ = +00.

In the above, the lim-operations will be specified or are self-explanatory when the
notations are used.

2. Properties of discrete heat kernels.

2.1. Derivation of discrete heat kernel and its elementary properties. We
first consider a one-dimensional analog of (7),

(41)
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where the initial data ug is an L°® function. The solution of the above is given by

S o (2)u @

k=—o00
where

Gpla) = % /7r cos(n&)eesE1 d¢ = e () (43)

and I),,|(c) is the modified Bessel function
0o P 2m—+n
(%)

I(a) = mgom for n>0.
For the rest of this paper, we will use the following notation,
2t

To establish (42), define the Fourier transform of a sequence u™(t) as

(§t \/7 Z e~imey, m t).

m=—0oo

Using (41), we conclude that

7zm£ m 113 —1i€ —im&, m
e —_— e~ +e " —2e u"(t
= = v 2 ) ®

2
= ﬁ(cosﬁ — 1o,

hence
2t

0(€,1) = (&, 0)end 7L,

Taking the inverse Fourier transform of 9(&,t), we can recover u™(t):

/ sz € 0 eh2 (cosg— 1)df

u™(t)

/ sz
\/ 2m J_x

In two spatial dimensions, using separation of variables, the solution to the orig-
inal problem (7) is given by

s »;i_oo Gomm (25) Cimn (25) w(0) (15)

We further list the following elementary properties of the discrete heat kernel
(43).

> Grla)=1, (46)

k=—o0

Gi (o) =G_g (o), for k>1, (47)

SGo(a) + > Gielo) = : (48)
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2.2. Decay properties. The following result is used to control the Green’s func-
tion outside a fixed macroscopic domain.

Lemma 1. Let G, (o) be the discrete heat kernel (43
u >0, suppose T < ph. Then for h — 0, we have

) with o = Z—E For any fized

(49)

We remark before going into the proof that the above result is reminiscent to [8,
p. 548, (63)] which shows that the L!'-norm of the heat kernel outside the domain
of interest, which in our case is Q", is exponentially small. It also shows that the
correct regime for the critical case is indeed h = O(7): even though the argument
a of G involves like ;77, the summation introduces another factor of h.

Proof To blmphfy the notation, we omit the integer part brackets, denoting [Tﬂ

n (49) simply by . Then,
00 L)2n+k
> Geley = Y Z &
k:% ko= 3# n= 0 n

Shifting the summation m = k

and using the elementary inequality (i + 7)! >

i!5!, we have

%) ) 0o oo (l)Qﬂ-‘rm-‘rS“
Gipla) =ce ~nZ h?
3u oo oo 2n+m 2
(=) " -2 () (=) "
< e n? C , (50
< A = gy
where we have used (46)
e—%ii ()" i G2y =1
m=0n=0 n'(n+m)' _m—foo " h? N

Next we have the following Stirling type approximation for a lower bound for the

factorial [1],
eh

Hence by comparing the terms ;5 and % in (50), upon assuming, 7 < ph, we have
the desired estimate (49):

3p
2 —
h

3,
h
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2.3. Asymptotic expansions. In what follows, we list the asymptotic expansions
for the modified Bessel function. We follow [1, p. 199] and [15]:
(1) The expansion for I,,(z) for any fixed index v is given by:

e? 43 —1 1
I(2) = P (1 Sy +0 <z2)> , as z— oo. (51)
(2) The following Meissel formula [15] holds uniformly for z € R,z > 0 and v > 1:
o e S
I,(vz) = 1 52
(UZ) 6VF(V+ 1) (1 +22)Z ( + ; vk ( )

where

1
f=—u p=1+24+l—

V1422 1+ V1422
and v (€) is a polynomial of the form
k
'Uk(f) _ Zagk)ngr?s’ (53)
s=0

which are defined through the recursive relation vg(§) = 1 and

’

£
0 (©) = 580 =@+ 5 (15 uis

Proposition 3. Assume 7 = 7(h) is such that 75 — oo as h — 0. Then the
following asymptotic expansions hold.

e For fitedn >0, as h — 0,

27 1 h h24n3 — 1 ht

G|l =s]|]=—4—=—(1-————+0(—= . 54

() -vmr (- rol(m) o

o Letx > % Then there exists an absolute constant Cy > 0 and 0 < Ch , < Cy

such that
2T ]. h 2 h

Gr|l=]|=—=—e 7 [1+Ch,——|. 55

4 (3) = ymvre ™ (1 o) %)

Proof. Expansion (54) follows from (43) and (51):

2T _27 2T

For (55), we will use the Meissel formula (52). Using the notations there, we set

VY
h '’ xh
Then
e P N S i L M. (57)
1+V1+22 zh hx + Vx2h% + 47
so that

VT
eV ey ( 2y7 ) " (58)
hx +Vx2h? + 47

e =e
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Next, we write,

2T 2T

_ 27
=T
v Vavh /i ( 27 ) h 1
— -e 2 . . .
e’T(v +1) (4r)7 hx + Va2h? + 47 (1+ 222y5

(€))L v Jxvh
(HZ ) = eTw D a0} SI-II-TIT-IV. (60)

Using Stirling approximation [1], we have that for all v > 1, the pre-factor in
(60) can be estimated as:

AN (1 + C”)
e!T'(v + 1) 2y v
where 0 < C, < Cy and ¢ is an absolute constant. As a consequence,
v Vavh _ h <1+C’yh)
e'T'(v+1) (47)7  Varr 2T )
We now proceed with the analysis of each term in (60).

VTV a2h24ar—2r .
Term I :=¢ nZ . Consider

VTVZ2hZ + 41 — 21 27 1+ h222 1) = x2 1 h2z* Lo hiy
h? e 4t 4 64 T T2 )7
Hence
22 _n2et o nigf 22 h2z* hta®
I=c7Te 64Te(f2)=e4<—647_+ 2 (61)
24T =
Term II = ( T ) . It can be written as
hx + Vx2h? + 41

a 1
(1+y)y =e* — §ae“y + O(e"a?y?),
we get
2V7 22
- hax th_eé _$3h+0 ﬁ

27 B 8v/T VT

Altogether,
»2 6h2
M=c = <1+0($T )). (62)
1 . L
Term III := w Using Taylor expansion, it becomes:
i )

1 2,.2 4,..4
m—1- "7 +O(hTf > (63)
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. LA .
Term IV :=1+ ,;,1 R In view of (53), for k > 1, we have
k k
() _ m (€ S
vk Y\ to v) '
. xh 13 h? h?
Since £ = ———, we have > = ——— < —. Hence
¢ Vx2h? + 41 wenaey Va2h? + 47T T 2T
1 2
IV:1+£+0<§):1+O(h>. (64)
8v v T

Combining the four expansions (61)-(64) above, for = > %, (59) reads as

2T

b1 (i) = T’

(k) (o (B (o (52 (ro(2))

for x > %, which gives the expansion (55) up to O (%) order terms. O

h 1 2

1.

3. Proof of Theorem 1 - Sub-Critical Case. We prove here that the function
@, defined in (28), is a viscosity subsolution of the equation (19). The fact that (27)
is a supersolution can be established analogously. The strategy of proof follows [2]
closely. Essentially we will reduce the discrete computation to [2, Prop. 4.1] which
is the key consistency result needed.

Step I. We establish here the discrete analog of [2, (11)]. First let ¢(z,t) be a
smooth test function satisfying

lim  p(z,t) = +oo. (66)

|z|+t— 00
Let (z,t) be a strict global maximum point of @ — . Suppose @(Z,t) = —1.
As @ is upper semicontinuous taking values in {—1,1}, we have that « = —1 in

a neighborhood of (z,%). Consequently, Dy(Z,t) = 0 and g—f(f,f) = 0. By (21"),
the conclusion follows. Similar reasoning yields the desired result in the case when
(Z,1) is in the interior of the set {& = 1}. Therefore, without loss of generality, we
will assume that (z,?) is at the boundary of the set {& = 1}. We claim that in this
case, there exists a sequence {(mph,nyh); k-7} converging to (z = (Z1,Z2);t) such
that

" = plmphmnhiker) = omax (™ = p(mh,nhikr)) - (67)
and
lim " =1, (68)

Indeed, it follows from the coercivity condition (66) that maxzz .y (uy"" —@(mh, nh;
kT)) is attained at some m = myp, n = n, an k = k.. Furthermore, up to a
subsequence, there exist T = (Z1,T2) and ¢ such that hm;, — Z1, hnp — T2 and
Tk, — t. This point (Z,#) must be the global maximum of @ — . In addition, (68)
holds, for otherwise it will contradict (67) and the definition of .
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To continue, since uy™"" takes only values of 1 and —1, it follows from (68)
that w,"""" =1 for sufficiently small h. For such h, the fact that (mp,np; k. ) is a
maximum point implies that for all m,n, and k in Z, we have

up”" <1 — p(mph,nph; k1) + @(mh, nh; k).

By the same reasoning as in [2, p. 490], the above inequality leads to
§"(7) [sign” (-, (ke = 1)7) = @lmnh, nnhi k) )| (mah,nah) > 0

where sign™ is the upper semi-continuous envelope of the sign function. The above
is equivalent to

517 | (552 ) (w6 = 1) — plomntnalsher)) | G, ) >

1
2 2

In terms of the discrete kernels G, (), the above inequality reads as

1
Z Gr—my, () Grn, (@) > bR (69)
(mvn)th
where
2T 2. . .
=3 and Qp = {(m,n) € Z° : p(mh,nh; (kr —1)7) —p(mph,nph; ke 7) > O}.
(70)

Step II. Here we will re-write the discrete inequality (69) into an integral form.
For this, we write

> Gm—mh(Oé)Gn—nh(Oé):/~ Gl (@) Gla,y) () diy dia, (71)
(m,n)eQ Q

with
Op = {(561,502) € R? : ([71] — ma, [F2] — nn) € Qh}.

Next, introducing 1 = }j‘% and x9 = —}\L%, the inequality (69) can be written as
— G ()G (a)dxy dzg > 71 (72)
=aq 1 (O 72,1 (0)dx1 dT ,
h?2 on [\/;1} [7\/;2] 1572 =9

where

Qn = %@h = {(a:l,zg) cR?: (fol] — ma, [\/zﬂ nh> € Qh}. (73)

To continue, we first state an error estimate between the Riemann sum and its
integral representation for Gaussian function. For any G C R?, f : G — R and
d > 0, denote RSs[f, G] to be the Riemann sum for f in G with step 9, i.e.

RS;s[f,G] := 42 > f(mé, nd).

(m,n)€Z?,(mé,nd)eG

|z]2

For f = e~ 3 and G C R? we have the following error estimate between the
Riemann sum and the integral:

E3

RSs[e” 1 ,G]—/ e da
G

<Cs (74)
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for some C' > 0 which does not depend on G and §. The above follows from the
one-dimensional inequality

RSsle= %, a,b]] /befdx <2 (75)

which holds uniformly for all —co < a < b < +00.
Now we proceed to analyze (72). By (55), we have

- 1 [ —e2-02
w2 |- G[\/izl} (Q)G[ﬁmz] (a)dzy dzg = RS%Z { 4 7Qh} +

h 1 —ei-ed 1 —ei-ej h
Cl FRS% |:|1.1|€ 7Qh:| + CQ RS h |:| h:l +o (T)

By (54), for i = 1,2, we have,
1 2222 N 1 _p2_ 22 h
RSh,[ e 2,Qh:| S/ e a 2dx1dx2+0<>
v | il R2\[- L, L )2 | ;] VT

~0 (m \%) L)

Applying (74) to (76) and making use of (77), inequality (72) now becomes

1 —2f—od 1
— e~ T dridrs+ My > -, (78)
4T /5 2

with

M, =0 (\% In \%) . (79)

Note that @h is a discretized set. In order to apply [2, Prop. 4.1], we will
make use of a version of (78) in which @}, is replaced by its continuum analog with
well-controlled error. For this purpose, consider,

Q" {($1, x2) € R?, (/721 — mph, /Tx2 — nph; (ke — 1)7)
—o(mph,nph; k1) > 0}.

Since ¢ is a smooth function satisfying the growth condition (66), we have that the
length of the boundary set 9@, is bounded independently of h. Moreoever, for any
(x1,x2) € OQp, we have dist ((x1, x2), 0Q5™) < % Hence

r2 {(@;:Lont \ @h) U (@h \ Q%ont)} <C

<=

which in turn implies that

1 —=f—a3 1 —w% 3 h
— e~ 1 dridry — — e dridzy| < C——= (80)
47T @h 47T Qn}:lont \/'7-
with C independent of h. After rescaling, we have
1 —22 g2 1 —(z1—m Lh,)27(z —n Lh,)2
e T drydry = — e dxq dxo (81)

4 Qgent AT Qrese
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where
Q¢ = {(whmg) € R?, o(x1, 29; (kr — 1)7) — (mph, nph; k1) > 0}.
Combining (78) with (80) and (81), we have

1
0<5— D Gmom(@)Gnon, ()
(m,n)EQn
1 1 —(z1=mph)2—(zg—nyh)?

= - - — ar dzry d M;,. (82
2  dxT thesce 1z + M ( )

Step III. We show here how (82) leads to (21°) and (23’) from Proposition 1.
We consider two cases. If Dg((Z1,Z2);t) # 0, we apply the result of [2, Prop. 4.1]
with ¢p((z1,22);t) == ¢((21,22);t) — ¢((muh, nph); ke7):

L 1 1
0o > hmhmfﬁ 57 Z Gy, (@)Gpn, (@)

(m,n)€EQn
. . 1 1 1 —(z1—m h)2—(:r, _n h,)2
— hmhmf\—ﬁ (2 _ m/rme w2 (g =y dz1d;z:2—|—Mh>
1 09 (D2¢D¢|D¢>) o
= T1,T = A+ — T1,Ta2),t
27| Do((Z1, T2), )] (8t ¢ D2 ((Z1,Z2),1)

which yields the desired result.
It remains to show that in the case when Dé((Z1, Z2);t) = 0, D?¢((Z1,%2);t) = 0,

and ) ) , ,
—(zg—mph)*—(zg—nph)
- — — e T T dxy dre + My, <0 (83)
2  ArnT Qrese

with M), satisfying (79) for sufficiently small h, we have %((fh@);ﬂ < 0. The
condition (83), strictly speaking, is different from the one in Proposition 4.1 [2].
However, we can still apply the technique in [2]. The following three cases are
possible:

I. Along some subsequence |Dé(mph, nph; k-7)| # 0, and Wmh—% — 0;
II. Along some subsequence |D¢(mph, nph; k,7)] =0 or m — 00;

III. Along some subsequence |D¢(mph,nph;k.7)| # 0, and
[>0.

In Case I, arguing as in [2], we deduce that for any ¢ > 0,

|Dé(mph, nph; kr7)| (; _ b / [t vyt dmld:@)

T
Dotmnhomn k)]

VT drr

> L (3(’5(:51,9;2, £ - >+0(1) (84)

However, since

\/,7_

passing to the limit in (84) as h — 0, using (8
all ¢ > 0, which yields the desired result.

NG
|Dp(mph, nph; ke 7) Mh _, (h n)
=
3),

we have W(xl,xg,t) — ¢ <0 for
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The conclusion in the Cases II and IIT follows from Proposition 4.1 [2] without
any change.

4. Motion in the critical case: 7 = ph. This section proves the statements for
the critical case, most notably Theorems 2 and 4.

4.1. Proof of Theorem 2. We refer to page 6385, in particular (30) and (31),
for the notation concerning the set 2g. Theorem 2 will follow from the following
statements.

(i) (Lower bound) If w®~"(7) > 1, then

mo—l s 2:;3 o2 1 [ 22 e o0 22
E / *dac—i— / e_Td:er/ e Tdx+ E / e 1dx.
2 2ng 2k
V ok k=no+1 nr

(ii) (Upper bound) If w®~"0(7) < 1, then

no—1 K \/2%J 2 1 o 22 > oo 2
Z/ v 4dz—|— / e~ Tdr < = e~ Tdr+ Z e~ T dx.

2 2ng 2k
pr k=no+1 pr
(86)
To prepare the the proof, let ng > 0 be such that w® =" () > % By Lemma 1,
we have
[w(bh)]
1 n e\#
Lewt = Y GG = 3 Y GG ()

(sh,jh)€Q §=—00 j=—00

Shifting the summation indices gives

N
IN
)]
w0
L
9]
<
L
+
[w)
~
wl
~—
‘0
-’

. . . 07_ l
Similarly, if w®~"°(7) < 3, then

[kp(ihr)]JrnO

% > i Go(a)G(a) + o (g)f . (88)

We first outline the idea of the proof for (85) and (86). Note that the relations
(87) and (88) implicitly define ng in terms of h. Our goal is to obtain a description of
no which is independent of h. To this end, we will establish the following asymptotic
expansion of the sum in the right hand sides of (87) and (88): as h — 0, it holds
that

. [“’(flh)]-ﬁ-no

Z Z Gs()G,(a) = % + \/%?fb(no,u, &)Vh + o(Vh), (89)

§=—00 j=—00
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where

no 1 / 2"70
®(no, p, & Z/ T dz+1/ " e T de
0 2 Jo
1 o0 22 > o0 22
—5/ e~ Tdr— Z / e~ Tdzx. (90)

Y % k=no+1" V& 2k
Then the desired results will follow.

It is convenient to group the indices in the summation (89) into the following
sets:

I {( ) 0< ]h < (p(Sh) + Tloh},

I, = {(s,7):p(sh) +noh < jh < 0}, (91)

Is = {(s,7):jh <min{p(sh)+ noh,0}},

and
bl = {(s,0):0 < ¢(sh)+ noh}, (92)
bl = {(s,0):0> @(sh)+noh}.
(See Fig. 4.)
A
FdaY
(0,
L o // 1 ll\\ i 1
27 N 1~ »~ Dl
1
2 P
Io
Figure 4.
With the above, we have
[kp(<h)]+n0
> Y G- Y G
§=—00 j=—o00 (s,j)eh
+ > Gi@)Gi(@)+ Y Gi(a)Gj(a
(s,5)€ls (s,5)€bln

On the other hand, it follows from the properties of the discrete heat kernel that
Y Gi@)Gi(a)+ Y Gi(a)Gy(a)
(5,9)€l2 (5,5)€I3
1 1 1
+3 Y G@G@+; Y GlaGl=g (99
(s.9)€bIL (5,5)€bI2
In view of (87), we have

Z Gs(a)Gy(a) + Z Gs(a)G,(a) + Z Gs(a)G(a) > 1—|—0 <E>W .

(s,9)€n (s,))€Is (s,j)€bI1
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Subtracting (94) from (93), we obtain

1
> Gule)Gila)+5 D0 Gul@)Gila)
(s:9)€h (s,4)€bI
1 e\
> Y GG+ Y Gs(a)Gj(a)+o(§) . (95)
(s:5)€l2 (s,5)€I2

Now for a fixed n > 1, let s(n) > 0 be the integer satisfying

et __

h
Since
olsh) = 9(0) + sh' (0) + P25 (0) + O(h?) = 5 (sh)? + O,
we have
s(n) = [ o (96)

Changing the order of summation in (95) and using the notation (96), we have that
if w»~"0(7) > 1, then

no

1
d.Gil@) > Gia)+5Go(a) Y Gila)
j=1 Is|<s(no—3) [s|<s(—no)
1 —! e\w
>sGole) Y G+ Y Gl Y Gla)+o(3)"
[s|=s(—no)+1 Jj=—00 [s|>s(no—j+1)
(97)

As of the second case, w% =" (1) < %, the same reasoning gives

d Gila) > Gia)+ %Go(a) > Gila)
Jj=1 [s|<s(no—j) [s]|<s(=n0)
<o Y G+ Y Gl Y alo(5)"

[s|>s(—no)+1 j=—00 [s|>s(no—j+1)
(98)

We point out here that the main technical difficulty in establishing the asymptotic
behavior of the terms in (98) is the term

-1

S Gile) Y G

j=—00 Is|>s(ro—j+1)

which involves an infinite sum of the products of Bessel functions and Riemann
sums. We will estimate this term from below using finitely many such products,
thus obtaining the lower bound (85). On the other hand, by means of a priori
bounds for Bessel functions, we will obtain the upper bound (86). Once we verify
that those bounds match, we will then obtain the asymptotic expansion of all the
terms in (98).
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4.2. The lower bound (85). Let w® "0 (r) >

%. Fix an arbitrary N > 1. It
follows from (98) that

no 1
Y Gila) Y. Gia)+5Gola) Y Gila)
j=1 [s|<s(no—7) |s|<s(=m0)

-1
>1Ga) Y G+ Y Gle) Y G (99)
j=—N

[s|>s(—no)+1 [s|>s(no—j+1)
For every j = 1,...,ng, by (96), we have that

Yo Gia)=1- Y Gia)y=1- > Gila).
[s|<s(no—j) [s|>s(no—17) ‘S|>\/W

Similar to the proof of Theorem 1, the re-scaling t = ph leads to:

o0
-
Z Gs(a) :/ _Gpg(a)ds =2-— _ G, vz, (a)dz. (100)
|g|>\/E |s|>,/2<"+:ﬂ) h /2("2);1) (7]

© rh

Using Proposition 1, the above can be written as

2 2 —J
6—4’< (no j),+oo>
UK
1 a2 2 —J
1, ( woa)ﬁm)
x HK

By the uniform Riemann sum estimate (75), we thus have

VT[T
h /2("}‘(‘);J')

1

(101)

2 o o2

E Gs(a) = —/ e Tdz+ O(Vh).
_ Var J /2D

ls|>\/ =" a

By property (46),

2(ng—j) )
Y Gl=1- Y G- —= [T T o,
|5I<s(r0—1) l> /2L /0

Next, combining the above expansion with (54), as h — 0, we have

no—1 2k R
Y Gila) > Gila)=2 vh Z/\/:eﬂdﬂ()(h), (102)

j=1 |s|<s(rno—j) AmVi = o
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and
1 253 e
26le) 3 Gulo) = / = 4z + O(h), (103)
|s]<So
fGo ) Y Gl vh e~ dz + O(h), (104)

|s|>So+1 47T\//7 Ve

—1 \/E no+N ) R
Yo Y@=z Y [ efwrom. oo
j=—N |s|>s(no—j+1) k=no+1" YV ur uh
In addition, combining (102)—(105), the inequality (99) implies
no—1 5 1 /2:7"? 5 1 Jo%s) no+N
Z/ Tdm+§/ e_de2§/2 _4dx+ Z / dx.
0 \V :0 k=no+1 \/:

Since N > 1 was chosen arbitrarily, letting N — oo gives

ool /i e 1 VR e 1 [

Z/ efleerﬁ/ ef%dx25/2 der Z / dz
k=10 0 Vo Vo

which leads to (i).

4.3. The matching upper bound. Now let w®~"0(r) < 1. It follows from (54),
as well as the monotonicity of G, («) in n, that the inequality

holds for all n > 1. Thus, from (98) we have

no

SoGia) Y Gula)t3Gola) Y Gula)

J=1 |s]<s(ro—j) |s]<s(—mno)

< 3Gola) Y \f G.(a). (106)

s \>S( no) J——OOI \>S(no J+1)

Now fix j < —1, and denote m :=ng — j + 1. Using (100) and (101), we have

2 a2 [2m
GS(OL) = \/T?RS% |:6 5 ( ,U,K7+OO>:|
h 1 a2 [2m

|s|>s(m)

Note that
RS & |:€_47 (,/m,—i—oo)} - e” Tdr| < —=e ur, (108)
UK [2m T
and
1 a2 2 12 h
RS {e4,< il ﬂ - Semdr| < —eem TR (109)
Tl i Zm T T
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Moreover, we have
RS RO . m
—e Tdx < C/ iede:v =Ce 2ur, (110)

2m I [2m

Combining (108), (109) and (110), the equation (107) reads as

G 2 [T ey e (Vh+oVE
sla) = e Tdr+ e 2ux + o0 .
S|>Zs(m) () VA //iT VAT ( ( ))

Therefore,

-1 1 oo foe) 2
E E Gs(a) = — E e”Tdx+OWh).

j=—o00|s|>s(no—j+1)
Using (102), (103) and (104), the inequality (106) yields the upper bound

ool oe/E 1 Ve e 1 [ . o
g / e_Tdm+§/ e Tdr < 5/ e Tdx+ E / e 1dx
2n
k=1 Y0 0 o k=no+1 7\ 7x

(111)
which gives (ii).

4.4. Proof of Theorem 3: the limiting case y — co. Recall that ng satisfies
no—l QiQ oo

Vi 2 1 g2 1 22 N
Z / e_Tda:—i—E/ e_de§§/ _ e Tdx+ Z / e Tdx
k=1 70 0 Ve k=no+1 7\ nx

(112)
and
o B e VIR e 1 e X[ e
Z/ 677d1t+§/ 677dz25/2 Qede:rJr ‘e*Td:r
k=10 0 Ve k=not2” \ 1%

(113)

Note again that ng = ng(u, ) is a function of p and x. We first claim that as
1 — 0o, up to a subsequence, we have
n

lim — = a, with 0 < a < oo. (114)

=00 LK
We will argue by contradiction.

_ : : 2k
Suppose a = 0o, i.e. ng > p. Then, for sufficiently large p, we have T 1 for

all k > ng + 1. Hence, as u — 0o, we can estimate the right hand side of (112) in
the following way:

e} 00 2 s} 0o .2 6—2(224—1)
E e ddr < E re Tdr=2— =
2k 2k _ T 3ok
k=no+1" \ ir k=no+1"\ in L—e 2=
—2(ng+1)

— 2= 2un + o()) = o).
On the other hand, for sufficiently large pu, since

no—1 2k pr+1 2k pr+1 Lﬁ B
Z /\/Tewfda: > Z /\/Tewfda: > Z /ﬁxefdx = %,UH‘FO(M)v
= Jo 0

we arrive at a contradiction with (112).
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Next, suppose a = 0, i.e. ng < p. In this case, the contradiction with (113)
follows from the fact that

2ng

0 Vir »2 1r 22
Z/ e”Tdx < no/ e~ Tdx = o(ng)
k=170 0

while

0 o 5 2no+1 S 5 oo 2
Z e Tdxr > edea:Zno/ e Tdx.
2k 2k 1
k=no+2
Thus the claim (114) holds.
It remains to show that a = 1. Suppose a¢ > 1. Omitting the integer part
notation, assume that ny = aux, then

[ee) o) ) 00 aprk+1 )
_z2 _z2 _z2
E e Tdr = E e Tdr — E e 1T dx
2k 2k

2k
k=no+1 nr k=pk e k=pr+1"\ ur

k=no+2 nK

and
no—1 K 2 .
OZ/ 4d9:#Z/ efTdeJr Z / e~ Tdu.
— Jo

Hence as p — +00, the equation (112) reads as

aprk—1

e ey 2 T 22
d:c + / - dz + / T
1;/0 k §+1 k %ﬂ \/;272

<
< Z e Tde+0(1)
k=pk e
or equivalently,
HK ,/ﬁ—’; .2 o0 [e’e) 22
Z/ e” Tdr+2rpk(a—1) < Z / e~ Tdxr+ O(1). (115)
k=170 PV

Thus, in order to obtain a contradiction, it suffices to show that

J;H;an / Fao = i Z / = (H15)

For this, note that as n — 400, we have that

1 i @ z2 Vaz y2 1 v2z y2
72/ e Tdx=RS1 / e Tdy,[0,1]| = / / e~ Tdydx + o(1),
n:-J " /o 0 Jo

and
Ios [ a2 < _
72/ e 4dx=RSl{/ 4dy,1oo} // 4dyd33—|—o()

Hence to establish (116), it remains to show that

o 2
/ / T dyda —/ / T dyd:r (117)
No
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2 2
By [,° e~ 'Tdy = /7, we have

1 V2 2 1 e 42
/ / e Tdydx = /T — / / e T dydx.
0o Jo 0 Jv2z

Thus (117) is equivalent to

0o oo 2
/ / e~ Tdydr = /T (118)
0o Jv2z

whose validity is verified by,

i & y> > % y2 & y2 y> > y>
/ / e*Tdydx:/ / e*dedy:/ —e*Tdy:/ e Tdy = /.
0 V2zx 0 0 o 2 0

Consequently, (116) holds, yielding a contradiction with (115) if a > 1. The case
a < 1 is excluded analogously.

Proof of corollary 1. The proof follows by observing that when ux is small enough,
the left hand side of (35) dominates the right hand side even for ny = 1. Precisely,
if uk = 0 and ng =1,

2

/ e de /T
0

while

2

_ 2e¢ ke

Z/Qk 4d.’I}<Z/2k —E—)O,Mﬁ—)O
AV \ i

O

4.5. Anisotropic curvature-driven motions. This subsection proves Theorem

4. Without loss of generality, we will assume that ws,, j, () = 5 The correspond-
ing inequalities for the case ws, j,. (7) < 1 or W, jng (T) > 1 can be obtained
analogously. As before, we start by noting that
1
e Y G @G, = Y Gue)a)
(s hyj'h)en (shtsnghsjhting h)ER
(119)
Similar to (91)-(92), we introduce the following sets:
I = {(s,)): Bsh < jh < g(sh = sn,h) = jnoh},
I§ = {(5,]):g(sh— 8nyh) — jnyh < jh < Bsh}, (120)
10 = {(s,5): jh < min{g(sh — sp,h) — juohs Lsh}},
and
bIf = {(s,5):s= %jmjh < g(sh — spoh) — Jnohts (121)
bIf = {(s,)):s= L3, jh = g(sh — snoh) = jnoh}-

(See Figure 5 for the illustration of the above sets.)
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bla,

" ® ®E ®§E ®E ®E =®E & E ®E ®E ®§E =®E & I", ] |2

Figure 5. The sets I¢, 1§, I§ and bI¢, bl for tanf =
With this notation, (119) reads as

win

Y GG+ Y Gula)Gia)= 5

(s,g)eIfurf (s,j)€ebI?

On the other hand, the properties (46) and (47) of the heat kernel yield that

Y GGy Y Gue)Gie) =y

(s,5)el§uIf (s,5)€bI?UbI!

Thus

> Gua)Gia) g Y Gula)Gs(a)

(s.4)elf (s,j)ebl?

=2 Y GG+ Y GG, (122)

(s.5)€bI] (s,9)€l]

A particular technical difficulty associated with the analysis of (122) stems from
the fact that, for given h > 0, an arbitrary line whose tangent is different from tan 6,
intersects 1! at most at a bounded (i.e. O(1)) number of points. Therefore, if we
choose a natural summation order along the vertical and horizontal grid lines, when
describing the sum Z(SJ)Q{; Gs(a)G,(a), we cannot apply the asymptotic analysis
described above and used in the proof of Theorem 2, i.e. (55). However, there
are finitely many lines at angle #, which intersect I at O (ﬁ) number of points.

Specifically, those are the lines at angle 6 that pass through the points (s;,j;) for
1 <i < ng—1. Therefore, we will perform the asymptotic analysis only along those
lines.

We now proceed with asymptotic expansions of the terms in (122).
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Step I: analysis of Z and Z . First note that

(s,5)ebly (s,j)eblf
"0
> Gl = 2 Gul@)Gypla)
(s,j)Ebe 5=5n,

where, omitting the integer part notation,

Si =1 lvpsno_ano_sﬂ
no hi (p? + ¢2)3/4 q

We next perform the same rescaling as in (100):

Z Gyqla / Glsjg(@)Glapp(a)ds

s= sn0
gt
\/? n
:ﬁ/ "Gt 1 (@)Gr s 1 (@)d
W, o [Ee]e T [
/7 1o
Note that for ¢t = ph
psno QJno + Sno\/ﬁ -+ 2dng T Sno\/E
””f us (P2 +¢2)30 T qyn pe(P® +4%)  qyn

Thus using the same reasoning as in the proof of Theorem 2, in particular equation
(101), we have,

2dng
wr(p2+q2) (p2+4¢3)=2
e i

2 Vi
Z Gay(@)Gap( a)—M\\/fﬁ 0 de + O(hlnh)

S$=5ng

2dng

_2vh 1 " e T de+O(hinh).  (123)

Am /i \/p* + ¢ Jo

Similarly, we also have

s;o—l o
Y Gu@)Gi(@) = Y Gu(@)Gap(@)+ D Gu(a)Gapla)
(s,j)GbIg s=—00 s:siOJrl
2 1
- f e Tdr+O(h).  (124)
NVl N
Step II: analysis of Z . Note that
(s.9)elf
no—1 S
Z Gs( Z ZGSFSHUJFS‘I )Gji*jnOJrSp(a)a
(s.)€lf =1 s=s7

where

WA

+_ 4 [ 2 VPSi—aji s
hk (
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Proceeding as in Step I, for every ¢, we obtain,
Sq
E Gsi7571.0+5q(a)Gji7jn0+5p(a)

[ﬁw]q*'si_sno (a)G{% ]p+h Jno ()dz.

Since for 7 = ph, we have

T o G Vh,. .
%xp +.]z —Jnoe — T (Ip - (]L - jTLo)) )

ﬁxq—l—si—sno = h7—<xq—\/ﬁ(si—sno)>,

h 1
and Sii - 4+ 2 Vpsi —qji I siVh _ 4 2d; n sivVh
t T V s (0% + )3/ g/ ue(P® +q%)  ayB’
Hence

Z Gsi—sngtsq() Gy +sp(c¥)

e

s pz qz ”—' L(Jz Jing) 412 l’*\/fﬁt(si,*sn ) 2
- /V”“ o) Al O>d:1:+0(h1nh).
47r\f
(125)

Finally, using the expansion e~ (@+aVh)® = ¢=2* _ 242\/he*" + o(v/h), and the
change of variable y — \/p? + ¢?z, (125) yields

R 2d;

. 2 Vh 1 pE g2

E Gs.—s 44 Gi_i s - T dz. 126
= i—Sng+ q(@)Gy, Jng+ p(a) ir i /7}72 e € € (126)

Therefore

S Gu(a)Gila) = 41?@2/ " R e o(WR).  (120)
(s,g)er?

Step III: analysis of Z . We use the same notation and reasoning as in
(s.3)€l]
Step II. Note that if p # 0, the asymptotic expansion of this term can be obtained
somewhat more easily than the one in Theorem 2 (where p = 0) since there is no
need to establish the upper and lower bounds in this case. Hence,

Z Gs(a)Gj(a) =2 Z ZGsz_snng‘Sq )Gji_j7L0+3p(a) (128)

(s.4)€IS i=no+1 g—gt

i

2 Vh 1 > 22
= Tdz + o(Vh).
47r\f1/p +q2 Z%:—H/ 24; +olVh)
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The above steps imply that, for sufficiently small h, the equality (122) can be
true if and only if the coefficients in front of the leading order terms (i.e. v/h terms)
match. This directly implies (40) and thus completes the proof of Theorem 4.

5. Numerical experiments. We have implemented the scheme (7) numerically
for various initial data €2y and parameters 7 = At and h = Ax. The simulation is
performed using Matlab and the discrete heat equation is solved using Fast Fourier
Transform. Our results are presented in this section.

We start with the evolution of a circle and a dumpbell-shaped domain. In Figures
6 and 7, the blue and red contours indicate the initial and final configurations. Note
that the evolution picture for the circle does not have the red contour since the circle
vanishes before the end of the simulation period. Note also that for the dumpbell
evolution, for small time, the flat part of the connecting neck does not move as
the curvature there is zero which is below the threshold value given by Corollary 1.
Thus the strong comparison principle does not hold in the critical case.

400, : : : : ; : : 400

350+ : : : :
350[ SRR AR e AR 1

300[~ i

300
250

B 200 250

1501

200

100p -0

S SO S ..... ] 150k ------ ,,,,,,,,,, U e ,,,,,,,, i

0 50 100 150 200 250 300 350 400  {QQ H ; ; i
X 100 200 300 400 500

Figure 6: evolution of a circle. Figure 7: evolution of a dumpbell.

Next we present in more detail the motion of a circle, in particular the dependence
on the underlying parameters. The figures below show how the radius of a circle
changes for different values of the parameter h and pu.

h=0.1, 0.075, 0.05

T S R S Figure 8: evolution of the cir-
al e Lo .| cle radius with different val-

j b ues of h (h = 0.1 (green);

B NG k= 0075 (ved); ho= 0.05
E R PRI MR SRS ST (blue)). They indicate that

o upon decreasing the grid size
h, the evolution converges to
the exact solution (given by
“7  the black curve).

151
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Radius

Figure 9: evolution of the circle radius
with different values of . The black curve
is the exact mean curature motion. For p
large (close to 1), the evolution is close to
the exact solution. The red curve shows
that the radius does not change indicat-
ing that g = 0.3 is small enough that
the whole evolution is completely pinned
(Corollary 1).

We next investigate the anisotropy of the velocity function. We first present the
result for the evolution of a long rectangle tilted at 45°.

1000,

Length of finger

Figure 10: snap shots of the mo-
tion of a rectangle tilted at 45°.
Note that after some initial tran-
sient, the motion of the short
sides are roughly described by
a translational invariant solution
(which is the exact solution for an
infinitely long rectangle).

o i i i
0 800 1000
X
1800
1700 -+ = oo .
4
1600 e ‘\ .
. Figure 11: length of
1500 s B R R SR . .
. ‘ : : the rectangle vs time.
L IS B \'.\1 """" A It clearly indicates a
300k -+ <+ e e e e e et e e ] linear relationship with
1200 I e ] time C.C)nﬁrm}ng 'the
5\\.\ translational invariant
i T motion.
: T
-
900 1 1 1 1
0 05 1 15 25 3
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We conclude the section by computing the velocity of short sides of the long
rectangle domain for a range of tilt angles. For each tilt angle, five equally spaced
values of u between 0.5 and 1 are performed. The results are illustrated below.

325 ! ! ! ! ! ‘ !

3200 e ALy

Y IR RN T

310 Figure 12:  Velocities
4:3' J for tilt angles 6 =
e 0°,1°,...,45° and pu =
S a0l 1 (black), p = 0.875
2 PN (blue), u = 0.75 (green),

2% p = 0.625 (cyan), pu =

po0l i i 0.5 (red).

285l i ..L_._.__L_____.}.__”_j______j_”_._.j_”__”

280, 5 0 15 20 2 80 @ 40 @

0
325 ‘ ‘ ‘ ‘ ‘ ‘ ‘ ; ;
320 b

Figure 13: Velocities for
tilt angles # ranging from
0° to 5°. pu =1 (black),
uw = 0.875 (blue), p =
0.75 (green), u = 0.625
(cyan), p = 0.5 (red).
The increment in 6 is
0.1°.

velocity
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