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New uniform estimates for multigrid algorithms are established for certain non-symmetric indefinite prob-
lems. In particular, we are concerned with the simple additive algorithm and multigrid (V (1, 0)-cycle)
algorithms given in {5]. We prove, without full elliptic regularity assumption, that these algorithms have uni-
form reduction per iteration, independent of the finest mesh size and number of refinement levels, provided
that the coarsest mesh size is sufficiently small.
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1. Introduction

In recent years, multilevel additive and multiplicative methods have been investigated to
effectively solve the non-symmetric discrete equations which arise in numerical approxi-
mation of partial differential equations ([3], [6], [12], [17], [18], and [20]). So far, conver-
gence rate estimates for these methods are weakly dependent on the number of refinement
levels J that could deteriorate when J is becoming large. In contrast, the theory developed
in this paper gives uniform convergence rates for both the additive and multiplicative
algorithms introduced in Section 3. We analyze non-symmetric additive preconditioners
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and multiplicative iteration operators here, in contrast to the analyses of the multilevel
methods as presented in [20] and [17], but our analysis can also be applied to those which
are symmetric. We prove that both algorithms have uniform convergence rates, without
full elliptic regularity assumption, with respect to the number of refinement levels J and
finest mesh parameter /4 ; provided that the coarsest mesh parameter hy is sufficiently small.
That is, the finite element approximation on the coarsest grid is accurate enough. Such an
assumption is common for the convergence theory of multilevel methods (e.g., [3], [6], [12],
[17], and [18]) as well as the theory of finite element discretization of indefinite problems
(e.g., [1], [15] and [20]).

We consider a class of second order, non-symmetric, and indefinite elliptic partial differ-
ential equations on a two-dimensional polygonal or three-dimensional polyhedral domain
Q. The problems are solved numerically by using a nested sequence of linear finite element
spaces generated by quasi uniform refinement of the coarsest mesh. Using these vector
spaces we build multilevel additive and multiplicative algorithms that are similar to those
considered in [5] but for solving certain symmetric positive-definite counterparts.

The crucial parts in the theoretical development here are that the underlying non-
symmetric discrete operators are ‘small’ when restricted to coarser grids and that the non-
symmetric part of the original bilinear form is uniformly bounded by the energy norm
induced from the symmetric second order terms. The former property, which is similar to
the strengthened Cauchy—Schwarz inequality, plays an important role in obtaining the uni-
form estimates for both additive and multiplicative cases. Similar ideas were also used in
[22] and [S] for solving symmetric positive-definite problems. To obtain the latter property,
we use the fundamental approximation result given in [16] that is not based on any regularity
assumption for the original non-symmetric problems.

The outline of the remainder of the paper is as follows. We give a general formulation
for some non-symmetric and indefinite boundary value probiems in Section 2. We then
introduce the projection operators and the algorithms in Section 3. Finally, we present
an abstract convergence analysis for the additive algorithm as well as the multiplicative
algorithm in Section 4.1 and Section 4.2 respectively.

2. The model problem

For simplicity, throughout this paper, let £ be a two-dimensional polygon. Extensions of the
results in subsequent sections to higher dimensions are straightforward and omitted here.
We consider the solution of the elliptic boundary value problem
—V-(AVu)+l;-Vu+cu=f,inQ 2.1)

u=0, ondQ )

We shall impose some weak assumptions on the coefficients above. Assume that A € R2*?
is a given symmetric matrix function, which is uniformly positive definite for almost all
x € $2; and that g; j is in WY-P(RQ), the Sobolev space of order y defined in terms of
the LP-norm (cf. {11]) for some positive parameters y € (0,0.5) and p > 2/y. Note
that functions a;;, that are piecewisely smooth with respect to subregions with Lipschitz
continuous boundaries, are in such a space. Assume also that b= (b1, bz)! isacontinuously
differentiable vector function on 2, and that ¢ is a bounded scalar function. Moreover, we
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assume that (2.1) has a unique solution for each f in H~1(£2), the dual space of the Sobolev
space H}(Q) = WOI‘Z(Q), with the norm || - ||_;.

Multiplying (2.1) by a smooth test function v that vanishes on 92 and integrating by
parts gives variational form of (2.1): Find u € HO1 () such that

a(u,v) =(f,v), YveHN(D 2.2)

Here, (-, -) denotes the L? inner product with induced norm || - || and for any u,v € HO1 ()
bilinear form a(u, v) is defined as

a(u,v) =a’(u, v) + b(u,v)

where

[a‘(u, v) = [o (AVu)'(Vv)dx, and 23)

b(u,v) = [, (b - Vu + cu)vdx

Under the above assumptions, it is straightforward to verify that a®(u, v) is bounded and
uniformly elliptic (coercive) in Hol (£2). As a consequence the energy norm

vle = Va*(v, v), YveH Q)

is equivalent to the H' norm, ||v}};. By the assumptions on the coefficients in problem (2.1),
the symmetric bilinear form a*(:, -) is uniformly equivalent to the form corresponding to
the constant coefficient operator —A. Hence, we assume that there is an « in (0, 1] such that
solutions u of (2.1) with A = I, b = 0, and ¢ = 0 satisfy the following regularity estimate:

lulli+a < Clfll-14 (2.4

Here, || fll—1+« is the interpolated norm between L2(S2) and H~1(§2). This regularity
assumption is weak (for more discussions, see [5]).

Here and henceforth, we may drop the subscript for the finest mesh parameter 4 ; and use
C with or without script to denote a generic positive constant independent of the number
of levels J and the finest mesh parameter 4 ;. We note the following inequalities regarding
the bilinear forms a(-, -) and b(:, -) in terms of the LZ and energy norms

Clulalvi
Cliulllvla

la(u, v)] < Clulalvle, VY u,v e Hy(RQ)

[b(u, v)| < [ (2.5)

In addition, we have the Girding’s inequality:
lvl2 — Cllv|? < a(v,v), V¥ ve HNR)

We consider a finite element approximation to problem (2.2) in terms of a collection of
nested finite dimensional subspaces of Ho1 (2) characterized by the triangulation parameters
hj, j=0,1,. . J . To define these subspaces, we start with an intentionally coarse trian-
gulation T of Q with the properties that the boundary 32 is composed of edges of some
triangles T in J¢ and that every triangle of J is shape regular. Each triangle T of J is
regularly refined several times, giving a family of nested triangulation 79, 74, ..., ;=9
such that triangle of T is generated by subdividing a triangle of J; into congruent tri-
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angles (cf.[9]). As a result the ratio

is an integer bigger than or equal to one and bounded above by a fixed constant for j =
0,1,---,J — 1. Throughout this paper, for simplicity of the presentation, we let

vy =2 Vijie(0l,..,J-1 (2.6)

the case corresponds to the uniform refinement that each triangle of J;; is generated by
subdividing a triangle of J into four congruent ones.

Foreach j=0, 1, ..., J, we associate the triangulation J ; with the piecewise linear finite
element space V; (cf. [2] and [9]). It is easy to verify that the family of spaces { V; } is nested,
ie.,

VoCcViC...CVy=Vy=Vy, 27

The finite element approximation to the solution of problem (2.2) is to seek up € Vj, such
that

a(up, vp) = (f,vn), Yvp € Vy (2.8)

We use nodal bases functions {¢, (x)} as a basis for Vj. After substituting the expression of
up, and vy in terms of the basis into (2.8), we obtain a system of linear equations

Ajy=g

where Ay = (a(¢;, ¢:)) is the stiffness matrix; g; = f(¢) is the i-th component of the
vector g; and y; is the i-th component of solution vector y satisfying

u(x) =) yiti(x)

Note that the matrix A, is non-symmetric and indefinite with condition number k(A ;) =
O(h~?) and that existence and uniqueness of the finite element solution u, to problem (2.8)
does not immediately follow in general. However, it does hold if k is sufficiently small.
In subsequent sections, we assume existence of solution to the above non-symmetric and
indefinite system of linear equations.

3. Additive and multiplicative algorithms

In this section, we present construction of multilevel additive and multiplicative algorithms
that are used to solve the system of linear equations resulting in (2.8)

Aju=f 3.1)

where A is a non-symmetric and indefinite operator on a finite dimensional vector space
V. We start by introducing a linear iterative process for solving (3.1) and definition of
operators in Subsection 3.1. Then, in Subsection 3.2 and Subsection 3.3, we describe the
additive and multiplicative algorithms.
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Given an approximate solution ¢

the following three steps:

of (3.1), we produce a new approximation «"®" by

1. Compute the residual r°4 = f— A ;u°. 1f r°4 = 0 or very small, then stop. Otherwise,
perform the following two steps.

2. Solve the residual equation A e = r
an approximate inverse of A ;.

3. Update u™* = u°¢ 4 g, then go to Step 1.

old old

approximately: compute ¢ = Br®° where B is

It is well known that choice of B in the above iterative process plays an important role
for effectively solving both symmetric and non-symmetric systems of linear equations.
One way to choose B is by solving certain subspace problems like the additive algorithm
introduced in Subsection 3.2.

3.1. Definition of operators

Assume that we are given a nested sequence of finite dimensional vector spaces as (2.7).
We introduce the following operators:

1. the projection @; : V; — Vj is defined for u € V; by
(Qju,v) =(u,v), YveV; (j=0,1,...,J)
2. the projection Pjs : V; — Vj is defined for u € V; by
as(Pjsu,v) =a(u,v), YveV, (j=1,...,))
3. the projection Py : V; — Vj is defined for u € V; by
a(Pou,v) =alu,v), vYveV
4. the operator A} : V; — Vj is defined for u € Vj by
(Aju,v) =a'(u,v), YveV; (j=12,...,J0)
S. the operator Ag : Vo — Vj is defined for u € V; by
(Apu,v) =a(u,v), YveV
6. the operator Ay : Vj — Vj is defined for u € V; by
(Aju,v) =a(u,v), VYveV;

Moreover, we note that any v € V; can be written as
J
v=Y (Qj-Qj-)v (Q1=0,0,=1 32
j=0

where 0 and I are the respective null and identity operators. Also, it is straightforward to
verify that
Q]AJ=AjR]s (j=172"""’)
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3.2. Additive algorithm

old

Given u®“, compute a new approximation u"* by the following two steps.

1. Instead of solving the whole residual equation, we seek a correction €; by following
equation in each subspace V;
& = R;Q;r’

where R; is a certain ‘smoother’ or subspace solver in V;.
2. An update of the approximation of u is then obtained by summing over all corrections

{&j} as

J
W = uold + Z-éj
=0

In this algorithm, it is clear that 4™V can be written as a linear iterative process of the
form
uev — uold + Ba(f _ AJuold)

Hence, the multilevel additive preconditioner B¢ is

J
B =) RiQ;
j=0

It is straightforward to verify that the preconditioned operator B4 A satisfies the relations

J J J
BYA; = ZSR,-Q,-A, = ;RjA;g? = 2)7;

We use B¢ as a preconditioner in co-operation with GMRES type iterative methods (cf.
[10] and [14]) to solve the non-symmetric problem (2.2). It is well known that, unlike
the conjugate gradient method for the symmetric positive-definite problems, the GMRES
method for solving non-symmetric problems may not converge without proper precondi-
tioning. A preconditioner for the GMRES method is not only to speed up convergence rate
but also to guarantee the convergence of the method. Besides, Eisenstat, Elman and Schultz
[10] proved that the rate of convergence of the GMRES method can be approximated in
terms of the minimal eigenvalue of the symmetric part of the preconditioned operator BA,
which is defined as

.. a’(B%Ajv,v)
ag = inf ————=
veV) Ivlg

together with the energy norm «y of the operator B? A ;. The asymptotic convergence rate
with respect to the energy norm for GMRES method is 1 — (a(z, / a%) (cf. [10]). In Section 4.1,
we prove that both ap and a1 are uniformly bounded below and above, respectively, with
respect to the number of refinement levels J and the finest mesh parameter 4 ; providing
the coarsest mesh parameter hyg is sufficiently small.

In subsequent sections, for simplicity, we let the smoothing operators Ry be A, Land R;
be (1/xj)1 for j = 1,2, ..., J. Here, A; is the spectral radius of the operator A}, and it is
straightforward to show that A; = O(hj"z) for our model problem. With these notations,
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we have the following identities

To = RgQoAs = RpAoPy = Py, and
1 1 .

Ty = RjQjA; = - QjAs = AR} (j=12,....0)
j Aj

Also, we note that one coarsest problem is solved per preconditioning step due to the choice
of the smoother Ry on the coarsest mesh.

3.3.  Multiplicative algorithm

We consider the following multiplicative algorithm (V(1,0)-cycle). Given u® € V;, an
approximation to the solution of (3.1), we define the next approximation u®+1 as follows:

1. Sety, =u’.
2. Compute an update from each successively coarser level according to

Yijo1 =Y +RJ—jQJ—j(f“AJ)’,_j) for J=Ov 1,---,J
3. Setutt! =y .

It is straightforward to show that
w—ut = (I -T)I =T = T —u")

The convergence of the multiplicative algorithm followed from norm estimate of the fol-
lowing error reduction operator

E; =(U-To)d-T)---(I-Ty)

In Section 4.2, we show that the energy norm of the error reduction operator E; is uniformly
bounded by a positive constant that is strictly less than one, independent of the number of
refinement levels J and the finest mesh parameter 4, providing the coarsest mesh parameter
hy is sufficiently small.

4. Convergence analysis

In this section, we present and prove uniform convergence theorems for the additive and
multiplicative algorithms. We first prove that the minimal eigenvalue of the symmetric part
of the preconditioned operator B*A; and its energy norm are uniformly bounded below
and above respectively, independent of the number of refinement levels J and the finest
mesh parameter s, providing that the coarsest mesh parameter hg is sufficiently small.
The former is presented in Theorem 4.1 and the latter in Theorem 4.2. We then present the
uniform convergence theorem for multiplicative case in Theorem 4.3.

We first note the following well-known approximation and boundedness properties for
the operators {Q;} in terms of L? and energy norms: for any v € Hg(S2) we have the
following inequalities

@ — @ji-DvI* < CA'd,v), j=1,2,...,7 “.1)
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and
a’(Qjv, Qjv) < Ca*(v,v), j=0,1,....J 4.2

where AJTI < Chj? for our application. By the construction of the triangulation it is simple

-1
to verify that the sum of {)L ; 2 } satisfying

=

J J
AP <Chyy 27/ < Cho (4.3)
j=1 j=1
We next cite a lemma regarding the sum of || (Q; — Qj_l)vll2 forj=1,2,..-,J.For
symmetric positive-definite problems, this lemma leads to a much weaker assumption that
replaces the full regularity assumptions for multigrid type algorithms (see [5] for a detailed

proof).

Lemma 4.1. For every v in V; there exists a positive constant C independent of J and h ;
satisfying

J
1Qovl2 + C Y %;11(Q) — @j~vli* < Clvl;
s

J

In [16], Schatz and Wang proved the following fundamental result for the non-symmetric
indefinite elliptic problems introduced in Section 2 without regularity assumption. This
lemma is used in estimating ||b(-, -)||.

Lemma 4.2. For any fixed ¢ > 0 and for every v in V;, these exists H > 0 such that
Py, the operator obtained by restricting the original problem to the coarsest grid, has the
following relations: Yv € Vy,

| Pov — vl| < &lPov —vl|a < Cejvlg, V O<hp<H

4.1. Additive version

‘We now prove that the sum of the operators {Tj*Tj} is positive definite with respect to
the energy norm in Lemma 4.3, and that {7;} are non-negative up to a small perturbation
in Lemma 4.5. These lemmas play a fundamental role in the development of the uniform
convergence estimates for both the additive and multiplicative preconditioners.

Lemma 4.3. For sufficiently small hy, there exists a positive constant Cy independent of
J and hj such that

J
Coa*(v,v) < Zas(ij, Tiv), VveV; 4.4)
j=0

Proof Substituting (3.2) for v we obtain the following equation

J
a*(v,v) = a* (v, Qov) + Y @’ (v, (Qj — Qj-1)V)
j=1

J
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By the definition of the bilinear form a(-, -), the operators, and Lemma 4.2, we establish an
upper bound for the first term of the right hand side in the previous equality as follows

a’(v, Qov) = a*(Tov, Qov) + b((Po — I)v, Qov)
< C|Tovlal Qovls + ClI(Po — Iv|l| Qovla 4.5)
< C|Tovla| Qovlg + Celvla| Qovla

To obtain an upper bound for the summation term, a little manipulation is needed. It follows
from the definition of the operators {7}, (2.5), and (4.1) that

J J J
Y@ @, (Q) — Qj-Dv) < Y Ai(Tjv, (@ — Qi) + C Y wlall(Q) — Qj-1v
Jj=1 j=1 j=1
J J
<CY MITvlal(Q) = Qj-)vll-1 +C Y _hiv2  (4.6)
j=1 j=t
Since

Q) — Qjvlls = sup (&= Gi-uv. é)

¢€H8(Q) ®ll1
~ sup (Qj — @j-Vv, (Zj — Qj-1)¢$)
¢€H01(Q) ”¢”1

_1
< CA; Q) — Q-

by (4.5), (4.6), and the Cauchy—Schwarz inequality we have that

J 1 J 1
@*(v,v) < (Z »ijlz)z (IQovlﬁ +Y 4l - Qj_l)vnz>2
j=0 j=1

J
+ CelvlalQovla + Clu2 ) hj
j=1

Lemma 4.1 and (4.2) then yield

J

1
2
a*(v,v) < Cy (Z tT,-vi,%) vla + Ca(e + ho)lvl?
j=0

Choosing a sufficiently small kg such that 1 — Cy(e + ho) > 0, (4.4) now follows with
constant )
Co— 1—Ca(e + hp)
0= ——Cl
This completes the proof of the lemma. a

From the definition of bilinear form a*(-, -) and the fact that coefficients {a;;} in (2.1)
belong to WY-7(2) with y € (0, 0.5), we have the following property (see [5] for a detailed
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proof): fori < j, there exists a constant C not depending on the mesh parameter satisfying
la* (w, )| < Ch{ VM wlaligl, YweVi, ¢eV
This property can be easily extended to non-symmetric bilinear form a(-, -), i.e.,
|Mw¢nsc@f“”w7+gmuww VweVi, ¢eV; @47
Lemma 4.4. For any v € V,, we have the following estimates
1Tl = —Al;nA;f;fvn < Chjlol, 48
Proof (4.8) follows from the definition of the operators and (4.7) with i = j that

1 1 (AiPv, @)
ITjvll = —JASPSvll = — sup —L—
7 o p

J

rjgev, ol
_1 sup a*(Pjv, ¢) _1 sup a(v, ¢)
Aj pev;, ol A gev; Nl
< Chjlvla

Lemma 4.5. Given ¢ > 0 and sufficiently small ho, the energy norm of Tjv (j = 0,
1, .-, J) satisfying

a*(Tov, Tov) < a’(Tyv, v) + Cea’(v,v), Yv e V; 4.9
and

a’(Tjv, Tjv) < a’(Tjv,v) + Chja*(v,v), YweV; Vj=12,...,J 4.10)

Proof We will prove (4.10) only since the proof of (4.9) is similar. From the definition of
the operators, the fact that (Aj — A;I) is non-positive, and Lemma 4.4, we obtain that

a*(Tjv, Tjv) — a* (v, Tjv) = a’(Tjv, Tjv) — a(v, Tjv) + b(v, Tjv)
= a'(Tjv, Tjv) — a’(Pj’v, Tjv) + b(v, T;v)
= ((Aj. — AjDTjv, Tjv) + b(v, Tjv)
< Clvlal Tivll
< Chjlvl2

(4.10) now follows by rearranging the sums on both sides. ]

The next remark is an immediate consequence of Lemma 4.5 by summing over j = 0,
1,2,---,J in (4.9) and (4.10).
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Remark 1. For any fixed ¢ > 0, we obtain that

J J
Zas(ij, Tjv)<C Za’(v, Tjv) + C(hg + €)a’(v,v), YveV;
j=0 j=0

We are now ready to prove that the smallest eigenvalue of the symmetric part of operator
B* A is bounded below uniformly by a constant, providing that the coarsest mesh parameter
hy is sufficiently small.

Theorem 4.1. For any v € Vy, there exists H > 0 such that for any 0 < hg < H, we
have
a‘*(v,v) < Ca’(v, B°Ayv), VYveyV; 4.11)

Proof (4.11) follows from Lemma 4.3 and Remark 4.1. ]

Next, we show that the preconditioned operator B® A is uniformly bounded above in the
energy norm. To this end, note the well-known results (cf. [4],[5], [7],{13], [19] and [21]):
for every v in Vy,

J
Y 2M1Q; A5 < Ca* (v, v) (4.12)
j=1

Since non-symmetric operator A, is a small perturbation to symmetric operator A, it is
intuitively clear that (4.12) also holds for A;.

Lemma 4.6. For every v in V;, we have that
J
Y 2Q AP < Ca*(v,v),  forallveV, 4.13)
j=t

Proof By the definition of the operators and the bilinear form, it is clear to verify the
identity

(QjAsv, QjA V) = (QjA%v, QjATv) + b(v, QjAsv) + b(v, QjATv)

To bound the perturbation term b(v, Q; A v) above, we apply (2.6), the Cauchy—Schwarz
inequality, and (4.12) to get that

J J
1600, 0145 < C 3 A7 kel A
=1 j=1

J 1, 3
(57 (£ 1000)
j= j=

< Cholv|}

J
(4.14)
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Using (2.3) and Lemma 4.4 in the second perturbation term yield

J J
D A7, QjAv) < C YA ulallAS P vl
j=1 j=1

J (4.15)
<Cl2Y ki
j=1
< Cholvl3
(4.13) now follows from (4.12), (4.14), and (4.15). ]

Theorem 4.2. There exists a positive constant H such that for any 0 < hg < H, we have
that
a*(B°Ajv, B°Ajv) < Ca*(v,v), VYveV; (4.16)

Proof From the triangle inequality, we have

I J
a’(B%Ajv, B°Asv) <2 (a’(Tov, Tov) + a° (Z T;v, Z ij))

J
It thus suffices to show that Tp and Z T; are bounded in the energy norm. Boundedness
j=1
of Ty follows from the Cauchy—Schwarz inequality and Lemma 4.2 shows that

a*(Tov, Tov) = a’(Pov, Tov) < |Pov|a|Tovla
=< (‘v‘a + I - PO)Ula)‘TOv!a
< A+ O)vlg|Tpvla
J J
To show boundedness of Z T; in the energy norm, let w = z T;v. By the definition of

j=1 j=1
the operators [T] }, the Cauchy—Schwarz inequality, (4.12), and Lemma 4.6, we have that

|w|2 = Za (Tjv, w)
J
=Y 371QjAv, QiAW)
Jj=1

(i IIQ,AJvIIZ) (Zrlng, w||2)]

j=1
< Cvlglwla

IA
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which implies that
J J
a’(z Tjv, Z ij) < Ca'(v,v)
j=1 j=1
Hence, this completes the proof of theorem. ]

4.2. Multiplicative version

Our goal is to prove that the energy norm of the error reduction operator E; is uniformly
bounded above by a constant strictly less than one, independent of the number of refinement
levels J and the finest mesh parameter k7, providing that the coarsest mesh parameter hg
is sufficiently small.

We shall outline lemmas that play a crucial role in the development of the uniform
convergence estimate for the multiplicative algorithm. For a detailed analysis, readers should
consult the framework in [8]. We first give and verify the following important observation:
for our application, the non-symmetric operator 7; is ‘small’ when applying functions in
V; for i smaller than or equal to j.

Lemma 4.7. For sufficiently small coarsest triangulation parameter hy, there is a positive
number 0 < § < 1 and a positive constant C, independent of mesh parameters J and h,
satisfying

a*(v, Tjv) < C82UDg%(w,v), VveV, and i<j (4.17)

Proof By the definitions of the operators and the L? norm, it follows from (2.5) and (4.7)
that

1 1
a’(v, Tjv) = X;a(v, AJ’-Pjsv) - -);b(v, Aij’v)

<£(Su (A;f;?v,¢)>2+£|vl (su (AjP;v,¢))
=3 \ger ol PPl Pue AT

£(su a(v’¢))2+£|vl (su a(v,¢))
X \gey, 19l 5\ ger, 0l

C(,(~14y), - 2 C{(,(-14y), -
< ;(h,( Wy 4 1) 2 + ;(k}‘. L) g l)lvlg
j j

{A

Using the fact that Aj"l < Chj? and (2.6), we obtain

2
a (Tjv,v) < C hj y+h3+h< AN lv[?
JY = hi g] ] hi a

< C82UDp)2
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1N . (BT,
() () =%

i
—;— , otherwise

is a positive constant less than one for sufficiently small 4o (€.g., ho is less than or equal to
one). This completes the proof of lemma. [ ]

where

Since the bilinear form a(., -} is equal to @’ (-, -) up to a small perturbation, it is straight-
forward to obtain the following inequality analogous to (4.17).

Lemma 4.8. Foreveryv € V; and i < j we have that
a(v, Tjv) < C&82UDas (v, v) (4.18)
Here,

~ 1 . .
§= AT (A = max {320-'), ho2~) ] ) (4.19)

is a positive constant less than one for sufficiently small ho.

Proof Using (4.17), the definition of bilinear form a(:, -) and the operator T}, and Lemma
4.4, we obtain

a(v, Tjv) < €820 (v, v) + CITjv||vla
< c(az‘f“") + hj)|v|‘21
=CGW”+MTQWﬁ

Now, (4.18) is valid with (4.19). [ ]

By making use of Lemma 4.8, it is straightforward to prove the following estimates (for
more details, see [8]).

Lemma 4.9. For any v in Vj, there exists H > O such that for any 0 < hg < H, we have

J J
> @t (Tjv, Tjv) < €1 Y a*(TEj_1v, T  Ej—1v)

j=0 j=0
and
J
Y " a* (T Ej_1v, TiE;_1v) < Caa* (v, v) — C3a* (E;v, Ejv)
j=0
with _
O(ho +¢€) ¢
Cr=C3+-—+—" agnd C3=—I—
2=UT T 00y M T 10

Here, C1 and C are constants, independent of the finest mesh parameter h ; and the number
of levels J.
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The following uniform convergence theorem for the multiplicative algorithm follows
from Lemma 4.3 and Lemma 4.9.

Theorem 4.3. For any v in Vy, there exists H > 0 such that for any 0 < hg < H, we
have .
a’(Ejv, Ejv) < Ca’(v, v)

Here, the C € (0,1) is a constant, independent of the finest mesh parameter hy and the
number of levels J.

5. Conclusion

In this paper, we present and prove uniform convergence results for some muitilevel additive
and multilevel multiplicative algorithms for certain non-symmetric and indefinite problems.
We note that the elliptic regularity assumption used in our proof is weak, that the theory for
multiplicative case (multigrid V (1, 0)-cycle) can be extended to the multigrid algorithm of
arbitrary cycles, and that our results can be extended to the case involving a locally refined
mesh (cf. [5]).
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