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(b) Noisy Image.

(c) C =4. (d) C =s.

Fig. 4.7 The minimizer of ROF model (4.13) with different A\ = %

4.2.3 Primal, dual and primal-dual forms
Using all notation above, the discrete ROF model can be written as a convex
minimization problem

minf(KU)+ g(U), (114a)

where K = Vj, : R"*" — R2("%") ig a linear mapping

K{U)=vV,U = (UDT,DU), (4.14b)
and
f(P,Q) = Z W3 /P2(i,5) + Q%(i,5), g(U) = AthlU(z’,ﬁ —ali, 5)*.

(4.14c)
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It is straightforward to verify that the adjoint operator of K is given by
K* = —Vj- : R jrxn
(P,Q) — (PD +D'Q)
The convex minimization (4.14a) is in primal form, and it has an equiv-
alent dual form:

~poiin fT(P) 4+ g7 (-KTP), (4.15)
where f* and ¢g* are convex conjuate (a.k.a., Legendre transform) of the
convex function f and g respectively. See Appendix C.3 for the definition
and properties of the convex conjugate functions. Both (4.14a) and (4.15)
also have an equivalent primal-dual form:

i KU,P) — f*(P) + g(U 4.16
plin  max (KU,P) - f*(P)+g(l), (4.16)

Remark 4.2. The minimizer U* to (4.14a) and the minimizer P* to (4.15)
are related via the first order optimality condition:
0=K"P +Vg(U),
which gives 0 = K*P + A\(U — A) & U = A— $K*P.
To be more explicit, for the TV-norm denoising problem of a 2D image
A € R™ ™ the primal problem can be written as

A
i KU ZIU - A|lF,
Lmin KU+ 20 - Al
where || - ||p is the Frobenius norm for a matrix |[U — Allp =
\/Z” |U(%,5) — a(i, 5)|? and the 1-norm for a pair of matrices V = (P, Q)

is

F(V)=(P,Q) =) VP(i.5)* + Qi j).
1)
Up to a constant shift, the dual problem can be written as
R Ry A
—min F*(V) + ﬁH/C V - EA||%7
where the convex conjugate or Legendre transform of F(V) is

F'(V) = F*(P.Q) = }_ vz y2<1y (P(0,), Qi, ),

with a convex closed proper (extended) function ¢(,2,2<1y called indicator
function of a convex closed set (see Appendixz C.1):

0, 2 +y? <1

L{z2+y2§1}(x7y) = {+OO x2 +y2 -1 .



