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ABSTRACT

On rectangular meshes, the simplest spectral element method for elliptic equations is the
classical Lagrangian Q finite element method with only (k+1)-point Gauss-Lobatto quadra-
ture, which can also be regarded as a finite difference scheme on all Gauss-Lobatto points.
We prove that this finite difference scheme is (k + 2)-th order accurate for k& > 2, whereas
Q" spectral element method is usually considered as a (k + 1)-th order accurate scheme
in L?-norm. This result can be extended to linear wave, parabolic and linear Schrodinger
equations.

Additionally, the Q* finite element method for elliptic problems can also be viewed as a
finite difference scheme on all Gauss-Lobatto points if the variable coefficients are replaced
by their piecewise Q* Lagrange interpolants at the Gauss Lobatto points in each rectangular
cell, which is also proven to be (k + 2)-th order accurate.

Moreover, the monotonicity and discrete maximum principle can be proven for the fourth
order accurate Q% scheme for solving a variable coefficient Poisson equation, which is the
first monotone and high order accurate scheme for a variable coefficient elliptic operator.

Last but not the least, we proved that certain high order accurate compact finite difference
methods for convection diffusion problems satisfy weak monotonicity. Then a simple limiter
can be designed to enforce the bound-preserving property when solving convection diffusion

equations without losing conservation and high order accuracy.
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1. INTRODUCTION

Accurate and efficient approximations of solutions to partial differential equations are im-
portant to numerous applications arising in engineering and the sciences. For the numerical
methods solving the partial differential equations, we are interested in three practical per-
spectives: accuracy, efficiency and stability. The methods that are based on a variational
formulation, such as spectral methods and finite element methods, are usually with accu-
racy guaranteed. High order numerical methods will help achieve the desired accuracy with
low computation cost. For numerical stability, it is desired to have numerical solutions to
preserve some discrete analogues of the key properties of the exact solution. The First three
chapters are dedicated for accuracy analysis and the last two chapters will deal with stability

issues.

1.1 Superconvergence Of Spectral Element Method And Its Finite Difference
Type Implementation

Consider solving a two-dimensional elliptic equation with smooth coefficients on a rect-
angular domain (or some geometry that can be mapped to a rectangular smoothly) with
homogeneous Dirichlet boundary condition by the classical spectral element method on a
rectangular mesh. The variational problem from the elliptic equation is to find u € H}(Q) =

{ve HY(Q) : v|sq = 0} satisfying

Au,v) := // (VolaVu + bVuv + cuv) dedy = (f,v), Vv € Hy (), (1.1)
0
Al g2
where a = is real symmetric positive definite and b = (b'  b?).
2l g2

Let h be the mesh size and VJ* C HZ () be the piecewise polynomial space consisting of
piecewise Q* polynomials (i.e., tensor product of piecewise polynomials of degree k), then

the continuous finite element solution is defined as u; € V" satisfying

A(Uh,l)h) = (f, Uh), Y, € Vbh. (12)
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It is well-known that standard error estimates of (1.2) are |Ju — up||; < Ch¥||ul/z41 and
|lu — upllo < CR* Y u||ps1 where || - ||x denotes H*(Q2)-norm, see [3]. For k > 2, O(h*1)
superconvergence for the gradient at Gauss quadrature points and O(h**2) superconvergence
for functions values at Gauss-Lobatto quadrature points were proven for one-dimensional case
in [4]-[6] and for two-dimensional case in [7|-[10].

The spectral element method in the literature usually refers to implementing the scheme
(1.2) with tensor product of m-point Gauss-Lobatto quadrature with m > k+ 1. For the Q"
spectral element method, the previous standard finite element error estimates still hold [11],
i.e., the error in H'-norm is k-th order and the error in L*-norm is (k +1)-th order. It is also
well known that the Lagrangian Q* (k > 2) continuous finite element method is (k + 2)-th
order accurate in the discrete 2-norm over all (k + 1)-point Gauss-Lobatto quadrature points
[8]-[10]. If using a very accurate quadrature in the finite element method for a variable
coefficient operator V - (a(x)Vu), then (k + 2)-th order superconvergence at Gauss-Lobatto
points holds trivially. In practice users might use over-integration m > k + 1 for problems
with variable coefficients, which will deteriorate the efficiency. In this dissertation, we prove
that even the superconvergence of function values still hold for the simplest choice m = k+1
i.e. (k+ 1)-points Gauss-Lobatto quadrature, which is desired for the efficiency of having a
diagonal mass matrix and for the convenience of implementation. In particular in the seismic
community, where highly efficient simulation of the elastic wave equation is of important,
the spectral method has become the method of choice, [12], [13].

It may not seem surprising that the (k + 2)-th order superconvergence of (1.2) would be
affected by the (k + 1)-point Gauss-Lobatto quadrature, but it is actually quite difficult to
prove by standard superconvergence techniques and never proved in the literature.

The spectral element scheme can be denoted as finding u; € V" satisfying
Ap(un,vn) = (f, on)n, Yo € VY, (1.3)

where A (up,v,) and (f, vp), denote using tensor product of (k + 1)-point Gauss-Lobatto
quadrature for integrals A(up,vs) and (f,vp,) respectively. Such a scheme can be regarded

as a finite difference type scheme on all Gauss-Lobatto points, see Figure 1.1.
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(a) The quadrature points and the spectral ele-

ment mesh (b) The corresponding finite difference grid

Figure 1.1. An illustration of Lagrangian () element and the 3 x 3 Gauss-
Lobatto quadrature.

So the coincidence of the superconvergence points and degrees of freedom actually pro-
vides us a (k + 2)-th order accurate finite difference type scheme. To be more specific, for
homogeneous and non-homogeneous Dirichlet type boundary conditions, we can show that
(1.3) with & > 2 is a (k+ 2)-th order accurate finite difference scheme in the discrete 2-norm
under suitable smoothness assumptions on the exact solution and the coefficients.

We emphasize that such a superconvergence result cannot be proven by the standard
quadrature estimate, i.e., the Bramble-Hilbert Lemma. In order to obtain desired estimate,
we used a novel and very tight Gauss-Lobatto quadrature error estimate by counting all
possible cancellations of quadrature errors across element boundaries. The (k + 2)-th order
accuracy over all Gauss-Lobatto points explains why people observe higher order accuracy
in spectral element method than the L?-estimate when the errors are only measured at the
quadrature points.

The above superconvergence results to spectral element method can also be extended to
the case for solving parabolic, hyperbolic equations and linear Schrodinger equation. Thus
for the time-dependent problem, we can gain more from the superconvergence i.e. we get
a (k + 2)-th order accurate finite difference method, which is one more order accurate than
the traditional spectral element method.

Based on the same idea as above, to have the coincidence of the superconvergence points
and degrees of freedom and compute the bilinear form in the scheme (1.2), another convenient
implementation is to replace the smooth coefficient a(z,y) by a piecewise @Q* polynomial

ar(x,y) obtained by interpolating a(z,y) at the quadrature points in each cell shown in

18



Figure 1.1. Then one can compute the integrals in the bilinear form exactly since the
integrand is a polynomial. The same (k + 2)-th order superconvergence of function values

for such an approximated coefficient scheme will be proven in Chapter 4.

1.2 Monotonicity And Discrete Maximum Principle

Consider solving a two-dimensional Poisson equation with variable coefficient and Dirich-

let boundary condition on a rectangular domain Q = [0, 1]*:

Lu=-V-(aVu)+cu=0 on £,
(1.4)

u=g on 0,

where a(z,y) € CHQ), c(x,y) € C°Q) with 0 < amin < a(2,y) < amax and c(z,y) > 0.
For a smooth enough solution u, maximum principle holds [14]: Lu < 0 in = maxgu <

max {0, maxsq u}, and in particular,
Lu=0in Q= |u(x,y)| < max lul, VY(z,y) € . (1.5)

A linear approximation to £ can be represented as a matrix Lj,. The matrix L, is
called monotone if its inverse has nonnegative entries, i.e., L;' > 0. All matrix inequal-
ities in the following are entrywise inequalities. One sufficient condition for the discrete
maximum principle is the monotonicity of the scheme [15], which was also used to prove
convergence of numerical schemes, e.g., [16]-[19]. Monotonicity is a sufficient condition to
achieve bound-preserving property. For various purposes, it is desired to have numerical
schemes to satisfy (1.5) in the discrete sense or a monotone approximation of elliptic oper-
ators, e.g., constructing bound-preserving and positivity-preserving schemes for convection
dominated convection-diffusion problems.

For discrete maximum principle to hold in P? FEM on a generic triangular mesh, it was
proven in [20] that it is necessary and sufficient to require a very strong mesh constraint,
which essentially gives either regular triangulation or equilateral triangulation. Thus usually

discrete maximum principle is regarded as not true for high order accurate schemes on
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unstructured meshes. On structured meshes, there are a few fourth order accurate finite
difference schemes that is monotone for discrete Laplacian. For instance, the classical fourth
order accurate 9-point discrete Laplacian, which is a fourth order accurate compact finite
difference scheme, forms an M-matrix thus is monotone. However, for a variable coefficient
elliptic operator, even on structured meshes, no high order accurate schemes have been
proven monotone before.

For proving monotonicity, the main viable tool in the literature is to use M-matrices
which are inverse positive. All off-diagonal entries of M-matrices must be non-positive.
Except the fourth order compact finite difference, all high order accurate schemes induce
positive off-diagonal entries, destroying M-matrix structure, which is a major challenge of
proving monotonicity. M-matrix factorization of the form L, = M; M, were shown for special
high order schemes for Laplacian but these M-matrix factorization seem ad hoc and do not
apply to complicated variable coefficient problems. In [21], Lorenz proposed some matrix
entry-wise inequality for ensuring a matrix to be a product of two M-matrices and applied it
to Lagrangian P? finite element method on uniform regular triangular meshes for Laplacian.
We were able to extend Lorenz’s condition to the @Q? spectral element method for a scalar
variable coefficient problem —V - (aVu) 4 cu = f on uniform meshes. This is the first time
a high order accurate is proven monotone for a variable coefficient problem. Following this
approach, the fifth order accurate Q* scheme was proven monotone for Laplacian in [22].

For convection dominated convection-diffusion problems, we also proved that certain high
order accurate compact finite difference methods with high order strong stability preserving
time discretizations for convection diffusion problems satisfies weak monotonicity as in [23].
Then a simple limiter can be designed to enforce the bound-preserving property in compact
finite difference schemes solving convection diffusion equations without losing conservation

and high order accuracy.

1.3 Organization Of The Dissertation

In this dissertation, in Chapter 2, we analyze the accuracy of spectral element method

for elliptic equation measured on the (k + 1) Gauss-Lobatto points, on which the method
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can be viewed as a (k + 2)-th order finite difference method. In Chapter 3, we extend this
result to second order linear parabolic, wave and Schrodinger equations. Then in Chapter
4, following the same idea, we describe how to construct high-order finite difference method
for elliptic equations by replacing the coefficients with their piecewise Q¥ interpolant and
analyze its accuracy. In Chapter 5, we show that the discrete maximum principle can be
proven for the method constructed in Chapter 2 in the case kK = 2 under some mesh constraint
when solving the variable coefficient Poisson equations. In Chapter 6, we present a class of

high-order bound-preserving compact finite difference methods.
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2. SUPERCONVERGENCE OF SPECTRAL ELEMENT
METHOD FOR ELLIPTIC EQUATIONS

In this chapter, we analyze the accuracy of spectral element method for the elliptic equations
with Dirichlet boundary conditions. The classical spectral element method with Lagrangian
QF basis reduces to a finite difference scheme when all the integrals are approximated by
the (k+1) x (k+ 1) Gauss-Lobatto quadrature. We prove that this finite difference scheme
is (k + 2)-th order accurate in the discrete 2-norm for the elliptic equations with Dirichlet
boundary conditions, which is a superconvergence result of function values. We also give a
convenient implementation for the case k = 2, which is a simple fourth order accurate elliptic

solver on a rectangular domain.

2.1 Introduction

2.1.1 Motivation

In this chapter we consider solving a two-dimensional elliptic equation with smooth coeffi-
cients on a rectangular domain by high order finite difference schemes, which are constructed
via using suitable quadrature in the classical continuous finite element method on a rect-
angular mesh. Consider the following model problem as an example: a variable coefficient
Poisson equation —V - (a(x)Vu) = f,a(x) > 0 on a square domain 2 = (0,1) x (0,1) with
homogeneous Dirichlet boundary conditions. The variational form is to find u € H}(Q2) =

{ve HY(Q) : v|sq = 0} satisfying
A(u,v) = (f,v), Yo e Hy(Q),

where A(u,v) = [[aVu-Vodzdy, (f,v) = [Jq fvdxdy. Let h be the mesh size of an uniform
rectangular mesh and V' C H}(Q) be the continuous finite element space consisting of
piecewise Q* polynomials (i.e., tensor product of piecewise polynomials of degree k), then

the CO9-Q* finite element solution is defined as u;, € V{ satisfying

A(uh, Uh) = (f, Uh), Y, € ‘/Uh. (21)
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Standard error estimates of (2.1) are ||u—up||1 < Ch¥||u|py1 and ||u—upllo < CRFFH|u||ps1
where || - ||, denotes H*(Q)-norm, see [3]. For k > 2, O(h*™!) superconvergence for the gra-
dient at Gauss quadrature points and O(h¥*2) superconvergence for functions values at
Gauss-Lobatto quadrature points were proven for one-dimensional case in [4]-[6] and for
two-dimensional case in [7]-[10].

When implementing the scheme (2.1), integrals are usually approximated by quadrature.
The most convenient implementation is to use (k + 1) x (k + 1) Gauss-Lobatto quadrature
because they not only are superconvergence points but also can define all the degree of
freedoms of Lagrangian QF basis. See Figure 1.1 for the case & = 2. Such a quadrature

scheme can be denoted as finding u;, € V' satisfying
Ah(Uh,Uh) = <f’ Uh)hv V'Uh S %ha (22)

where A (up,v,) and (f, vp), denote using tensor product of (k + 1)-point Gauss-Lobatto
quadrature for integrals A(uy,vy) and (f, vy,) respectively.

It is well known that many classical finite difference schemes are exactly finite element
methods with specific quadrature scheme, see [3]. We will write scheme (2.2) as an exact
finite difference type scheme in Section 2.9 for £ = 2. Such a finite difference scheme
not only provides an efficient and also convenient way for assembling the stiffness matrix
especially for a variable coefficient problem, but also with has advantages inherited from
the variational formulation, such as symmetry of stiffness matrix and easiness of handling
boundary conditions in high order schemes. This is the variational approach to construct a

high order accurate finite difference scheme .

2.1.2 Superconvergence Of C°-QF Finite Element Method

Standard error estimates of (2.1) are ||u—up||1 < Ch*||u|py1 and ||u—upllo < CR*FH|u||psr
[3]. At certain quadrature or symmetry points the finite element solution or its derivatives
have higher order accuracy, which is called superconvergence. Douglas and Dupont first
proved that continuous finite element method using piecewise polynomial of degree k has

O(h?*) convergence at the knots in an one dimensional mesh [24], [25]. In [25], O(h?*) was
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proven to be the best possible convergence rate. For k > 2, O(h¥*1) for the derivatives
at Gauss quadrature points and O(h*+2) for functions values at Gauss-Lobatto quadrature
points were proven in [4]-[6].

For two dimensional cases, it was first showed in [26] that the (k + 2)-th order super-
convergence for k > 2 at vertices of all rectangular cells in a two dimensional rectangular
mesh. Namely, the convergence rate at the knots is as least one order higher than the rate
globally. Later on, the 2k-th order (for & > 2) convergence rate at the knots was proven for
QF elements solving —Au = f, see [27], [28].

For the multi-dimensional variable coefficient case, when discussing the superconvergence
of derivatives, it can be reduced to the Laplacian case. Superconvergence of tensor product
elements for the Laplacian case can be established by extending one-dimensional results
8], [26]. See also [29] for the superconvergence of the gradient. The superconvergence of
function values in rectangular elements for the variable coefficient case were studied in [9]
by Chen with M-type projection polynomials and in [10] by Lin and Yan with the point-
line-plane interpolation polynomials. In particular, let Z; denote the set of tensor product
of (k+ 1)-point Gauss-Lobatto quadrature points for all rectangular cells, then the following

superconvergence of function values for Q* elements was shown in [9]:

1/2
(h2 Z |U(Q?,y) - uh(xayMQ) S Chk+2”qu+27 k 2 27 (23>
(

I,y)GZO

(max fu(z,y) —un(z,y)] < CR 2| nhl|ullkroo0, k=2 (24)
,Y)€ %0

Classical quadrature error estimates imply that standard finite element error estimates
still hold for (2.2), see [3], [30]. The focus of this chapter is to prove that the superconvergence
of function values at Gauss-Lobatto points still holds with the Gauss-Lobatto quadrature.
To be more specific, for Dirichlet type boundary conditions, we will show that (2.2) with
k > 2 is a (k + 2)-th order accurate finite difference scheme in the discrete 2-norm under
suitable smoothness assumptions on the exact solution and the coefficients.

In this chapter, the main motivation to study superconvergence is to use it for construct-

ing (k + 2)-th order accurate finite difference schemes. For such a task, superconvergence
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points should define all degree of freedoms over the whole computational domain including
boundary points. For high order finite element methods, this seems possible only on quite
structured meshes such as rectangular meshes for a rectangular domain and equilateral tri-
angles for a hexagonal domain, even though there are numerous superconvergence results for

interior cells in unstructured meshes.

2.1.3 Related Work And Difficulty In Using Standard Tools

To illustrate our perspectives and difficulties, we focus on the case k = 2 in the following.
For computing the bilinear form in the scheme (2.1), another convenient implementation is
to replace the smooth coefficient a(x,y) by a piecewise @Q* polynomial a;(z,y) obtained by
interpolating a(z,y) at the quadrature points in each cell shown in Figure 1.1. Then one
can compute the integrals in the bilinear form exactly since the integrand is a polynomial.
Superconvergence of function values for such an approximated coefficient scheme was proven
in Chapter 5 and the proof can be easily extended to higher order polynomials and three-
dimensional cases. This result might seem surprising since interpolation error a(z,y) —
ar(x,y) is of third order. On the other hand, all the tools used in Chapter 4 are standard in
the literature.

From a practical point of view, (2.2) is interesting and practical since it gives a genuine
finite difference scheme. It is straightforward to use standard tools in the literature for
showing superconvergence still holds for accurate enough quadrature. Even though the 3 x 3
Gauss-Lobatto quadrature is fourth order accurate, the standard quadrature error estimates
cannot be used directly to establish the fourth order accuracy of (2.2), as will be explained
in detail in Remark 2.3.10 in Section 2.3.2.

We can also rewrite (2.2) for k = 2 as a finite difference scheme but its local truncation
error is only second order as will be shown in Section 2.9.4. The phenomenon that trun-
cation errors have lower orders was named supraconvergence in the literature. The second
order truncation error makes it difficult to establish the fourth order accuracy following any

traditional finite difference analysis approaches.
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To construct high order finite difference schemes from variational formulation, we can
also consider finite element method with P? basis on a regular triangular mesh in which
two adjacent triangles form a rectangle [31]. Superconvergence of function values in C°-P?
finite element method at the three vertices and three edge centers can be proven [8], [9]. See
also [32]. Even though the quadrature using only three edge centers is third order accurate,
error cancellations happen on two adjacent triangles forming a rectangle, thus fourth order
accuracy of the corresponding finite difference scheme is still possible. However, extensions
to construct higher order finite difference schemes are much more difficult.

The main contribution is to give the proof of the (k + 2)-th order accuracy of (2.2) with
k > 2, which is an easy construction of high order finite difference schemes for variable
coefficient problems. An important step is to obtain desired sharp quadrature estimate
for the bilinear form, for which it is necessary to count in quadrature error cancellations
between neighboring cells. Conventional quadrature estimating tools such as the Bramble-
Hilbert Lemma only give the sharp estimate on each cell thus cannot be used directly. A
key technique in this chapter is to apply the Bramble-Hilbert Lemma after integration by
parts on proper interpolation polynomials to allow error cancellations.

In Section 2.2, we introduce our notations and assumptions. In Section 2.3, standard
quadrature estimates are reviewed. Superconvergence of bilinear forms with quadrature is
shown in Section 2.5. Then we prove the main result for homogeneous Dirichlet boundary
conditions in Section 2.6 and for nonhomogeneous Dirichlet boundary conditions in Section
2.7. The Neumann boundary condition case is in Section 2.8. Section 2.9 provides a simple
finite difference implementation of (2.2). Section 2.10 contains numerical tests. Concluding

remarks are given in Section 2.11.

2.2 Notations And Assumptions

2.2.1 Notations and basic tools

Except the notations in the introduction, we have the following notations and common

tools.
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« We only consider a rectangular domain 2 = (0,1) x (0,1) with its boundary denoted
as 0f).

Only for convenience, we assume €, is an uniform rectangular mesh for Q and e =
[xe — h,xe + h] X [ye — h, ye + h| denotes any cell in €, with cell center (z,y.). The
assumption of an uniform mesh is not essential to the discussion of superconvergence.
All superconvergence results in this chapter can be easily extended to continuous finite
element method with Q* element on a quasi-uniform rectangular mesh, but not on a

generic quadrilateral mesh or any curved mesh.

QF(e) = {p( y) = Z Z Py, (z,y) € e} is the set of tensor product of polynomi-
=0 ]—
als of degree k on a cell e.

h = {p(z,y) € C°(Q) : ple € Q%(e), Ve € Q,} denotes the continuous piecewise

Q" finite element space on .
Vbh = {Uh € Vh : 'Uh|6Q = 0}
The norm and seminorms for W*?(Q) and 1 < p < 400, with standard modification

1/p
||U||]€7pQ = ( Z // |6183 u(z,y |dedy) ,

i+7<k

1/p
|u|k,p,a—(2 || 16503 :cy|pdxdy) ,

i+j=k

1/p
Ul p0 = (//Q laﬁu(x,yﬂpdxdy—i-//g ]85u(x,y)|pdxdy) :

Notice that [u]11,0 = 0 if u is a Q* polynomial.

for p = +oc:

For simplicity, sometimes we may use ||ul|xq,

norms for Hk(Q) = W“(Q)

[u]g,o denote norm and semi-

When there is no confusion, {2 may be dropped in the norm and seminorms, e.g.,

]
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For any v, € V", 1 < p < 400 and k > 1, we will abuse the notation to denote the

broken Sobolev norm and seminorms by the following symbols

€ €

1 1 1
P P P
[vnllkp.0 == (E lvn |§,p,e> o vnlkp = (E :|Uh|§,p,e> o [vnlkpo = <§ :[Uh]ﬁ,p,e> :
e

Let Zy denote the set of (k+ 1) x (k+ 1) Gauss-Lobatto points on a cell e.
Zy = U, Zp denotes all Gauss-Lobatto points in the mesh €2,.

Let |[ul|;2() and ||u||;~(q) denote the discrete 2-norm and the maximum norm over Zj

respectively:

1
2
||1L||zz(sz>=[h2 ) \U(x,y)IQI v ullie @ = max Ju(z,y)].
(

x,y)EZo ( )G 0

When there is no confusion, for simplicity, sometimes we may use |ul|;z and |u|;~ to

denote |lul|;2(q) and ||u||;=(q) respectively.

For a continuous function f(z,y), let f;(x,y) denote its piecewise Q* Lagrange inter-

polant at Zy . on each cell e, i.e., f; € V" satisfies:
f('x7y):ff(x7y)a V(.CC,:I/) EZO-

P%(t) denotes the set of polynomial of degree k of variable ¢.

(f,v). denotes the inner product in L?(e) and (f,v) denotes the inner product in L2(£2):
o= [[ fodedy, (f.0)= [[ fodedy = S

(f,v)en denotes the approximation to (f,v). by using (k + 1) x (k + 1)-point Gauss

Lobatto quadrature with k£ > 2 for integration over cell e.

(f,v) denotes the approximation to (f,v) by using (k + 1) x (k + 1)-point Gauss

Lobatto quadrature with k£ > 2 for integration over each cell e.

28



e K =[-1,1] x [~1,1] denotes a reference cell.

o For f(z,y) defined on e, consider f(s,t) = f(sh + x.,th + y.) defined on K. Let f;
denote the Q* Lagrange interpolation of f at the (k4 1) x (k + 1) Gauss Lobatto

quadrature points on K.
« (f.0)g = JIg fodsdt.

o (f,9); denotes the approximation to (f,?) by using (k + 1) x (k + 1)-point Gauss-
Lobatto quadrature.

« On the reference cell K, for convenience we use the superscript h over the ds or dt to
denote we use (k + 1)-point Gauss-Lobatto quadrature for the corresponding variable.

For example,

. L . koo
//kfdhsdt:/1[w1f(—1,t)+wk+1f(1,t)+Zwif(x,-,t)]dt.
i=2
Since ( fﬁ) ; coincides with f@ at the quadrature points, we have
-~ drd :// 7N dh dh :// AAdh dh — A’A .
J[ Gordady = [[ (fordedy = [[ foaad'y = (f.0)5

e On the domain €2, for convenience we use the superscript h over the dz or dy to denote
we use (k + 1)-point Gauss-Lobatto quadrature for the corresponding variable on each

cell. For example, we have
J|L(Foridady = [[ (poydiady = [[ fodzd'y = (.00

The following are commonly used tools and facts:

e For n-dimensional problems, the following scaling argument will be used:

R0l pe = Bl B P 0lkpe = [0k, 1< p < o0, (2:5)
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There exist constants C; (i = 1,2, 3,4) independent of h such that [>norm and L?*-norm

are equivalent for V"

Cillonlle@) < llvnllo < Collonlle@), Vo e V",

(2.6)
Cs(on, vp)n < llonlls < Calon, vn)n, Yo € V™
Inverse estimates for polynomials:
||Uh||k:+1,e < Oh_1||7fh||k7e7 Vvh & Vh, k > 0. (27)

Sobolev’s embedding in two and three dimensions: H2(K) < C°(K).

The embedding implies
HfHO,oo,K S CHfHk,Q,f(’ vf S Hk(K)Jk Z 27

||f||1ooK < C||f||k+1,2,f{= Vfe HkH(K)a k>2.

Cauchy-Schwarz inequalities in two dimensions:

1 1
2 2
Znuuk,euvuk,es(Zuunie) (vaui,e) » ullire = O fullkae.
e e e

Poincaré inequality: let @ be the average of uw € H'(€2) on €, then
|U - a‘O,p,Q < C|VU’0,p,Q> p > 1.
If u is the average of u € H'(e) on a cell e, we have

|U — a‘O,p,e S Ch'VU’QPﬁ, P Z 1.

For k > 2, the (k+ 1) x (k+ 1) Gauss-Lobatto quadrature is exact for integration of

polynomials of degree 2k — 1 >k + 1 on K.
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« Define the projection operator I : 4 € L'(K) — I,a € Q'(K) by

/ /K(ﬂla)wdsdt: / /K awdsdt, Yw € Q'(K). 2.8)

Notice that all degree of freedoms of [I,4 can be represented as a linear combi-
nation of [[ a(s,t)p(s,t)dsdt for p(s,t) = 1,s,t,st, thus the H'(K) (or H*(K))
norm of I, are determined by [fz (s, t)p(s,t)dsdt. By Cauchy-Schwarz inequality
| [fx (s, 0)p(s, t)dsdt] < |[illg g 1Dllo 25 < Cllall gz we have [Tl 5 g < Clltf]g o 4
which means II; is a continuous linear mapping from L2(K) to H*(K). By a similar

argument, one can show II; is a continuous linear mapping from L2(K) to H2(K).

2.2.2 Coercivity and elliptic regularity

We consider the elliptic variational problem of finding u € H} () to satisfy

A(u,v) := // (VolaVu + bVuv + cuv) dedy = (f,v), Yo € Hy (), (2.9)
Q
all g2
where a = s o is real symmetric positive definite and b = [b' b%]. Assume the
a®t a

coefficients a, b and ¢ are smooth with uniform upper bounds, thus A(u,v) < C||ul1||v]|; for
any u,v € Hj(2). We denote )\, as the smallest eigenvalues of a. Assume A, has a positive
lower bound and V - b < 2¢, so that coercivity of the bilinear form can be easily achieved.

Since

(b~Vu,v):/8 uvb~nd5—(V~(vb),u):/8 wvb - nds — (b - Vv, u) — (vV - b,u),
0 Q

we have

2(b - Vou,v) 4+ 2(cv,v) = / v’b-nds + ((2c— V-b)v,v) >0, Vv e Hy(Q). (2.10)

o0
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By the equivalence of two norms |-|; and || -||; for the space H}(Q) (see [3]), we conclude that
the bilinear form A(u,v) = (aVu, Vv) + (b - Vu,v) + (cu,v) satisfies coercivity A(v,v) >
Cllv||; for any v € H}(Q).

The coercivity can also be achieved if we assume |b| < 4\,¢. By Young’s inequality

[bf?

|b ) :U|2 2
|( U,U)| //Q ic +C’U’ xray Ac v, VU | + (CU,'U),

we have

A(v,v) > (aVu, V) + (cv,v) — |(b - Vv, v)| > (()\a — M)Vv, V'U) >0, Yve HyQ).

4c
(2.11)
Let A* be the dual operator of A, i.e., A*(u,v) = A(v,u). We need to assume the elliptic

regularity holds for the dual problem of (2.9) :
w € Hy(Q), A"(w,v) = (f,v), v € Hy(Q) = [lwll2 < CI|f]lo; (2.12)

where C'is independent of w and f. See [33], [34] for the elliptic regularity with Lipschitz

continuous coefficients on a Lipschitz domain.

2.3 Quadrature Error Estimates

In the following, we will use ~ for a function to emphasize the function is defined on or

transformed to the reference cell K = [—1,1] x [—1,1] from a mesh cell.

2.3.1 Standard estimates

By the abstract Bramble-Hilbert Lemma in [35], with the result ||v||m 0 < C(|v]opa +
[V]mp.a) for any v € W™P(Q) [36], [37], the Bramble-Hilbert Lemma for Q¥ polynomials can
be stated as (see Exercise 3.1.1 and Theorem 4.1.3 in [38]):

32



Theorem 2.3.1. If a continuous linear mapping 11 : H**Y(K) — H*Y(K) satisfies T1o = ©
for any v € QF(K), then

It — Hﬁ||k+1,f( < O[a]kJrl,f(? Va e Hk“(ff)- (2.13)

Thus if 1(-) is a continuous linear form on the space H¥(K) satisfying 1(0) = 0,V0 € Q¥(K),
then
@) < Ol @i e Ya € HHE),

where ||l z is the norm in the dual space of HY(K).

For Q% element (k > 2), consider (k + 1) x (k + 1) Gauss-Lobatto quadrature, which is
exact for integration of Q%! polynomials.

It is straightforward to establish the interpolation error:
Theorem 2.3.2. For a smooth function a, |a — azloce0 = OhF)]alji1 000

Let s;,t; and w; (j =1,--- ,k + 1) be the Gauss-Lobatto quadrature points and weight
for the interval [—1, 1]. Notice f coincides with its Q* interpolant fI at the quadrature points

and the quadrature is exact for integration of f}, the quadrature can be expressed on K as

ktlhtl .
Z Z [ (i, t5)wiw; = // f1(z,y)dzdy,
i=1 j—1 K

thus the quadrature error is related to interpolation error:

k+1k+1

//K f(:l?,y)dxdy - Z Z f(si,tj)wiwj = //K f(oc,y)d:r;dy — //K fl(:v,y)dxdy.

i=1 j=1
We have the following estimates on the quadrature error:

Theorem 2.3.3. Forn = 2 and a sufficiently smooth function a(x,y), if k > 2 and m is an

integer satisfying k < m < 2k, we have

J[ ot vyray — [ arte,yyrdy = O E)lal e = OB™ ) aly
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Proof. Let E(a) denote the quadrature error for function a(x,y) on e. Let E(a) denote the
quadrature error for the function a(s,t) = a(sh + x.,th + y.) on the reference cell K. Then
for any f € H m(f( ) (m > k > 2), since quadrature are represented by point values, with the

Sobolev’s embedding we have

Thus E(.) is a continuous linear form on H™(K) and E(f) = 0if f € Q™ '(K). With (2.5),

the Bramble-Hilbert lemma implies

|B(a)| = h*|B(a)| < Ch"a],,55 = O™ %)[almze = O™ ") [a]m,oo.e.

Theorem 2.3.4. [fk’ Z 2, (f, Uh) — <f, Uh>h = O(hk+2)||f||k+2||UhH2, Vvh S Vh.

Proof. This result is a special case of Theorem 5 in [30]. For completeness, we include a
proof. Let E(-) denote the quadrature error term on the reference cell K. Consider the
projection (2.8). Let II; denote the same projection on e. Since I1; leaves QO(K) invariant,
by the Bramble-Hilbert lemma on f[l, we get [0, — ﬂlﬁhh’f( < ||op, — ﬂ1@h||1,f< < C[@hh,f(
thus [ﬂlﬁh]ljg < [on), & + [On — ﬂlﬁh]LK < Clon), - By setting w = 11,9, in (2.8), we get

|f[1@h|0f< < |0n|g - For k > 2, repeat the proof of Theorem 2.3.3, we can get

A, A A

| (leUh)| < O[fnlvh]kJrQK ([ ]k+2,f<|H1@h|o,oo,f< + [ ]k+1,k|H1@h|1,oo,f<)u

where the fact [I1;9),] look = 0 for [ > 2 is used. The equivalence of norms over Q' (K)

implies

|E(fﬂlﬁh)| < C([f]k+2,k|ﬂ1@h|o,f< + [f]k+1,K|Hl@h|1,f<)

< O([f]k+2,k|@h|o,f< + [f]k+1K|@h|1K)
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Next consider the linear form f € H¥(K) — E(f(0, — II18,)). Due to the embedding

H*(K) < C°(K), it is continuous with operator norm < C||&, — ﬁl@h”o,f{ since

|E(f (o — Thin))| < CLF(0n = Thon)|g e i < ClFloooiclOn — Midnlg oo it

< Ol flly, i lon — htnlly -
For any f € Q*1(K), E(f0,) = 0. By the Bramble-Hilbert lemma, we get
[E(f (0 — Lon)| < Clfly g llon — Wdnlly g < O[flg z [Onlo -
So on a cell e, with (2.5), we get
E(fuon) = 0" E(fon) = CH2([lrzelonloe + [lisrelonlie + [frelonlae).

Summing over e and use Cauchy-Schwarz inequality, we get the desired result. ]

Remark 2.3.5. By the Theorem 2.3.1, on the reference cell K, for a(z,y) € H*2(e) and

k > 2, we have

/ /K ils,t) — (s, t)dsdt < Cla]y,p 5 < Clalyss i (2.14)

and

||d - &IHkJrl,f( < C[d]kJrl,f(' (2-15)

Lemma 2.3.6. If g € H**3(0Q) and v, € V", then for k > 3, we have

| (9= gnyendn = OG22 gllcss on o]

Proof. Note

/ (9 — gr)vndp = / (9 — g1)(vn — Hyvp)dp + / (9 — g)yopdp = I+ I1.
[o9) o) [}9)
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In the following, we will focus on the left boundary L, instead of OS2 since the same estimate
can be applied to the top boundary L;, bottom boundary L3 and right boundary L, as well.
Assume the left boundary of cell e is denoted as [5.

For part I, by the Bramble-Hilbert Lemma, we have

/ (9 — g1) (v, — o) (=1, y)dy

—n Y / §— 90)(0n — Thop) (=1, t)dt

eNLo#(
1 3/ 1 . 3
<h S ([ a=arPrnde)” ([ 1o (-1, 0d)
enLy0 1 -1
3/ 1 3
<h 3 ([ rrap-vnar) ([ ozl -10d)" =00 S lglanisllas
eNLa#) -1 eNLa#)
For part 1, let El() denote the quadrature error term on the reference cell K, = [—1,1],
then

/L(g—gl)ﬂlvhdy—/ (9—gr)Lvpdp— / g—g)hupd'y =h S Ei((g— g)hvp(—1,1)).
2 eNLa#£)

Following the proof of Theorem 2.3.4, we have

E1 (@ - gl)ﬂlﬁh(_law) < C’[(g - QI)Hlvh(_Lt)]kJr:a,f(l

<C {§<_17t)]k+3,f(1|@h|0,f(1 + [g(_lat)]k+2,l%1|@h|1,f%1) = O(hk+2)|’9||k+3,l§

Uh“l,lg'

Thus

Uh”1,lg~

/| (9= 90Mvndy = O 37 lgliras
2

eNLa#0
For polynomial §(s,t) € Q2*(K), let sq and wa (v = 1,2, - - - , k+2) denote the quadrature
points and weights in (k 4 2)-point Gauss-Lobatto quadrature rule for s € [—1,1]. Since
(s, t) € Q*(K), (k + 2)-point Gauss-Lobatto quadrature is exact for s-integration thus

k+2

1
// (s,t)dsdt = Zwa/ G2 (54, t)dt,
— -1
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which implies

1 1 1
/ QQ(il,t)dtSC’/ / §%(s, t)dsdt, (2.16)
—1 —-1J-1

thus
h%mo,zg < Clglo,e- (2.17)
Above all, we have

/LZ(Q — gr)vn(—1,y)dy

=O(W"?) 3 lgllessagllonllzgg = OB S~ |glleraus
eNLa#D eNLa#£D

vnllze = O ) |gller3,2. |vn 2.0,

which implies the theorem. [

The following two results are also standard estimates obtained by applying the Bramble-

Hilbert Lemma.

Lemma 2.3.7. If f € H*(Q) or f € V", we have (f,vn)—(f, vn)n = O(h®)|flallvnllo, Von €
Vi,

Proof. For simplicity, we ignore the subscript in v,. Let E(f) denote the quadrature error
for integrating f(z,y) on e. Let E(f) denote the quadrature error for integrating f(s,t) =
f(&e+ sh, y.+th) on the reference cell K. Due to the embedding H2(K) < C°(K), we have

|E(f0)] < Clf0lp o < Clflo00,2/Pl0.00.i < Clll2 g 1005

Thus the mapping f — E(f?) is a continuous linear form on H2(K') and its norm is bounded
by Cllolly z- If f € Q'(K), then we have E(f0) = 0. By the Bramble-Hilbert Lemma

Theorem 2.3.1 on this continuous linear form, we get

‘E(J%” < C[f]QKH@HoK
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So on a cell e, we get
E(fv) = BE(f0) < CR*[fly g l10llo,5 < CB*[flaellvlloe- (2.18)

Summing over all elements and use Cauchy-Schwarz inequality, we get the desired result. [

Theorem 2.3.8. Assume all coefficients of (2.9) are in W>(Q). We have
A(zn,vn) — An(zn, vn) = O |onll2llznllr,  You, zn € V.
Proof. Following the same arguments as in the proof of Lemma 2.18, we have
E(fv) < Ch?|flaclvlloe Vf v € V™
Let f = a''(vy), and v = (z3,), in the estimate above, we get

(@™ (zn)z, (vn)2) = (@' (21 ), (vn)a)n] < CR*la™ (vn)l2l (zn)elo

<COR?||a'[|o.0ollvnl3]2n 11 < Chlla'{|o.collvn 2|21,
where the inverse estimate (2.7) is used in the last inequality. Similarly, we have

2h) s Uh)y h = Chl|a12H2,oo||Uh”2|zh|1v
)

vn)y)n = Chlla®||2.00llvnl2] 201,

(2n)
(zn)y: vn)n = Chl[b[|2c0[vnll2] 2o,

{a™( )
(a™( )
(0" (2n)zs o) — (0" (20)ws vn)n = Chb"|2.00 [ 0n 12|28 ]0,
) — ¢ )
) )

— (czn, vn)n = Chl|cll2,00|vn|1] 210,

which implies

Alzn, vn) = An(zn, va) = O(h) [[onlla]|zn -

38



2.3.2 A refined consistency error

In this subsection, we will show how to establish the desired consistency error estimate

for smooth enough coefficients:

O(W* ) ullkssllonll2,  Von € V!
A(u,vp) — Ap(u,vp) =

O 2) |[ullgssllonllz,  Vor € V
Theorem 2.3.9. Assume a(z,y) € WF2>(Q), u € H*3(Q), k > 2, then

O lallkracollullisslvnllz,  Fon € V', (2.19)
(a0yu, Oyvp,) — (@0yu, Opup)p = ,
O(h* 2)llallks2collullrssllvnllz, Yo € V?, (2.19b)

O(W*) [lallkro.collullisallvnlla, Vo € V5", (2.20a)
(a0yu, Oyvp) — (alyu, Oyvp)p = ,
O(W2)|lallks,00llullissllvnlle,  Vor € V", (2.20b)

(adyu, vp) = (adyu, vp)n = O(W*?)[lallkyacollullerslonllzs  Yon € Vi, (2.21)

(au, vp) = (aw, vp)n = O(W?)|lallksocollullsallvnlla,  Yon € V5 (2.22)

Remark 2.3.10. We emphasize that Theorem 2.3.9 cannot be proven by applying the Bramble-
Hilbert Lemma directly. Consider the constant coefficient case a(z,y) =1 and k = 2 as an

example,

(Oru, Opvp) — (Ozt, Opp)p = ze: <//€ Uy (V) dxdy — //e Uz(vh)xdhﬂﬂdhy) )

Since the 3x 3 Gauss-Lobatto quadrature is exact for integrating Q® polynomials, by Theorem

2.3.1 we have

’//e Uy (V) pdxdy — //e g (vp)d" xd"y

= ‘//K Us(Dp)sdsdt — //K Qs (D) sd"sd"t| < C[ﬂs@h)s]z;,f{'
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Notice that o5, is @* thus (95)s does not vanish and [(9)s], g < C|Onls 4~ So by Bramble-

Hilbert Lemma for Q* polynomials, we can only get

[ wwn)edady — [[ (o) wdy = O ullsflon .

Thus by Cauchy-Schwarz inequality after summing over e, we only have
(Dw, Dyvn) — (gt D) = O(R*)|lulls|[on 5.
In order to get the desired estimate involving only the broken H?-norm of vy, we will

take advantage of error cancellations between neighboring cells through integration by parts.

Proof. For simplicity, we ignore the subscript ; of v in this proof and all the following v
are in V" which are Q¥ polynomials in each cell. First, by Theorem 2.3.4, we easily obtain

(2.21) and (2.22):
(g, v) = {aug, v)n, = O(h*?) avs [k42llv]le = OR*?)[lalliszoollulliss|v]l2,

(au, v) — {au, v)r, = O(R*?)aullrs2]|v]ls = O(W*?)lallks2.00llullis2]v]l2-

We will only discuss (au,,v,) — (aug,v,), and the same discussion also applies to derive
(2.20a) and (2.20Db).

Since we have

(aty, vz) — (QUg, Va)p = Y <// au v drdy — // GUxUmdhxdhy)
=2 ( | adsoudsat— [[ &ﬁsésdhsdht> > ( [ adsodsat— [[ (&'&S)Iﬁsdhsdht> ,
e K K c K K

where we use the fact a0, = (at)0s on the Gauss-Lobatto quadrature points. For fixed
t, (41s) 0, is a polynomial of degree 2k — 1 w.r.t. variable s, thus the (k + 1)-point Gauss-

Lobatto quadrature is exact for its s-integration, i.e.,

/ / (ady) 0 d"sdt = / / ()10, dsd"t.
K K
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To estimate the quadrature error we introduce some intermediate values then do interpreta-

tion by parts,

/ / 41 Dydsdt — / / () 1o d"sdt (2.23)

K K

- / / aily0ydsdl — / / () o dsdt + / / () osdsdt — / / (ady)ro.dsd™t  (2.24)

—// (atiy) ]vsdsdt + <// atg) g vdsd t— // atg) vdsdt) (2.25)
=1

+ (/ (aus)jvdt —/ atis) rod"t )
-1 s=—1

For the first term in (2.26), let 9, be the cell average of 9, on K, then

I = // (atis) 1) Dsdsdt + // $)1) (D — Dg)dsdt.

By (2.14) we have

) =T+ 11+1II. (2.26)

s=—1

= O(W* ) |allis 2,00l @l ka0 1 -

‘// (ad) )Q%dsdt‘ < Clai,)

=
k) US

By Cauchy-Schwarz inequality, the Bramble-Hilbert Lemma on interpolation error and Poincaré

inequality, we have

[ (@, = (@a)r) (0, = B)ds| < [a, — (@a)rlo 1o — ol

SC[&QS]HLRMQ,K = O(th)||aHk+1,oo,e||U||k+2,eHUH2,e~

Thus we have

I = O ) |lallkszooelltllkrsellvle.

For the second term in (2.26), we can estimate it the same way as in the proof of Theorem

2.4. in [39]. For each © € Q¥(K) we can define a linear form on H*(K) as

Eo(f) = //K (Fy) odsdt — / [ (F).vdsd't,
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where F' is an antiderivative of f w.r.t. variable s. Due to the linearity of interpolation
operator and differentiating operation, E; is well defined. By the embedding H Q(K ) —
C°(K), we have

Ey(f) < CIFg s &ll0llo0ot < CllfllosoillOllosec < Cllflloillollo g < Clf kg 12lo %

where we use the fact that all the norms on Qk(f( ) are equivalent to derive the first inequality.
The above inequalities imply that the mapping Ej is a continuous linear form on H* ([A( ).

With projection II; defined in (2.8), we have

A A

E’D(f) - Eﬁ—l_hf)(f) + Eﬂ1ﬁ(f)7 Vo € Qk(f{)

Notice that £ by definition is an antiderivative of f w.r.t. only variable s. If f € Qk_l(f( ),
then [} is a polynomial of degree only k — 1 w.r.t. to variable ¢ thus (FI)S € Qk’l(f() The
quadrature is exact for polynomials of degree 2k — 1, thus Qk_l(f( ) C ker Eﬁ,nlﬁ. So by the

Bramble-Hilbert Lemma, we get

A

Ey-mo(f) < Clflllo = o)y z < O]y k1014

and we also have

Fue(f) = / /K (Fy) yddsdt — / /K (Fy), I odsd"t = 0.

Thus we have

A

//K [(as)1], ddsdt — //K [(aty);], ddsdt = —Ey((ady)s) = —Eoom,o((ads)s)

<C(@tis)s]y g 0nly 5 < Clatislyy 1015 = OB ) lallksrooelltlliraelvlze

Now we only need to discuss the line integral term. Let L, and L4 denote the left and
right boundary of 2 and let [§ and [{ denote the left and right edge of element e or lf and

IX for K. Since (ai,);d mapped back to e will be +(au,) v which is continuous across I§ and
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I, after summing over all elements e, the line integrals along the inner edges are canceled
out and only the line integrals on Ly and L4 remain.

For a cell e adjacent to Lo, consider its reference cell K, and define a linear form £ ( f ) =
I f(—l, tydt — 1, f(—l, t)d"t, then we have

E(79) < C1lg g 10l soasr < Ol l10ll 5

which means that the mapping f — E( f 0) is continuous with operator norm less than

C||9]|,,x for some C. Clearly we have
i1

By the Theorem 2.3.1 we get

E(( ) (U - Hlv)) < C[( ) ]le[ ]QlK < C(mas - (da8)1|k,l§ + |€Lﬁ$|k7l§)[f)]27l§

<(atisly yy g + latisly, ) 0]y i = O ) allirr oois 1l [Vl

where the first inequality comes from the accuracy of the (k+1)-point Gauss-Lobatto quadra-
ture rule, i.e. E(f) =0, Vf e P2 (K). The (k+ 1)-point Gauss-Lobatto quadrature rule

also gives
E((at,)11,0) = 0.

For the third term in (2.26), we sum them up over all the elements. Then for the line

integral along Lo

> / 1, t)dt — > / 1,6)0(—1,t)d"t

eNLo#D eNLo#D
> E((a,)0) = 3 O [allker ol vlos-
eNLao#D eNLo#D
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Let s, and w, (o =1,2,--- , k+2) denote the quadrature points and weights in (k + 2)-
point Gauss-Lobatto quadrature rule for s € [~1,1]. Since 92(s,t) € Q*(K), (k + 2)-point

Gauss-Lobatto quadrature is exact for s-integration thus

k+2

/ / 02 (s, t)dsdt = Zwa/ D2 (54, t)dt,

which implies

1
/ 02 (£1,t)dt < C’/ / 02 (s, t)dsdt, (2.27)
-1

thus

1
h2 vy < Clvlge

> (/_1 (aa)godt|

By Cauchy-Schwarz inequality and trace inequality, we have
— / at) ﬂjdht

eNLo#D s=—1
= > O allksr o0 lullks2is|vl2

s=1
s—l)
eNLao#D

= 3 O 2)|allkr 1ol [ulliois|v]ze = ORF 2] allkr 100l ullrro,r]v]20
eNLao#D

=O(h*+3)]

Combine all the estimates above, we get (2.19b). Since the % order loss is only due to the

line integral along the boundary 9Q. If v € V', v,, = 0 on Ly and L4 so we have (2.19a). [

2.4 The M-type Projection

To establish the superconvergence of C%-Q* finite element method for multi-dimensional
variable coefficient equations, it is necessary to use a special polynomial projection of the
exact solution, which has two equivalent definitions. One is the M-type projection used in

[9], [40]. The other one is the point-line-plane interpolation used in [10], [41].
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For the sake of completeness, we review the relevant results regarding M-type projection,
which is a more convenient tool. Most results in this section were considered and established
for more general rectangular elements in [9]. For simplicity, we use some simplified proof
and arguments for Q" element in this section. We only discuss the two dimensional case and

the extension to three dimensions is straightforward.

2.4.1 One dimensional case

The L?-orthogonal Legendre polynomials on the reference interval K= [—1, 1] are given

as
1 d*

1
= okl gk ’ o " = == = = 2 — P
= gt — D7 b(t) = L4() =t,b(8) = 5638 ~ 1),

li(t)

Define their antiderivatives as M-type polynomials:

1 dk—l
~ kKl dtk—1

M1 (1) (t2=1)F - My(t) = 1, My(t) = t, My(t) = ;(tQ—l),Mg(t) = ;(t3—t), .

which satisfy the following properties:
o My(£1) =0,Vk > 2.
o If j—i#0,42 then M;(t) L M;(t), ie., [*) Mi(t)M;(t)dt = 0.
o Roots of My(t) are the k-point Gauss-Lobatto quadrature points for [—1, 1].

Since Legendre polynomials form a complete orthogonal basis for L?([—1,1]), for any f(¢) €

H'([-1,1]), its derivative f(¢) can be expressed as Fourier-Legendre series
/ S o1
() =S brali(®), b= Gi+3) [ SO0
=0 -

Define the M-type projection
k
felt) = by M;(t),
=0
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where by = w is determined by b; = w to make fr(£1) = f(£1). Since the

Fourier-Legendre series converges in L?, by Cauchy Schwarz inequality,

t

lim fi)) = () = Jim [ [fula) = F@))dw < Jim V2IFE) = F0)l21ay =0

k—oo J—

We get the M-type expansion of f(t): f(t) = klim fi(t) = § b;M;(t). The remainder Ry(t)
—00 =0
of M-type projection is

RN = FO) = i) = > bM(0).

j=k+1
The following properties are straightforward to verify:
o fr(£1l) = f(£1) thus Rg(+1) =0 for k& > 1.
o R[f]i(t) Lo(t) for any v(t) € P*2(t) on [—1,1], i.e., [ R[f]pvdt = 0.
o R[f]x(t) L v(t) for any v(t) € P*7(¢) on [—1,1].
« For j>2,b;=(j = )/ (0]L] = /5 FOIG - V(D).
o Forj <k, [bj] < Crllfllooii:

s R lo 0o < Crll fllo oo i
2.4.2 Two dimensional case

Consider a function f(s,t) € H*(K) on the reference cell K = [—1,1] x [—1,1], it has
the expansion

fs,t) = i i bij Mi(s)M;(t),

i=0 j=0
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where

oo = Z1A(=1,-1) + F(=1,1) + F1, -1) + f(1,1))
bogibg = 20 [ 1RO L0l @ 521,
bio b = 2 [ s ) % s~ (0)ds, P21
@J:@“ﬁﬂj‘l//ﬂﬂmzl(mlm@ﬁ i1

Define the Q* M-type projection of f on A and its remainder as

k k R

fer(s,t) =Y M;(t),  R[flki(s,t) = f(s,1) = fru(s,t).

i=0 j=0

For f(x,y) on e = [z, — h, Tc + h] X [ye — h, ye + ], let f(s,t) = f(sh+ e, th + y.) then the

QF M-type projection of f on e and its remainder are defined as

Frale,y) = Jua P2 5) Rl (@) = f(oy) = furle,y).

Theorem 2.4.1. The Q¥ M-type projection is equivalent to the Q¥ point-line-plane projection
IT defined as follows:

1. o = @ at four corners of K = [—1,1] x [—1,1].

2. 1la — u is orthogonal to polynomials of degree k — 2 on each edge of K.

A

3. Ila — u is orthogonal to any v € Qk_Q([A() on K.

Proof. We only need to show that M-type projection fk,k(S, t) satisfies the same three prop-
erties. By M;(%1) = 0 for j > 2, we can derive that fkk — f at (£1,£1). For instance,
Fer(1,1) = boo + bro + boy + b1y = f(1,1).

The second property is implied by M;(+1) = 0 for j > 2 and M;(t) L P*2(¢) for
j > k+ 1. For instance, at s = 1, frx(1,t) — f(1,1) = %O: (boj + by ;)M;(t) L P*=2(t) on
Ll j=k+1

The third property is implied by M;(t) L P*2(t) for j > k + 1. O
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Lemma 2.4.2. Assume f € H*"'(K) with k > 2, then
1 biyl < Cill fllopo i Visd < k.
2. |lA7u’ < Ck|ﬂi+j,2,f<v Vi,j>1,i+7<k+1
3. \bipsr] < Crlflpsrog, 0<i<k+1.
4. If f € HYX(K), then |bipia| < Cilflypnop, 1<i<k+1

A

Proof. First of all, similar to the one-dimensional case, through integration by parts, b; ; can
be represented as integrals of f thus |b; ;| < CkaHo,oo,f( for i,j < k.
By the fact that the antiderivatives (and higher order ones) of Legendre polynomials

vanish at 41, after integration by parts for both variables, we have
bl < Cn // 0201 fldsdt < Ci|flyy 0k Visj>1i+j<k+1.
K 1
For the third estimate, by integration by parts only for the variable ¢, we get

Vi > 1, ’Bi,kJrl’ < Cy //K 10,0f f|dsdt < Ck’f|k+1,2,f('

For Do 41, from the first estimate, we have |bo 1] < Crll fllo o i < CkaHkJrl o i thus bo gy
can be regarded as a continuous linear form on H*"(K) and it vanishes if f € Q¥(K). So
by the Bramble-Hilbert Lemma, |bo 1| < Cj [f]kH o £

Finally, by integration by parts only for the variable ¢, we get

‘l;i,k+1‘ < Ck// 18,08 f|dsdt < Ck\f|k+22f<, 1<i<k+1.
K <

Lemma 2.4.3. For k > 2, we have

A A A A,

1. |f%[f]kk|000K < Ck[f]k+1,f(7 |R[f]k7k|o,2,f< < Ok[ ]k+1,f('

A

2. 0 R fkilo e < Celflisricr 10RIfIkiloz i < Culflii i
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A,

3. [fx OuR[frdsdt =0

Proof. Lemma 2.4.2 implies || firllooo i < Cill flloss a0 105 fiilloco s < Crllfllosoic-

Thus

W(s,t) € K, [B[flex(s, O] < (s, O+ [F(s.)] < Cull Flloso.ie < Cull s

A,

Notice that here Cj does not depend on (s,t). So R[f|xi(s,t) is a continuous linear form
on H*(K) and its operator norm is bounded by a constant independent of (s, ). Since
it vanishes for any f € Qk(f(), by the Bramble-Hilbert Lemma, we get |R[f]k7k(s,t)\ <
Ckl f] k+1,k Where C does not depend on (s,t). So the L™ estimate holds and it implies the

L? estimate.

The second estimate can be established similarly since we have

OB flek (5, )] < 106 fiop (5, 6)] + 105f (5, < Cell Flly oo ic < CelF g i

The third equation is implied by the fact that M;(¢t) L 1 for j > 3 and M,(t) L 1 for

j > 2. Another way to prove the third equation is to use integration by parts

A

A 1, . . N
//K OsR[ flr41,k41dsdt = /_1 (R[ ke (1,t) — R ]k+1,k+1(_17t)) dt,

which is zero the second property in Theorem 2.4.1. [

For the discussion in the next few subsections, it is useful to consider the lower order

part of the remainder of R[f]; ,:

A A

Lemma 2.4.4. For f € Hk”(f() with k > 2, define R[ k141 — ]%[ lkg = Ry + Ry with

=0

k+1 R . R k+1 R <228)
Ry = b1 i Mg (s) M (t) = Myia(8)bgsa (), brga(t) = D bayr ;M (t).

=0 =0

They have the following properties:
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1. [[ O,Rydsdt = 0.
2. |85ﬁi1|0,oo,f( < Ck|f|k+2,2,f(7 |as]%1|0,2f( < Ck’f|k+2,2,f<'

3. besr(O] < Clflesns B (O] < Cul flyyor V2 € (<111,

Proof. The first equation is due to the fact that My(t) L 1 since k > 2.
Notice that My(s) = 0, by Lemma 2.4.2, we have

k
05 R1(5,t)| = D b et Mi(8) My ()| < Crlfleyoi

i=1

So we get the L™ estimate for |9,R;(s,t)| thus the L? estimate.
Similar to the estimates in Lemma 2.4.2, we can show |bg1 | < Ck|f\k+1j< for j < k+1,
~ k41 o
thus [bpy1(t)] < Cr|flpsr - Since bpp1(t) = 3 bry1,;M;(t), by the last estimate in Lemma
I j:l

2.4.2, we get |Bk+1(t)| < Ck|f|k+2,f(' -

2.4.3 The C°-Q* projection

Now consider a function u(z,y) € H*2(Q), let u,(z,y) denote its piecewise Q¥ M-type
projection on each element e in the mesh §2,. The first two properties in Theorem 2.4.1
imply that w,(z,y) on each edge is uniquely determined by w(z,y) along that edge. Thus
upy(z,y) is continuous on 2. The approximation error u — u, is one order higher at all

Gauss-Lobatto points Zj:

Theorem 2.4.5.
[ — w2y = OB ) |ullose,  Vu € H?().

lu = wplli=(@) = O ) [ullis2oo,  Yu € WHES(Q).

Proof. Consider any e with cell center (x.,v.), define a(s,t) = u(z. + sh,y. + th). Since
the (k 4 1) Gauss-Lobatto points are roots of Mj1(%), Rk+1,k+1[ﬁ] — ]%kk[ﬁ] vanishes at
(k41) x (k+ 1) Gauss-Lobatto points on K. By Lemma 2.4.3, we have |Ry41 541[0](s,1)] <

C[Q]km,f(‘
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Mapping back to the cell e, with (2.5), at the (k+ 1) x (k4 1) Gauss-Lobatto points on
e, |u—u,| < Ch**272[ulj,9,.. Summing over all elements e, we get

lu = uplliz@) < C (R W uliy, | = OB ) ulksz0.

e

If further assuming u € W**2>(Q), then at the (k + 1) x (k + 1) Gauss-Lobatto points

on e, |[u—uy| < CR* 275 [upi0. < Ch¥*2[u]p 12,000, Which implies the second estimate. [

2.5 Superconvergence Of The Bilinear Form

The M-type projection in [9], [40] is a very convenient tool for discussing the superconver-
gence of function values. Let u, be the M-type Q¥ projection of the smooth exact solution u
and its definition will be given in the following subsection. To establish the superconvergence
of the original finite element method (2.1) for a generic elliptic problem (2.9) with smooth
coefficients, one can show the following superconvergence of bilinear forms, see [9], [10] (see

also 4 for a detailed proof):

O(W ) [[ullkssllvnll2, - Vo € Vi,
Alu — up,vp) =

O(*+3)||ullksslvnllz,  Von € V™,

In this section we will show the superconvergence of the bilinear form Ay:

O ) ullkssllvnllz,  Von € V', (2.29a)
Ap(u — up,vp) = s ,
Oh* 2)||ullresllvnllz,  Von € V. (2.29Db)

Lemma 2.5.1. Assume f(s,t) € H*"3(K), k> 2,

A A A

Bl lerrgnr = Bl D = 00 (ORI lesrnrt Vgl < Clf sz

o1



Proof. First, we have

. k k+1

<]3L[f]k+1,k+1 - A[ ]ks k> )K = Mk+1 Z zk-HM + Mk+1(3) Z l;k+1,ij(t)u 1>f< =0
=0

=0

due to the fact that roots of My1(t) are the (k + 1)-point Gauss-Lobatto quadrature points
for [-1,1].
We have

A

< [f]k-I—l k+1 >

=(0sR[flrs2ns2, )i — Os(R[flesopre — B flherprr), Dz
o k+1A k2
=(0sR[flrs2k2, 1) g — (Miga(t) D bi g2 Mi(s) + Miysa(s Z D2 M (1), 1) &
i=0
o k k2
=(0:R[ flevoks2 1) g — (Miyo(t Z ir1k+2li(8), 1) g 4 (lega(s Z Drya i M;(t), 1) &
i=0

Then by Lemma 2.4.3,
|<8sé[f]k+2,k+2a 1>K| < C’f|k+3,f('

Notice that we have (511 (s) Zk+2 bi+2,;M;(t),1) - = 0 since the (k+ 1)-point Gauss-Lobatto
quadrature for s-integration is exact and l;,1(s) is orthogonal to 1. Lemma 2.4.2 implies

|l§i+1,k+2| < C’[f]l%g’f( for i > 0, thus we have

!
[(Myso(t) D biaprali(s), 1) | < Clf s i

=0

Lemma 2.5.2. Assume a(x,y) € W*(Q), u(z,y) € H*3(Q) and k > 2. Then

(a(u = up)a, (vn)a)n = O(W ) allzollullissllvnllz,  Von € V™.
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Proof. As before, we ignore the subscript of v, for simplicity. We have

(a(u = tp)e, vo)n = D _(a(t = tp)z, Va)en,

and on each cell e,

(a(u = up)as Vaden = ((R[U]kk)zr aVs)en = (R[Ak)s: a0s)

=((Rlalks101)s @05) g + (Blilis — Rla]ks1p1)s, 00,) g (2.30)

For the first term in (2.30), we have

AN

(RlaJrrai)s, 05) g = ((Rlalksrirn)s, @0) g + (Rla]ke1p)s,

(@s - @s>>f(

>

By Lemma 2.5.1,

(Rl0]ks1,41)s a05) g < Clatfosol il 18] %

By Lemma 2.4.3,

|(Bla]k 1 k0)sl0.00, 8 < Clitlyn i
By Bramble-Hilbert Lemma Theorem 2.3.1 we have

(R@)ks1041)s5 05) 5 = (R[A)ks1141) s @ 0) e + (RWkg1p41)s: (@ — 0)05) g
<C([ao,00l Wl py3, 11011 & + 18 = Aloool W pyo 51011 1)

<C(laloool@lys 11011 & + al1oolil o 5101 7) = OB ) lall s cocllullersellv]ne,

and

<(R[a]k+1,k+1)8a &(@s - fTs»K < C[a]k+2,2,k|d|0,oo,f(|@s - ?/}73|0,oo,f(

<Cl] 490,110 00 1105 = Dslo g = OW ) [Ulkt22.0l0l0.00 0] 220

Thus,

(Bla]kr1,k41)s: @05) g = O )|l oo ulkrazel[v]e- (2.31)

23



For the second term in (2.30), we have

k k41
= — ((Mi41(2) Z bi 41 Mi(s) + Miia(s Z bk+1j 55 Q0g) g
i=0

=1 k41

= — (M1 (1) Z bit1pr1li(s) + k(s Z bk+1 J avs)
=0
=1 k1

= — (My41(t) ) bivrprli(s), a $) D b1 g M;(t), a0s) - (2.32)
=0 j=0

MkJrl Z b'L+1 31 s>K =0
i=0
For the second term in (2.32),
k41 k+1 R o k+1 R o
Z D1 i M;(t), ads) g = (Io(5) D bigr jM;(2), @) o + ((8) D birr JM;(8), (b5 — 05))
j=0 Jj=0
k+1 A o kel .
8) D b1 g My (1), (@ — THha)os) g + (l(s) D2 b ;M (1), (L)) ¢

kel B B k1 _ _
8) D brs1 i M;(), (@ — a)(0s — 0y) Z i1 M; (1), 40 — 0.))

=0
k+1 k+1

5) Z%) b1 M;(t), (6 — T1,a)8,) 1 + (Ik(s) Z_: b My (1), (@ — @) (B — T5))

where the last step is due to the facts that (ﬂld)@t and a(d, — 9,) are polynomials of degree
at most k — 1 with respect to variable s, the (k + 1)-point Gauss-Lobatto quadrature on
s-integration is exact for polynomial of degree 2k — 1, and [, (s) is orthogonal to polynomials

of lower degree. With Lemma 2.4.2, we have

k+1

$) 2 biar g M;(1), a0s) e < Claly o (k20001 i + 8100012 1) = OR ) [lall 200l 1| V]]2e-

(2.33)

o4



Combined with (2.31), we have proved the estimate. O

Lemma 2.5.3. Assume a(z,y) € W3>(Q), u(x,y) € H*2(Q) and k > 2. Then
(a(u = up), va)n = O ) [lallzsollulluszllonllz,  Von € V"

Proof. As before, we ignore the subscript of v, for simplicity and

(a(u =), v)n = 3 (a(u = ), v)eh.

e

On each cell e we have

<CL(U — up), 'U>e,h = <R[u]]€7k, cw>e7h = h2<é[ﬁ]kjk, CAMA}>IA< = h2<R[ﬁ]k7k, av — %>IA{ -+ h2 <é[/&]k,k7%>k

(2.34)

For the first term in (2.34), due to the embedding H2(K) < C°(K), Bramble-Hilbert Lemma

Theorem 2.3.1 and Lemma 2.4.3, we have

W2 (R[tt]k, 40 — a0) 5z < CH?|R[]1 k] oo]@d — 4B < CR2|@]y, 1100 — 0|5 4
< OR?|lyyy g (0D — @8] 2y + a0, ¢ + [a0], ¢ )

< Ch?fily 5 (180] & +[60], &) = O(W* ) lallzc0el[ullisrellvl2e-

For the second term in (2.34), we have

A

W (Rli]kg1 k41, 00) g = D2 (R[0]k 11001, 80) g — D2 (R[0)k 1001 — R[]k, 00) -
By Lemma 2.4.3 and Lemma 2.5.1 we have
W2 (Rl k 141, 00) g < CRP|l]y 4 ]00]o 5 = O(BF?)[[allosocllte]lis2elv]]oe,

and

A

h2<15t[ﬁ]k+1,k+1 — R[]y, ad) z = 0.
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Thus, we have (a(u — uyp), vp)p = O(hk+2)||aH2,ooHUHk+2HUhH2- O

Lemma 2.5.4. Assume a € W>*(Q), u € H*3(Q) and k > 2. Then
(a(u = tp)a, vn)n = O ?) allaoollullirsllvnllz,  Von € V™.

Proof. As before, we ignore the subscript in v, and we have

(a(u = tp)e, v)n =D _{alt = Up)z, V)

e

On each cell e, we have

(a(u = up)a, V)en = ((Rlulin)e, av)en = h{(R[A]kr)s, 40)

=h{(Rlalis1501)s5,00) g = D{(RlA]kerpir — R[]k p)s, 0) g (2.35)
For the first term in (2.35), we have
(BRla)k11511)s: 0) g < ((Rlalks1 k1) @0) g + (R[8ks1 441)s, 00 — D)
Due to Lemma 2.5.1,
W{(Rla]ks1041)s,80) g < Chllallosolulys 100,z = O ) lallosollullissellvloe,
and by the same arguments as in the proof of Lemma 2.5.3 we have

(R8s 1041)s5 @0 — @0) g < ChI(Rla]is11)slo0|dd — a0]oc < Chlitlyyp g )10 — a0y 5

<ChJtlyyp g (180 = 0| gy + 1a0], g + 0]y z) < Chlily s g (180], z + a0]5 z) = OW?)[lallz,collullisz.e

Thus
h{(R5s1,041)s, @0) r = OB 2)]|allg,00 | ullks3.e]|v]|2e. (2.36)
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For the second term in (2.35), we have

(Rl k1041 — Rk )s, 40)

ket
=((Mj41 (2 Z b1 Mi(s) + Myia(s Z biy1 ;M J )s; G0) i
=0
k-1 k1
=(Mj41(t) bz+1 kt1li(s) + (s Z bk+1 g av) i
i=0
k—1 R k+1 R
=M1 (8) D bivriali(s), a0) g + (be(s) D brra g M;(t), ad)
i=0 =

k+1

$) D by My (), ad) .,
=0

where the last step is due to that M, (t) vanishes at (k + 1) Gauss-Lobatto points. Then

k+1
(R[0]gp — Rl0)ps1,041)s,00) g = (Ik(s Z bys1,;M;(t), a0)
k+1 k+1
8) Z karl,ij( av — Hl(d@ Z bk+1 J H1 (&@»K
k+1
Z b1 M — 1L, (a0)) .

where the last step is due to the facts that IT;(ad) is a linear function in s thus the (k 4 1)-

point Gauss-Lobatto quadrature on s-variable is exact, and [(s) is orthogonal to linear

functions.

By Lemma 2.4.4, Lemma 2.4.2, and Theorem 2.3.1, we have

R k+1

<(-ﬁi[a]kk — R[U)kt1541)s,00) g = (li(s Z bk+1] ), av — ﬂl(d@»k
§C|u|k+1,f(|a@|2,f( < C|u|k+1,f((|a|2,oo,f(|@|0,f( + |&|1,oo,f(|@|1,f( + |d|07<>o|@|2,f()

Thus

A

((B[A]r — Rl8ls1p41)s: 0) g = O(R?)lallz o0l el 0] 2e- (2.37)

By (2.36) and (2.37) and sum up over all the cells, we get the desired estimate. O
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Lemma 2.5.5. Assume a(x,y) € WH*(Q), u(x,y) € H*3(Q) and k > 2. Then

(a(u — up)e, (Vn)y) { O(hk%)||a||k+2,oo||U||k+3||Uh||2, Yo, € VI,
— Up)xy \Un)y/h =

O ) lallrrzoollelliesllvnllz, Vo € V7.

Proof. We ignore the subscript in v, and we have

(a(u — up)z, vy)n = Z<a(u — Up)as Vy) ey

e

and on each cell e

(a(u = up)a, vy)en = ((Rlulki)e: av)en = ((R[An)s, 00)

=((R[a]k151)s: @00) g + (Rlalkk — Bl]ks1h11)s @01) -
By the same arguments as in the proof of Lemma 2.5.2, we have

(R[Ak11,141)s: a00) g = OR2) a1 00 tliss,2, 0] 2.6

and
A k+1

(Rl — RlA)k1 )5, 000) g = —(Ue(8) Y bpr y My(1), ) -
=0

For simplicity, we define
k1

D1 (1) = > bir1,5 M ().
=0

then by the third and fourth estimates in Lemma 2.4.4, we have

k1
Dri1(t)] < O brr sl < Clilyyy zs
=0
) 1
m A
b)) < C Z k15l < Clilyp iz 1<m,
j=m

o8

(2.38a)

(2.38b)

(2.39)

(2.40)



where ZA),(C"J:)l (t) is the m-th derivative of by, (t). We use the same technique in the proof of

Theorem 2.3.9 and we let I, = lx(s), bgr1 = bry1(t) in the following,

(Rl — Rlsris1)s: 600) g = —(le(8)brsr (t), )
S / / s (8)bpss (D)atyd" sdt = — / (lbpsrd) 1o,d" st
K K

= — | (lubpsr@)oed"sd"t + || Ubepradidsdt — || Ubesradidsdt,
+
K K K

and

- / / (lebgs1d) 0nd" sd"t + / / Libyes 1ty dsdt
K K
_ / /K (b — (bsr) ] dudsdt + / /K (lebps1a) 10, dsdt — / /K (lLebr 1) r0pd" sdt

_ / /K (1bisrd — (hbusad)s] dudsdt + / /K By (lbpsrd) o sclt — / [ 0(lbisad) odsat

1 ~
+ ( / (Ui ods

t=1

1 ~
- / (lobps1)r0d"s
t=—1 -1

t=1

>:I+II+III.

t=—1

After integration by parts with respect to the variable s, we have

/ /K L(8)bpsr (Dadydsdt = — / /K My (8) b (£) (a0, + a )dsdlt. (2.41)

Let N(s) be the antiderivative of M. 1(s). After integration by parts, we have

—// Mk+1 Vbr+1(t) (G50t + D) = // bk+1 (G50t + 20505t) +// bk+1 VN (8)a0sst.-

After integration by parts on the t-variable,

t=1

_ //K b1 ()N () = / /K Byt (£) N (5)a] 05 — /_ 11 b1 ()N (8)ddsds e

/ &i bk—i—l // bk+1 a + bk+1( )N(S)&t]@s&
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By Lemma 2.4.4, we have the estimate for the two double integral terms

‘ J[ BN () @i +20,04)

< C|ﬁ"k+1,2,f{<|d‘2,m,K|@|l,2,K + |d’l,oo,f{|@‘2,2,f{)7

] BN (633 + b (N e

<Oy 00 71lo 00, 102,05 + lis10 7101 oo £ 1Plo 0 7)s

which gives the estimate Ch**2||al|2.00 0 |lt|lk+2.e]|v|lk12, after mapping back to e.

After mapping back to e, we have

t=1 y=ye+h

T — X

Te+h
=h [ b ()M (S Yatada

1
/_ b1 (1) Mo ()at.uds

t=-1 y=ye—h

Notice that we have

k+1
b1 (Ye + 1) = b1 (1) =D by i M;(1) = bggao + brsra
=0

1

o, Teth
= (h+3) L O,i(s, Vik(s)ds = (k + 3) /xeh By, ye + 1)l

T — X

h

)dz,

and similarly we get b1 (ye — h) = b1 (—1) = (k+ LY JEA Opu(w, ye — h)lj, (255 )dx. Thus
the term by 1(y) My 1(*5% ) avy, is continuous across the top/bottom edge of cells. Therefore,
if summing over all elements e, the line integral on the inner edges are cancelled out. Let
Ly and L3 denote the top and bottom boundary of 2. Then the line integral after summing
over e consists of two line integrals along L; and Ls. We only need to discuss one of them.

Let [y and l3 denote the top and bottom edge of e. First, after integration by parts k
times, we get

S o 1 1 N . k 1 ! 8k+1 ~ 1 2 k
be1(1) = (k + 5) /_1 d50(s, 1)lk(s)ds = (—1)"(k + 5) /_1 WU(S, 1)W(8 — 1)"ds,
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thus by Cauchy Schwarz inequality we get

A 1 [ g+l
|be1(1)] < Cy, /_1 [@(Sa 1)] ds < Cyh" |U|k:+1,2,l1

Osk+1

Second, since v2, is a polynomial of degree 2k w.r.t. y variable, by using (k +2)-point Gauss

Lobatto quadrature for integration w.r.t. y-variable in [f, v? dzdy, we get

Te+h
/ v2, (2,9, + h)dz < Ch™! // V2 (x,y)dzdy.

e—h

So by Cauchy Schwarz inequality, we have

Te+h
/ |Uxx({[‘ Ye +h |d:13 < V2 \// 1‘ Yo + h)dw < C|U|22€

Thus the line integral along L, can be estimated by considering each e adjacent to L; in

the reference cell:

‘/ bk+1 )Mk+1( ) (87 1)’088(57 1>d3
eNLi#£D

< X G|a|oooK|bk:+1 |/ |0ss(s,1)|ds

ele #0

Te+h
—O*E) Y fulesian [ [veale,ye + h)lde
eNnLi#£D ze—h

3
=O(h*2) > |ulerr2n]vl22.
eNLy#0

3 3
=O(h*"2) |ullks1,ri [0]l2.0 = ORFT2) |ullks2.0llv

where the trace inequality ||u||x+1.00 < Cl|u||gt2,0 is used.
Combine all the estimates above and sum over all elements, we have the estimate for the

term [z l(8)bpyr (t)adpdsdt:

N (’)(hk+ Mallkrooollt|lerslv]l2, Vv e vh (2.42)
Z/ e (8)bgy1 (t)atdsdt = +2, +3]|v]]2
— JJK

O ) allkrasollullisrsllvlle, Vo€ Vg (2.42D)
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We get (k + £)-th order for the above estimation. Since the 3 order loss is only due to
the line integral along L; and L3, on which v,, = 0 if v € V', we get (k + 2)-th order.
Then we can do similar estimation as in Theorem 2.3.9 for I, I1, 11 separately.

For term I, by Theorem 2.3.1 and the estimate (2.14), we have

/ /K [1bis1d — (Ubind)r] Sudsdt
_ //K [zkék 18— (b)) Tedsd + / / bibrnd — (Wband)r] (0, — B)dsdt

Q) o0l +C [ ALY

k+2 k42 sz

<C (32 Wb 5 s O Il + € (32 e s B2 01) Bl
m=2 m=0
k+1 k+1 -

#C (132 Wl s, s 01 ol + € (32 Il s B0 Pl
m=1 m=0

=0 ) lallk+aoolltlliracllvllze.

For term 11, as in the proof of Theorem 2.3.9, we define the linear form as

A

Eo(f) = / /K (Fy)bdsdt — / [ (Fy)odst,

for each 0 € Qk(f( ) and [ is an antiderivative of f w.r.t. variable t. We can easily see that
E; is well defined and E; is a continuous linear form on H ’“(f( ). With projection I1; defined
n (2.8), we have

E@(f): B, H1y<f)+EH (f)7 V@EQk(K)-

Since Q¥ !(K) C ker E;_g , thus

A

Ey_gi,o(f) < ClNugllo = ooz < Clfl gl s

and

A

Boo(f) = / /K (Bl odsdt — / [ (F)iftod"sdt = 0.
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Thus we have

/ Oy(lxbsa) rod" sdt — / Oy(lxbsra) rodsdt = — By ((lbyard):)

=~ Bo-mo((brn@)s) < Cl(lbrnr@)ily 10nly, 5 = OW ) allesr ool tliszelvle.

Now we only need to discuss term III. Let L, and L3 denote the top and bottom
boundaries of 2 and let [£, IS denote the top and bottom edges of element e (and l{( and lf

for K ). Notice that after mapping back to the cell e we have

k+1
big1(Ye + h) = bk+1 Z bk+1 J = bk+l o+ bk+1 1
10/t . 1 Ze+h T — Te
= (k+3) [ Duii(s, Dlx(s)ds = (k+§)/ e,y + W)l (< )de,

and similarly we get byy1(ye — h) = bpa(—1) = (k+2) [28) 9,u(x, ye — h)l(252 )dz. Thus

the term I(*5%)b11(y)av is continuous across the top and bottom edges of cells. Therefore,
if summing over all elements e, the line integral on the inner edges are cancelled out. So
after summing over all elements, the line integral reduces to two line integrals along L; and
L3. We only need to discuss one of them. For a cell e adjacent to L;, consider its reference

cell K and define linear form E(f) = [*, f(s,1)ds — [*, f(s,1)d"s, then we have

E(79) < C1flg s ol soa < Ol il
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thus the mapping f — E(f0) is continuous with operator norm less than C||d|| o & for some
b1

C. Since E((at,)I1,0) = 0 we have

Z / lkbk+1a Ivds—/ (lkbk.l,_la/)]vd s

eNL1#0D
= Z E lkbk+1a)[1) Z E lkbk+1a) ( — ﬂ < Z C lkbk_HCL) ]le[ ]QJ{(
eNL1#0 eNL1#0 eNL1#0
< Z ¢ |lkbk+1a - (lkbk-i-la) |le + |lkbk+1a|le)[A]2J{(
eNL1#0D
< Z (’lkbk+1&|k+17l{< + |lk‘bk+1&|k7l{<)[ ]QlK < Z C||a||kooK|bk+1( )H@]QJ{%
eNLi#0 eNL1#0)

where the first inequality is derived from E(f(d — I1,0)) = 0,Vf € Q¥ *(K) and Theorem
2.3.1.

Since I, (t) = 520 (2 — 1)*, after integration by parts k times,

e (1) = (k + ;) /_11 Osu(s, Dlg(s)dx = (—1)%(k + ;) /_11 OFu(s, 1) L(s)ds,

where L(s) is a polynomial of degree 2k by taking antiderivatives of I (s) k times. Then by

Cauchy-Schwarz inequality we have

1
b (1) < C (/ Bt (5,1)%)2 < O Hufpa e
1

By (2.27), we get |@\2’l{< = h%’@b,z; < Chlv|a,. Thus we have

S [ @ben)ivds - [ Gbead)ivds < 3 Olall s gDl e
eNLi#0 eNLi#0

=O(h*2) 3 allioolttlisii
eNL1#0

3 3
vlze = O3 lallkoolulis,zs [0llze = OB 2) [lallk o lullis2ollvlle.

where the trace inequality ||u||x+1.00 < Cl|ul|gt2.0 is used.

Combine all the estimates above, we get (2.38a). Since the % order loss is only due to

the line integral along L; and Lz, on which v,, = 0 if v € V!, we get (2.38b). O

By all the discussions in this subsection, we have proven (2.29a) and (2.29b).
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2.6 Homogeneous Dirichlet Boundary Conditions

2.6.1 V"-ellipticity

In order to discuss the scheme (2.2), we need to show A satisfies V" -ellipticity
Vo, € Vg, Cllunllt < An(on,vn). (2.43)

We first consider the Vj-ellipticity for the case b = 0.

Lemma 2.6.1. Assume the coefficients in (2.9) satisfy that b = 0, both c¢(x,y) and the
eigenvalues of a(x,y) have a uniform upper bound and a uniform positive lower bound, then

there exist two constants Cp, Cy > 0 independent of mesh size h such that
Von € V3’ Callvall} < An(on, va) < Callull}.

Proof. Let Z, ;- denote the set of (k+1) x (k+ 1) Gauss-Lobatto points on the reference cell
K. First we notice that the set Zy i isa Qk(f( )-unisolvent subset. Since the Gauss-Lobatto

quadrature weights are strictly positive, we have

[\

Vp e Qk ; Z :D, O =0 = 0;p = 0 at quadrature points,
i=1

where 7 = 1,2 represents the spatial derivative on variable z; respectively. Since 0;p €
Q*(K) and it vanishes on a Q*(K)-unisolvent subset, we have 8;p = 0. As a consequence,

\/Z?:1<8iﬁ,8 P)n defines a norm over the quotient space Q*(K)/Q°(K). Since that | - &

is also a norm over the same quotient space, by the equivalence of norms over a finite

dimensional space, we have

n

Vp e Q(K), Culpf: Z D, 0D) e < Calpl? 1

On the reference cell K, by the assumption on the coefficients, we have

n

01|’Uh‘1 K < Cl Z(a Uh,a’Uh Z alj@'@h,ajﬁmf( + <(A31A)h,’l7h>f() S CQH@}L”iK

i :
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Mapping these back to the original cell e and summing over all elements, by the equiva-
lence of two norms |-|; and ||-]|; for the space H}(Q) D VI [3], we get Cy||vn||? < Ap(vp, vp) <
Calvnll3. O

For discussing Vj,-ellipticity when b is nonzero, by Young’s inequality we have

b - Vu,)? bl|?
’<b'vvhuvh>h| < Z//(Zlch)_’_c’vhﬁdhxdhy < <|4|

—CVvh, Vur)n + {con, Up)p

Thus we have
b|?

(aVvh, Vvh>h + <b . Vvh, Uh>h + <th, Uh>h Z ()\aVvh, Vvh>h — (ZVWL, Vvh>h,

where \, is smallest eigenvalue of a. Then we have the following Lemma

Lemma 2.6.2. Assume 4\yc > |b|?, then there exists a constant C' > 0 independent of mesh
size h such that

Yoy, € V0h7 Ap(vn, vp) = Cllua?.

2.6.2 Standard estimates for the dual problem

In order to apply the Aubin-Nitsche duality argument for establishing superconvergence
of function values, we need certain estimates on a proper dual problem. Define 0, := wj, —u,.

Then we consider the dual problem: find w € H} () satisfying
A*(w,v) = (O,v), Vv € Hi(Q), (2.44)
where A*(-,-) is the adjoint bilinear form of A(-,-) such that
A*(u,v) = A(v,u) = (aVo, Vu) + (b - Vo, u) + (cv, u).
Let wy, € V{! be the solution to
Ay (wp,vp) = (Op,v), Yoy € Voh. (2.45)
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Notice that the right hand side of (2.45) is different from the right hand side of the scheme
(2.2).

We need the following standard estimates on wjy, for the dual problem.

Theorem 2.6.3. Assume all coefficients in (2.9) are in W*>(Q). Let w be defined in (2.44),
wy, be defined in (2.45), and 0y, = uj, —u,. Assume elliptic reqularity (2.12) and V" ellipticity
holds, we have

[w = wal[y < Chlwllz,
[wnll2 < C1l0nllo-

Proof. By V" ellipticity, we have C ||wy, — vy ||} < A (w), — vy, wy, — v). By the definition of

the dual problem, we have
AZ(UJ}L, Wy, — Uh) = (Qh, wp, — Uh) = A*(w, wp, — Uh), Yoy, € ‘/Oh.
Thus for any vy, € V', by Theorem 2.3.8, we have

C1||wy, — Uh”% < Aj (wp, — v, wp, — vp)
=A"(w — vy, wp, — vp) + [Ap(wh, wy, — vy) — A (w, wy, — vp)] + [A"(vn, wp, — vp) — A (Vp, W — )]
=A"(w — vp, wp, — vp) + [Awp — vp, o) — Ap(wh — Vg, vp)]

<Cllw = vp|1l|wn — valls + Chllvall2|lwn — vall1.

Thus

lw = wnly < Jw =valls + [[wn = vally < Cllw = vally + Chljonll2. (2.46)

Now consider ITyw € V" where I1; is the piecewise Q' projection and its definition on each
cell is defined through (2.8) on the reference cell. By the Bramble Hilbert Lemma Theorem

2.3.1 on the projection error, we have

lw = Thwlly < Chllwllz,  [lw —Thwlly < Cllwl,, (2.47)
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thus ||[Iwl||s < Jw|ls + ||lw — wl||s < C|lwl|s. By setting v, = Ijw, from (2.46) we have
|lw — w1 < Cllw— 1wl + Ch||ILw|z < Chllw]|s. (2.48)
By the inverse estimate on the piecewise polynomial w;, — II;w, we get
lwnllz < llwn = Mhwlls + [[Thw — wllz + wllz < Ch™Hhwy, — Thwls + Cllwlle. (2.49)
By (2.47) and (2.48), we also have
lwn — Thwlly < flw = Thwlly + [Jw = wally < Chllwlz. (2.50)
With (2.49), (2.50) and the elliptic regularity ||w||2 < C||64]l0, we get

[wnll2 < Cllwlla < Cl|0alo-

2.6.3 Superconvergence of function values

Theorem 2.6.4. Assume a;j,b;,c € WH22(Q) and u(z,y) € H*3(Q), f(x,y) € H**(Q)
with k > 2. Assume elliptic reqularity (2.12) and V" ellipticity holds. Then uy,, the numerical
solution from scheme (2.2), is a (k+2)-th order accurate approximation to the exact solution

w in the discrete 2-norm over all the (k+ 1) x (k4 1) Gauss-Lobatto points:
lun = wlle@) = OB ) ([ullkssa + 1/ lk+20)-
Proof. By Theorem 2.3.9 and Theorem 2.3.4, for any v;, € V",

Ap(u — up,vp) = [Au,vp) — Ap(up, vp)] + [An(u, vp) — A(u, vg)]
= A(u,vn) — Ap(un, vn) + O 2)|allirooollullisslonll2

= ((fson) = (f.on)n] + OB ) [ullkgsllvnllz = OR* ) (lulliss + 1Flln2) lonl2-
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Let 05, = uy, — u,, then 0), € V! due to the properties of the M-type projection. So by (2.29a)
and Theorem 2.6.3, we get

101115 = (O, 01) = Ap(On, wn) = Ap(up — u, wy) + Ap(u — up, wy,)
=An(u — up,wp,) + OW ) (Julliss + || flles2)l[wnl]2

=0 ) (lullkss + 1 les2) lwnlls = O ) ([[ulliss + 1 lk+2) 165 o,

thus
Jun, — upllo = 110kllo = OB ) ([[ull ka5 + 1 f[[+2)-

Finally, by the equivalence of the discrete 2-norm on Z; and the L?*()) norm in finite-

dimensional space V" and Theorem 2.4.5, we obtain

un — ullz@) < |lun — upllzq) + [lup — ulliz@) < Cllun — upllo + [Jupy — ulliz@)

= O(W***)(||ullkss + 1f]lk+2)-

]

Remark 2.6.5. To extend the discussions to Neumann type boundary conditions, due to

(2.29b) and Theorem 2.3.9, one can only prove (k + 2)-th order accuracy:

3
lun = ullz@) = OB 2)([ullers + | Fllre).

On the other hand, for solving a general elliptic equation, only C’)(hk*%) superconvergence
at all Lobatto point can be proven for Neumann boundary conditions even for the full finite

element scheme (2.1), see [9].

Remark 2.6.6. All key discussions can be extended to three-dimensional cases. For instance,
M-type expansion has been used for discussing superconvergence for the three-dimensional
case [9]. The most useful technique in Section 2.3.2 to obtain desired consistency error

estimate is to derive error cancellations between neighboring cells through integration by
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parts on suitable interpolation polynomials, which still seems possible on rectangular meshes

in three dimensions.

2.7 Nonhomogeneous Dirichlet Boundary Conditions

We consider a two-dimensional elliptic problem on Q = (0,1)? with nonhomogeneous
Dirichlet boundary condition,
—V.-(aVu)+b-Vu+cu = fon

(2.51)
u = g on 0S.

Assume there is a function g € H'(Q) as a smooth extension of g so that glspn = g. The

variational form is to find @ = u — g € H}(Q) satisfying
A(t,v) = (f,v) — A(g,v), Yo e Hy (). (2.52)

In practice, g is not used explicitly. By abusing notations, the most convenient imple-

mentation is to consider

0, if (x,y) e (0,1)x(0,1),
g(w,y) =
g(x,y), if (x,y) € o,

and g; € V" which is defined as the Q¥ Lagrange interpolation at (k + 1) x (k + 1) Gauss-
Lobatto points for each cell on Q of g(x,y). Namely, g; € V" is the piecewise P* interpolation
of g along the boundary grid points and g; = 0 at the interior grid points. The numerical

scheme is to find @, € V', s.t.

Ap (T, vn) = (f,on)n — Anlgr,vn), Vo, € Vi (2.53)

Then w, = @y, + gr will be our numerical solution for (2.51). Notice that (2.53) is not a

straightforward approximation to (2.52) since g is never used. Assuming elliptic regularity
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and V" ellipticity hold, we will show that uj, — u is of (k+ 2)-th order in the discrete 2-norm
over all (k+ 1) x (k + 1) Gauss-Lobatto points.

2.7.1 An auxiliary scheme

In order to discuss the superconvergence of (2.53), we need to prove the superconvergence
of an auxiliary scheme. Notice that we discuss the auxiliary scheme only for proving the
accuracy of (2.53). In practice one should not implement the auxiliary scheme since (2.53)
is a much more convenient implementation with the same accuracy.

Let g, € V" be the piecewise M-type Q" projection of the smooth extension function g,
and define g, € V" as g, = g, on 9Q and g, = 0 at all the inner grids. The auxiliary scheme

is to find @} € V' satisfying
An(@g,vn) = (fyon)n — An(gpsvn), Vo € V3, (2.54)

Then u} = @, + g, is the numerical solution for problem (2.52). Define 0, = uj, — u,,
then by Theorem 2.4.1 we have 6, € V{'. Following Section 2.6.2, define the following dual
problem: find w € H}(Q) satisfying

A*(w,v) = (Oh,v), Vv € Hi(Q). (2.55)
Let wy, € V' be the solution to
As(wp,vn) = (On,v1),  Vop € Vi (2.56)

Notice that the dual problem has homogeneous Dirichlet boundary conditions. By Theorem

2.3.9, Theorem 2.3.4, for any v;, € V",

Ap(u = up, vn) = [A(u, ) — Ap(ug, )] + [An(u, vn) — Ay, vp)]
= A(u,vn) = Ap(uj, vn) + O(RF*?)||al| k2,00l 2]l k3] vnll2

= [(fson) = (fron)n] + OB ) [ullkesllvnllz = OR*2) (lulliss + [1Flls2) lonl2-
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By (2.29a) and Theorem 2.6.3, we get

||‘9h||?) = (Gh, Qh) = Ah(eh, wh) = Ah(u; —Uu, wh) + Ah(u — Up, wh)
=Ap(u =y, wp) + O ) (Jullers + | fllera)llwnlla

=0 ) (lullirs + 1 lesz) lwnlls = O 2) ([ulliss + 1 12165 o,

thus [|u}, — upllo = ||0nllo = OW*™2)(||ullkes + || fllx+2).- So Theorem 2.6.4 still holds for the

auxiliary scheme (2.54):

i, = ulliziy = O ) (Julless + 1 flli+2)- (2.57)

2.7.2 The main result

In order to extend Theorem 2.6.4 to (2.53), we only need to prove
lun, = ujllo = O(W*2).
The difference between (2.54) and (2.53) is
Ap(@;, — i, vn) = An(gr — gpovn), Vo € Vi (2.58)

We need the following Lemma.
Lemma 2.7.1. Assuming u € H*(Q) for k > 2, with g; and g, being defined as in this
Section, then we have

An(gr = gpoon) = O ) [ulleragllvnllze,  Vou € V5 (2.59)

Proof. For simplicity, we ignore the subscript , of vy, in this proof and all the following v are
in V.
Notice that g — g, = 0 in interior cells. Thus we only consider cells adjacent to J€2. Let

L1, Ly, Ly and Ly denote the top, left, bottom and right boundary edges of Q = [0, 1] x [0, 1]
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respectively. Without loss of generality, we consider cell e = [z, — h, 2. + h] X [y — h, Yo + h]
adjacent to the left boundary Lo, i.e., xz. —h = 0. Let [{,15,15 and [ denote the top, left,
bottom and right boundary edges of e respectively.

On ly C Lo, Let ¢y(z,y),i,j = 0,1,...,k, be Lagrange basis functions on edge [§ for
the (k4 1) x (k+ 1) Gauss-Lobatto points in cell e. Then g; — g, = Zf’jzo Xij¢ij(x,y) and
IXij| < 1lgr = gpllie(@)- Due to Sobolev’s embedding, we have v € W*2>°(Q)). By Theorem
2.4.5, we have

lgr = gplli=(@) < llw = wplli=(@) = OB ) |ulliszoc.0 = OB ) [uli1a.0-

Thus we get Vo € VI,

k k
<a(g1 - gp)m>vx>e = (a Z )\ij¢ij<x>y)x7vx>e < CHGHOO,Q HZLE}X |)\2j||< Z ¢z‘j($,y)z7vx>e|-
i,j=0 ’ 4,5=0

Since for polynomials on K all the norm are equivalent, we have

k k
‘< Z ¢ij<x>y)mavx>6‘ = ’< Z ¢ij(57t>8768>f(’ < C‘ﬁs‘oo,f( < C‘U‘l,f( = C|U‘1,€7

i,j=0 1,j=0

which implies
(a(gr = gp)as vdn < Cllalloc.o 3 max Aylloh,e = O™ ) lallss.allulli+aellvllzg
Similarly, for any v € V', we have

(algr = gp)yvyhn = OB )lallscl[ullirallv]2,

) (A7)

(algr = gp)osvyhn = O |lallcllullrallv]l2,

(b-V(gr—gp)v)n =" OW*?)|bllucllullisallv]2,
) v) (A7)

n= Oh"*?)||cllsollteflirallv]]2-

< (gf_gp , U
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Thus we conclude that

An(gr = gp.vn) = O ) [ullisallonllz,  Vor € V5"

By (2.58) and Lemma 2.7.1, we have
An(@, — an, vn) = O(W*2)|ullprallonlla,  Yon € V5" (2.60)

Let 0, = @} — @y, € V. Following Section 2.6.2, define the following dual problem: find
w € HY(Q) satisfying
A*(w,v) = (Oh,v), Vv € Hi(Q). (2.61)

Let wy, € V{! be the solution to

Ay (wp,vp) = (Op,vp), Yoy € Voh. (2.62)
By (2.60) and Theorem 2.6.3, we get
160115 = (On O) = Af(wn, 0n) = An(, —Tin, wn) = OR ) ullirallwnll2 = OB ) ullisallOrllo.

thus ||} — @nllo = ||0kllo = Oh**2)||u||x+a. By equivalence of norms for polynomials, we
have

|y, — @nllz@) < Clla; — anllo = OW*?)||ulljsa0- (2.63)

Notice that both 4, and @;, are constant zero along 02, and up|9q = gr is the Lagrangian

interpolation of g along 9€2. With (2.57), we have proven the following main result.

Theorem 2.7.2. Assume elliptic reqularity (2.12) and V" ellipticity holds. For a non-
homogeneous Dirichlet boundary problem (2.51), with suitable smoothness assumptions for

k> 2, aij, bj,c € WF2°0(Q), the exact solution of (2.52) u(z,y) = 4+ g € H**(Q) and
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f(x,y) € H*2(Q), the numerical solution uy, by scheme (2.53) is a (k +2)-th order accurate

approzimation to u in the discrete 2-norm over all the (k+1) x (k+1) Gauss-Lobatto points:

lun = ullz@) = O ) ([ullkra + 1 e+2).

2.8 Neumann Boundary Conditions

Consider the elliptic problem with Neumann boundary condition:

-V - (aVu)+b-Vu+cu=fin Q

(2.64)
(aVu) - n =g on 0f.
The corresponding variational form is to find u € H'(Q) to satisfy
A(u,v) = (f,v) + /89 gudp, v e HY(Q). (2.65)
In this section we consider the problem:
-V -(aVu)+b-Vu+cu=fin
(2.66)
(aVu) - n =gr on 0S.
The corresponding variational form is to find u € H*(Q) to satisfy
A(u,v) = (f,v) + /89 grvdp,  Yv € HY(Q). (2.67)
The numerical scheme is to find u, € V*(Q) to satisfy
Ap(up,vp) = (f,op)n + /asz gupdp, Vv € HY(Q). (2.68)
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2.8.1 Quadrature error estimates

Theorem 2.8.1. For the equation (2.64), assume the coefficients a(x,y), b(x,y),c € WF22(Q)
and u € H*3(Q) is the solution of (2.64), k > 2, then we have

Alwv)=An(won) = [ gudu— [ guid'yct [ (1=g)undpt OB fullalonla,  Von € V"
Proof. By the proof for (2.19a) and (2.19b), we have

(a'*0yu, Opvy) — (@™ Opu, Opvn)n

Z/ oM a,) (1, 6)0,(1, t)dt — > / (@' as) (1, ¢)05(1, t)d"t

eNLa#£D eNLa#£D
- > / (@ as) (=1, ) op(=1,t)dt + > / (@M ,) (=1, t)op(—1,t)d"t
eNLa#) eNLo#(
2.69
+ Ol s o lllsslonll (269)
- / @) (L y)on(Ly)dy = [ (@) (L y)on(Ly)d"y
4
: (" ) (=1, y)un(=1,y dy+/ a'lug) (=1, y)un(—1,y)d"y
2
+ O(R* ) |a™ [[ky200 [l vsllon ] 2-
Follow the same procedure we have
(a'20,u, Oyvn) — (a*20,u, Oy,
1
=y /(A”A) (L, )0n(1, 0)dt — > / (a'%a,) 1 (1, 0)0,(1,t)d"t
eNLy#0" eNL4£0
- > / (@) (=1, t)on (-1, t)dt + > / (a",) (=1, t)0,(—1,t)d"t
eNLo#£D eNLa#D
(2.70)

+ O(K*2)[|a"®| 2,00 1wl k3] vn 2.
= [ @)Ly = [ (@)L gLy
/L(a ty) (=1, y)vp(—1 ydy+/ a?u,) (=1, y)vp(—1,y)d"y

+ O ) la" 200l +sllon -
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Add (2.69) and (2.70) on both sides then we have

(a''Ou + am@yu, Oyvp) — (a'tOpu + a128yu, OxUn)

= [ @+ a2 (L y)on(L )y — [ (@, +au,)i(Ly)en(Ly)d'y
4 4

-/ (auy 4 auy) 1(—1, y)oa(—1,y)dy + /L (a'Muy + a'?uy) (=1, y)vp (=1, y)d"y
2 2

+ O *?) ([la" ks200 + 0™ [lkr200) l2ellksllonll2-
(2.71)

Note on the boundary L? and L*, by the Neumann boundary condition, we have

a''0,u + a'*0,u =g, on L*

a''d,u+ a*du =— g on L?,
thus with Lemma 2.3.4,

(a''0,u + a'0,u, d,vp,) — (@' Opu + a'*Oyu, Dpvp)n

=/L4 91(1,y)vh(1,y)dy—/L4 g(l,y)vh(l,y)dher/Lz gz(—l,y)vh(—l,y)dy—/L g(=Ly)vn(—1,y)d"y

2

+ O(B*?) ([la" |kszo0 + 0™ [ks200 ) ltellksllonll2
(2.72)

By the same argument and denoting the upper boundary and lower boundary with L,

and L3 respectively, we have

(a'?0,u + a®d,u, O,vp) — (a'?0,u + a**0yu, Oyvn )

= gz, Dop(z,1)de — /L1 g(z, Doy (z, 1)d"x + /Lg gr(z, —1)vp(z, —1)dz — /L3 g(x, —1)vp(x, —1)d"z

Ly

+ O ([la* (k1200 + 0% li42,00 ) lullgsllonll2-
(2.73)
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By (2.21), (2.22), (2.72) and (2.73), we have

A(u, vp) —/ gvdu—Ah(u,vh)~l—/ gupd™
G B
:/ gﬂ)d,u—/ gvhdh,u—/ gvd,u—l—/ gund™ 1t + O(R*2) ||Jul|ksslvn|2 (2.74)
o0 Gl) o0 o0

= [ (91 = g)ndp+ OH**) [ulussllenll

By the same argument, we immediately have the following theorem.

Theorem 2.8.2. For the equation (2.66), assume the coefficients a(x,y),b(x,y),c € WF2<(Q)
and u € H*3(Q) is the solution of (2.66), k > 2, then we have

A(u,vp) — Ap(u,vp) = /89 gupdp — /BQ gvhdh,u + O(hk+2)\|u|]k+3\|vh\|2, Yo, € V.

Remark 2.8.3. For the homogeneous Neumann boundary case (2.64) and (2.66) are the same.
To analyze the accuracy of scheme (2.68) to problem (2.64), one only need to estimate the
extra error by [50(gr — g)vdu. For simplicity, we only analyze the accuracy of scheme (2.68)

to problem (2.66) for the case k > 2 and to problem (2.64) for the case k > 3.

2.8.2 Superconvergence of function values

The V"-elliptic and standard estimates for the dual problem are stated as Lemma 2.6.1

Theorem 2.6.3, then we have the superconvergence of function values.

Theorem 2.8.4. For problem (2.66), assume a;j,b;,c € WF2°(Q) and u(z,y) € H*"3(Q),
f(x,y) € H*2(Q) with k > 2. Assume elliptic regularity (2.12) and V" ellipticity holds.
Then the numerical solution uy from scheme (2.68), in the discrete 2-norm over all the

(k+ 1) x (k+ 1) Gauss-Lobatto points, is a (k + 2)-th order accurate approximation to the
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exact solution u if the coefficient matriz a is diagonal and is at least a (k + %)—th order

accurate approximation for general coefficient matriz a:

I | O*2) ([ullsss + 1 lk+2) llvnlle, if a ds diagonal
Up — U 12(Q) =

OR*2) ([|ulliss + | fllisa) lonlla, otherwise.

Proof. By Theorem 2.8.2 and Theorem 2.3.4, for any v, € VJ,

Ap(u — up,vp) = [A(u,vp) — Ap(up, vp)] + [An(u, vp) — A(u, vp)]
= A(u,vn) = An(un, vn) — Joq gvdp + foq gond" i1+ O(W**2)|allksz .00l [tllivsllvall2
= [(f,vn) = (£, o)l + OB ) [ullksslonll2
= OR**2)([[ullers + [1f ler2) l[on]l2-

Let 6, = uy, — uy, then 6), € V" due to the properties of the M-type projection. So by (2.29a)
and Theorem 2.6.3, we get

108115 = (On, 0n) = An(On, w) = Ap(up — u, wy) + Ap(u — up, wp)
=Ap(u — wy, wp) + O ) (Jullers + || fllr2) w2

=0 ) (lulliss + 1 lesz) lwnlls = O ) ([ulliss + 1 12165 lo,

thus
un — upllo = 16kllo = OB ) ([Jul| ks + 1 f [[+2)-

Finally, by the equivalence of the discrete 2-norm on Z; and the L?*(2) norm in finite-

dimensional space V" and Theorem 2.4.5, we obtain

un — ulliz@) < |lun — uplliz@) + [lup — ulliz) < Cllun — upllo + [Jup — ulliz@)

= O (||ullpss + If [ es2)-
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Theorem 2.8.5. For problem (2.64), assume a;j,b;,c € W*22(Q) and u(z,y) € H*3(Q),
f(z,y) € H2(Q) with k > 3. Assume elliptic regularity (2.12) and V" ellipticity holds.
Then the numerical solution uy, from scheme (2.68), in the discrete 2-norm over all the
(k+1) x (k+ 1) Gauss-Lobatto points, is a (k + 2)-th order accurate approzimation to the
exact solution u if the coefficient matriz a is diagonal and is at least a (k + %)—th order

accurate approximation for general coefficient matriz a:

I i O(W**2) (Jullkss + | flles2 + llglless.00) vnll2, if a is diagonal
Up — Ul|12(Q) =

O3 (|[ulliss + [l flliesz + N9llers.00) lonlla, otherwise.

Proof. By Theorem 2.8.1 and Lemma 2.3.6, we have, Vv, € V"

Al vn) = Anwv) = [ gudp— [ guid"+ O0) ([l + gl on) ol

Then the rest will be the same as the proof of Theorem 2.8.4. [

Remark 2.8.6. All key discussions can be extended to three-dimensional cases.

2.9 Finite Difference Implementation

In this section we present the finite difference implementation of the scheme (2.53) for the
case k = 2 on a uniform mesh. The finite difference implementation of the nonhomogeneous
Dirichlet boundary value problem is based on a homogeneous Neumann boundary value prob-
lem, which will be discussed first. We demonstrate how it is derived for the one-dimensional
case then give the two-dimensional implementation. It provides efficient assembling of the
stiffness matrix and one can easily implement it in MATLAB. Implementations for higher
order elements or quasi-uniform meshes can be similarly derived, even though it will no

longer be a conventional finite difference scheme on a uniform grid.
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2.9.1 One-dimensional case

Consider a homogeneous Neumann boundary value problem —(au) = f on [0, 1],u(0) =

0,u(1) = 0, and its variational form is to seek u € H'([0,1]) satisfying

(au,v) = (f,0), Vo€ H((0,1)) (2.75)
Consider a uniform mesh z; = ih, i = 0,1,....,n+ 1, h = n%rl Assume n is odd and let
N = ”TH Define intervals I = [2og, Togs2| for k =0,..., N — 1 as a finite element mesh for

P? basis. Define
V= {ve C[0,1)) : v|;, € P*(I;),k=0,...,N — 1}

Let {v;}1%)' C V" be a basis of V" such that v;(x;) = 6, i,j = 0,1,...,n+ 1. With 3-point
Gauss-Lobatto quadrature, the C°-P? finite element method for (2.75) is to seek u; € V"

satisfying

(aup,vi)p = (f,vi)n, 1=0,1,...,n+ L (2.76)

n+1
Let u; = up(x;), a; = a(x;) and f; = f(z;) then uy(z) = Y w,v;j(z). We have
j=0

n+1
uj<avjavi>h = <auhavj>h = <f7 Ui>h = Z fj</Uj7vi>h> 1=0,1,...,n+ 1.
=0

+
—_

n

0

<.
Il

The matrix form of this scheme is Su = Mf, where

T

T _
) f= {fmfla"wfmfn-i-l )

u = [uo,ul, ey Up, Upt1

the stiffness matrix S is has size (n + 2) x (n + 2) with (i,j)-th entry as {av;,v;)s, and

the lumped mass matrix M is a (n + 2) x (n + 2) diagonal matrix with diagonal entries

Bl 4242 2 41
3737373737 °°137373)"
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Next we derive an explicit representation of the matrix S. Since basis functions v; € V"
and uy(z) are not C' at the knots xq, (K = 1,2,..., N — 1), their derivatives at the knots
are double valued. We will use superscripts + and — to denote derivatives obtained from
the right and from the left respectively, e.g., v3, and vy, denote the derivatives of vy, and
Ugky2 respectively in the interval I = [xok, Togro]. Then in the interval I, = [xor, Tog o] We

have the following representation of derivatives

vy, (2) X -3 4 —1|| vx(x)
Va1 () | = o |71 01 Vo1 () | - (2.77)
Uak () 1 =4 3| |vakse(w)

By abusing notations, we use (v;)9 to denote the average of two derivatives of v; at the

knots xqy:

(e = 5l(0)z + ()5

Let [v;] denote the difference between the right derivative and left derivative:
[vilo = [vilar2 =0, [vilor = (vi)3 — (i), K=1,2,..., N — L

Then at the knots, we have

(Vi)ak (V)i + (Vi) (v7) 3y, = 2(Vi)ar(v))ar + ;[Ui]%[%hh (2.78)

We also have

1

(avj, vi) 1, = h §a2k(vj);rk(vi>2+k + §a2k+1(vj)2k+1(vz‘)2k+1 + §a2k+2(vj)5k+2(vz’)§k+2 - (2.79)

Let v; denote a column vector of size n + 2 consisting of grid point values of v;(z). Plugging

(2.78) into (2.79), with (2.77), we get

N-1 1
(avj, vi)p = Z (avj,vi) 1, = EV?(DTWAD + ETWAE)v;,

k=0
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where A is a diagonal matrix with diagonal entries ag, aq, ..., ay, ani1, and

— s 1 4 2 4 2 2 41
W—d’l(lg(373’3’3’3’“,73’373> )

(n+2)x (n+2)
-3 4 -1
=R 00
3 20 2 -3 ~12 321
10 1 1 000 1
NI g1 e
) o T2
_1i oL ) 09 %, s
1 —4 3 7 (n42)x(n+2) 0 0 0 7 (n+2)x(n+2)
Since {v;}", are the Lagrangian basis for V", we have
= 1
S = E(DTWAD + E"WAE). (2.80)

Now consider the one-dimensional Dirichlet boundary value problem:

—(au) =f on [0,1],

u(0) =01, u(l) = oo.
Consider the same mesh as above and define
Vi = {v e C°([0,1]) : v|;, € P*(Ix),k=0,...,N — 1;0(0) = v(1) = 0}.

Then {v;}7, C V" is a basis of VI for {v;}/2, defined above. The one-dimensional version

of (2.53) is to seek uy, € V| satisfying

<auh>vi>h = <f7vi>h_ <&glavi>h7 1= 1,2,...,”,
(2.81)
g1(x) = ogve(x) + o1vp41 ().

Notice that we can obtain (2.81) by simply setting u(0) = 09 and u(1) = o1 in (2.76). So

the finite difference implementation of (2.81) is given as follows:
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1. Assemble the (n 4 2) x (n + 2) stiffness matrix S for homogeneous Neumann problem

as in (2.80).
2. Let S denote the n x n submatrix S(2: n+1,2: n+1), ie., [Sy] fori,j =2,--- ,n+1.

3. Let 1 denote the n x 1 submatrix S(2 : n + 1,1) and r denote the n x 1 submatrix

S(2:n+1,n+ 2), which correspond to vy(z) and v,11(z).

T

T
4. Letu= |u; uy --- Un} andf:{fl fo oo fu| - Definew=|2242°

Y

Wi
(ST

as a column vector of size n. The scheme (2.81) can be implemented as

Su = hw'lf — ool — oyr.

2.9.2 Notations and tools for the two-dimensional case

We will need two operators:

e Kronecker product of two matrices: if A is m xn and B is p X q, then A® B is mp X nq
give by
anB - a1,B
A® B =

amB - apm,B

o For a mxn matrix X, vec(X) denotes the vectorization of the matrix X by rearranging

X into a vector column by column.
The following properties will be used:
1. (A®B)(C®D)=AC® BD.
2. (A®B)'=A"1w B
3. (BT @ A)vec(X) = vec(AX B).

4. (A@ B)T = AT @ BT,
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Consider a uniform grid (z;, y;) for a rectangular domain = [0, 1] x [0, 1] where z; = ih,,

i=0,1,...,np +1, hy = =5 and y; = jhy, 5 =0,1,...,ny + 1, hy:ﬁ.

1 .
Assume n, and n, are odd and let N, = "”T“ and N, = "y; . We consider rectangular

cells ex; = [Tok, Tokto) X (Yo, Yauso] for k. =0,...,N, —1l and [ = 0,..., N, — 1 as a finite

element mesh for Q2 basis. Define
Vi ={ve Q) : v, € Q*(en),k=0,...,N, —1,1=0,...,N, — 1},
Vi ={ve Q) : v, €Q*en)k=0,....,N, —1,1=0,..., N, — ;0|90 = 0}.

For the coefficients a(z,y) = ,b=1[b" b? and cin the elliptic operator (2.9),

CL21 a22

consider their grid point values in the following form:

Qoo Qo1 cee A0, n,+1
10 a11 e A1,n,+1
El _ M _ ki _
AT = i . . ) Qi = a (-Tjayi)a k>l_172a
a 10 @ .o Qa
ny+1, ny+1,1 ny+1,nz+1 (ny+2)x(nx+2)
boo boi e bo7nz+1
bio b1 bin
e +1
m e m
B™ = ) bzg =b ($j7yi>a m=1,2,
bny—‘rl,O bny—‘rl,l s bny—&—l,nw—i-l (ny+2) % (na+2)
Coo Co1 e Cong+1
C10 C11 cee Clng+1
c=1 . . . cij = c(x),y0)-
Cny+1,0 Cny+1,1 -+ Cpydlng+1 (g +2) X (e +2)
Y x
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Let diag(x) denote a diagonal matrix with the vector x as diagonal entries and define

)(nz+2)><(nz+2) ’

_ 14 2 4 2 2 4 1
Wy—dm9<3a37373,37---,3>3,3> ,
(ny+2)x (ny+2)
7 42 4 2 2 4 — 42 4 2 2 4
W$_dlag(37373737"'7373) ’Wy_dlag(gagagaga"wgag)
Ny XNy Ny XNy
Let s = z or y, we define the D and E matrices with dimension (ns + 2) x (ns + 2) for each
variable:
3 4 -1
000
—11 0 1 ) 00 0
5 =20 2 —3 -32-32-1
10 1 00 0
1 i 20 2 -1 1 -22-3 2 -1
D, =— -1.0 1 , By == 0 0 0
2 . 2 .
-1 0 1 0 00 )
i 20 2 -4 -5 2 —32-—3
10 1 000
1 —4 3 000

Define an inflation operator Infl : R™*" — R +2)x(+2) by adding zeros:

InflU)=|: U

0 --- 0
(ny+2) % (nz+2)

and its matrix representation is given as I, ® I, where

0 0
Iﬂv = [nggxnz >Iy = Inyxny
0
(ne+2)Xng (ny+2) xny

Its adjoint is a restriction operator Res : R(mw+2)x(net2) __y Rruxna gq

Res(X)=X(2:ny,+1,2:n,+1) VX € ROwHDx(a+2),
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and its matrix representation is I ® I7.

2.9.3 Two-dimensional case

For Q = [0, 1] we first consider an elliptic equation with homogeneous Neumann bound-

ary condition:

—V - (aVu) +bVu+ cu =f on , (2.82)
aVu-n =0 on OS2 (2.83)

The variational form is to find u € H(Q) satisfying
Alu,v) = (f,v), Yve H(Q). (2.84)

The C°-Q? finite element method with 3 x 3 Gauss-Lobatto quadrature is to find u, € V"

satisfying
(aVuy, Vop)y + (bBVug, vp)n + (cup, vn)n = (f,on)n, Von € V7, (2.85)

Let U be a (n,+2) x (n,+2) matrix such that its (j, i)-th entry is U(j, 1) = up(@i_1,y;j-1),
i=1,...,n,+2 j=1,....,n,+2 Let F be a (n, +2) x (n, + 2) matrix such that its
(j,i)-th entry is F(j,i) = f(2;_1,y;_1). Then the matrix form of (2.85) is

2 2
Svec(U) = Mvec(F), M =hh,W,@W,, S=3 SF+3 sr+5., (2.86)
k=1 m=1
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where

h _ - h _ _
S — i?iwg ® I,)diag(vec(W,A"W,))(D, ® I,,) + h—i(Ef ® 1,)diag(vec(W, A" W,))(E, ® I,),

S22 = (DI ® I,)diag(vec(W,APW,))(I, ® D,) + (EX @ I,)diag(vec(W,AW,))(I, ® E,),
S = (I, ® Dg)diag(vec(WyAﬂWm))(Dx ® L)+ (I, ® EyT)d@'ag(vec(WyAme))(Em ® 1),

h | o h | o
S22 — h—([Jj ® D) )diag(vec(W, AP W,))(I, ® D,) + h—(]z ® B )diag(vec(W,A*W,)) (I, ® E,),

a
Y

<

Sy = hydiag(vec(W,B'W,))(D, ® 1), Si = hpdiag(vec(W,B*W,))(I, ® D,),
S. = hyhydiag(vec(W,CW,).

Now consider the scheme (2.53) for nonhomogeneous Dirichlet boundary conditions. Its
numerical solution can be represented as a matrix U of size ny x nx with (j,4)-entry U(j,1) =
up(x;,y;) for i =1,--- ;nx;j =1,---  ny. Similar to the one-dimensional case, its stiffness
matrix can be obtained as the submatrix of S in (2.86). Let G be a (n, + 2) by (n, + 2)

matrix with (j,4)-th entry as G(4,4) = g(x;_1,y;_1), where

O’ if (I,y) € (07 1) X (07 1)7
g(z,y) =
g(z,y), if (x,y) € 0.

In particular, C_J(j +1,i+1)=0forj=1,...,ny, 1 =1,...,n,. Let F be a matrix of size
ny x nx with (j,i)-entry as F(j,i) = f(x;,y;) for i =1,--- ,nx;j = 1,--- ,ny. Then the

scheme (2.53) becomes
(IF ® fg)g(fz ® I,)vec(U) = (W, @ W,)vec(F) — (I' ® fg)gvec(@). (2.87)

Even though the stiffness matrix is given as S = (I7 ® ij )S(I, ® I,), S should be imple-

mented as a linear operator in iterative linear system solvers. For example, the matrix vector
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multiplication (17 ® IT)SI (I, ® I, )vec(U) is equivalent to the following linear operator from

R™WXnz tq RAYXNT.

h - _ _ .. _ _ .. -
ST, (W, AW o [1,(LU L) DY) Dy + 1, (W, A" W] o [1,(LUL) EY)) B, } L.

where o is the Hadamard product (i.e., entrywise multiplication).
2.9.4 The Laplacian case

For one-dimensional constant coefficient case with homogeneous Dirichlet boundary con-

dition, the scheme can be written as a classical finite difference scheme Hu = f with

[\
[asy

7 1
-2 3 24
“12 -1
Lo 1| h2dzy
H=M7"1'S== 12 41
h2
1 7.
i 21 -2
102
In other words, if x; is a cell center, the scheme is
—Ui—1 + 2U; — Uip1 f
— Ji

12
and if x; is a knot away from the boundary, the scheme is

Uij—9 — 8ui_1 + 14Uz — 8Ui+1 + Ui+2
4h?

= fz

It is straightforward to verify that the local truncation error is only second order.
For the two-dimensional Laplacian case homogeneous Dirichlet boundary condition, the

scheme can be rewritten as

(H, ® 1) + (I, ® Hy)vec(U) = vec(F),
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where H, and H, are the same H matrix above with size n, x n, and n, x n, respectively.
The inverse of (H,®1,)+ (I, ® H,) can be efficiently constructed via the eigen-decomposition

of small matrices H, and H,:
1. Compute eigen-decomposition of H, = T, A, T, " and H, = TyAyTyfl.

2. The properties of Kronecker product imply that
(Ho @ 1) + (L ® H)) = (L, ®T,) (A ® I + L ® M) (T, @ T, ),
thus

(Hy @ 1)+ (L, @ Hy)| ' = (1, 9 T,)) (A @ Iy + L, @ Ay) (T, ' @ T,7).

3. It is nontrivial to determine whether H is diagonalizable. In all our numerical tests,
H has no repeated eigenvalues. So if assuming A, and A, are diagonal matrices, the
matrix vector multiplication [(H, ® I,) + (I, ® H,)] 'vec(F) can be implemented as a
linear operator on F"

T,(T F(T7 )L/ NTY, (2.88)

where A is a n, x n, matrix with (¢, j)-th entry as A(4,5) = Ay(i,9) + Ay(j,j) and ./

denotes entry-wise division for two matrices of the same size.

For the 3D Laplacian, the matrix can be represented as H, ® I, ® I, + I, ® H, ® I, +
I, ® I, ® H, thus can be efficiently inverted through eigen-decomposition of small matrices
H,, H, and H, as well.

Since the eigen-decomposition of small matrices H, and H, can be precomputed, and
(2.88) costs only O(n?) for a 2D problem on a mesh size n x n, in practice (2.88) can be
used as a simple preconditioner in conjugate gradient solvers for the following linear system

equivalent to (2.87):

W' W?Il)(lzg ® fg)é(fx @ I,)vec(U) = vec(F) — (W, ' @ Wy_l)(ff ® fg)SUeC(G),
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even though the multigrid method as reviewed in [42] is the optimal solver in terms of

computational complexity.

2.10 Numerical Results

In this section we show a few numerical tests verifying the accuracy of the scheme (2.53)
for £ = 2 implemented as a finite difference scheme on a uniform grid. We first consider the

following two dimensional elliptic equation:

—V.-(aVu)+b-Vu+cu=f on|0,1] x[0,2] (2.89)

ail a2 5 .
where a = , ap; = 10 +30y° + zcosy + y, ajg = as = 2 + 0.5(sin(7wz) +

21 Q22
23)(sin(ry) + y®) + cos(x? + y?), azge = 10+ 25, b =0, ¢ = 1 + x'y3, with an exact solution

u(z,y) = 0.1(sin(rx) + %) (sin(7y) + y*) + cos(x* + ).

Table 2.1. A 2D elliptic equation with Dirichlet boundary conditions. The
first column is the number of regular cells in a finite element mesh. The second
column is the number of grid points in a finite difference implementation, i.e.,

number of degree of freedoms.
FEM Mesh | FD Grid | [? error order | [* error order

2 x4 3xT7 3.94E-2 - 7.15E-2 -
4 x8 7x 15 1.23E-2  1.67 | 3.28E-2 1.12
8 x 16 15 x 31 | 1.46E-3 3.08 | 542E-3 2.60
16 x 32 31 x63 | 1.14E-4 3.68 | 3.96E-4 3.78
32 x 64 63 x 127 | 7.75E-6  3.88 | 2.62E-5 3.92
64 x 128 | 127 x 255 | 5.02E-7 3.95 | 1.73E-6  3.92
128 x 256 | 255 x 511 | 3.23E-8 3.96 | 1.13E-7 3.94

The errors at grid points are listed in Table 2.1 for purely Dirichlet boundary condition
and Table 2.2 for purely Neumann boundary condition. We observe fourth order accuracy
in the discrete 2-norm for both tests, even though only O(h3®) can be proven for Neu-

mann boundary condition as discussed in Remark 2.6.5. Regarding the maximum norm of
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Table 2.2. A 2D elliptic equation with Neumann boundary conditions.
FEM Mesh | FD Grid | {? error  order | [* error order
2 x4 5%x9 1.38E0 - 2.27E0 -

4 x8 9x17 | 1.46E-1 3.24 | 2.52E-1 3.17
8 x 16 17 x 33 | 7.49E-3 4.28 | 1.64E-2 3.94
16 x 32 33 x 65 | 431E-4 4.12 | 1.02E-3 4.01
32 x 64 65 x 129 | 2.61E-5 4.04 | 747E-5 3.78

the superconvergence of the function values at Gauss-Lobatto points, one can only prove
O(h®logh) even for the full finite element scheme (2.1) since discrete Green’s function is
used, see [9].

Next we consider a three-dimensional problem —Awu = f with homogeneous Dirichlet

boundary conditions on a cube [0, 1]* with the following exact solution
u(z,y, 2) = sin(mz) sin(2ry) sin(372) + (z — 2°) (y* — y*) (2 — 2?).

See Table 2.3 for the performance of the finite difference scheme. There is no essential
difficulty to extend the proof to three dimensions, even though it is not very straightforward.
Nonetheless we observe that the scheme is indeed fourth order accurate. The linear system
is solved by the eigenvector method shown in Section 2.9.4. The discrete 2-norm over the

1
set of all grid points Zy is defined as ||ul];z2(q) = [h?’ Yy zo (@, Y, z)|2} 2.

Table 2.3. —Awu = f in 3D with homogeneous Dirichlet boundary condition.

Finite Difference Grid | [? error order | [* error order
TXTXT 1.51E-2 - 4.87E-2 -

15 x 15 x 15 9.23E-4 4.04 | 3.12E-3 3.96

31 x 31 x 31 5.68E-5 4.02 | 1.95E-4 4.00

63 x 63 x 63 3.04E-6 4.01 | 1.22E-5 4.00

127 x 127 x 127 2.21E-7 4.00 | 7.59E-7 4.00

Last we consider (2.89) with convection term and the coefficients b is incompressible
ann  a12 5 .
V-b=0:a= , ap; = 100 + 30y° + x cosy + vy, a1z = ag; = 2+ 0.5(sin(7x) +
Q21 Q22
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) (sin(my) + v®) + cos(z* + y?), azx = 100 4+ 2°, b =

rexp(z? + ), c = 1 + 2*y3, with an exact solution

b

7b1:wy7b2:

by

u(z,y) = 0.1(sin(rx) + %) (sin(7y) + y*) + cos(a* + ).

_wam w =

The errors at grid points are listed in Table 2.4 for Dirichlet boundary conditions.

Table 2.4. A 2D elliptic equation with convection term and Dirichlet bound-

ary conditions.

FEM Mesh | FD Grid | {? error order | [*® error order
2 x4 3 xT7 1.26E-1 - 2.71E-1 -

4 x 8 7% 15 2.85E-2 2.15 | 9.70E-2 1.48

8 x 16 15 x 31 | 1.89E-3 3.92 | 7.25E-3 3.74

16 x 32 31 x 63 | 1.17E-4 4.01 | 4.01E-4 4.17

32 x 64 63 x 127 | 741E-6 3.98 | 2.54E-5 3.98

2.11 Concluding Remarks

In this chapter we have proven the superconvergence of function values in the simplest

finite difference implementation of Q¥ spectral element method for elliptic equations. In

particular, for the case k = 2 the scheme (2.53) can be easily implemented as a fourth order

accurate finite difference scheme as shown in Section 2.9. It provides only only an convenient

approach for constructing fourth order accurate finite difference schemes but also the most

efficient implementation of C%-Q* finite element method without losing superconvergence of

function values. In the last section, we will show that discrete maximum principle can be

proven for the scheme (2.53) in the case k = 2 when solving a variable coefficient Poisson

equation.
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3. ACCURACY OF SPECTRAL ELEMENT METHOD FOR
WAVE, PARABOLIC AND SCHRODINGER EQUATIONS

3.1 Introduction

In this Chapter, we are actually extending the results in Chapter 2 to wave, parabolic
and Schrédinger equations.

In recent years many such stable and high order accurate methods for wave equations have
been developed. These include discontinuous Galerkin methods for first order hyperbolic
systems [43]-[49] and wave equations in second order form [50]-[53], and finite differences
with summation by parts operators [54]-[60], as well as spectral elements for wave equations
[12], [13].

In this chapeter we study the rates of convergence of the error, as measured in norms
over nodes for all degree of freedoms, for the spectral element method applied to linear wave
and parabolic, and Schrodinger equations.

To be precise, we consider the Lagrangian Q* (k > 2) continuous finite element method
for solving linear evolution PDEs with a second order operator V - (a(x)Vu) on rectangular
meshes implemented by (k + 1)-point Gauss-Lobatto quadrature for all integrals. This is
often referred to as the spectral element method in the literature and this is the notation we
will use here.

For the Q* spectral element method, it is well known that the standard finite element
error estimates still hold [11], i.e., the error in H'-norm is k-th order and the error in L2-
norm is (k + 1)-th order. It is also well known that the Lagrangian Q* (k > 2) continuous
finite element method is (k + 2)-th order accurate in the discrete 2-norm over all (k + 1)-
point Gauss-Lobatto quadrature points [8]-[10]. If using a very accurate quadrature in the
finite element method for a variable coefficient operator V - (a(x)Vu), then (k + 2)-th order
superconvergence at Gauss-Lobatto points holds trivially. However, for the efficiency of
having a diagonal mass matrix and for the convenience of implementation, the most popular
method for wave equations is the simplest choice of quadrature, i.e. using (k+1)-point Gauss-

Lobatto quadrature for Q¥ elements in all integrals for both mass and stiffness matrices. In
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particular in the seismic community, where highly efficient simulation of the elastic wave
equation is of important, the spectral method has become the method of choice, [12], [13].
When using this (k+1)-point Gauss-Lobatto quadrature for Lagrangian QF finite element
method, the quadrature nodes coincide with the nodes defining the degrees of freedom, and
the resulting method becomes the so-called spectral element method. Thus the spectral
element method can also be regarded as a finite difference scheme at all Gauss-Lobatto points.
For instance, consider solving wu; = u,, on the interval [0, 1] with homogeneous Dirichlet
boundary conditions. Introduce the uniform grid 0 =z < 21 < --- < xy < zyy1 = 1 with

spacing h = 1/(N + 1) and N being odd. This grid gives a uniform partition of the interval

[0,1] into uniform intervals I, = [zog, Togs2] (K = 0,--- ,%) Then all 3-point Gauss-
Lobatto quadrature points for intervals Iy = [xog, Zory2| coincide with the grid points x;.
The Q? spectral element method on intervals I}, = [Zog, Topyo] (K =0, -, %) is equivalent
to the following semi-discrete finite difference scheme [61], [62]:

d? i1 — 2u; + .

i = iz h?; R L if i s odd; (3.1a)

d? —Uj_ Suj—1 — 14u; + 8u;11 — u; ..

gl = Uiz + CUi-1 4h2u + St u+2’ if 7 is even. (3.1b)

The truncation error of (3.1) is only second order yet the dispersion error is fourth order,
see Section 11 in [61]. Although the dispersion error results can in principle be extended
to any order, the derivation and expressions become increasingly cumbersome. Further the
dispersion error results are limited to unbounded or periodic domains and do not produce
error estimates in the form of a norm of the error. In fact, as we have shown in [62], it is
nontrivial and requires new analysis tools to establish the (k4 2)-th order superconvergence
when (k 4 1)-point Gauss-Lobatto quadrature is used. In [62], (k + 2)-th order accuracy at
all Gauss-Lobatto points of Q¥ spectral element method was proven for elliptic equations
with Dirichlet boundary conditions. In this chapter, we extend those results and will prove
that the Q* spectral element method is a (k + 2)-th order accurate scheme for linear wave,
parabolic and Schrodinger equations with Dirichlet boundary conditions. For Neumann

boundary conditions, if a(x) is diagonal, i.e., there are no mixed second order derivatives
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in V- (a(x)Vu), (k + 2)-th order accuracy in discrete 2-norm can be proven. When mixed
second order derivatives are involved, only (k + %)—th order can be proven for Neumann
boundary conditions, and we indeed observe some order loss in numerical tests.

This chapter explains the order of accuracy of Q* spectral element method, when the
errors are measured only at nodes of degree of freedoms. As mentioned above we consider
the case of rectangular elements and a smooth coefficient a(x) in the term V - (a(x)Vu).
We note that this does include discretizations on regular meshes of curvilinear domains that
can be smoothly mapped to rectangular meshes for the unit cube, e.g., the spectral element
method for Au on such a mesh for a curvilinear domain is equivalent to the spectral element
method for V- (a(x)Vu)+b(x)-Vu on a reference uniform rectangular mesh where a(x) and
b(x) emerge from the mapping between the curvilinear domain and the unit cube. It does
however not include problems on unstructured quadrilateral meshes where the metric terms
typically are non-smooth at element interfaces but we note that the numerical examples that
we present indicate that such meshes may still exhibit larger rates than k£ + 1.

This chapter is organized as follows. In Section 3.2, we introduce notation and as-
sumptions. In Section 3.3, we review a few standard quadrature estimates. In Section 3.4,
the superconvergence of elliptic projection is analyzed, which is parallel to the classic error
estimation for hyperbolic and parabolic equations by involving elliptic projection of the cor-
responding elliptic operator, see [63]-[65]. We then prove the main result for homogeneous
Dirichlet boundary conditions in Section 3.5, for the second-order wave equation in Section
3.5.1, parabolic equations in Section 3.5.2 and linear Schrodinger equation in Section 3.5.3.
Neumann boundary conditions can be discussed similarly as summarized in Section 3.5.4.
For problems with nonhomogeneous Dirichlet boundary conditions, a convenient implemen-
tation which maintains the (k + 2)-th order of accuracy is given in Section 3.6. Numerical
tests verifying the estimates are given in Section 3.7. Concluding remarks are given in Section

3.8
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3.2 Equations, Notation, And Assumptions

3.2.1 Problem Setup

Let L be a linear second order differential operator with time dependent coefficients:
Lu= -V - (a(x,t)Vu) + b(x,t) - Vu + ¢(x, t)u,

where a(x,t) = (a;;(x,1)) is a positive symmetric definite operator for ¢ € [0, T], i.e. there ex-
ists a constant «, 3 > 0 such that o|¢|> < Ta(x, )€ < B|€[%, for all (x,t) € Qx[0,T],€ € R™
Consider the following two initial-boundary value problems with smooth enough coefficients
on a rectangular domain 2 = (0,1) x (0,1) with its boundary 92

Given 0 < T < oo, find u(x,t) on Q x [0, T satisfying

u=—Lu+ f(x,t) in Qx (0,7,
u(x,t) =0 on 0Q x [0, T}, (3.2)

u(x,0) =up(x) on ).
Given 0 < T < oo, find u(x,t) on Q x [0, T satisfying

uy = — Lu + f(x,1) in Q x (0,7,
u(x,t) =0 on 99 x [0,T7, (3.3)

u(x,0) =up(x), u(x,0) =wu1(x) on Qx{t=0}.

We use A(+) to denote the bilinear form: for u,v € H'(Q),
A(u,v) = / Vula(x,t)Vu + b(x,t) - Vu + c(x, t)uvdx. (3.4)
Q

For convenience, we assume {2, is an uniform rectangular mesh for Qande = [Te—h, T+
h] X [ye — h,ye + h] denotes any cell in €2, with cell center (z.,y.). Though we only discuss
uniform meshes, the main result can be easily extended to nonuniform rectangular meshes
with smoothly varying cells. Let Q*(e) = {p(x, y) = Ek: Zk: Py, (z,y) € e}, denote the

1=07=0
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set of tensor product of polynomials of degree k on an element e. Then we use V =
{p(z,y) € C°() : pl. € Q%(e), Ve € O} to denote the continuous piecewise Q" finite
element space on Q, and V' = {v, € V" : vy]sq = 0}. Further let (u,v) = [, uvdx and
let (-,-)n and Ap(-,-) denote approximation of the integrals by (k + 1)-point Gauss-Lobatto
quadrature for each spatial variable in each cell. Also, Y will denote the i-th time derivative
of the function u(x,t).

For the equations that we are interested in, assume the exact solution u(x,t) € Hg(2) N

H?(Q) for any ¢, and define its discrete elliptic projection Ryu € V| as
Ah(Rhu,vh) = (—Lu, Uh>h7 Yu, € ‘/Oh, 0<t<T. (35)

Also, let u; € V" denote the piecewise Lagrangian Q¥ interpolation polynomial of function
wat (k+1) x (k+ 1) Gauss-Lobatto points in each rectangular cell.

We consider semi-discrete spectral element schemes whose initial conditions are defined
by the elliptic projection and the Lagrange interpolant of the continuous initial data.

For problem (3.2) the scheme is to find uy,(x,t) € V' satisfying

<ul(zl)7vh>h + Ap(un, vn) =(f, vn)n, Vup € Voh,

(3.6)
uh(O) :Rhuo.

We consider the semi-discrete spectral element scheme for problem (3.3) with special

initial conditions: solve for uy(t) € V| satisfying

<U§L2)>"Uh>h + Ap(un, vn) =(f, vn)n, Yo € Vi,

un(0) = Ryug,  ul(0) =(uy);.

3.2.2 Notation and basic tools

We will use the same notation as in Chapter 2, we may also need:
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o Let superscript (i) denote i-th time derivatives for coefficients a,b, and ¢. For the

time dependent operators L and A, the symbols L) and A® are defined as taking

time derivatives only for coefficients:
LOy = -V - (@DVu) + b . Vu + Dy,

and

AD (y,v) = / Vu'a Vo + b . Vu + (Duvdx.
0

The symbol A;f) is similarly defined as taking time derivatives only for coefficients in

Ay, With this notation, for u(x,t) and time independent test function v(x), we

Leibniz rule

o By integration by parts, it is straightforward to verify

(L= 0) ) = A= (4D v), Vo e HY(Q).
3.2.3 Assumption on the coercivity and the elliptic regularity
Al g1?
For the operator A(u,v) := [o[Vu'aVv + (b - Vu)v + cuv] dx where a = - is
a* a

positive definite and b = (b*  b?), assume the coefficients a;;, b;, c € C™ ([0, T]; W™2>°(Q))
for my, my large enough. Thus for t € [0,7T], A(u,v) < Cllul|i]|v||1 for any u,v € H}(Q).
As discussed in Chapter 2, if we assume A, has a positive lower bound and V - b < 2¢,
where A\, as the smallest eigenvalues of a, the coercivity of the bilinear form can be easily
achieved. For the V"-ellipticity, as pointed out in Lemma 2.6.2 of Chapter 2, if 4\,c > |b|?,
for t € [0,77,

Cllonl? < Ap(vn,vp), Vo, € VP (3.9)
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can be proven. In the rest of this chapter, we assume coercivity for the bilinear forms A, A*,
and Ap. We assume the elliptic regularity ||wl|ls < C||f||o holds for the exact dual problem of
finding w € H}(Q) satisfying A*(w,v) = (f,v), Yo € H}(Q). See [33], [34] for the elliptic
regularity with Lipschitz continuous coefficients on a Lipschitz domain.

We remark that in the case of the wave equation we also assume finite speed of propa-

gation i.e. that there is an upper bound on the eigenvalues of a.

3.3 Quadrature Error Estimates

For any continuous function u(x,ty) with fixed time t,, its M-type projection (defined
in Section 2.4 of Chapter 2) on spatial variables is a continuous piecewise Q* polynomial of
x, denoted as u,(x,ty) € V". The M-type projection was used to analyze superconvergence
[9]. For m > 0, (up)(m) = (u(m))p, thus there is no ambiguity to use the notation u{™. The
M-type projection has the following properties.

For convenience, we write (2.29a) and (2.29b) and Theorem 2.3.9 as the follows respec-

tively.

Lemma 3.3.1. Fori,j > 0 and any fized t € [0,T], assuming sufficiently smooth coefficients

a,b, c and function u(x,t) € H*3(Q), we have

; : OW*2)[[uD () lkrsllvnlla,  if vn € Vi or a is diagonal;
A (= )9, vy) = o (3.10)
O *2)|uD (t)lessllvnllz,  otherwise.

Lemma 3.3.2. For the differential operator L and any fived t € [0,T], assume a;j(x,t),
bi(x,t), c(x,t) € L™ ([O,T]; Wk+2’°o(§2)) and u(x,t) € H*3(Q). For k > 2, we have

O(RE2)[Ju(t vplle,  if v, € VP or a is diagonal;
Aon) — Ayl vy) = (R ) ()]s lvall2 n € Vo (3.11)

O(RF+2) [u()|Ikssllvnlla,  otherwise.
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Remark 3.3.3. There is half order loss in (3.10) and (3.11), only when using v € V" for
non-diagonal a, i.e., when solving second order equations containing mixed second order

derivatives with Neumann boundary conditions.

We have the Gronwall’s inequality in integral form as follows:

Lemma 3.3.4. Let £(t) be continuous on [0,T] and

€0 <€ [ €ls)ds +a)

for constant C; > 0 and a(t) > 0 nondescreasing in t. Then &(t) < a(t)e®t thus £(t) <
a(t)e?T = Ca(t) forall0 <t < T.

3.4 Error Estimates For The Elliptic Projection

Let up(x,t) denote the solution of the semi-discrete numerical scheme. Let e(x,t) =

up(x,t) — uy(x,t), then we can write
€ = eh + IOhJ

where 0, := uj, — Ru € VI and pp, := Ryu — u, € V.

We have the following superconvergence result for ||p§lm)(t)||, m>0,te|0,T].

Lemma 3.4.1. If a;;, b;, c € C™ ([O,T];WHQ’“(Q)), ueCcm ([O,T];H’”“(Q)), then we

have
o™ ()|l <CRH! z% (D (@) |lkgs + [ (L) D ()] 12), (3.12)
J
||p§zm)||L2([0,T};L2(Q)) <COhFt? i)(“u(j)||L2([O,T];H’f+3(9)) + (L) D || 2 o.ryav2cy)s (3.13)
]:
‘|p§Lm)HL°°([O,T};L2(Q)) <ChF*? f%)(“u(j)HL°°([0,T};H’€+3(Q)) + (L) D || s orpemer2(y)s - (3-14)
]:

where C' is independent of h, u, f, and time t.
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Proof. First we prove (3.12), with which we then prove (3.13) and (3.14) by the dual argu-
ment.

From the definition of the discrete elliptic projection (3.5) we have
Ah(ph,vh) = E(Uh), Y, € ‘/Oh. (315)

where

E(Uh) = (Lu, Uh)h — Ah(up, Uh).

Note that vy, is time independent. Taking m time derivatives of (3.15) yields
m m m — . m
(A (pnvn) ™ = 3 ( ; )Aé Do o) = € (). (3.16)
Jj=0

The term €™ (v,) can be rewritten as follows:

e (vp) = ((Lu)"™  vp)p — (An(up, vy)) ™
= [((Lw)™, v) = (A, 0))™] = (L) ™, v) = {(Lu)™, op)]
 [(ACu, o)™ = (An(,02))™] + (An (= 1y, 04)) "™

By Leibniz rule and (3.8), we have

(L) vp) — (A(u, vp))™ = JZO <]> [(L(mfj)u(j)’ o) — A(m*j)(u(j),vh)} —0.

By Lemma 2.3.4,

((La)™, on) = {(La)™ o) = OB )| (L) ™ (#) | s2vnlo.
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By Leibniz rule and Lemma 3.3.2,

(A(u,00)) "™ = (A, 03))

Z( ) (A (@) vy) = AT (0, 03]
_ o) z( [ERCS

Now, Lemma 3.3.1 implies

m N (m m—j j =
(= o)™ = 3 (") A7 (0= 1) 00) = 0 3 (" Y Ol

Jj=0

Thus we have

€™ (vp) = O(h*+?) (Z 1 (@) [1es + 1 (L) ™ (2t )Hk+2) [[on]l2- (3.17)
For i > 0, by the Vj,-ellipticity (3.9), (3.16), and (3.17) we have

Clo )12 < An(py), pi)

—ZOA“ Do on) i() AN

7—1 .
i) (i t i—j ) (i
— ()~ S (.)Ag D9, )

7=0

O(h*) (ZHU liss + [1(Zu)® Hm) thh)HerCZH,O OIRPRGIH

<

O+ (z g + (L) um) Y 10l ] RO
Jj=0 §=0

the last inequality follows from an application of an inverse estimate. Thus

) 7 ) ] 7—1 )
oS ()]l < O(R**1) (Z 4D |5 + H(Lu>‘”|!k+z) + O 1o (0] (3.18)
7=0

J=0
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Now (3.12) can be proven by induction as follows. First, set i = 0 in (3.18) to obtain
(3.12) with m = 0. Second, assume (3.18) holds for m = ¢ — 1, then (3.18) implies that
(3.12) also holds for m = i.

For fixed ¢t € [0,71], to estimate p,(lm) in L?-norm, we consider the dual problem: find

bn € V! satisfying: for i >0,
A (nyon) = (A1) (), 00), - Vo € V5 (3.19)

Based on Theorem 5.3 in [62], by assuming the elliptic regularity and V" ellipticity, problem

(3.19) has a unique solution satisfying

énll2 < Cllp (1)]lo- (3.20)

Take v, = pg) in (3.19) then we have

o5 ()12
=A% (6, p) = A(p}, 1)

_Z ( ) Ph 7¢h S <]>A(l j>,¢h)

Jj=0

=§<)( Do én) + E (AT (o) 0n)) ) - Z(]) (o, (L) ).

j=0

Note that Vy € V', with (3.16) and (3.17),

> (1)l o

5 (b (b

. (3.21)
<> AT (7 dn —x) + €D (x)

5
5

Z Ollillén = xll + O(R*?) (Z [ ()5 + (L) ()Ilm) Ixl2-
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Let x = II,¢, where II; is the L? projection to functions in the continuous piecewise
Q' polynomial space, see [62]. Then we have ||¢, — x|l1 < Chl|én]l2 and ||x|l2 < C||én2-
Inserting (3.12) and (3.20) into (3.21), we have

i(é)z‘lé Do), én) = O(hF+2) (El:(\lu(”t)\lmﬁ|\(Lu)<i>(t)y|k+2) lonle.  (3.22)

Jj=0 j=0
Thus with (3.22), Lemma 3.3.2, and inverse inequality we have
ok’ ()13
O(h**?) (Z [ () [l + ([ (L) D (2 )|Ik+z) [6n]]2

O S 1o Ollesallonlls + C S 162 @ ollénll (3.23)
J=0 7=0 |
— |om++?) (Z JuD s + | (Lu) ”Hm) Lo I Ho] o1l
Jj=0 7=0

s(o (h*+2) (Z||uf>r|k+3+u<f:u> Hw)wzuph Ho) 1o (®)]lo,

where (3.20) is applied in the last inequality.

With similar induction arguments as above, (3.23) implies

1620l < O S (14D ) ss + | L) (1) r2). (3.24)

=0

Take square for both sides of (3.24) then integrate from 0 to 7" and take square root for
both sides, we can get (3.13). Take the maximum of the right hand side then the left hand
side of (3.24) for ¢ € [0, T], we can get (3.14). O

3.5 Accuracy Of The Semi-discrete Schemes

Throughout this section the generic constant C'is independent of h. Although in principle
it may depend on ¢t though the coefficients a;;(t), b;(t), c(t), we also treat it as independent of

time since its time dependent version can always be replaced by a time independent constant
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after taking maximum over the ime interval [0,7]. In what follows we will state and prove

the main theorems for wave, parabolic and the Schrodinger equations.

3.5.1 The hyperbolic problem

The main result for the wave equation can be stated as the following theorem.

Theorem 3.5.1. If a;;, b;, ¢ € C? ([O,T];W’““’OO(Q)), u e C? ([O,T];H’”“(Q)), then for

the semi-discrete scheme (3.7) we have

2

llun — ull 2o, 17200)) <CRM? (Z(HUU)HL?([O,T];HHS(Q)) + (L) D || 2 0.1+ (2)))
=0

1
Z 149 (0)[lk3 + | (Lu)9(0 )Hm)),
||Uh - u||Loo ([0,T);12(© <Chk+22 ||u ||L°° ([0,7);H*+3()) T+ ||(LU) ')HLOO([O,T];HkJr?(Q))L
7=0

where C' is independent of t, h, u, and f.

Proof. Note that for the numerical solution u; we have
(P, on)n + An(unson) = (fon)n, Yo € V2 (3.25)
The exact solution u satisfies uy = —Lu + f thus the elliptic projection (3.5) satisfies
Ap(Ryu,vp) = (u® — fLop)n, Yo, € VI
Subtracting the two equations above, we get 6, = u;, — Rju, which satisfies
O on)n + A0, vn) = — (03 v + @® —u 0y), Vo, € V. (3.26)

Note that

d
7 An(6h, 6n) = AW (6,.61) + 2A,(0,,00) — (b - V6,08, + (b -V 6, (3.27)
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Thus by Lemma 2.3.7 and (2.6), we have

(b-V6 ., 8,), =(b- VO, 8,) + O(h?)|bbi || VE o
<(b-V6.0,) + Cl10 [l0]16n ]l .
=(V - (b63),65") + C|0][o]|6nlx

1 1
<C1163” o181 < C16,” izll6nl
where an inverse inequality was applied to the first inequality and integration by parts in
0, € Vi yields the last equation.

Next we estimate ||6’,(ll)(3)||%—|— 10, (s)||3. Take vy, = 0,(11) in (3.26) and integrate with respect
to t from 0 to s. With (3.27), we have

sd /1 1
/0 " (2<9,§1>, 0+ 5 An(0h, eh)> dt

1 s
25/0 A (04,04) — (b V0, 07 + (b VO 0, — 20037, 047) + 2(u® — ul?, 0t

(3.29)
With 6,(0) = 0 and (3.28), this implies
L@y e L@y oy
S (1B ()12 + An(8a(5),6a(5))) = 5116, (O)[3
<C [ U6l + 168" NollBallydt + C [ 1o o 65" ot
o 0 (3.30)
+0 [ —uallof ods
<C [T + 16uD)t +C [ (o213 + [u® — @ 2t
where Cauchy-Schwarz inequality was used in the last inequality.
Thus with (2.6), (3.9), and (3.30) we have
1657 ()IIF + 116w ()17 < C1163” ()17 + CAw(Bn(s), 0n(s)) o

<CIO O +C [ U615+ 10121t +C [ (o217 + 1 = P2}t

107



With the Gronwall inequality (3.3.4) we can eliminate the second term to find
1 1 e
162713+ 16 ()1 < CIO )+ [ 12 17 + 1 — P |

With (3.14) and Theorem 2.4.5 we have
W?@%+M@WSCW£UM+@hM4/§yWWHMW@WWHN%
=
i.e.
Hw%wmw%@mscw9®m+ow“%[§ywwmwwuwWMﬂw (3.32)
=
To estimate ||9;(11)(0)||12 we use Theorem 2.4.5, (3.14), and (2.6),

165 (0) 12 =1l (ur) 1 — (Rnue) ™ (0) I
=[l(u1)r = (un)p + (1), — (Ryu) P (0)]12
<[l (wa)r = (u)pllie + [ (ur)p = (Ruw) P (0)l
=[lur = (ua)pllee + I (1), — R (0))]]2
=[lur — (u1)pllz + [[(u1)p — Bu(wr)|i2
=O(h**2) (|| |5 + | Lty [ 52)-

Then we have

165”110 + 116411

sz | (3.33)
<O(h**?) (||U1||k+3 + || Lun |42 +/0 > (e fies + ||(LU)(])||k+z)dt) :
=0
Now with (3.13), (3.14), and Theorem 2.4.5, the proof is concluded. O

3.5.2 The parabolic problem

We now present the main result for the parabolic problem.
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Theorem 3.5.2. If a;, bj, c € C1([0, T]; WEtL2(Q)), u € C1([0,T]; H***(Q2)), then for the

semi-discrete scheme (3.6) we have

lun = wll 2o 71220 <Chk+22 (e o zyamnsacayy + 1 (L) aqoryzrms2a),
7=0

1
[ — ul| o orp20) SCRET2 D" (|| oo o 7500+3 02y + (L) || o o500+ 2 02 )
=0

where C' is independent of t, h, u, and f.

Proof. By our semi-discrete numerical scheme (3.6) and the definition of the elliptic projec-

tion (3.5), we have
<9§Ll)7'0h>h + Ap(On, vn) = —<P§Ll),vh>h + () — uz(ol)’ vh),  Vun € Vg (3.34)
Take v, = 61" in (3.34) and integrate with respect to ¢ from 0 to s,

d
/(WJ¢Wh+§£AM%ﬁmﬁ

= [ AL @00 — b 0,0+ (b0 81— 2 6+ 24 — a0
(3.35)
Note that 6,(0) = 0, then with (2.6), (3.28), and (3.35) we have
/0 O, 08t + 1|0n ()| < / (O 00, dt + C AR (B (3), On(s))
<C [lonlidt +C [ 100 e 10ude + C [ i e 105 et
+C [l = 0]
<C [l + [ 0000 + Clonliar+ [ elof?, o0+ lof? f2ar

/ (6 6ty h+—||u D[%dt,

where Cauchy-Schwartz inequality was applied in the last inequality. Thus we have

s C s
(13 [0 000t + 10 < 00+ ) [ ouliar+ $ [N Nde+ T [ —
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Now take e small enough to make 1 — 3¢ > % then

1 s s s
5 [ @060t + 0n() 7 < C [ p e +C [t — ul Rt

. L (3.36)
+C [T (U@ + 5 [ 657 ). 65" ) .

Next, apply Gronwall’s inequality to eliminate the last term of the right hand side of (3.36)
to find

1 s 1 1 s 1 s
5 LoD 00 e+ 10l < [ o+ C [ =l

Using (3.13), (3.14), and Theorem 2.4.5 we have

1 s s 1 . .
5 |00 0t 1001 < O [ 3 (s + | (L) 2,
=0

concluding the proof. [

3.5.3 The linear Schrodinger equation

Consider the problem

iuy = —Au+Vu+ f, inQx[0,7],
u(x,t) =0, on 02 x [0, 77, (3.37)
u(x,0) = up(x), in

where Q € R? is a rectangular domain, the functions uy(x), f(x,t), and the solution u(x, )
are complex-valued while the potential function V(x,t) is real-valued, non-negative, and
bounded for all (x,t) €  x [0, 7.

In this subsection we work with complex-valued functions and the definition of inner
product and the induced norms are modified accordingly. For instance, for complex-valued

v, w € L?(Q), the inner product is defined as

(v, w) ::/me)dx.

110



We assume all the functions of the function spaces defined previously are complex-valued for
this subsection, such as H*(Q), H}(Q), V', etc.
The variational form of (3.37) is: for ¢t € [0, 7], find u(t) € H}(Q2) satisfying:

i (ug,v) — (Vu, Vo) — (Vu,v) = (f,v), Yv e Hg(Q),

(3.38)
u(0) = uy, Vo € Hy ().
The semi-discrete numerical scheme discretizing (3.38) is to find u, € V" satisfying
i((un)e, vn)n — (Vun, Vop)n — (Vup, vp)n = (f, vn)n,  Yon € Vi, (3.39)
un(0) = (uo)r,
and the elliptic projection Ryu € V" is defined as
<VRhU, VUh>h + <VRhu, Uh)h = (—Au + Vu, Uh)hy Vvh S Voh. (3.40)

As in Section 3.4, we split the error into two parts

e =0+ pn,

)

where 0, = u;, — Rpu € Voh and p, = Rpu —u, € Voh. The estimates for pﬁj” ,m > 0 from

Lemma 3.4.1 are still valid.

Theorem 3.5.3. If u € C([0,T]; H**4(R)), then for the semi-discrete scheme (3.39) we

have

1
lun — ull L2 o.1p2(0)) <Ch**? Z(”u(j)”L2([0,T};H’“+3(Q)) + H(LU)O)HLQ([O,T];H“Q(Q)))?
=0

1
lun = ull ooz SCRE2 3 (u | o o zrsmmrsiy + (L) Pl e ozyiae ().
7=0

where C' is independent of t, h, u, and f.
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Proof. As in the parabolic case we start by estimating 6.

(050, 0n)n + (N0, Von)n +i(V 0, vn)n = — (o8 on)n + —u), o), Vo € V"

Taking v, = 6, in (3.41) and taking real part,

d d
%thﬂﬁ(m = 2 {0n, On)n =2Re (=1 0nn + (D =l 04)1)
1
<2 (|lp lezgey + 1™ = uP ey ) 10n ]l

Since §10nllq) = 2010nlli20) 3 10nll20), it impilies

d 1
0l < o e + et =l

Upon integrating this inequality with respect to t from 0 to s we have

S
164(5) (@ < 100(0) iy + [ (lof ey + 16 = et
0

Now, using Theorem 2.4.5, (3.14), and (2.6) we have

161 (0) |z = (u0)r — (Rau)(0)]]:2

=[|(uo)r — (uo)p + (uo)p — (Rpu)(0)[s2
<[[(uo)r — (uo)plliz + [|(u0)p — (Baw)(0)]li2
=lluo — (uo)plliz + [[(uo)p — Ruuollre

=O(h***)(luolliss + || Luollr-+2)-

With this result in concert with (3.13), (3.14), and Theorem 2.4.5 we note

(3.41)

S 1 . .
14(5) 2@y < O(R**) (HUOHM Loz + | Sl v + H(Lu)“’HkH)dt) -
3=0

Together with (3.13), (3.14), and Theorem 2.4.5, proof is concluded.
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3.5.4 Neumann boundary conditions and /*°-norm estimate

For Neumann type boundary conditions, due to Lemma 3.3.1 and Lemma 3.3.2, in general
we can only prove (k -+ %)—th order accuracy for the hyperbolic equation, parabolic equation,
and linear Schrédinger equation. As explained in Remark 3.3.3, the half order loss happens
for Neumann boundary condition only when the second order operator coefficient a is not
diagonal, e.g., when the PDE contains second order mixed derivatives. If a is diagonal,
then all results of (k + 2)-th order in ¢* norm in this Section can be easily extended to the
Neumann boundary conditions.

For Lagrangian QF finite element method without any quadrature solving the elliptic
equation with Dirichlet boundary conditions, the best superconvergence order in max norm
of function values at Gauss-Lobatto that one can prove is O(|log h|h**2) in two dimensions,
see [62] and references therein. Thus we do not expect better results can be proven in the

Q" spectral element method in £*° norm over all nodes of degree of freedoms.

3.6 Implementation For Nonhomogeneous Dirichlet Boundary Conditions

Consider the hyperbolic problem on € = (0, 1)? with compatible nonhomogeneous Dirich-

let boundary condition and initial value

U :—Lu—l—f(x,t) in ) x (O,T],
u(x,t) =g on 08 x [0,T7, (3.42)

u(x,0) =up(x), u(x,0) =ui(x) on Qx {t=0}.

As in [62], [66], by abusing notation, we define

0, if (z,y)€(0,1)x(0,1),
g(x,y,t) =
g(x,y,t), if (z,y) € 09Q,

and define g; € V" as the Q* Lagrange interpolation at (k + 1) x (k + 1) Gauss-Lobatto

points for each cell on Q of g(x,y,t). Namely, g; € V" is the piecewise Q" interpolant of
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g along 0€) at the boundary grid points and g; = 0 at the interior grid points. Then the

semi-discrete scheme for problem (3.42) is as follows: for ¢ € [0, 77, find @ € V" such that

<a1(12), opdn + An(iin, vn) =(f,vn)n — An(gr,vn), Vo, € Vi, (3.43)
@n(0) = Ryug, " (0) =(uy);.
Then
up, = Up + g, (3.44)

is the desired numerical solution. Notice that u;, and u; are the same at all interior grid
points.

For the initial value of numerical solution, instead of using discrete elliptic projection,
we can also use iy, (0) = u(x,y,0); in (3.43) where u(z,y, 0); is the piecewise Lagrangian Q*
interpolation of u(x,y,0). In all numerical tests in Section 3.7, (k + 2)-th order accuracy is
still observed for the initial condition (0) = u(z,y,0);.

The treatment for nonhomogeneous Dirichlet boundary condition above can be extended

naturally to the parabolic equation and linear Schrédinger equation,

Remark 3.6.1. For the (k + 2)-th order accuracy of the scheme (3.43), it can be shown anal-
ogously as in [62], and in Section 3.4 and Section 3.5 by defining discrete elliptic projection
as

Rpu = Ryu + g1, (3.45)

where Ryu € Vi satisfying
Ah(Rhu, Uh) = <—Lu,vh)h — Ah<g], Uh), Yy, € Vbh, 0<t<T.

3.7 Numerical Examples

In this section we present numerical examples for the wave equation, a parabolic equation

and the Schrodinger equation.
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3.7.1 Numerical examples for the wave equation
Timestepping
After semidiscretization the method (3.7) can be written as

d2uh
dt?

= Quy,

where uy, is a vector containing all the degrees of freedom and () is a matrix. To evolve in

time we expand the approximate solution around ¢t + A and t — At

d*up,(t)  Attdiu,(t) At dPuy(t)

t+ At t — At) = 2uy,(t) + At?
s (t + At) + ) = 2up(t) + a2 12 dt 360 art

+ O(At®).

Replacing the even time derivatives with applications of the matrix () we obtain, for example,

a 6th order accurate explicit temporal approximation

At AtS
uh(t -+ At) -+ uh(t — At) = Zuh(t) + AtZQQUh(t) + EQZLuh(t) + %Qﬁuh(t).

Standing mode with Dirichlet conditions

In this experiment we solve the the wave equation uy = Uz, + u,, with homogenous
Dirichlet boundary conditions in the square domain (z,y) € [—7,7]?. We take the initial
data to be

U(ZL‘, Y, 0) = SiIl(ZL‘) Sin(y)v Ut(l’,y, O) = Oa

which results in the exact standing mode solution
u(x,y,0) = sin(x) sin(y) cos(v/2t).

We consider the two cases k = 2 and k = 4 and discretize on three different sequences of
grids. The first sequence contains only plain Cartesian of increasing refinement. The second

sequence consists of the same grids as in the Cartesian sequence but with all the interior
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nodes perturbed by a two dimensional uniform random variable with each component drawn

from [—h/4, h/4]. The nodes of the third sequence are

(z,y) = (€ + 0.1sin(¢) sin(n),n + 0.1sin(n) sin(§)), (&, n) = [-m, 7,

and this is refined in the same ways as the Cartesian sequence. Typical examples of the
grids are displayed in Figure 3.1. Even though the equation contains no coefficients, variable
coefficients are still involved for the second and the third sequences of grids. The variable
coefficients are induced by the geometric transformations of the elements in the mesh to a
reference rectangle element. However, on a randomly perturbed grid, the variable coefficients
are not smooth across cell interfaces. The variable coefficients are smooth in a smoothly

perturbed grid.

Randomly perturbed grid Smoothly perturbed grid
3 ‘ ‘ 1 3[ ‘ 1 \‘ 1
2 2 [ u B
1 1 N
0 0 | |
1
[
gl : N
-2 1-2 1]
31 ‘ ‘ -3t 111 Y
-2 0 2 -2 0 2

Figure 3.1. Two typical grids used in the numerical examples in Section 3.7.1 and 3.7.1.
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o rate=3 ° rate=3 y
100’ * rate=4 100’ * rate=4 °
Cartesian Cartesian
—rand. pert. —rand. pert.
5 [|—smooth pert. o . .o [|——smooth pert.
102} 15102t
o £
;
o\ ©
— 10 1=10*
108 10
107 10° 107! 10°
‘ Gridsize ‘ Gridsize
o rate=5 o rate=5
* rate=6 * rate=6
Cartesian Cartesian
—rand. pert. —rand. pert.
5= th 1. 5l th pert.
_ 105t smooth per 15 105" smooth pe
o =
;
3 :
10710 1010 &
107 10° 107 10°
Gridsize Gridsize

Figure 3.2. Dirichlet problem in a square. Errors measured in the /2 and the
[°° norms for the three different sequences of grids. The top row is for k = 2
and the bottom row is for k = 4.

We evolve the numerical solution until time 5 by the time stepping discussed in Section
3.7.1 of order of accuracy 4 when k = 2 and 6 when &k = 4. To get clean measurements of

the error we report the time integrated errors

(/05 lu(-,t) — Uh(-,t)Hng dif)é , /05 (-, ) = wp(-, t)||see dt,

for the spatial [? and [* errors respectively.
The results are displayed in Figure 3.2. Note that here and in the rest of this section the
solid lines in the figures are the computed errors, using many different grid sizes, and the

symbols are indicating the slopes or rates of convergence of the curves. The Cartesian grids
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and smoothly perturbed grids satisfy the assumptions of the theory developed in this chapter
while the second sequence of randomly perturbed grids does not. The results confirm the
theoretical predictions for smooth variable coefficients as the rate of convergence is k + 2
for the [>-norm in the cases of the Cartesian meshes and the smoothly perturbed meshes.
We also observe the rate k + 2 in the [*°-norm for these cases. For the non-smooth variable
coefficients resulting from the randomly perturbed grid, which not covered by our theory,

we see a rate of convergence of k + 1 in the [>-norm.

Standing mode in a sector of an annulus with Dirichlet conditions

5 10° 18 10°
;
AN ©
- =
o rate=4 o rate=4
* rate=2 * rate=2
Straight — Straight
1 40 L —True curvi. || 1 10 L —True curvi. ||
0 — Bdry. curvi. 0 —Bdry. curvi.
107 10° 107 10°
Gridsize Gridsize
10° | 10 10°F i
S =
;
N @©
- =
o rate=6 o rate=6
10710 ¢ «~ rate=2 |1 10710t * rate =2
Straight — Straight
—True curvi. —True curvi.
— Bdry. curvi. 5 — Bdry. curvi.
107 10° 107! 10°
Gridsize Gridsize

Figure 3.3. Dirichlet problem in an annular sector. Errors measured in the
[2 and the [® norms for the three different sequences of grids. The top row is
for k£ = 2 and the bottom row is for £ = 4. These results are for the annular
problem with homogenous Dirichlet boundary conditions.
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In this experiment we solve the wave equation uy = gy + uy, and and with ho-
mogenous Dirichlet boundary conditions. The computational domain is the first quad-
rant of the annular region between two circles with radii r; = 7.58834243450380438 and
ro = 14.37253667161758967, i.e. the domain is described by (x,y) = (r cosf,rsin ) where

ri<r<r, 0<60<m/2
On this domain the standing mode
u(r, 0,t) = Jy(r)sin(40) cos(t),

is an exact solution and we use this solution to specify the initial conditions and to compute
errors.

We consider the two cases k = 2 and k = 4 and discretize on three different sequences
of grids. The first sequence uses a straight sided approximation of the annulus and all
internal elements are quadrilaterals with straight sides. The second sequence uses curvilinear
elements throughout the domain and all internal element boundaries conform with the polar
coordinate transformation. After the smooth mapping to the unit square, smooth variable
coefficients emerge due to the geometric terms. The metric terms are approximated with
numerical differentiation using the values at the quadrature points. The third sequence is
the same as the second sequence but all the internal element edges are straight. The meshes
in the last sequence are likely close to those that would be provided by most grid generators.

We evolve the numerical solution until time 1 by the time stepping discussed in Section
3.7.1 of order of accuracy 4 when k = 2 and 6 when k& = 4. Again, to get clean measurements

of the error we report the time integrated errors

(/01 (-, t) — un(, )| dt)é ’ /01 lu(-,t) — un(-, )| dt,

for the spatial {? and [ errors respectively.
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The results are displayed in Figure 3.3. Here, as expected, we only observe second
order accuracy independent of k for the non-geometry-conforming meshes. We observe a
convergence at the rate of k+2 in both the />-norm and [*°-norm for the geometry-conforming
meshes. The true curvilinear grids are covered by our theory since the variable coefficients
due to the geometric transformation are smooth. For the third sequence of grids, since
internal edges are straightsided, the variable coefficients from the geometric transformation

are not smooth across edges thus this configuration is not covered by our theory. Nonetheless,

its convergence rate is still £ + 2.

Standing mode with Neumann conditions

10° 10°
o rate =3 o rate=3
* rate=4 * rate=4
1072 £ * rate = 3.666 1 102} * rate=3
— Cartesian — Cartesian
—rand. pert. = —rand. pert.
5 10 F/— smooth pert. 19 10™ E|— smooth pert.
= )
o U
N S o6
—1 107 ¢ 1= 10
108¢ 108
-10 ‘ ‘ -10 ‘ ‘
10 10
1072 107! 10° 1072 10 10°
) Gridsize ) Gridsize
10° 10
° rate=5 o rate=5
* rate=6 * rate=6
4[| * rate=5.666 4| * rate=5
10 — Cartesian 10 — Cartesian
—rand. pert. - —rand. pert.
§ —smooth pert. g —smooth pert.
5 10 o 10
o\ ©
1
=
108 ¢ 108+
10710¢ ‘ 10710 ‘
107! 10° 107 10°

Gridsize

Gridsize

Figure 3.4. Neumann square problem. Errors measured in the [? and the [
norms for the three different sequences of grids. The top row is for £k = 2 and
the bottom row is for £ = 4.
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In this experiment we approximate the solution to the wave equation uy = Uz + Uy, in
the square domain (z,y) € [—m, 7]?. Then with homogenous Neumann boundary conditions

and initial data

u(z,y,0) = cos(z) cos(y), w(z,y,0) =0,

the exact standing mode solution is
u(x,y,0) = cos(x) cos(y) cos(v/2t).

We consider the two cases k£ = 2 and k£ = 4 and discretize on the same three sequences
of grids as those used in §3.7.1. We evolve the numerical solution until time 5 as above and
we report the time integrated errors as above.

The results are displayed in Figure 3.4. For the Cartesian mesh we observe a rate of
convergence k + 2 in the /?>-norm, confirming our theory. For the smoothly perturbed grids,
which corresponds to smooth variable coefficients resulting in mixed second order derivatives
on the reference rectangular mesh, the rate in the />-norm appears to be k + 5/3. As
explained in Section 3.5.4, only (k + %)—th order can be proven when both mixed second
order derivatives and Neumann boundary conditions are involved. As in the Dirichlet case,

the randomly perturbed grid yields rates of convergence k£ + 1 in both norms.

Standing mode in a sector of an annulus with Neumann conditions

In this experiment we solve the the wave equation uy = gz, + u,, with homogenous
Neumann boundary conditions. The computational domain is again the first quadrant of
the annular region between two circles, now with radii r; = 5.31755312608399 and r, =

9.28239628524161, to satisfy the boundary conditions. On this domain the standing mode
u(r,0,t) = Jy(r) cos(46) cos(t),

is an exact solution and we use this solution to specify the initial conditions and to compute

errors.
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As in the previous examples we consider the two cases £ = 2 and k = 4 and discretize
on the same three different sequences of grids as was used in the Dirichlet example above.
We evolve the numerical solution until time 1 in the same way as above and we report the
time integrated errors.

The results are displayed in Figure 3.5. Here, the only grid satisfying our assumptions
is the true curvilinear grid. For this case, the problem is equivalent to solving a variable
coefficient problem u; = .. + %2“99 + %ur on rectangular meshes for polar coordinates
(r,0) € [ri, 0] x [0, F]. Since there are no mixed second order derivatives, by our theory as
explained in Section 3.5.4, (k + 2)-th order in the f>norm can still be proven. We can see
that the rate for the true curvilinear grid is indeed k + 2 in /2.-norm, confirming our theory

for Neumann boundary conditions.

3.7.2 Numerical tests for the parabolic equation

q . 9 aix a2 .
For problem (3.2) on the domain Q = (0,7)%, we set a = with ay; =

21 Qa22
(% + isin(t)) (1+y+y?+xcosy), app = as = (% - %sin(t)) (1 + 5 (sin(ra) + 2%)(sin(ry) + y*) + cos(a*

Ao = (% + isin(t)) (1+2%),b= with by = (% + isin(t)) (% + x), by = (% + isin(t)) (% - y),

by
and ¢ = (% + isin(t)) (10 + x*y3). For time discretization in (3.6), we use the third order
backward differentiation formula (BDF) method. Let u(z, y,t) = (341 sin(t))(— sin(y) cos(y) sin(x)?)
and we use a potential function f so that u is the exact solution. The time step is set as

b;(0,x)| and fi; = maxxeq |f(0,x)]. The

Az Az
At = min(g, b %), where by = maxxeq,i—1,2

errors at time 7" = 0.1 are listed in Table 3.1, in which we observe order around k + 2 for

the £2-norm.

3.7.3 Numerical tests for the linear Schrodinger equation

For problem (3.37) on the domain (0,2)?, a fourth-order explicit Adams-Bashforth as

time discretization for (3.39). The solution and potential functions are as follows: u(x,y,t) =
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— Straight — Straight
10.10 —True curvi. || 10_10 L —True curvi. ||
— Bdry. curvi. —Bdry. curvi.
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Gridsize Gridsize
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Figure 3.5. Neumann annular sector problem. Errors measured in the [?
and the [*° norms for the three different sequences of grids. The top row is
for £ = 2 and the bottom row is for k = 4. These results are for the annular
problem with homogenous Neumann conditions.
—it _a?ty? x2+y? . . A2
eem 2, V(z,y) = %5, and f(z,y,t) = 0. The time step is set as At = = Errors at

time T' = 0.5 are listed in Table 3.2, in which we observe order near k + 2 for the ¢?>-norm.

3.8 Concluding Remarks

We have proven that the QF (k > 2) spectral element method, when regarded as a finite
difference scheme, is a (k + 2)-th order accurate scheme in the discrete 2-norm for linear
hyperbolic, parabolic and Schrodinger equations with Dirichlet boundary conditions, under
smoothness assumptions of the exact solution and the differential operator coefficients. The

same result holds for Neumann boundary conditions when there are no mixed second order
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Table 3.1. A two-dimensional parabolic equation with Dirichlet boundary conditions.

Q" polynomial | SEM Mesh | [? error order | [* error order
4 x4 8.34E-3 - 4.57TE-3 -
I — 9 8 x 8 6.59E-4  3.66 | 3.16E-4 3.85
16 x 16 4.52E-5  3.86 | 2.36E-5  3.74
32 x 32 291E-6 396 | 1.53E-6 3.94
4 x4 5.88E-4 - 1.71E-4 -
K 3 8§ x 8 2.24E-5  4.71 | 7.56E-6  4.50
16 x 16 749E-7 490 | 2.52E-7 491
32 x 32 2.38E-8 497 | 8.06E-9 4.96
4 x4 4.26E-5 - 1.16E-5 -
Ik — 4 8 x 8 7.62E-7 581 | 2.34E-7  5.63
16 x 16 1.26E-8 592 | 412E-9 5.83
32 x 32 2.00E-10 5.98 | 6.68E-11 5.95

Table 3.2. A two-dimensional linear Schrédinger equation with Dirichlet
boundary conditions.

Q" polynomial | SEM Mesh | [? error order | [* error order
4 x4 9.98E-4 - 6.36E-4 -
I — 9 8 x 8 6.6bE-5  3.91 | 4.01E-5 3.99
16 x 16 4.10E-6 4.02 | 2.77E-6  3.85
32 x 32 2.53E-7  4.02 | 1.79E-7  3.89
4 x4 4.06E-5 - 2.12E-5 -
k—3 8 x 8 1.12E-6  5.18 | 5.56E-7 5.26
16 x 16 3.22E-8  5.12 | 1.75E-8  4.99
32 x 32 1.05E-9 494 | 5.33E-10 5.04
4 x4 1.61E-6 - 5.86E-7 -
Ik — 4 8 x 8 2.6bE-8 592 | 9.93E-9 5.88
16 x 16 3.95E-10 6.07 | 1.66E-10 5.90
32 x 32 5.30E-12  6.22 | 2.66E-12 5.97

derivatives. This explains the observed order of accuracy when the errors of the spectral

element method are only measured at nodes of degree of freedoms.
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4. SUPERCONVERGENCE OF C’@Q* FINITE ELEMENT
METHOD FOR ELLIPTIC EQUATIONS WITH
APPROXIMATED COEFFICIENTS

4.1 Introduction

In this chapter, we prove that the superconvergence of C°-Q* finite element method at
the Gauss Lobatto quadrature points still holds if variable coefficients in an elliptic problem
are replaced by their piecewise QF Lagrange interpolants at the Gauss Lobatto points in

each rectangular cell.
4.1.1 Motivations
Consider solving a variable coefficient Poisson equation
-V - (aVu) = f, a(z,y) >0 (4.1)

with homogeneous Dirichlet boundary conditions on a rectangular domain 2 as in Chapter

2. The variational form is to find u € Hj () = {v € H(Q) : v|sq = 0} satisfying
A(u,v) = (f,v), Yo e Hy(Q), (4.2)

where A(u,v) = [[qaVu - Vodzdy, (f,v) = [[g fvdxdy. Consider a rectangular mesh with

mesh size h, the C°-Q" finite element solution of (4.2) is defined as uj, € V{ satisfying
A(ufw Uh) = <f7 Uh)a VUh € %h- (43)

For implementing finite element method (4.3), either some quadrature is used or the
coefficient a(z,y) is approximated by polynomials for computing [f, aupv, dedy. In this
chapter, we consider the implementation to approximate the smooth coefficient a(x,y) by
its Q* Lagrangian interpolation polynomial in each cell. For instance, consider Q2 element in

two dimensions, tensor product of 3-point Lobatto quadrature form nine uniform points on
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each cell, see Figure 4.1. By point values of a(z,y) at these nine points, we can obtain a Q?
Lagrange interpolation polynomial on each cell. Let a;(z,y) and f;(x,y) denote the piecewise
Q" interpolation of a(x,y) and f(x,y) respectively. For a smooth functions a > C > 0, the
interpolation error on each cell e is maxye. |ar(x) —a(x)| = O(RF*1) thus a; > 0 if h is small
enough. So if assuming the mesh is fine enough so that a;(z,y) > C > 0, we consider the

following scheme using the approximated coefficients a;(x,y): find @, € V" satisfying
Ar(@n, op) = //Q arVi - Vudrdy = (f, o), Yo € VI, (4.4)

where (f, v,), denotes using tensor product of (k + 1)-point Gauss Lobatto quadrature for
the integral (f,v;,). One can also simplify the computation of the right hand side by using

fr(z,y), so we also consider the scheme to find @, satisfying

A](ﬂ,h,’uh> = (f],Uh), Y, € ‘/E)h. (45)

—1
x "= mesh , for

(b) The corresponding

Nng—1
2
Q? element

(a) A ny x ny finite difference grid

Figure 4.1. An illustration of meshes.

The schemes (4.4) and (4.5) correspond to the equation

-V (al(x,y)Vﬂ(x, y)) = f(ZE, y) (46)

At first glance, one might expect (k + 1)-th order accuracy for a numerical method applying
to (4.6) due to the interpolation error a(x,y) — ar(z,y) = O(h**1). But as we will show in

Section 4.4.1, the difference between exact solutions u and @ to the two elliptic equations
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(4.1) and (4.6) is O(h**2) in L?(Q)-norm under suitable assumptions. The main focus of this
chapter is to show (4.4) and (4.5) are (k+ 2)-th order accurate finite difference type schemes
via the superconvergence of finite element method. Such a result is very interesting from the
perspective that a fourth order accurate scheme can be constructed even if the coefficients
in the equation are approximated by quadratic polynomials, which does not seem to be
considered before in the literature.

Since only grid point values of a(x,y) and f(z,y) are needed in scheme (4.4) or (4.5),
they can be regarded as finite difference type schemes. Consider a uniform n, x n, grid for
a rectangle () with grid points (z;,y;) and grid spacing h, where n, and n, are both odd
numbers as shown in Figure 4.1(a). Then there is a mesh Q, of (n, —1)/2 x (n, — 1)/2 Q?
elements so that Gauss-Lobatto points for all cells in €2}, are exactly the finite difference grid
points. By using the scheme (4.4) or (4.5) on the finite element mesh , shown in Figure
4.1(b), we obtain a fourth order finite difference scheme in the sense that @, is fourth order
accurate in the discrete 2-norm at all grid points.

In practice the most convenient implementation is to use tensor product of (k + 1)-point
Gauss Lobatto quadrature for integrals in (4.2) i.e. scheme (2.2) as described in Chapter 2.
Numerical tests suggest that the approximated coefficient scheme (4.5) is more accurate and

robust than the quadrature scheme (2.2) in some cases.

4.2 Notations And Preliminaries

We will continue to use the notations in Section 3.2 of Chapter 2. Besides the error

estimate in Section 2.3, we also need the following estimate.
Theorem 4.2.1. For k > 2, (f,v) — (fr,vn) = OW* )| fllrsallvnlle,  Von € VR

Proof. Repeat the proof of Theorem 2.3.4 for the function f — f; on a cell e, with the fact

[ff]k+1,p,e = [fl]k+2,p7e =0, we get

E[(f - fl>vh] = Chk+2([f}k+2,eyvh’0,e + [f]kJrl,e’Uh'l,e + [f - fI]k,e'Uh‘Ze)-

127



By (2.13) on the Lagrange interpolation operator and the fact [f — filee < [|f — frllkt1.e, We

get [f — frlke < Ch[f]g+1.e. Notice that (f — fr,vs)n = 0, with (2.5), we get

(fson) = (froon) = (f = froon) = (f = froon)n = OB5) | fllks2llvnll2, Yo € V.

4.3 Superconvergence Of The Bilinear Form

For convenience, in this subsection, we drop the subscript A in a test function v, € V".

When there is no confusion, we may also drop dzdy or dsdt in a double integral.

Lemma 4.3.1. Assume a(z,y) € W**(Q). For k > 2,

// )oe ddy = OB |[ullprallv]]s, Vo € V.

Proof. For each cell e, we consider [f, a(u — u,),v, dxdy. Let Rlulpr = u — u, denote
the M-type projection remainder on e. Then R[u];; can be splitted into lower order part

Rlu]r — R[u|g+1,6+1 and high order part R[u]pi1 41

// )aVy dxdy = // Ulkt1 k41) Vs +// gk — Rlulri1p41)2Va

We first consider the high order part. Mapping everything to the reference cell K and let

@b, denote the average of a9, on K. By the last property in Lemma 2.4.3, we get

// U4 1,k41) 2 Vs dxdy‘ ’// Os(R[ 0] k41 f41)a0sdsdt

-1/ c%(f% 1) @0, — a0 ds] < 0Bl 135 — a0l i

h2n

By Poincaré inequality and Cauchy-Schwarz inequality, we have

|&TA’S - d@s|o,2,f( < C|V(a@s)|o,2j{ < C|d|1,oo,k|@|1,2,f< + O|&|O,oo,f(|@|2,2,f(‘
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Mapping back to the cell e, with (2.5), by Lemma 2.4.3, the higher order part is bounded

by Ch*"2[u]ii2,2.6(1a]100e0]12, + |al0,00elV]2,2,.) thus

S [[ oAl sor)ius drdy = 00l e 3 ulrzelvlac

e

= O lallllulli+20lv]l20-

Now we only need to discuss the lower order part of the remainder. Let R[uly; —
R[u]41xk+1 = R1+ Ry which is defined similarly as in (2.28). For Ry, by the first two results

in Lemma 2.4.4, we have

/ 8 R1 / 8 Rl @s) < |58R1|0,2,f<|d7@s - 6A“A’s|0,2,f<

< C|“|k+2,2,f(|avs - a”s’oz,f('
By similar discussions above, we get

Z/ a(R1)ov, dody = O(h*?)|lallysollulleszallv]20-

For R, let ) be the antiderivative of My, ,(s) then N(#1) = 0. Let G be the
t

N(s
average of @ on K then |4 — 5]0 i < Clafy o - Since Myyi(s) L P**(s), we have
)Oss

Ifx bt (£) My (s = 0. After 1ntegrat10n by parts, by Lemma 2.4.4 we have

J[@Fyiv, = = [[ bear®Mun ()@t + o)
- //K b1 ()N (8)(Gss0s + GsDss) — //K Bk+1(t)Mk+l(3)(a _ é)@ss

§C|a|k+1,f((|&|2,oo,f(|@|1,2,K + ’&|1,oo,1%’@|2,2,1%)-
Thus we can get
S [ @cBa)abedrdy = O Jall s ez
So we have [[q a(u — u,),v, dedy = O(hF?)|al|z.conllt|krallv]le, Vv € VI O
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Lemma 4.3.2. Assume c(x,y) € WH>(Q). For k > 2,
J| et = v dady = OB+ ullesaoly, o e V",

Proof. Let ¢0 be the average of &0 on K. Following similar arguments as in the proof Lemma

4.3.1,

e P G PR R

< C[ ]k+1 2K[ ]1 2K = < C[ ]k+1,2,f<(|é|o,oo,f<|@|1,2,f% + |é|1,oo,f(|@|0,2,f()'

So with (2.5) we have

// cR[u]y jodody = h" // lrw)eddsdt = OH*|cl coglltllisiellv]ie:

which implies the estimate. 0

Lemma 4.3.3. Assume b(z,y) € W*<(Q). For k > 2,

// )20 drdy = O(RF2)|Ju|piallv]l2, Vo€ V"

Proof. Let b0 be the average of bo on K. Following similar arguments as in the proof Lemma

4.3.1, we have

\//a (Rla)esrp1)b0 \// Ou(Rla]i1i01) (b0 — D)

< |88<R[ﬁ]k+l,kz+1)‘o,Q,f(‘b@ - b@‘oz,f( < C[ﬁ]kuz,f((|b|1,oo,1%|@‘0,2,1% + |b|0700,k‘@’1,27f()'

@‘)

// (0 R1 b = / (0 Rl Bf) < ’aséllo,uﬂ% - Z’@loz,f(

< C|a|k+2,2,f{(|b|1,&,K‘®|0,2,K + ’b|0,oo,f(|@|1,2,f(>‘
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Let N(s) be the antiderivative of M. 1(s). After integration by parts, we have

J[ @.R)b0 = / b () M () B + B0.)
—// bk+1 ssv + by, + bvss)

§C|ﬁ|k+1,2,1%(|b|2,oo,1%mo,z,f( + |b|1,oo,f(|ﬁ|1,2,f( + |b’0,oo,f(|@‘2,2,f{)'

After combining all the estimates, with (2.5), we have

J[ b= w)ov = [ BBl = 00Dl mallullisze ]

Lemma 4.3.4. Assume a(z,y) € W>>(Q). For k > 2,

O ) lallksocolltllisallvnlls, Yo € VR, (4.72)
// U — Up)y(vp)y dedy = ey \
O(h* ) allks2,0oltllirallvnllz,  Von € V. (4.7b)

Proof. Similar to the proof of Lemma 4.3.1, we have

‘// U] g1t 1) 2 Uy dxdy‘ =h" // Os(R[0]41,k41) a0, dsdt

12| [ (Rl a) (@ &@t)dsdt‘ < hn—Q|as(fz[a]k+l,k+l)|072, (@B — dinl 1

<Ch**?|lall o gllullisellvze.

and
/ (05 1) b, = / (Do B) (b, — aty) < 0By 5 100, — ]y 5 1

Following the proof of Lemma 4.3.1, with (2.5), we get

> [[ aB)av, dedy = O ally s allulleszollvlzo.
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After integration by parts, we have

J[ @yt = = [[ beor ()M (3)(@s0 + i),

which is exactly the same integral estimates (2.41) in the proof of Lemma 2.5.5 in Chapter
2. By the same proof as (2.41), after combining all the estimates above and summing over

all elements, we have the estimate for the term [[s I (s)bpy1 (t)adedsdt:

- O(h¥*2)|lallksgccllullissllollz, Vo € V",
S| [ (@.)an] -

O(h* ) allirasollullirslvll2, Vv € V.

Combine all the estimates above, we get (4.7a). Since the % order loss is only due to the

line integral along L; and Lz, on which v,, = 0 if v € V', we get (4.7b). O

4.4 The Main Result
4.4.1 Superconvergence of bilinear forms with approximated coefficients

Even though standard interpolation error is a — a; = O(h**1), as shown in the following
discussion, the error in the bilinear forms is related to [f.(a—ar) dxdy on each cell e, which is

the quadrature error thus the order is higher. We have the following estimate on the bilinear

forms with approximated coefficients:

Lemma 4.4.1. Assume a(x,y) € W*2°°(Q) and u(z,y) € H*(Q), then Yv € VI or Vo €
H*(Q),

J[ aueve dedy = [[ aruv, dedy = O alleszcnllula o]
/|| avev, dady ~ [[ arusn, dedy = OG*)allcszmalulalo]l
|| ausvdzdy = [[ arugv dwdy = OG- alleszonllulla o)1,

//Q auv drdy — //Q ajuv drdy = (’)(hk”)||a|]k+2,ooygHuHIHle.
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Proof. For every cell e in the mesh €2, let @, v, be the cell average of u,v,. By Theorem

2.3.2 and Theorem 2.3.3 , we have

//e(a[ — a)Uyy
://@(al—a)er//e(az—a)(uxvx—m)
= [[@r—a) [ weve+ [[(ar — a)(uev. ~7w5)

~0(* ) allvszscallullicllvlie + OB allessocn [[ Tuwve = T
e

By Poincaré inequality and Cauchy-Schwarz inequality, we have

J[ v = = OWIV (o) los.e = OB fulzellolae

thus [[.(a; — a)uzv, = O(h**2)||a||rr2.00.0lUll2.6]|V]|2.c. Summing over all elements e, we have
[lolar — a)uzv, = O(h*2)||allkiz2.000lltll2]|v]2. Similarly we can establish the other three

estimates. ]

Lemma 4.4.1 implies that the difference in the solutions to (4.6) and (4.1) is O(h¥*2) in
the L?(Q)-norm:

Theorem 4.4.2. Assume a(x,y) € Wkt22(Q) and ar(z,y) > C > 0. Let u, @ € HL(Q) be

the solutions to
A(u,v) :== // aVu - Vuvdrdy = (f,v), Vv € Hj(Q)

and

Ar(u,v) = // a;Vi - Vodrdy = (f,v), Yv € Hy()

respectively, where f € L*(Q). Then ||u — llo = O(hW*?)||al|x+2.00.0/ flo-
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Proof. By Lemma 4.4.1, for any v € H?() we have

Ar(u—1a,v) = Ar(u,v) — Ar(a,v) = [Ar(u,v) — A(u,v)] + [A(u,v) — A, v)]
= Ar(u,v) = A(u,v) = O )| al| k12,000 ull2[|v]|2-

Let w € H}(Q) be the solution to the dual problem
Ar(v,w) = (u—1a,v) Yo € Hy(Q).

Since a; > C' > 0 and |as(z,y)| < Cla(z,y)|, the coercivity and boundedness of the bilinear
form A; hold [3]. Moreover, a; is Lipschitz continuous because a(z,y) € W 2°°(Q). Thus
the solution w exists and the elliptic regularity [|w||2 < C|ju— ]|y holds on a convex domain,

e.g., a rectangular domain 2, see [34]. Thus,
lu—all§ = (u—a,u—a) = Ar(u - a,w) = O(h"*?)|lallj42,000llull2[w]2-
With elliptic regularity ||w|2 < C|lu — @llo and |Jul|s < C||flo, we get
lu = allo = O(h**2) |allk+2.00ll fllo-

]

Remark 4.4.3. For even number k > 4, (k 4+ 1)-point Newton-Cotes quadrature rule has the
same error order as the (k 4 1)-point Gauss-Lobatto quadrature rule. Thus Theorem 4.4.2
still holds if we redefine ar(,y) as the Q" interpolant of a(x,y) at the uniform (k+1) x (k-+1)

Newton-Cotes points in each cell if £ > 4 is even.

4.4.2 The variable coefficient Poisson equation

Let u(z,y) € H} () be the exact solution to

Au,v) == //Q aVu-Vvdrdy = (f,v), Yv e Hy(Q).
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Let i, € V() be the solution to

A[(uh,vh // arViy, - Vuy, d&?dy = <f Uh,>h Y, € ‘/Oh(Q)

Theorem 4.4.4. For k > 2, let u, be the piecewise QX M-type projection of u(x,y) on each
cell e in the mesh Q. Assume a € W*22(Q) and u, f € H*2(Q), then

Ar(an = up, vn) = O ) (lallkrzoollullirz + [ fllks2)lonllz,  Von € V'

Proof. For any v, € V", we have

Ar(tp,vn) — Ar(up, vg)
=(fsvn) = Ar(up, vn) + (f, vnhn — (f; vn)
=A(u,vn) = Ar(up, va) + (f, vn)n — (f vn)
=[A(u, v) — Ar(u, vp)] + [Ar(u — up, vp) — A(u — up, vp)] + A(w — up, vi) + (f, 0000 — (f,0n).

Lemma 4.4.1 implies A(u,vy) — Ar(u, v) = O(hF2)||a||x12.00||w|l2]|vnll2. Theorem 2.3.4

gives (f,vn)n—(f,vn) = O(W**?)[ flls2llvnll2. By Lemma 4.3.1, A(u—u,, vi) = O(h**?)||al|a,00||ullir2lvnll2-
For the second term A;(u—uy,, vy) —A(u—up, vp) = [fola—ar)V(u—1u,) Vv, by Theorem

2.3.2 and Lemma 2.4.3, we have

[0t <ol T f] -

< la—arlosen D (U — up)aloz.elvnl12.e
e
= O(h* ) lalles1,000 Y Nulleriellvnllie
e

= O(W**N)lallks1000llwllis1llvnllr-

]

Theorem 4.4.5. Assume a(x,y) € Wkt2°°(Q) is positive and u(z,y), f(z,y) € H*2(Q).

Assume the mesh is fine enough so that the piecewise Q interpolant satisfies ay(z,y) > C >
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0. Then uy, is a (k4 2)-th order accurate approzimation to u in the discrete 2-norm over all

the (k+ 1) x (k+ 1) Gauss-Lobatto points:

lan — ull2,2, = OB ) (lallbs2.00[llis2 + |1f]1+2)

Proof. Let 0, = uy, — u,. By the definition of u, and Theorem 2.4.1, it is straightforward to
show 6, = 0 on 9. By the Aubin-Nitsche duality method, let w € HJ(2) be the solution

to the dual problem
Ar(v,w) = (Oy,v) Vv € Hy ().

By the same discussion as in the proof of Theorem 4.4.2; the solution w exists and the
regularity ||w||s < C||01]]o holds.

Let wy, be the finite element projection of w, i.e., wy, € VJ* satisfies
Ar(vp,wp) = (Op,vp) Yoy, € Voh.
Since wy, € V|, by Theorem 4.4.4, we have
104115 = (61, 0n) = Ar(Bh,w) = O(h*)(llallkszoollullise + | flls2)lwnll.— (48)

Let w; = Ijw be the piecewise Q' projection of w on €, as defined in (2.8). By the

Bramble-Hilbert Lemma, we get ||w — wy||2e < Clwlse < Cllwl2,e thus
lw = wrllz < Cllwlla.

By the inverse estimate on the piecewise polynomial w;, — w;, we have

lwnll2 < [lwn = wrll2 + lwr = wllz + wllz < Ch7Hwn —will + Cllwlle.— (4.9)
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With coercivity, Galerkin orthogonality and Cauchy Schwarz inequality, we get
Cllwn — wil[f < Ar(wn — wr, wy, —wy) = Ar(w, —wi,w —wy) < Cllw — wyl|1||wy, — will1,

which implies

|wn —wr|ly < Cllw —wy|ly < Chllwls. (4.10)

With (4.9), (4.10) and the elliptic regularity ||w||2 < C||64l0, we get
[wnll2 < Cllwlla < Cl|0alo- (4.11)
By (4.8) and (4.11) we have

100115 < OB ) (llallks2.00lltllirz + | fllx+2) 1040,
ie.,
in = upllo = [10nllo = O ) (lallis2.c0[llis2 + 1| fllk+2).

Finally, by the equivalency between the discrete 2-norm on Zy and the L?(2) norm in the

space V", with Theorem 2.4.5, we obtain

I = ullzze = OW* ) (lallkracollullerz + [1fllr+2).

O

Remark 4.4.6. To extend Theorem 4.4.5 to homogeneous Neumann boundary conditions or
mixed homogeneous Dirichlet and Neumann boundary conditions, dual problems with the
same homogeneous boundary conditions as in primal problems should be used. Then all the

estimates such as Theorem 4.4.4 hold not only for v € VJ* but also for any v in V.

Remark 4.4.7. With Theorem 4.2.1, all the results hold for the scheme (4.5).
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Remark 4.4.8. Tt is straightforward to verify that all results hold in three dimensions. Notice

that the in three dimensions the discrete 2-norm is

[ull2,z = [h3 > |U(x)|2} .

XEZp

Remark 4.4.9. For discussing superconvergence of the scheme (2.2), we have to consider
the dual problem of the bilinear form A instead and the exact Galerkin orthogonality in
(2.2) no longer holds. In order for the proof above holds, we need to show the Galerkin
orthogonality in (2.2) holds up to O(h¥*2)||up||2 for a test function v, € V4, which is very
difficult to establish. This is the main difficulty to extend the proof of Theorem 4.4.5 to the
Gauss Lobatto quadrature scheme (2.2), which will be analyzed in next section by different

techniques.

4.4.3 General elliptic problems

In this section, we discuss extensions to more general elliptic problems. Consider an

elliptic variational problem of finding u € H}(Q) to satisfy
A(u,v) = // (VvTaVu + bVuv + cuv) dedy = (f,v), Vv € Hy(Q),
Q

a1 Q12
where a(z,y) = ! is positive definite and b = [b;  by]. Assume the coefficients

Q21 Q22
a, b and ¢ are smooth, and A(u,v) satisfies coercivity A(v,v) > C|jv|; and boundedness

|A(u, v)| < Cllul1||v]]; for any u,v € HL(Q).
By the estimates in Section 4.3, we first have the following estimate on the Q¥ M-type

projection .

Lemma 4.4.10. Assume a;;(x,y),b;(z,y) € W»>(Q) and bi(z,y) € W?>(Q), then

O(W**2)[[ullkszllvnll2, Vo € Vi,

Alu = up, vp) = k+1.5 h
O(R* ) lullks2llvnll2, Vo, € VR

138



If a19 = asy = 0, then
Au = up, vp) = O(W?)|ullgy2llvnlla,  Von € V.

Let a7, by and ¢; denote the corresponding piecewise Q¥ Lagrange interpolation at Gauss-

Lobatto points. We are interested in the solution @y, € VI to
Ar(p,vp) = //Q(vaajvah + b;Vayv, + crapvy) dedy = (f, vp)n, Vo, € Voh.

We need to assume that A; still satisfies coercivity A;(v,v) > C||v||; and boundedness
|Ar(u,v)| < Cllul1]|v]]; for any u,v € HL(Q), so that the solution u € HJ () of the following

problem exists and is unique:
Ar(u,v) = (f,v), Vv € Hy(Q).
We also need the elliptic regularity to hold for the dual problem:

Ar(v,w) = (f,v), Yo e Hy(Q).

10
For instance, if b = 0, it suffices to require that eigenvalues of a;+c; has a uniform
0 1

0

positive lower bound on €2, which is achievable on fine enough meshes if a + ¢ are
0 1

positive definite. This implies the coercivity of A;. The boundedness of A; follows from the
smoothness of coefficients. Since a; and ¢; are Lipschitz continuous, the elliptic regularity
for Ay holds on a convex domain [34].

By Lemma 4.4.1 and Lemma 4.4.10, it is straightforward to extend Theorem 4.4.4 to the

general elliptic case:
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Theorem 4.4.11. For k > 2, assume a;;, b;,c € WH*22°(Q) and u, f € H*2(Q), then

O(W*2)([ullisz + I fller2)llvallz,  VYon € V',

Ar(i = up, vn) = k+1.5 h
O™ ) (lullksz + 1 f ke lonllz,  Yon € VP,

And if a190 = a9 = 0, then
Ar(an — up,vn) = OB ) ([ullese + [ fllks2)lonllzs - Yon € V.
With suitable assumptions, it is straightforward to extend the proof of Theorem 4.4.5 to

the general case:

Theorem 4.4.12. Fork > 2, assume a;j,b;,c € W*22(Q) andu, f € H*2(Q), Assume the
approzimated bilinear form Ay satisfies coercivity and boundedness and the elliptic reqularity
still holds for the dual problem of A;. Then uy, is a (k + 2)-th order accurate approximation
to u in the discrete 2-norm over all the (k + 1) x (k + 1) Gauss-Lobatto points:

I — ull2,z = O™ 2) ([l + 11 £ llk2)-

Remark 4.4.13. With Neumann type boundary conditions, due to Lemma 4.3.4, we can only

prove (k4 1.5)-th order accuracy

I — ullz,zy = O ) (lullisz + [ fllk+2),

unless there are no mixed second order derivatives in the elliptic equation, i.e., a5 = a9 = 0.
We emphasize that even for the full finite element scheme (4.3), only (k + 1.5)-th order
accuracy at all Lobatto points can be proven for a general elliptic equation with Neumann

type boundary conditions.
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4.5 Numerical Results

In this section we show some numerical tests of C°-Q? finite element method on an
uniform rectangular mesh and verify the order of accuracy at Zj, i.e., all Gauss-Lobatto

points. The following four schemes will be considered:

1. Full @? finite element scheme (4.3) where integrals in the bilinear form are approxi-
mated by 5 x 5 Gauss quadrature rule, which is exact for Q° polynomials thus exact

for A(up,vy,) if the variable coefficient is a Q° polynomial.

2. The Gauss Lobatto quadrature scheme (2.2): all integrals are approximated by 3 x 3

Gauss Lobatto quadrature.
3. The schemes (4.4) and (4.5).

The last three schemes are finite difference type since only grid point values of the coeffi-
cients are needed. In (4.4) and (4.5), Ar(un,v,) can be exactly computed by 4 x 4 Gauss
quadrature rule since coefficients are Q? polynomials. An alternative finite difference type
implementation of (4.4) and (4.5) is to precompute integrals of Lagrange basis functions and
their derivatives to form a sparse tensor, then multiply the tensor to the vector consisting
of point values of the coefficient to form the stiffness matrix. With either implementation,
computational cost to assemble stiffness matrices in schemes (4.4) and (4.5) is higher than
the stiffness matrix assembling in the simpler scheme (2.2) since the Lagrangian Q* basis

are delta functions at Gauss-Lobatto points.

4.5.1 Accuracy

We consider the following example with either purely Dirichlet or purely Neumann bound-
ary conditions:

V- (aVu)=f on[0,1] x [0,2]

where a(z,y) = 1+ 0.12%¢y° + cos(z®y? + 1) and u(z,y) = 0.1(sin(7z) + 23)(sin(mry) +
y3) + cos(z? + y3). The nonhomogeneous boundary condition should be computed in a way

consistent with the computation of integrals in the bilinear form.
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Table 4.1. The errors of C°-Q? for a Poisson equation with Dirichlet boundary
conditions at Lobatto points.

FEM with Approximated Coefficients (4.4)
Mesh | [? error order | [* error order
2x4 | 2.22E-1 - 3.96E-1 -
4x8 |4.83E-2 220 | 1.51E-1 1.39
8x16 | 2.54E-3 4.25 | 1.16E-2 3.71
16 x 32 | 1.49E-4 4.09 | 7.52E-4 3.95
32x64 | 9.22E-6 4.01 | 5.14E-5 3.87
FEM using Gauss Lobatto Quadrature (2.2)
Mesh | [? error order | [*® error order
2x4 | 224E-1 - 4.30E-1 -
4x8 | 4.43E-2 234 | 1.37E-1 1.65
8x16 | 2.27TE-3 4.29 | 8.61E-3 4.00
16 x 32 | 1.32E-4 4.11 | 4.87E-4 4.14
32 x 64 | 8.13E-6 4.02 | 3.09E-5 3.97
FEM with Approximated Coefficients (4.5)
Mesh | [? error order | [* error order
2x4 | 2.78E-1 - 6.31E-1 -
4 x8 2.76E-2 3.33 | 8.69E-2 2.86
8x 16 | 1.28E-3 4.43 | 3.77E-3 4.53
16 x 32 | 8.96E-5 3.83 | 3.36E-4 3.49
32 x 64 | 5.79E-6 3.95 | 2.41E-5 3.80
Full FEM Scheme
Mesh | [? error order | [* error order
2 x4 1.48E-2 - 3.79E-2 -
4x8 | 1.05E-2 0.50 | 3.76E-2 0.01
8x16 | 7.32E-4 3.84 | 4.04E-3 3.22
16 x 32 | 4.54E-5 4.01 | 2.83E-4 3.83
32x64 | 2.85E-6 3.99 | 1.75E-5 4.02
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Table 4.2. The errors of C°-Q? for a Poisson equation with Neumann bound-
ary conditions at Lobatto points.

FEM with Approximated Coefficients (4.4)
Mesh | [? error order | [*® error order
2x4 | 3.44E0 - 5.39E0 -
4 x8 1.83E-1 4.23 | 3.51E-1 3.93
8 x 16 | 1.38E-2 3.73 | 3.43E-2 3.36
16 x 32 | 8.37TE-4 4.04 | 2.21E-3 3.96
32x64 | 5.13E-5 4.03 | 1.41E4 3.96
FEM using Gauss Lobatto Quadrature (2.2)
Mesh | [? error order | [* error order
2x4 | 3.43E0 - 4.95E0 -
4x8 1.81E-1 4.25 | 3.11E-1 3.99
8x16 | 1.37E-2 3.72 | 2.81E-2 3.47
16 x 32 | 8.33E-4 4.04 | 1.76E-3 4.00
32x64 | 5.11E-5 4.03 | 1.12E-4 3.97
FEM with Approximated Coefficients (4.5)
Mesh | [? error order | [* error order
2x4 3.64E0 - 5.06E0 -
4 x8 1.60E-1 4.51 | 2.54E-1 4.32
8 x 16 | 1.26E-2  3.67 | 2.39E-2 3.41
16 x 32 | 7.67E-4 4.03 | 1.67E-3 3.84
32 x 64 | 4.71E-5 4.03 | 1.09E-4 3.94
Full FEM Scheme
Mesh | [? error order | [*® error order
2x4 | 8.45E-2 - 2.13E-1 -
4 x8 1.56E-2 2.43 | 5.66E-2 1.91
8x16 | 9.12E-4 4.10 | 5.14E-3 3.46
16 x 32 | 5.47E-5 4.06 | 3.24E-4 3.99
32x64 | 3.3TE-6 4.02 | 2.22E-5 3.87
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Table 4.3. An elliptic equation with mixed second order derivatives and
Neumann boundary conditions.

FEM with Approximated Coefficients (4.4)
Mesh | [? error order | [* error order
2 X 4 1.92E0 - 3.47E0 -
4x8 | 216E-1 3.15 | 6.05E-1 2.52
8 x 16 | 1.45E-2 3.90 | 6.12E-2 3.30
16 x 32 | 9.08E-4 4.00 | 4.05E-3 3.92
32 x 64 | 5.66E-5 4.00 | 2.76E-4 3.88
FEM using Gauss Lobatto Quadrature (2.2)
Mesh | [? error order | [*® error order
2 X 4 1.38E0 - 2.27E0 -
4x8 | 1.46E-1 3.24 | 2.52E-1 3.17
8 x 16 | 7.49E-3 4.28 | 1.64E-2 3.94
16 x 32 | 4.31E-4 4.12 | 1.02E-3 4.01
32 x64 | 261E-5 4.04 | 7.47E-5 3.78
FEM with Approximated Coefficients (4.5)
Mesh | [? error order | [*® error order
2 %X 4 1.89E0 - 2.84E0 -
4x8 | 1.04E-1 4.18 | 1.45E-1 4.30
8 x 16 | 5.62E-3 4.21 | 1.86E-2 2.96
16 x 32 | 3.24E-4 4.12 | 1.67E-3 3.48
32x64 | 1.95E-5 4.05 | 1.32E-4 3.66
Full FEM Scheme
Mesh | [? error order | [* error order
2 x4 | 146E-1 - 4.31E-1 -
4x8 |1.64E-2 3.16 | 6.55E-2 2.71
8 x 16 | 7.08E-4 4.53 | 3.42E-3 4.26
16 x 32 | 4.44E-5 4.06 | 4.84E-4 2.82
32 x64 | 295E-6 3.85 | 7.96E-5 2.60
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Table 4.4. An elliptic equation with mixed second order derivatives and
Dirichlet boundary conditions.

FEM with Approximated Coeflicients (4.4)

Mesh [? ertor order | [* error order

2 X 4 2.64E-2 - 7.01E-2 -

4 x8 4.68E-3 2.50 | 1.92E-2 1.87
8 x 16 | 4.78E-4 3.29 | 2.70E-3 2.83
16 x 32 | 3.69E-5 3.69 | 2.43E-4 3.47
32 x 64 | 2.53E-6 3.87 | 1.82E-5 3.74

64 x 128 | 1.65E-7 3.94 | 1.25E-6 3.87
FEM using Gauss Lobatto Quadrature (2.2)

Mesh [? error order | [* error order

2 X 4 3.94E-2 - 7.15E-2 -

4 x8 1.23E-2  1.67 | 3.28E-2 1.12
8 x 16 | 1.46E-3 3.08 | 5.42E-3 2.60
16 x 32 | 1.14E-4 3.68 | 3.96E-4 3.78
32x64 | 7.75E-6  3.88 | 2.62E-5 3.92

FEM with Approximated Coefficients (4.5)

Mesh [? error order | [* error order

2 %X 4 4.08E-2 - 7.67E-2 -

4 x8 1.01E-2 2.02 | 3.39E-2 1.18
8 x 16 | 5.22E-4 4.27 | 1.72E-3 4.30
16 x 32 | 3.14E-5 4.05 | 9.57E-5 4.17
32x64 | 1.99E-6 3.98 | 5.7T1E-6 4.07

Full FEM Scheme

Mesh [? ertor order | [*® error order

2 X 4 7.35E-2 - 1.99E-1 -

4 x 8 5.94E-3 3.63 | 2.43E-2 3.03
8 x 16 | 4.31E-4 3.79 | 2.01E-3 3.60
16 x 32 | 2.83E-5 3.93 | 1.76E-4 3.93
32 x64 | 1.68E-6 4.07 | 8.41E-6 4.07

145




Table 4.5. A Poisson equation with coefficient I(Illr)l a(z,y) ~ 0.001.
x7y

FEM with Approximated Coefficients (4.4)

Mesh [? error order | [* error order

2 x4 2.78E-1 - 4.52E-1 -

4 x8 6.22E-2 2.16 | 2.08E-1 1.12
8 x 16 1.09E-2 2.51 | 8.44E-2 1.30
16 x 32 | 1.31E-3 3.05 | 1.81E-2 2.22
32 x 64 | 1.08E-4 3.60 | 1.75E-3 3.38

64 x 128 | 7.24E-6 3.90 | 1.52E-4 3.53
FEM using Gauss Lobatto Quadrature (2.2)

Mesh [? ertor order | [*® error order

2x4 2.81E-1 - 4.59E-1 -

4x8 4.69E-2 2.58 | 1.37E-1 1.74
8 x 16 | 5.06E-3 3.21 | 3.75E-2 1.87
16 x 32 | 7.04E-4 2.85 | 7.86E-3 2.25
32 x 64 | 6.74E-5 3.39 | 1.21E-3 2.70

64 x 128 | 4.94E-6 3.77 | 1.17E-4 3.37
FEM with Approximated Coefficients (4.5)

Mesh [? error order | [* error order

2x4 2.68E-1 - 5.48E-1 -

4 x8 291E-1 3.21 | 1.59E-1 1.78
8 x16 | 3.51E-3 3.05 | 4.02E-2 1.98
16 x 32 | 2.86E-4 3.62 | 3.60E-3 3.48
32 x 64 | 1.86E-5 3.94 | 2.31E-4 3.96

64 x 128 | 1.17E-6  4.00 | 1.53E-5 3.91
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The errors at Z, are shown in Table 4.1 and Table 4.2. We can see that the four schemes
are all fourth order in the discrete 2-norm on Z,. Even though we did not discuss the max
norm error on Zg, we should expect a |In h| factor in the order of [* error over Z, due to
(2.4), which was proven upon the discrete Green’s function.

Next we consider an elliptic equation with purely Dirichlet or purely Neumann boundary
conditions:

V- (aVu)+cu=f on]0,1] x[0,2]

@11 Q12 5 .
where a = , a1 = 10+ 30y° + xcosy + vy, a;a = as = 2 + 0.5(sin(mzx) +

a1  G22
) (sin(my) + y?) + cos(z* + y?), age = 10+ 2°, ¢ = 1 + 2*¢® and u(z,y) = 0.1(sin(7z) +

23)(sin(ry) +y3) +cos(z* +y?3). The errors at Z are listed in Table 4.3 and Table 4.4. Recall
that only O(h*%) can be proven due to the mixed second order derivatives for the Neumann
boundary conditions as discussed in Remark 4.4.13, we observe around fourth order accuracy

for (4.4) and (4.5) for Neumann boundary conditions in this particular example.

4.5.2 Robustness

In Table 4.1 and Table 4.2, the errors of approximated coefficient schemes (4.4), (4.5)
and the Gauss Lobatto quadrature scheme (2.2) are close to one another. We observe that
the scheme (4.5) tends to be more accurate than (4.4) and (2.2) when the coefficient a(x,y)
is closer to zero in the Poisson equation. See Table 4.5 for errors of solving V - (aVu) =
f on [0,1] x [0,2] with Dirichlet boundary conditions, a(z,y) = 1 + ex3y® + cos(z3y* + 1)
and u(x,y) = 0.1(sin(rx) + 23)(sin(my) + y3) + cos(x? + y3) where ¢ = 0.001. Here the
smallest value of a(x,y) is around ¢ = 0.001. We remark that the difference among three

schemes is much smaller for larger € such as € = 0.1 as in Table 4.1.

4.6 Concluding Remarks

We have shown that the classical superconvergence of functions values at Gauss Lobatto
points in C°-Q* finite element method for an elliptic problem still holds if replacing the

coefficients by their piecewise Q* Lagrange interpolants at the Gauss Lobatto points. Such a
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superconvergence result can be used for constructing a fourth order accurate finite difference
type scheme by using )? approximated variable coefficients. Numerical tests suggest that this
is an efficient and robust implementation of C%-Q? finite element method without affecting

the superconvergence of function values.
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5. ON THE MONOTONICITY AND DISCRETE MAXIMUM
PRINCIPLE OF THE FINITE DIFFERENCE
IMPLEMENTATION OF C'-Q? FINITE ELEMENT METHOD

5.1 Introduction

5.1.1 Monotonicity and discrete maximum principle

Consider a Poisson equation with variable coefficients and Dirichlet boundary conditions

on a two dimensional rectangular domain Q = (0,1) x (0,1):

Lu=-V-(aVu)+cu=0 on £,
(5.1)
u=g¢g on 0,

where a(z,y) € CH(Q), c(z,y) € C°%Q) with 0 < @i < a(z,y) < amayx and c(z,y) > 0.

For a smooth function u € C%*(Q) N C(£2), maximum principle holds [14]: Lu < 0 in Q =

maxq v < max {0, maxgpgu}, and in particular,
Lu=0in Q = |u(z,y)| < max lul, V(z,y) € Q. (5.2)

For various purposes, it is desired to have numerical schemes to satisfy (5.2) in the discrete
sense. A linear approximation to £ can be represented as a matrix Lj. The matrix Lj is
called monotone if its inverse has nonnegative entries, i.e., L, > 0. All matrix inequalities
in this chapter are entrywise inequalities. One sufficient condition for the discrete maximum
principle is the monotonicity of the scheme, which was also used to prove convergence of
numerical schemes, e.g., [16]-[19].

In this chapter, we will discuss the monotonicity and discrete maximum principle of the
simplest finite difference implementation of the continuous finite element method with @Q?
basis (i.e., tensor product of quadratic polynomial) for (5.1), which is a fourth order accurate

scheme.
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5.1.2 Second order schemes and M-Matrices

The second order centered difference u = % for solving —u(z) = f(x),u(0) =

u(1l) = 0 results in a tridiagonal (—1,2, —1) matrix, which is an M-Matrix. Nonsingular
M-Matrices are inverse-positive matrices and it is the most convenient tool for construct-
ing inverse-positive matrices. There are many equivalent definitions or characterizations of
M-Matrices, see [67]. One convenient characterization of nonsingular M-Matrices are non-
singular matrices with nonpositive off-diagonal entries and positive diagonal entries, and all
row sums are non-negative with at least one row sum is positive.

The continuous finite element method with piecewise linear basis forms an M-Matrix for
the variable coefficient problem (5.1) on triangular meshes under reasonable mesh constraints
[68]. The M-Matrix structure in linear finite element method also holds for a nonlinear
elliptic equation [69]. For solving —Au = f on regular triangular meshes, linear finite
element method reduces to the 5-point discrete Laplacian. Linear finite element method or
the 5-point discrete Laplacian is the most popular method in the literature for constructing
schemes satisfying a discrete maximum principle and bound-preserving properties.

Almost all high order accurate schemes result in positive off-diagonal entries in L, for
solving —Au = f thus L, is no longer an M-Matrix. The only known exceptions are the
fourth order accurate 9-point discrete Laplacian and the fourth order accurate compact finite

difference scheme.

5.1.3 Existing high order accurate monotone methods for two-dimensional Lapla-
cian

There are at least three kinds of high order accurate schemes which have been proven to

satisfy L,' > 0 for the Laplacian operator Lu = —Au:

1. Both the fourth order accurate 9-point discrete Laplacian scheme [16], [70] and the
fourth order accurate compact finite difference scheme [1], [71] for —Au = f can be

written as Su = Wf with S being an M-Matrix and W > 0, thus L;* = S™'M > 0.
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2. In [72], [73], Bramble and Hubbard constructed a fourth order accurate finite difference
discrete Laplacian operator for which L is not an M-Matrix but monotonicity L,:l >0

is ensured through an M-Matrix factorization L, = M;Ms, i.e., Ly is a product of two

M-Matrices.

3. Finite element method with quadratic polynomial (P2 FEM) basis on a regular trian-
gular mesh can be implemented as a finite difference scheme defined at vertices and
edge centers of triangles [31]. The error estimate of P2 FEM is third order in L?-norm.
The error at at vertices and edge centers are fourth order accurate in /2-norm due to
superconvergence. The stiffness matrix is not an M-Matrix but its monotonicity was

proven in [21].

For discrete maximum principle to hold in P2 FEM on a generic triangular mesh, it was
proven in [20] that it is necessary and sufficient to require a very strong mesh constraint,
which essentially gives either regular triangulation or equilateral triangulation. Thus, the
discrete maximum principle holds in P2 FEM on a regular triangulation or an equilateral
triangulation. For finite element method with cubic and higher order polynomials on regular

triangular meshes, it was shown that the discrete maximum principle fails in [74].

5.1.4 Other known results regarding discrete maximum principle

For one-dimensional Laplacian, discrete maximum principle was proven for arbitrarily
high order finite element method using discrete Green’s function in [75]. The discrete Green’s
function was also used to analyze P1 FEM in two dimensions [76]. Discontinuous coefficients
were considered and a nonlinear scheme was constructed in [77]. Piecewise constant co-
efficient in one dimension was considered in [78]. A numerical study for high order FEM
with very accurate Gauss quadrature in two dimensions showed that DMP was violated on
non-uniform unstructured meshes for variable coefficients in [79]. A more general operator
V(aVu) with matrix coefficients a was considered for linear FEM in [80]. See [81] for an

anisotropic computational example.
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5.1.5 Existing inverse-positive approaches when [, is not an M-Matrix

In this chapter, we will focus on the finite difference implementation of continuous finite
element method with Q? basis (Q2 FEM), which will be reviewed in Section 5.2. The matrix
Ly, in such a scheme is not an M-Matrix due to its off-diagonal positive entries. There are

at least three methods to study whether L;l > 0 holds when M-Matrix structure is lost:

1. An M-Matrix factorization of the form L, = M;M, was shown in [73] and [82]. In
Appendix 5.6, we will demonstrate an M-Matrix factorization for the finite difference

implementation of Q? FEM solving —Au = f.

2. Perturbation of M-Matrices by positive off-diagonal entries without losing monotonic-

ity was discussed in [83].

3. In [21], Lorenz proposed a sufficient condition for ensuring L, = M;M,. Lorenz’s

condition will be reviewed in Section 5.3.3.

The main result of this chapter is to prove that L,:l > 0 and a discrete maximum principle
holds under some mesh constraint in the fourth order accurate finite difference implementa-

tion of Q* FEM solving (5.1) by verifying the Lorenz’s condition.

5.1.6 Extensions to the discrete maximum principle for parabolic equations

Classical solutions to the parabolic equation u; = V - (aVu) satisfy a maximum principle
[14].  With suitable boundary conditions and initial value u(z,y,0) such as periodic or
homogeneous Dirichlet boundary conditions and initial minimum m&n u(z,y,0) = 0, the

solution to the initial value problem satisfies the following maximum principle:

{nir)lu(x,y,o) <u(z,y,t) < r(nw)W(x,y,O)- (5.3)
z,Y z,Y

Now consider solving u; = V - (aVu) with backward Euler time discretization, then U"!

satisfies an elliptic equation of the form (5.1):

Ly = Ly (5.4)

_ . n+1
V- (aVU"™) + A7 Az
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If S, denotes spatial discretization for —V - (aVu), then the numerical scheme can be written

T
as UMt = (I +AtSy)~'U". Let 1 = [1 1 --- 1| . Then for suitable boundary conditions

usually we have S,1 = 0 since S, approximates a differential operator. So we have (I +
AtSy)1 = 1 thus (I + AtSy,)"'1 = 1. If we further have the monotonicity (I + AtS,)~! >0,
then each row of the (I +AtS,)~! has nonnegative entries and sums to one, thus the discrete
maximum principle holds min; U} < U ]’-”1 < max; U}, which is a desired and useful property
in many applications. For instance, second order centered difference or P1 finite element
method has been used to construct schemes satisfying the discrete maximum principle in
solving phase field equations [84]-[86]. In the rest of the chapter, we will only focus on
discussing the equation (5.1), even though all discussions can be extended to solving the
parabolic equation with backward Euler time discretization.

To the best of our knowledge, this is the first time that a high order accurate scheme
under suitable mesh constraints is proven to be monotone in the sense L; ' > 0 for solving a
variable coefficient a(x) in (5.1) in two dimensions. For simplicity, we only discuss an uniform
mesh in this chapter, even though the main results can be extended to non-uniform meshes.
However, an additional mesh constraint is expected for the discrete maximum principle to
hold. See such a mesh constraint of non-uniform meshes for Q1 FEM in [87] and P2 FEM
for one-dimensional problem in [75].

This chapter is organized as follows. In Section 5.2, we describe the fourth order accurate
finite difference implementation of C%-Q? finite element method. In Section 5.3, we review
the sufficient conditions to ensure monotonicity and discrete maximum principle. In Section
5.4, we prove that the fourth order accurate finite difference implementation of C%-Q? finite
element method is monotone under some mesh constraints. Numerical tests are given in

Section 5.5. Concluding remarks are given in Section 5.6.
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5.2 Finite Difference Implementation Of C°-Q? Finite Element Method

Consider solving the following elliptic equation on © = (0,1) x (0,1) with Dirichlet

boundary conditions:

Lu=-V-(aVu)+cu=f on £,
(5.5)
u=g on Of).

Assume there is a function g € H'(£2) as an extension of g so that g|sq = g. The variational

form of (5.1) is to find @ = u — g € H}(Q) satisfying
Av) = (f,0) — A@.v), o e HQ) (56)

where A(u,v) = [[aVu - Vodxdy + [[o cuvdzdy, (f,v) = [[q fodxdy.

(a) The quadrature points and a FEM mesh. (b) The corresponding finite difference grid.

Figure 5.1. An illustration of Q2 element and the 3 x 3 Gauss-Lobatto quadrature.

Let h be the mesh size of the rectangular mesh and VJ* C H}(Q) be the continuous
finite element space consisting of piecewise Q? polynomials (i.e., tensor product of piecewise
quadratic polynomials), then the most convenient implementation of C%-Q? finite element
method is to use 3 x 3 Gauss-Lobatto quadrature rule for all the integrals, see Figure 5.1.

Such a numerical scheme can be defined as: find u;, € V| satisfying

An(un,vn) = (f,on)n — An(gr, o), Yo, € VY, (5.7)

where Ay, (up, vp) and (f, vy), denote using tensor product of 3-point Gauss-Lobatto quadra-

ture for integrals A(up,vy) and (f,vs) respectively, and g; is the piecewise Q? Lagrangian

154



interpolation polynomial at the 3 x 3 quadrature points shown in Figure 5.1 of the following

function:

0, if (x,y) €(0,1) x (0,1),
g(zﬂy) =
g(xvy)a if (.T,y) € 09.

Then w, = wuy + g; is the numerical solution for the problem (5.5). We emphasize that
(5.7) is not a straightforward approximation to (5.6) since g is never used. It was proven in
chapter 2 that the scheme (5.7) is fourth order accurate if coefficients and exact solutions

are smooth. Notice that wu;, satisfies:
Ah(ﬂh,vh) = <f, Uh>h> Vvh € ‘/E)h. (58)

See chapter 2 for the detailed finite difference implementation and proof of fourth order

accuracy for the scheme (5.7).

5.2.1 One-dimensional case

Now consider the one-dimensional Dirichlet boundary value problem:

—(au) + cu=f on (0,1),

u(0) =09, u(l) =o0;.

Consider a uniform mesh z; =th, 1 =0,1,...,n+1, h = n%rl Assume n is odd and let
M = "TH Define intervals I}, = [k, Togyo] for k= 0,..., M — 1 as a finite element mesh for

P? basis. Define
Vh={veC%0,1]) :v € P*(I),k=0,...,M — 1}.

Let {¢;}/4 C V" be a basis for V" so that ¢;(x;) = 6, 4,5 = 0,1,...,n+ 1. Let ug = oy,

u; = up(z;) and u,, = o1, then uy, 4y € VP can be represented as

un(a) = i:umx), () = z wi(2).
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Let f; = f(z;), then (5.8) becomes

(aup, di)n + (cun, di)n = (fs di)n, i =1,...,n5u0 = 0¢, Uny1 = 071,
which are
n+1 n+1
Z U (((I(b” ¢Z>h + <C¢j7 ¢z>h> = Z f]<¢]7 ¢i>h7 1= 17 cey 1y
j=0 Jj=0

Upg = O0g, Up4+1 = O71-

The matrix form is Su = Mf where

T T

) f—[UO Ji faror fa o1

U= luy Uy Ug-:* Up Upyl

The scheme can be written as £;,(@) = f. The linear operator £, has the matrix represen-

tation L, = M~1S.

For the Laplacian Lu = —u, we have
Eh(ﬁ)o = Ug = Oy, £h<ﬁ)n+l = Up+1 = 071, (59&)
if 7 is odd, i.e., x; is a cell center, (5.9b)
_ —Ui—1 + QUZ — U;
Ly(a); = : e 2= f (5.9¢)
if 7 is even, i.e., x; is a cell end, (5.9d)
i—2 — 8u;—1 + 1du; — 8u, i
ﬁh(ﬁ)izu 2 — SUi—1 + 1; u+1+u+2:fi. (5.9¢)
4h
For the variable coefficient operator Lu = —(au) + cu, we have
£h<ﬁ)0 = Ug = Oy, Ch(ﬁ)n+1 = Up4+1 = 01, (510&)

and if z; is a cell center, we have

—(3a,- i+1)ui—1 + 4a;- i+1)U — (i1 + 30i41)U;
(i), = (3ai—1 + aip1)ui—1 +4(a Z}—;aH)u (ai—1 + a+1)u+1+CiUi:fi; (5.10)
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and if z; is a cell end, then

(3@1'_2 - 4@2'_1 + 3ai)ui_2 - (4CLZ'_2 + 12a,~)uz~_1

L) = 8h2
X (ai_z + 4(11'_1 + 18@1 + 4CLZ'+1 + ai+2)ui
8h?
—(12a; + 4a;2)u; 3a;1o — 4a; 3a;)u;
n (12a; + 4aiy2)uit +8(h2a vo — 4aip1 + 30:)uigo +en; = f. (5.10¢)

5.2.2 Two-dimensional case

Consider a uniform grid (x;,y;) for a rectangular domain [0, 1] x [0, 1] where z; = ih,
t=20,1,....n+1land y; = jh, 7 =0,1,....n+1, h = n%rl, where n must be odd. Let
u;; denote the numerical solution at (x;,y;). Let u denote an abstract vector consisting
of w;; for i,7 = 1,2,--- ,n. Let u denote an abstract vector consisting of w;; for i,j =
0,1,2,---,n,n+ 1. Let f denote an abstract vector consisting of fij fori,j =1,2,---n

and the boundary condition g at the boundary grid points.
The scheme (5.8) for solving (5.5) can still be written as £, (i) = f.

Two-dimensional Laplacian

For the Laplacian Lu = —Auwu, L£;(0) can be expressed as the following. If (x;,y;) € 01,
then

Lr(@)ij = tij = gij-
If (x;,y;) is an interior grid point and a cell center , £4(1);; is equal to

U1 — Uiy T Ui — Uil — Uigr

72 = fi,j' (511&)

For interior grid points, there are three types: cell center, edge center and knots. See Figure
5.2. If (x;,y;) is an interior grid point and an edge center for an edge parallel to x-axis,

Ln(a);; is equal to

Uiy 2y = Wiy Ui = 8o MU = BUi gt Ui

h? 4h?
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Figure 5.2. Three types of interior grid points: red cell center, blue knots
and black edge centers for a finite element cell.

If (x;,y;) is an interior grid point and an edge center for an edge parallel to y-axis, £j,(1); ;
is similarly defined as above. If (z;,y;,) is an interior grid point and a knot (x;,y;), £n(@);

is equal to

Ui—2j — Bui—1j + 14w — Buigy j + Uita
4h?

Ui j—2 — 8ui,j71 + 14ui,j - 8ui,j+1 + Ui jy2
4h?

+ = fij (5.11c)

If ignoring the denominator h?, then the stencil of the operator £, at interior grid points

can be represented as:

1
1
—1 —2
cell center —1 4 —1 knots 2 -2 7 -2 1
—1 —2
1
1
—1
edge center (edge parallel to y-axis) i -2 % -2 i
—1

158



1
—2
edge center (edge parallel to z-axis) —1 % -1
—2
1
1
5.2.3 Two-dimensional variable coefficient case
For Lu = —V - (aVu) + cu, L;(u) will have exactly the same stencil size as the Laplacian
case. At boundary points (z;,y;) € 99, L,(1) = f becomes
Lp(Q)i; = wij = gij- (5.12a)

If (z;,y,) is an interior grid point and a cell center, £y (u); ; is equal to

—(Baj_1; + aip1) i1+ 4ai1j + i1 j)ui; — (@im1; + 3ai41,)Uiv1j

e (5.12b)
—(3aij-1 + g1 )tij—1 + 4(@ij1 + Gigar)uiy — (Gij—1 + 30541 i
+ cijuij.
4h?
If (z;,y,) is an interior grid point and a knot, £j,(1); ; is equal to
(3@1',27]‘ — 4@1',17]‘ + 3@173‘)’&1’,27]‘ — (4(11',27]‘ + 12ai’j)ui,1,j
8h?
i (ai_gyj + 4ai_1,j + 1804'7j + 4&1'4_1,]' + aiHJ)um
8h?
—(12a;; + 4ait25)uit1,; + (Baiva; — 4aip1; + 3ai;)uira
8h?
(3(11'7]‘_2 — 4(11‘7]'_1 + 3ai7j)ui7j_2 — (4(11‘7]'_2 + 12ai7j)u,~’j_1
8h?
ot da; g 4+ 18a; ; + 4a; ; . .
Jr(a g2 +4a; i1+ c;},i;r Qi1 T Qi jr2) Ui j (5.120)
—(12a;,; + 4a; j+2)uij1 + (3ai 42 — 4ai 41 + 3ai5) Ui j4o
8h2 + Cijui]’.
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If (z;,y;) is an interior grid point and an edge center for an edge parallel to y-axis,

L(a);; is equal to

(3(12'_27]‘ — 4(12'_173' + 3ai7j)ui_27j — (4(12'_273' + 12ai,j)ui_1,j

8h?
LGyt daigy + 1803, + 40is1; + Giva )t
8h?
—(12a; j + 4ait0j)uit1j + (3airo; — 4aiy1j + 3a;;)Uita; (5.12d)
8h? )
—(Bai -1 + @i i1+ 4aij—1 + aijr)ui; — (@ij—1 + 3aij41) 41
+ Cijuj.

4h?

If (x;,y;) is an interior grid point and an edge center for an edge parallel to z-axis, £j,(1);

is equal to

(3&1‘7]‘_2 — 4am-_1 + 3a,~7j)uz~7j_2 — (4az~7j_2 + 12@1‘7]‘)1%‘7]‘_1

8h?
. (a;j—2+4a; j—1 + 18a; ; + 4a; j+1 + @ j12)Ui
8h?
—(12(]4'7]' + 4ai,j+2)ui7j+1 + (3CLi’j+2 — 4ai,j+1 —+ 3ai,j)ui,j+2 5 19
< (5.12¢)
+_(3ai71,j + Qi1 ) Uim1; + A im1 + i) Uiy — (@1 + 3Qit1j) Uit + cigug.

4h?

5.3 Sufficient Conditions For Monotonicity And Discrete Maximum Principle

5.3.1 Discrete maximum principle

Assume there are N grid points in the domain © and N? grid points on 0€2. Define

T ) T

u:<U1 u2 . e uN) s u :<u? ug . o U?\/a) 5
T
u=<u1 wy oo uy uwl ul - u?va) ,
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A finite difference scheme can be written as

N NP
j=1 j=1

ij =g

ui8 =qi, 1<i< N,

The matrix form is

~ ~ o~ Lh Ba _ u ~ f
Lhu:f,Lh: ,u = ,f:
0 I u? g
The discrete maximum principle is
Ly(1); <0,1 <i< N = maxu; <max{0, maxu’} (5.13)

which implies
Lyp(@); =0,1<i<N = |u] <max|u?|.
The following result was proven in [15]:

Theorem 5.3.1. A finite difference operator Ly satisfies the discrete maximum principle

(5.13) if Ly > 0 and all row sums of Ly, are non-negative.

Let u and f be the same vectors as defined in Section 5.2. For the same finite difference

scheme, the matrix form can also be written as
Lya=f.

Notice that there exist two permutation matrices P, and P, such that u = Pju and f = PQJZ.' )
Since the matrix vector form of the same scheme is also L, = f , we obtain PQ_ll_/hPl = L,.
Notice that a permutation matrix P is inverse-positive and the signs of row sums will not

be altered after multiplying P to Lj,. Thus we have

Theorem 5.3.2. If L, is inverse-positive and row sums of Ly are non-negative, then Ly

satisfies the discrete mazimum principle (5.13).
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- [(Lyt Lt
Notice that L, = , thus we have
0 I

Theorem 5.3.3. If L;* >0, then L;* > 0 and thus L;' > 0.

Let 1 denote a vector of suitable size with 1 as entries, then for all schemes in Section
5.2, L,(1) > 0, which implies the row sums of L;, are non-negative. Thus from now on, we

only need to discuss the monotonicity of the matrix Lj,.

5.3.2 Characterizations of nonsingular M-Matrices

M-Matrices belong to the set of Z-matrices which are matrices with nonpositive off-
diagonal entries. Nonsingular M-Matrices are always inverse-positive. See [67] for the defi-
nition and various characterization of nonsingular M-Matrices. The following is a convenient

sufficient condition to characterize nonsingular M-Matrices:

Theorem 5.3.4. For a real square matriz A with positive diagonal entries and non-positive
off-diagonal entries, A is a nonsingular M -Matriz if all the row sums of A are non-negative

and at least one row sum is positive.

Proof. By condition Cjy in [67], A is a nonsingular M-Matrix if and only if A + al is
nonsingular for any a > 0. Since all the row sums of A are non-negative and at least one
row sum is positive, the matrix A is irreducibly diagonally dominant thus nonsingular, and

A+ al is strictly diagonally dominant thus nonsingular for any a > 0. ]

Definition 1. Let N' = {1,2,...,n}. For N, Ny C N, we say a matrix A of size n X n
connects N; with N, if

Vig € Nl,ﬂir S NQ,E'il, eyl € N sit. Qi iy, 7é 0, k=1,---,r. (514)

If perceiving A as a directed graph adjacency matrix of vertices labeled by N, then (5.14)
simply means that there exists a directed path from any vertex in N; to at least one vertex

in Ns. In particular, if N7 = (), then any matrix A connects N; with N5.
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Given a square matrix A and a column vector x, we define
N°(Ax) = {i : (Ax); =0}, NT(Ax) = {i: (Ax); > 0}.
By condition Lgs in [67], we have the following characterization of nonsingular M-

Matrices:

Theorem 5.3.5. For a real square matriz A with non-positive off-diagonal entries, if there is
a vector x > 0 with Ax > 0 s.t. A connects N°(Ax) with N (Ax), then A is a nonsingular
M -Matriz thus A=t > 0.

5.3.3 Lorenz’s sufficient condition for monotonicity

All results in this subsection were first shown in [21]. For completeness, we include a
detailed proof.
Given a matrix A = [a;;] € R™*", define its diagonal, positive and negative off-diagonal

. + —.
parts as n X n matrices Ay, A,, A, A

ai, it i=7

(Aq)ij = , A =A—-Ay,
0, if i+

a;;, if a;; >0, Z;é]
Ay =14 " ’ , AL =A - AL

0, otherwise.

Lemma 5.3.6. If A is monotone, then for any two matrices B > C, A7'B > A~'C.

Proof. For any two column vectors b > ¢, we have
b-c>0=A"'(b-c)>0= A"'b> Ac.

By considering b and ¢ as column vectors of B and C, we get A='B > A~'C. ]

Lemma 5.3.7. If A is an M-Matriz, then Aq > A and A™* > AL
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Proof. Aq > A is trivial. A is monotone, thus
Ag>A= A4, >ATTA=1T.
And A;l > 0 implies
ATTA > T = ATTAA > TA = A7 > AL

]

Theorem 5.3.8. If A, < 0 and there exists a nonzero vector e € R"™ such that e > 0 and

Ae > 0. Moreover, A connects N°(Ae) with N*(Ae). Then the following hold:
e e>0.
e a; >0,VieN.
e Ais a M-Matriz and A=t > 0.

Proof. Assume there is one index ¢ such that e; = 0, then

0 < (Ae); =) aje; <0= (Ae); =0=> a;e; =0= a;e; =0,Vj.
i#i i#i
Thus if a;; < 0, then e; = 0, which implies (Ae); = 0 by the same argument as above.
Therefore, A has no off-diagonal nonzero entry ay, such that k& € N°(Ae) and [ € N (Ae).
In other words, if A represents the graph adjacency matrix for a directed graph of vertices
indexed by 1,2,--- ,n, then any edge starting from a vertex i € N°(Ae) points to vertices
in NY(Ae), thus there is no directed path from i € N°(Ae) to any vertex in N'*(Ae), which
contradicts to the assumption that A connects NV(A4e) with N (A4e). With e > 0, the rest

is proven by following Theorem 5.3.5. [

corollary 5.3.9. If A is a nonsingular M-Matriz, £ € R" is a nonzero vector with £ > 0

and A connects NO(f) with N+ (f), then A~'f > 0.
Proof. By using e = A~'f > 0 in Theorem 5.3.8, we get A~'f > 0. O
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Theorem 5.3.10. If A < M{My--- ML where My, ---, M, are nonsingular M-Matrices
and L, < 0, and there exists a nonzero vector e > 0 such that one of the matrices
My, -+, My, L connects N°(Ae) with NT(Ae). Then A is a product of k + 1 nonsingu-
lar M -Matrices thus A1 > 0.

Proof. Let M = MMy - - - My, then M is monotone. By Lemma 5.3.6, we get
M1'A<L, (5.15)

thus
(M~'A), <0. (5.16)

For each M;, i =1,... k, by Lemma 5.3.7, we have
(M)~ = (M)a)™ = M1 = (M) - (M), (5.17)

which implies

M~'Ae > cAe, (5.18)

for some positive number c.

If L connects N°(Ae) with A" (Ae), then M ' A also connects N°(Ae) with N7 (Ae) be-
cause (5.15) implies that (M~ A);; # 0 whenever L;; # 0 for any ¢ # j. By (5.18), N (Ae) C
NT(M~'Ae) and N°(M~tAe) C N°(Ae), thus M~'A also connects N°(M~!Ae) with
NT(M~'Ae). With (5.16), by Theorem 5.3.8, M~'A is a nonsingular M-Matrix thus A
is a product of k + 1 M-Matrices which implies A is monotone.

If M; connects N(Ae) with N (Ae) for some 1 <4 < k. Let M = M; ... M;_;. Similar
to (5.17) and (5.18), we get

(M) ' Ae > cyAe, ¢y >0, (5.19)

which implies that M; connects NO((M)~'Ae) with NT((M)~'A4e). By Corollary 5.3.9,
we know M; ' (M) 'Ae > 0, thus M~'Ae > 0. With (5.16), through Theorem 5.3.8 we
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find M~'A is a M-Matrix thus A is a product of k + 1 M-Matrices which implies A is

monotone. [l
Theorem 5.3.11. If A, has a decomposition: A, = A* + A° = (a};) + (af;) with A* <0

ij ij
and A* <0, such that

Aq+ A? is a nonsingular M -Matriz, (5.20a)

AT < AP AFM A% or equivalently Ya;; > 0 with i # j,a; <Y af,ca,;klazj, (5.20b)
k=1

Je € R\ {0},e > 0 with Ae > 0 s.t. A* or A® connects N°(Ae) with N*(Ae). (5.20c)

Then A is a product of two nonsingular M-Matrices thus A= > 0.

Proof. By (5.20b), we have
A=Ag+ A+ A5+ AT < (Ag+ A5 (I + A1 A%). (5.21)

By (5.20c), either Aq + A* or I + A;'A® connects N°(Ae) with N *(4e). By applying
Theorem 5.3.10 for the case k =1, M} = Ag+ A* and L = I + A;' A%, we get A1 > 0. O

5.4 The Main Result

For a general matrix, conditions (5.20) in Theorem 5.3.11 can be difficult to verify. We

will first derive a simplified version of Theorem 5.3.11 then verify it for the schemes in Section

5.2.

5.4.1 A simplified sufficient condition for monotonicity

We will take advantage of the directed graph described by the 5-point discrete Laplacian,
i.e., the second order centered difference scheme, which has similar off-diagonal negative entry

patterns as the schemes in Section 5.2.
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. ° ° ° . e o “eo——e
(a) Grid points. (b) The directed graph.

Figure 5.3. An illustration of the directed graph described by off-diagonal
entries of the matrix in (5.22): the domain [0, 1] is discretized by a uniform
5-point grid; the black points are interior grid points and the blue ones are the
boundary grid points. There is a directed path from any interior grid point to
at least one of the boundary points.

For the one-dimensional problem —u = f,z € (0,1) with u(0) = u(1), the scheme can

—Ui—1+2Uui—Uiqp1 f i=1.--
79 - 9

be written as uy = 0g, Up11 = 071, 2 = - ,n. The matrix vector form

is Ku = f where ,
h
-1 2 -1
1 -1 2 -1

:ﬁ 5
-1 2 -1
h2

K (5.22)
which described the directed graph illustrated in Figure 5.3. Let 1 denote a vector of suitable

0, i=1,---,n
size with each entry as 1, then (K1); = . By Figure 5.3, it is easy to see

1, i=0n+1
that K connects N°(K1) with N'*(K1).

Next we consider the second order accurate 5-point discrete Laplacian scheme for solving

—Au = fonQ=(0,1) x (0,1) with homogeneous Dirichlet boundary conditions:

Us 5 = 0, (l’,‘, yj) S 89,

U1 — Ui+ AU — Wi — Ui

See Figure 5.4 for the directed graph described by its matrix representation. Let K be the

matrix representation of the 5-point discrete Laplacian scheme, then

1, if (93'2', y]) S 09,
(K1)i; =

O, if (%i, y]) e .

By Figure 5.4, it is easy to see that K connects N°(K1) with NT(K1).
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. . . . . . . . . .
(a) Grid points. (b) The directed graph.

Figure 5.4. An illustration of the directed graph described by off-diagonal
entries in the 5-point discrete Laplacian matrix: the domain [0, 1] x [0,1] is
discretized by a uniform 5 x 5 grid; the black points are interior grid points
and the blue ones are the boundary grid points. There is a directed path from
any interior grid point to at least one of the boundary grid points.
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Let A := L, denote the matrix representation of any scheme in Section 5.2. Then

1, if (l’i,yj) € 89,

(A1), =
Cij Z 07 if (C(]Z‘,yj> e Q.

Therefore, N (K1) C NT(A1) implies N°(A1) C N°(K1), thus K also connects N°(A1)
with N'*(A1). Notice that indices of nonzero off-diagonal entries in K is a subset of indices
of nonzero entries in A, thus A; also connects N°(A1) with N "(A1). So the vector e can
be set as 1 in (5.20c). If assuming c(z,y) > 0, then A1 > 0 thus the condition (5.20¢) is
trivially satisfied.

By Theorem 5.3.4, for any decomposition of off-diagonal negative entries A, = A* + A°,
Ay + A% is an M-Matrix if (A; + A*)1 # 0 and (Ag + A*)1 > 0. So Theorem 5.3.11 for the
schemes (5.10) and (5.12) can be simplified as

Theorem 5.4.1. Let A denote the matriz representation of the schemes solving —V - (aV )u+
cu = f in Section 5.2. Assume A, has a decomposition A, = A* + A® with A* < 0 and
A* < 0. Then A™' > 0 if the following are satisfied:

1. (Ad + Az)l 7§ 0 and (Ad + Az)l Z 0,‘
2. AF < AFA; A

3. For c(x,y) > 0, either A* or A® has the same sparsity pattern as A, . If c¢(x,y) > 0,

then this condition can be removed.

5.4.2 One-dimensional Laplacian case

As a demonstration of how to apply Theorem 5.4.1, we first consider the scheme (5.9).
Let A be the matrix representation of the linear operator £, in the scheme (5.9). Let Ay

and AZ be linear operators corresponding to the matrices Ay and AF respectively.
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Consider the following decomposition of A, = A% + A® with A* = A* = JA_:

A*(@)o = A*(0)g =0, A*(0),11 = A*(W)p1 =0,

A*(a); = A’(u), = W, if x; is a cell center,
—8u;—1 — 8uy . . . .
A*(a); = A¥(0); = 4 éh2 “ *Lif ; is an interior cell end.

The operator Ay and A7 are given as:

Ai()o = wo,  Ag(W)nt1 = U1,
2

Agy(a); = h—;, if ; is a cell center,
14u;
Ay(a); = 4}; , if x; is an interior cell end.
Ag(@)o =0, AJ(@)ns1 =0,
Af(u); =0, if z; is a cell center,
At (u); = W, if x; is an interior cell end.

Obviously, A% and A® both have have the same sparsity pattern as A, . It is straightforward to
verify [A?+.47](1) is a non-negative nonzero vector. So we only need to verify A¥ < AZA 1 A°
to apply Theorem 5.4.1. Since A*A;'A* > 0, we only need to compare nonzero coefficients
in Af (1); and A* (A7'[A*(0)]) |

When z; is an interior cell end, z;4, are cell centers, and we have

—Uj—2 — Uy

2n? 7

_ WAy

A*(a)is = Az A ()] —

_ — A7 A W)y — AFA ()] Ui+ 2u + Uiy
B h2 - 4h?

A (A A (@)

We can verify A7 < A*A;'A® by comparing only the coefficients of uo in AF(11); and
A? (A;l[.As(ﬁ)]), because A*A;*A° > 0. By Theorem 5.4.1, we get A~! > 0.
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5.4.3 One-dimensional variable coeflicient case

As we have seen in the previous discussion, all the operators are either zero or identity
at the boundary points thus do not affect the discussion verifying the condition (5.20b). For
the sake of simplicity, we only consider the interior grid points for the linear operators. With

the positive and negative parts for a number f defined as:

S
=2

Rl

& ;o=

the linear operators Ay, AT are

Q;— a;
if x; is a cell center, Ay(u); = (M + ci> U

h2
if z; is an interior cell end,

_ a;—o + 4CLZ‘_ + 18(11 + 4(11' + a;
Ag(a); = ( : : Sh2 = 2 4 Ci) Uj

if z; is a cell center, Al (u); = 0;

if z; is an interior cell end,

(3@172 — 4@171 -+ 3ai)+ui,2 -+ (3ai+2 — 4ai+1 + 3al-)+ui+2

Ag (0); =

8h?
If z; is a cell center, A (u); = —(Bai-1 + @iy1)Uio1 — (i1 + 30i41) Ui
(2 Y a 7 4h2 Y
—(3a;—2 — 4a;_1 + 3a;) " u;—
If x; is an interior cell end, A (u); = (3a:- C:gh; - 3a:) i
I —(40,2‘,2 + 12(11')'&@',1 — (126% + 4ai+2)ui+1 — (?)CLZ — 4ai+1 + 3ai+2)_ui+2

8h?
We can easily verify that (44 + A*)1 > 0 for the following A*:

—(3ai—1 + ait1)ui—1 — (ai—1 + 3ai11) Uit
4h2 ’

if x; is a cell center, A*(u); =€

if ; is an interior cell end, A*(u); =

—(30/1‘,2 — 4@1‘,1 + 3@1‘)_162',2 — [4611',2 -+ 12&1 — (3ai,2 — 4&1‘,1 + Bai)ﬂui,l
8h?
—[12a; +4a;12 — (3a; — 4aiy1 + 3ai42) i1 — (3a; — 4ai1 + 3ai42) Uito
8h? ’
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where € > 0 is a small number. Moreover, A* has the same sparsity pattern as A, for any

e > 0. For € < 1 we can verify that 4* = A, — A* <0:

_(3ai—1 + ai+1)ui—1 - (%-1 + 3ai+1)ui+1
4h? ’

If z; is a cell center, A°(u); = (1 —¢)

If x; is an interior cell end,

—(3a;—2 — 4a;—1 + 3a;)Tu;—1 — (3a; — 4a;41 + 3ai12) Ui

A (), = o

Now we only need to compare nonzero coefficients in Af(u); and A* (Agl[As(ﬁ)])i for z;

being an interior cell end. When z; is an interior cell end, x;4; are cell centers, and we have

—(3(11;2 + ai)ui,g — (ai,g + 3al)uz

As(ﬁ)z‘_l = (1 — €> 4h,2 s

—(3611',4 — 4611'73 -+ 3ai,2)+ui,3 — (30@,2 — 40%'71 + 3ai)+ui,1
8h? ’
—(3@1‘72 + ai)ui,Q — (Gifg + 3&1)161
4(@1‘72 +a; + hQCl;l) ’

AS(@); o =

AT A (@) = (aif;“;(‘f%;m) =(1-¢)

It suffices to focus on the coefficient of u; 5 in A*(A;'[A%(@)]); and the discussion for the co-
efficient of ;5 is similar. Notice that A;*[.A%(1)];_» will contribute nothing to the coefficient

of u;_5. So the coefficient of u; 5 in A*(A;'[A%()]); is

(3@2'_2 + ai)(4az~_2 + 126LZ - (3&,‘_2 - 4CLZ'_1 + 3ai)+)
32h2(ai_2 + a; + h2CZ’_1) ’

(1—¢)

Thus to ensure AT < A*A; A% it suffices to have the following holds for any interior cell end

Z;:

(3&1‘_2 + ai)(4ai_2 + 12@2 - (3@2'_2 - 4@2'_1 + 3(li)+)

(36Li_2 - 4(1i_1 + 3&7;)+
32h2(ai_2 +a; + hQCi_l) )

8h?

>

(1—¢)

Equivalently, we need the following inequality holds for any cell center x;:

(3a;—1 + ait1)(4ai—y + 12a;41 — (3a;—1 — 4a; + 3a;41)")

(3&7;_1 — 407; + 3ai+1)+
32h2((li_1 + a;+1 + hQCZ‘) )

>
. 8h?

(1—¢)
(5.23)
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Notice that € can be any fixed number in [0,1) so that Ay + A* is an M-Matrix and
A® < 0. And € must be strictly positive so that A* has the same sparsity pattern as A .
Thus if there is one fixed ¢ € (0,1) so that (5.23) holds for any cell center x;, then by
Theorem 5.4.1, A=! > 0. A sufficient condition for (5.23) to hold for any cell center z; with

some fixed € € (0, 1) is to have the following inequality for any cell center x;:

(3@2'_1 + ai+1)(4ai_1 + 12a2~+1 — (3&2‘_1 — 4(1,1‘ + 3a,~+1)+) > (3@2‘_1 - 46Li + ?)(li_‘_1>+
32h2(a,~_1 + i1 + hQCi) 8h2 '

(5.24)

If 3a;_1 — 4a; + 3a; 41 < 0, then (5.24) holds trivially. We only need to discuss the case
3a;_1 — 4a; + 3a; 41 > 0, for which (5.24) becomes

(3&1‘_1 + ai+1)(ai_1 + 4CL7; + 9ai+1) > 4(ai_1 + a;+1 + hQCi)(BCLi_l - 46Li + 3CLZ'+1). (525)

So we have proven the first result for the variable coefficient case:

Theorem 5.4.2. For the scheme (5.10) solving —(au) + cu = f with a(x) > 0 and c(x) > 0,

its matriz representation A = Ly, satisfies A~ > 0 if (5.25) holds for any cell center x;.

The constraint (5.25) will be satisfied for small enough h. The proof of the following two
theorems are included in the Appendix 5.6.

Theorem 5.4.3. For the scheme (5.10) solving —(au) + cu = f with a(z) > 0 and c(x) >0
on a uniform mesh, its matriz representation A = Ly, satisfies A~* > 0 if any of the following

constraints is satisfied for each finite element cell I; = [x;_1, T;41]:

o There exists some X € (:,1) such that

— in a2
, 13(1 = \) min g (x) max la(x)| /39X — 3
hoc; < - , h— < )
6mfax a(x) — 4Ir}1_n a(x) min a(x) 6

min a(z) min a? ()
2 92 I; 5 Ii
4 2hmI?X |a($)| + h¢; <1 B 3mgxa(x)> <3 max a(x) *

I; I;

max|a(z)|
e Ifc(x) =0, then we only need h™=* iy < \/%’3.
z€l;
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e Ifa(xr) =a >0, then we only need h*c; < 5a.

Theorem 5.4.4. For the scheme (5.10) solving —(au) + cu = f with a(x) > 0 and c(x) > 0,
its matriz representation A = Ly, satisfies A=' > 0 if the following mesh constraint is achieved

for all cell centers x;:

3 74
h? (201- + e AX a(x)) < min{a;_1, a;, a;1}. (5.26a)

If a(x) is a concave function, then (5.26a) can be replaced by
hQCZ' <3 min{ai_l, a;, ai+1}. (526b)

Remark 5.4.5. For solving heat equation with backward Euler time discretization (5.4), the

At

mesh constraints in Theorem 5.4.3 and Theorem 5.4.4 imply that a lower bound for 75 is a

sufficient condition for ensuring monotonicity. Numerical tests suggest that a lower bound

on % is also a necessary condition, see Section 5.5. A lower bound constraint on the time
step is common for high order accurate spatial discretizations with backward Euler to satisfy

monotonicity, e.g., [88].

5.4.4 Two-dimensional variable coefficient case

Next we apply Theorem 5.4.1 to the scheme (5.12). The splitting A, = A* + A® is quite

similar to one-dimensional case due to its stencil pattern.
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Let A := Lj, be the matrix representation of the linear operator £ in the scheme (5.12).
We only consider interior grid points since £, is identity operator on boundary points which

do not affect applying Theorem 5.4.1. We first have

: : _ Ai—1,j + Qip1,5 + Qi j—1 + Qi j41
if x;; is a cell center, Ay(a);; = < 2 + cij ) wij;

if z;; is an edge center for an edge parallel to y-axis,

_ Q;— ‘+46Li_ +18az+4al ‘%U,i : +86Li‘_ +(Li‘
Ad(”—)ij _ (( 2,j 1,5 J 8'1‘}172] +27]) ( J—1 7J+1) +Cij> i

if z;; is an edge center for an edge parallel to z-axis,

_ Q; o+ 4a; i1 + 18a;; +4a; iy 1 + a; 500) + 8(a;—1.; + a;1.;
Ad(U—)z'j _ (( J—2 J—1 J éa}:rzl 7j+2) ( 1,7 +LJ) + Cij) i

if x;; is a knot,
_ (i +4aiy; + 1805 + 4t ; + Qi
Aa(B)s; = ( 812
(@ij—2 +4a; 1 + 18ay; + 4a; j41 + a; j12)
o iy j 8h2j j +2) 4 ) .

For the operator A7, it is given as

if x;; is a cell center, A} (u);; = 0;

if ;; is an edge center for an edge parallel to y-axis,

(3ai—2; — 4ai1; + 3ai5) "wia; + (Baira,; — 4air1; + 3ai;) Uity
8h? ’

if ;; is an edge center for an edge parallel to z-axis,

Ax(a)y; =

A (i), = (3aij—2 —4aij 1+ 3ai ) wijo + (3ai 12 — 4ai 11 +3ai ;) Ui o
a ij = s
8h?

if Lij is a knot, A;_(l_l)” =

(3i-2; — 4ai_1,; +30i;) "is; + (Biva; — 4ais1,; + 30i;) TUita;
8h?
(Baij—2 — 4aij—1 + 3a;;) T uij—2 + (3ai 12 — 4a; 41 + 30 ;) Ui j4o
8h? '
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Let € € (0,1) be a fixed number. We consider the following A* < 0 so that (44+A*)1 > 0:

(3ai—1,j + Giy15)Ui-1,

4h?
_ Naim1y + 305 5)ti g + (i1 + i) tijo1 + (@1 + 305541 )Ui g
4h? ’

if z;; is a cell center, A*(a);; = —e

if z;; is an edge center for an edge parallel to y-axis, A*(u);; =

—<3CL1',2’]' — 4@1710' + Sai,j)_ui,zj — [40/1?2,]' -+ 12@1"]' — (3&172’]' — 4@1',1”' + 3ai,j)+]ui,1?j

8h?
—[12a; 5 +4aiyoj — (3aiya; — a1 + 3ai ;) w1 — (3aive; — 4ai1; + 3ai ;) Uiy
8h?
—(Baij1 4 i) i1 — (@ij1 + 30 11) Ui

te An? ’

if z;; is an edge center for an edge parallel to z-axis, A*(u);; =

—(3a,~7j_2 — 4&1‘7]‘_1 + 36Li7j)7u7;7j_2 — [4(11',]‘_2 + 12&,‘7]‘ — (3a'i,j—2 — 4&1‘73‘_1 + 3ai7j)+]u,~7j_1

8h?
—[12a;,5 + 40,542 — (3aij2 — 4041 + 3a5,5) TJuijon — (Baijpo — 45541 + 3ai5) Ui j4o
8h?
—(3%‘—1,3' + ai+1,j)ui—1,j - (ai—l,j + 3ai+1,j)ui+1,j'

+e€ e ;

if z;; is a knot, A*(1);; =
frac—(3ai—2; — 4ai-1; + 3ai;) Ui-2; — [4a;2; + 12a;; — (Baj-2; — da;1; + 3ai,j)+]ui—17j8h2

+ —
—[12a;; + daiyo; — (3aita,; — 4it1,j + 3ai)  uiv1,j — (Baivo; — 4aip; + 3ai;) Uit

8h?
X —(3611'7]'_2 — 4(11'7]'_1 + 3(1@'7]')_’&2',]'_2 — [4&1'7]'_2 + 12(11'7]' — (3&1'7]'_2 — 4&1'7]'_1 -+ 3ai7j)+]ui7j_1
8h?
—[12a;,; + 4ai 12 — (3aigr2 — 4ai 441 + 3aiy) Juijor — Baijre — 4aij41 + 3ai,) Uiji2
8h? ’
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Then A® = A, — A® is given as:

if z; is a cell center, A*(w);; =

—(1—¢ (Bai—1,j + Giy15) Ui + (Gim1 + 3is15)Uiv1
4h?

(3@1',]'—1 + a@jﬂ)um,l + (ai,j—l + 3al-7j+1)ui7j+1.

N (1 N 6) 4h2 3

if x;; is an edge center for an edge parallel to y-axis, A*(u);; =

+ +
—(3ai—2; — 4ai1,; 4 3ai;) i1 — (3ite,; — 4it1; + 3ai;) Ui
8h?
—(3ai -1 + aij1) i1 — (@ij-1 + 3 1) Ui
4h? ’

+(1—¢)

if z;; is an edge center for an edge parallel to z-axis, A*(a);; =

+ +
—(3aij-2 — 4aij1 + 3ai5) Tuij-1 — (3ai 42 — 4aig41 + 3ai5) U4
8h?
—(Bai—1,j + air1) i1 — (@im1,y + 301, Uiv1y |

4h? ’

+(1—¢)

if z;; is a knot, A*(u);; =
—(Bai—z; —4ai1; + 3ai;) w1y — (Baira; — 4aip1; + 3ai;) v
8h?
—(3asj—2 — 4ai;1 + 3a;5) uig — Baigre — 45501 + 3ai5) Ui
8h? ’

For the positive off-diagonal entries, AT (11);; is nonzero only for x;; being an edge center

v

or a cell center. Thus to verify A} < A#A;'A® it suffices to compare A? [A;l (.As(ﬁ))}
with AF(u);; for z;; being an edge center or a cell center.
If z;; is an edge center for an edge parallel to y-axis, then x;1, ; are cell centers. Since

everything here has a symmetric structure, we only need to compare the coefficients of u;_s ;
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in A* [.A;l (As(ﬁ))Lj and Af(u);;, and the comparison for the coefficients of u; 4o ; will be

similar.

(3&1'_27]' + aij)ui_g,j + (ai_g,j + 3ai,j)ui7j
4h?
—(1—) (Bai—1,j-1 + @i—1j41)Uim1 -1 + (@im1j-1 + 3Qi—1,j41)Ui—1,j41
4h? ’

(3ai-2, + aij)ia; + (ai-2,; + 3aij)ui,
ai—gj + aiy + a1 441 + i1 1+ h%ci1 )
(- )(3%71,]‘71 + i1 je1)Uio151 + (a1 + 3aifl,j+1)ui71,j+1'

Aaj—2; + aij + ai1j41 + @11 + h2ci )

A(@)i—1;=—(1—¢)

A A (@i = —(1—¢)

Since the coefficient of w;_o; in AF(a);; is (3a;_2; — 4a;_1; + 3a;;)"/(8h?), we only
need to discuss the case 3a;_o; — 4a;—1; + 3a;; > 0, for which the coefficient of u;_o; in

A? [Agl (As(ﬁ))}ij becomes

Q;—2 5 + 4ai,1,j + 9aij (1 — 6) (3ai,2’j + CLZ']')
8h? Aai—2j + aij + ai1 501 + a1 o1+ hei)

To ensure the coefficient of u;_5 ; in A [Agl (As(ﬁ))} _is no less than the coefficient of u;_s ;
ij

in A7 (a);;, we need

(1 — 6) (ai_gyj + 4@1_17]‘ + 9a7;j)(3ai_2,j + CLij) > v?)a/i_Q’j - 4CLi_1’j + 30,2']'
32h2(ai—2j + aij + i1 jy1 + a1y + hPci1;) T 8h?

Similar to the one-dimensional case, it suffices to require

(ai_gyj + 4@1_173' -+ 9aij)(3ai_2,j + CLZ'j)
dai—aj + aij + a1 j41 + @1 -1 + h2¢i_1 )

> 3ai,27j — 4611'7173‘ + 3CLij.

Equivalently, we need the following inequality holds for any cell center z;;:

(ai_Lj + 4(]4'7]' -+ 9ai+1,j)(3ai_1,j + ai—i—l,j)
4(&2;10‘ + ai+17j + ai,jJrl + ai,j,l -+ hQCZ‘,j)

> 3&i,17j — 4&i,j + 3ai+1,j. (527&)
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Notice that (5.27a) was derived for comparing A* [A;l (.As(ﬁ))} _and A; (u);; for z;; being
ij

an edge center of an edge parallel to y-axis. If z;; is an edge center of an edge parallel to

r-axis, then we can derive a similar constraint:

(@ij1 +4ai; +9ai11) (i1 + Giji1)
4(ajj-1 + Qijr1 + a1 g + a1y + I )

> 3ai ;1 — 4a;; + 3a; 541 (5.27Db)

If z;; is a knot, then x;1, ; are edge centers for an edge parallel to z-axis. Since every-
thing here has a symmetric structure, we only need to compare the coefficients of u;_» ; in
A? [Agl (.As(ﬁ))Lj and A} (u);;, and the comparison for the coefficients of u; 9 ;, u; j_o and

u; j+2 Will be similar.

A‘g(l_l)i_Lj _ (1 _ 6) —(3611',27]‘ + ai,j)uii;-ﬂ— (&1;27]' + 3ai,j)ui7j

+ +
—(3ai—1j—2 — 4ai_1 -1 + 3ai—1;) i1 1 — (Bai—1j42 — 411+ 3ai-15) TUi—1 i
8h?

AT A (@) =

(1— ) —(Bai—2; + aij)ui-2; — (ai-2; + 3ai;)ui,

g(ai—l,j—z +4ai—1 -1+ 18a;—1j + 4a;—1 j41 + ai—1jro) + 4ai—0j + a;j) +4h iy

—(Baj—1,j—2 — 4ai—1 -1 + 3ai—1;) i1 jo1 — (Bai—1 a2 — 4ai—1 i1+ 3aim1;) T im0
(@1 j—o +4a;—1 j—1 + 18a;_1 j + 4a;—1 j+1 + @i—1j+2) + 8(ai—aj + a; ;) + 8h%ci_q

For the same reason as above we still only consider the case where 3a;_9 j —4a;_1 j+3a;; > 0.

So the coefficient of u;_» ; in A? [A;l (As(ﬁ))} is

1)

1 (1 — 6) (ai_QJ‘ + 4az~_1’j + 9a,-j)(3az-_27j + CLZ‘J‘)

4h? (aj—1j—o +4a;—1 j—1 + 18a;_1; + 4ai—1 j41 + ai—1j+2) + 8(ai—2j + a; ;) + 8ci—1 jh%

To ensure the coefficient of u;_ ; in A* [A;l (A° (ﬁ))} _is no less than the coefficient of u;_s
ij

in A} (u);;, we only need

2(@,‘_27]‘ + 4@2'_17]‘ + 9(1@')(3&,‘_27]‘ + CLZ‘J‘)
(@i—1j—2+4a;1 -1 +18a,_1; + 4a;_1 j41 + @i—1j+2) + 8(ai—2; + a; ;) + 8ci_1 ;h?

> 3011'_2,]' — 40@'_1,]' + ?)Clij.
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Equivalently, we need the following inequality holds for any edge center z;; for an edge

parallel to x-axis:

2(&1'_17]' + 4(12'73‘ + 9a,~+17j)(3ai_17j + a'i-i-l,j)
(@i j—2 +4a; j—1 + 18a; ; + 4a; j41 + a; j12) + 8(ai—1j + air15) + 8¢; ;h?

> 3@2‘_10' - 4am~ + 3@1‘4_1’]'. (528&)
We also need the following inequality holds for any edge center x;; for an edge parallel to
y-axis:

2(@173‘,1 + 4CL@'J + 9(11"]41)(3@1‘,];1 + am-,l)
(@i—oj +4a;_1; + 18a;; + 4asp1,j + aiyay) + 8(asj—1 + aijy1) + 8cijh?

> 3a; -1 — 4a;; + 3a;511.  (5.28D)

We have similar result to the one-dimensional case as following:

Theorem 5.4.6. For the scheme (5.12) solving —V - (aVu) 4+ cu = f with a(z) > 0 and
c(x) > 0, its matriz representation A = Ly, satisfies A~1 > 0 if (5.27) holds for any cell
center x5, (5.28a) holds for z;; being any edge center of an edge parallel to z-azis and (5.28b)

holds for x;; being any edge center of an edge parallel to y-azis.
The constraints (5.27), (5.28a) and (5.28b) can be satisfied for small A.

Theorem 5.4.7. For the scheme (5.12) solving —V (a(x)Vu) 4+ cu = f with a(z) > 0 and
c(x) > 0, its matriz representation A = Ly, satisfies A~' > 0 if the following mesh constraint

is achieved for all edge centers x;;:

49 8
mJiijn a(r)? > o1 Tex a(z)? + 6l (3 max a(z) — 2n}l17na(x)> h%cj,

where J;j is the union of two finite element cells: if x;; is an edge center of an edge parallel
to x-axis, then Ji; = [xi—1, Tiy1] X [Yj—2, Yj42]; if xi; is an edge center of an edge parallel to

y-axis, then Jij = (2, Tita] X [Yj—1, Yj11]-
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Theorem 5.4.8. For the scheme (5.12) solving —V - (aVu) + cu = f with a(x) > 0 and
c(x) > 0 on a uniform mesh, its matriz representation A = Ly, satisfies A~* > 0 if any of

the following mesh constraints is satisfied for any edge center x;;:

e There exists some \ € (%, 1) such that

— 3 2
o 61(1 — A) min a*(z) hi%??ﬂw(m VB
] , g '
° (3 mpxa(r) - 2n;_ina<x>) 23 e) #

" 3 maxa(x) maxa(zx)
Jij

min a(x) mina?(z)
. 49Tﬂh max \Va(z)| + 2h%c;; (1 27 ) i
ij

Jij

max |Va(z)|

e Ifc(x) =0, then we only need hzerj:;n - < \/ﬁégn/i'
TE ij

e Ifa(z) =a >0, then we only need h*c;j < %a.
Here the definition of J;; is the same as in Theorem 5.4.7.

The proof of Theorem 5.4.7 is included in the Appendix 5.6. The proof of Theorem 5.4.8
is very similar to the proof of Theorem 5.4.3 thus omitted. Since the two-dimensional case
is more complicated, it does not seem possible to derive a similar mesh constraint involving
second order derivatives of a(x,y) as in Theorem 5.4.4. For instance, by Theorem 5.4.4, if
a(r) > 0 is concave and c(z) = 0, then the one-dimensional scheme (5.10) satisfies L, * > 0
without any mesh constraint. For the two-dimensional scheme (5.12), even if assuming
a(x,y) > 0 is concave and c¢(z,y) = 0, constraints (5.27), (5.28a) and (5.28h) are not all
satisfied for any h.

5.5 Numerical Tests

In this section we show some numerical tests of scheme (5.12) on an uniform rectangular
mesh and verify the inverse non-negativity of L. See chapter 2 for numerical tests on the
fourth order accuracy of this scheme. In order to minimize round-off errors, we redefine

(5.12a) to its equivalent expression Ly(u);; = %u” = %gm so that all nonzero entries in
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L, have similar magnitudes. By Theorem 5.3.3, we have L;l > (0 whenever E;l > 0. Even
though L,;l > 0 is not sufficient to ensure the discrete maximum principle, in practice only
L; " is used directly thus its positivity is also important.

We first consider the following equation with purely Dirichlet conditions:
—V - (aVu)+cu=f on[0,1] x [0,2] (5.29)

where ¢(x) = 10 and a(z,y) = 1+d cos(mz) cos(my) with d = 0.5,0.9, and 0.99. The smallest
entries in L, and L,' are listed in Table 5.1, in which —107'® should be regarded as the

numerical zero. As we can see, L;' > 0 and L;' > 0 are achieved when A is small enough.

Table 5.1. Minimum of entries in L, and L; ' for Poisson equation (5.29)
with smooth coefficients.

Finite Element Mesh - d=05 - d=09 - d=099
Lt L* Lt Lt Lt Lt
2 x4 —7.32E — 18 | T48E — 06 | —3.90FE — 04 | 6.37TE — 06 | —7.41F — 04 | 6.14FE — 06
4x8 —131F —18 | 1.23E —07 | —4.02E —19 | 9.95F — 08 | —1.65E — 04 | 9.44F — 08
8 x 16 —-3.96F —19 | 191F —09 | —491F —19 | 1.52FE —09 | —1.77TE — 05 | 1.44F — 09
16 x 32 —1.92F —19 | 298E — 11 | —7.60E —19 | 2.35FE — 11 | —1.06E — 18 | 2.22F — 11

Next we consider (5.12) solving (5.29) with ¢(z,y) = 0 and a;; being random uniformly
distributed random numbers in the interval (d,d+1). Notice that the larger d is, the smaller

max{as;} max{a;; }

4 is. When d = 10, we have —=* < \/% , thus L,’L1 > 0 and Zgl > (0 are guaranteed

min{a;; } min{a;; }
7 Y max{a;;}
by Theorem 5.4.7. In Table 5.2 we can see that the upper bound on Hﬁn{af} is indeed a
i

J
necessary condition to have L; ' > 0, even though constraints in Theorem 5.4.7 may not be

sharp since we still have the positivity when d = 1. We have tested d = 0.3 many times and
never observed negative entries in L; ' and L; .

Last we consider solving the heat equation u; = Aw on [0, 1] x [0, 2] with backward Euler

time discretization —Au"™ + Lu"t! = L corresponding to (5.29) with a(z,y) = 1 and

¢ = 2;. By Theorem 5.4.8, % > 2, is a sufficient condition to ensure L;'>0and L' > 0.

In Table 5.3, we can see that it is necessary to have a lower bound constraint on % but

At 2
2”3

5 is not sharp at all. In Figure 5.5, we can see the minimum of entries in L' and L;*
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Table 5.2. Minimum of all entries of L, and L, for a(z,y) being random coefficients.

Finite Element Mesh - d=0.1 - d=1 - d=10
L;! Lt Lt L;! L;! Lt
2 x4 —1.00E —03 | 6.60F —05 | —8.15E — 18 | 4.73E — 05 | —1.98FE — 16 | 6.74FE — 06
4x8 —2.14F — 04 | 3.22F — 06 | —3.46FE — 18 | 9.95FE — 07 | —5.10F — 17 | 1.35E — 07
8 x 16 —6.73E —05 | 2.886 — 08 | —5.24F — 19 | 1.65F — 08 | —1.81FE — 17 | 2.21E — 09
16 x 32 —234EFE —05 | 3.61FE —10 | —9.01E —19 | 2.02E — 10 | —8.37TEF — 18 | 3.56F — 11

At
h? "
At _ 1
h? — 36"

decreases for smaller The lower bound to ensure the inverse non-negativity of L, ' and

L; ! seems to be near

Table 5.3. Minimum of all entries of Egl and L;l for solving heat equation
with backward Euler.

2h2 2 2
Finite Element Mesh = At = Z;Ll = At :[i;l = At = % =
h h h h h h
2x4 0 |7T95E—-06| 0 |321E—-07| —-9.14E —05 | —5.34E — 07
4x8 0 |1.0O1E—-09| 0 |1.93FK—13| —2.28E —05| —1.00E — 07
8 x 16 0 | 7.7T4E —17| 0 | 258K —25| =5 71K —06 | —2.51F — 08
16 x 32 0 |[263E—-30| 0 |273E—-48| —143E—-06 | —6.27E —09

5.6 Concluding Remarks

In this paper we have proven that the simplest fourth order accurate finite difference im-
plementation of C°-Q? finite element method is monotone thus satisfies a discrete maximum
principle for solving a variable coefficient problem —V-(a(z,y)Vu)+c(z, y)u = f under some
suitable mesh constraints. The main results in this paper can be used to construct high order
spatial discretization preserving positivity or maximum principle for solving time-dependent

diffusion problems implicitly by backward Euler time discretization.
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Appendix A: M-Matrix factorization for discrete Laplacian

The matrix form of (5.9) can be written as 5 L,u = f. As an example, if there are seven

interior grid points in the mesh for (0, 1), then the matrix Lj is given by

|
no
[ROEARS
-
|
no
— | PN

—_
N
—

The matrix L, can be written as a product of two nonsingular M-Matrices L, = MM,

where

M, =

Such a factorization is not unique and it does not seem to have further physical or geometrical

meanings.

For the scheme (5.11), we can find two linear operators A; and As are with their matrix
representations A; and A, being nonsingular M-Matrices, such that £,(a) = Az(A;(1)).

Definition of A, is given as

e At boundary points:

vig = Ai()i; = uij = g

o At interior knots:

vij = Ai();; = ;.
o At interior cell center:

_ 1 1 1 1
vig = Ai();; = 2u 5 — Zui—l,j - Zuz’—&-l,j - Eui,j—l - Zui,j—i-l-
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» At interior edge center (an edge parallel to x-axis):

vi; = Ai(0);; = —éuil,j + ;Lu” - éUHLJ’-
« At interior edge center (an edge parallel to y-axis):
vy = Ai(0);; = _éui,jl + ;luu - éui,j+l-
Definition of A, is given as:
e At boundary points:
As(V)ij = vij.
o At an interior knot:
As(V)ij = —=vi_1; + 30, — §Ui+1’j — §Um~_1 + 30, — =Vt
2 2 2 2
o At an interior cell center:
3 3 3 3

A2(V)ij =2vij = QUie15 — QUL — QY

1 1 1

ig—1 — gvi,j+1

1

—QVi-1,54+1 = QUi+1,5+1 — QVi—1,j—1 = SUi+1,5+1-
8 ! 8 ! 8 ! 8 !

o At an interior edge center (an edge parallel to x-axis):

_ 7 15 7 3 3
AQ(V)i,j = —T6Ui—1,j + Zvi’j - T6Ui+1,j — Vij+1 — Vij—1 — TGUi—l,j—l - E’Ui-i-l,j—l
3 3 1 1 1 1

].6 ? J+ 16 1,7+ 32 ? J+ 32 +1,5+ 32 ? J 32 ? J
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o At an interior edge center (an edge parallel to y-axis):

_ 7 15 7 3 3
Az (V)ij = _Evi,jfl + Zvi,j - T6Ui,j+1 —Vit1,j — Vi-1,j — 1*61)7;71,]'71 - TGUi—l,jH
3 3 1 1 1 1

Vit1,j-1 = 77 Vit1,5+1 = 55Vi+2,j-1 = 55 Vi+2,4+1 — 55 Vi-2,j-1 — 55Vi-2,j+1-
I (- » A - A » A - A

It is straightforward to verify that £, () = A2(v) where v = A4;(u). Obviously, matrices
of A; and A; have positive diagonal entries and nonpositive off-diagonal entries. Moreover,
A;(1) > 0 and Az(1) > 0 thus A; and A; satisfy the row sum conditions in Theorem 5.3.4.
So A; and A, are both nonsingular M-matrices and the matrix representation of £, is Ao A;.
However, this kind of M-Matrix factorization cannot be extended to the variable coefficient

case.

Appendix B

Proof of Theorem 5.4.3. 1f ¢(x) = 0, then (5.25) reduces to

(28a;_1 + 20a;11)a; + 4a; 10,1 > 9a?,1 + 3af+1.
A convenient sufficient condition is to require

52min{a; ;,a7,a;,,} > 12max{a; ;,a7,a;,,},

which is equivalent to
max{a;_1, a;, @it} 13

min{a;_1, a;, @j+1} 3
Let a(z') = max{a;_1,a;,a;;1} and a(z?) = min{a;_1,a;,a;;1}. Then the inequality above

is equivalent to

a(z') — a(z?) - V39 — 3.
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By the Mean Value Theorem, there is some ¢ € (x;_y,x;41) such that a(z') — a(2?) =

a(§)(z* — x'). Since |2* — z!| < 2h, we have

la(z') —a(z?)| <  max |a(z)|2h.

x€(Ti—1,%i41)

Thus a sufficient condition is to require

max a\xr
h$€(xi1,xi+1)| ( )’ < V 39_3

min _a(z) 6
.Z‘E(J?ifl,xile)

For ¢(z) > 0, (5.25) reduces to
(28&171 + 2Oai+1)ai + 4ai+1a@-,1 > 9@?71 + 3a?+1 + 4}1201‘(30@;1 — 4(11' + 3CL,L'+1>,
for which a sufficient condition is

13min a?(x) > 3max a®(x) + h’c;(6 max a(z) —4mina(z)). (5.30)

k3 7 (3

One sufficient condition for (5.30) is to have

X € (0,1), h%c(6 max a(z) —4mina(z)) <13(1 — A) min a’*(x),

k3 k3 (3

3 max a?(z) <13\ m[m a’(z).

k3

By similar discussions above, a sufficient condition for 3 max a*(x) < 13\ H}ln a®(z) is to have

7

A > 13—3 and
h%}g]}f la(x)| - V39\ — 3
Hglna(x) 6

The inequality (5.30) is also equivalent to

10 min a*(r) > 3(max a*(r) — min a’(z)) + h%c;(6 max a(z) —4mina(z)).

7 7 k3 k3
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Let a?(2') = max a*(z) and a?(2?) = min a*(z), then by the Mean Value Theorem on the

function a?(x), there is some & € (z;_1,x;41) such that
a*(x') — a*(z") = 2a()a(é) (2! — 2*) < 4h max a(x) max la(x)].
So it suffices to have

10 min a’*(z) > 12h max a(x) max la(x)| + h%c;(6 max a(z) — 4min a(z)),

7 3

which can be simplified to

o mina(z) 5 min a*(z)
2hmax|a(:17)|—|—h2ci(1—fli7 ORI —
I; 3maxa(x) 3 max a(x)
If a(x) = a > 0, it is straightforward to verify that (5.25) is equivalent to hc¢; < 5a. O

of Theorem 5.4.4. For a smooth coefficient a(x), by Taylor’s Theorem,
1
a(z + h) = a(z) + ha(x) + §h2a(§1),§1 € [z,z + hl,

a(x —h) = a(x) — ha(z) + ;hZa(fg), & € [z — h,z].

With the Intermediate Value Theorem for a(z), we get
1
a(z) = 5[@(95 + k) +a(z — h) — K*a(€)], €€ (&,&) Clr—h,z+ h).

Thus we can rewrite a; as a; = %(ai_l + a;y1 — d;h?) where

a1+ aiy1 — 204

h2

d; == = a(§), for some § € (zi—1, Tiy1).
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If ¢(z) = 0, then (5.25) reduces to (28a;_1+20a;41)a;+4a; 41,1 > 9ai_; +3a . Introducing

an arbitrary number A € (0, 2], it is equivalent to

4CLZ‘+1CLZ'_1 + (4 - 2)\)CLZ‘<7CLZ‘_1 + 5CLZ‘+1) + 2>\CLZ‘<7CLZ‘_1 + 5@2‘4_1) > 9@?_1 + 3@224_1’
(12X + 4)air1ai-1 + (4 — 2XN)a;(Ta;—1 + 5aiy1) + (TA — 9)a;_, + (5A — 3)a? 4

> )\h2di(7ai,1 + 5ai+1)7

)\(56 + 7) v Cli,17

4 a4g_9 3
<)\ )‘L+<A(59+7)+ )“ U T ey

4
(X — 2)@1 + ;1

41
Notice that 29(179 > —%. By taking % < X\ < 2, it suffices to require
9 4 3
1— —)a,_ — —a; + (1 — —=)aj1 > hd;, 5.31
(1= =a + (5 = Das+ (1 - a (531)

as a sufficient condition of the above inequalities. If a(z) is a concave function, then it

Ti—1+Ti—1

satisfies a(x;) = a(™=3

) > %a(mi,l) + %a(:t:iﬂ), which implies a;_1 4+ a;.1 — 2a; < 0, thus
(5.31) holds trivially. Otherwise, (5.31) holds for A = 2 if the following mesh constraint is
satisfied:

4
h2 Ie(mriri?’);:i+l) a(-T) < g mln{ai,l, a;, ai+1}'

If ¢(x) > 0, for any A € (0,2], (5.25) is equivalent to

(12X + 4)a;p1ai-1 + (4 — 2N)a;(Ta;—1 + 5a;11) + (TA — 9)ai_; + (5A — 3)a7,,

> /\h2di(7ai_1 + 5ai+1) + 4h2ci(ai_1 + a;41 + 2dzh2) (532)

If assuming d;h? < % min{a; 1, a;, a;1}, then d;h? < Aja;_1 + Asa;y1 for any two positive
numbers Aq, Ay satisfying A\; + Ay = %. In particular, for \; = %, we get d;h? < %ai_l +

%ai+1, which implies

119
a1 + a1 + 2d;h* < %(7%4 + 5a;y1).
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By replacing a;_1 +a;,1+2d;h? by the inequality above in (5.32), we get a sufficient condition
for (5.32) as following:

(12/\ —|— 4)@1'4_10,1‘_1 —|— (4 — 2/\)CLZ‘(7CLZ‘_1 —|— 5CLZ‘+1) —f- (7/\ — 9)@?_1 —f‘ (5/\ — 3)@?_,_1
119
> /\thi(7ai_1 + 5@14.1) + 4h2ci%(7ai_1 + 56Li+1). (533)

Similar to the derivation of (5.31), we can derive a sufficient condition of (5.33) as

74
h? (1.5@ +  max a(:r;)) < —min{a;_1,a;, a1}

TE(Ti—1,%it1) 45
If d; <0, then a sufficient condition for (5.32) is

(12)\ + 4)ai+1ai_1 + (4 — 2)\)ai(7ai_1 + 5044.1) + (7)\ - 9)@%71 + (5)\ - 3)a?+1

> 4h20i7
Ai—1 + Qi1
from which we can derive a sufficient condition as
2 5
4h c < (7)\ — 9)@2‘_1 + (5 — §>\>CLZ + (5)\ — 3)CLi+1,
for which a sufficient condition by setting A = 2 is h%c; < 3min{a;_1,a;, a; 11} O

of Theorem 5.4.7. Since (5.27a) and (5.28a) are equivalent to

4<7ai71,j + 5ai+1,j)aij + 4ai71,j@i+1,j + 16611']‘ (ai,j,l + ai7j+1)

> 9a;_y ; + 303 5+ 12(05-15 + @iy1 ) (@igo1 + aigrn) +4(Baio1 — dai; + 3ai5)h e
and

2 2
(i1,j0it1,5 + 20550515 + 40550 g2 + 40051 + 18055 + 40511 + @i ji2) > 18a;_, 5 + Bagy,

—|—14aijai+1’j + 3(0@‘_1,]‘ + ai+1,j)(ai,j—2 + 46Li’j_1 + 4011‘?]‘_1,_1 + ai’j+2) + 8(3(11_17j — 4(1@' + 3ai+1,j)h2cij.
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A sufficient condition is to require

2
7mina(z)® > 5maxa(x)® + 5(3 max a(z) — 2min a(x))h’c;; (5.34)

ij I;; I;; Ii;

for all cell centers x;; of cell I;; = [x;_1, %i+1] X [Yi—1, Yit+1], and the following mesh constraints

for all edge centers x;;:

61 min a(x)® > 49 max a(z)? + 8(3 max a(z) — 2min a(z))h’c;, (5.35)

ij Jij Jij Jij

where we J;; is the union of two cells: if x;; is an edge center of an edge parallel to z-
axis, then J;; = I; j_1 U I; j41; if x;; is an edge center of an edge parallel to y-axis, then

Jij = Ii—1,;U L1 j. Notice that (5.35) implies (5.34), thus it suffices to have (5.35) only. O
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6. A HIGH ORDER ACCURATE BOUND-PRESERVING
COMPACT FINITE DIFFERENCE SCHEME FOR SCALAR
CONVECTION DIFFUSION EQUATIONS

In this chapter, we show that the classical fourth order accurate compact finite difference
scheme with high order strong stability preserving time discretizations for convection diffu-
sion problems satisfies a weak monotonicity property, which implies that a simple limiter can
enforce the bound-preserving property without losing conservation and high order accuracy.
Higher order accurate compact finite difference schemes satisfying the weak monotonicity

will also be discussed.

6.1 Introduction

6.1.1 The bound-preserving property

Consider the initial value problem for a scalar convection diffusion equation u; + f(u), =
a(t)ze, u(x,0) = up(x), where a(u) > 0. Assume f(u) and a(u) are well-defined smooth
functions for any u € [m, M| where m = min, up(z) and M = max, ug(x). Its exact solution
satisfies:

min up(x) =m < wu(z,t) < M = max up(x), VYt >0. (6.1)

In this chapter, we are interested in constructing a high order accurate finite difference
scheme satisfying the bound-preserving property (6.1).

For a scalar problem, it is desired to achieve (6.1) in numerical solutions mainly for the
physical meaning. For instance, if u denotes density and m = 0, then negative numerical
solutions are meaningless. In practice, in addition to enforcing (6.1), it is also critical to
strictly enforce the global conservation of numerical solutions for a time-dependent convec-
tion dominated problem. Moreover, the computational cost for enforcing (6.1) should not

be significant if it is needed for each time step.
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6.1.2 Popular methods for convection problems

For the convection problems, i.e., a(u) = 0, a straightforward way to achieve the above
goals is to require a scheme to be monotone, total-variational-diminishing (TVD), or satisfy-
ing a discrete maximum principle, which all imply the bound-preserving property. But most
schemes satisfying these stronger properties are at most second order accurate. For instance,
a monotone scheme and traditional TVD finite difference and finite volume schemes are at
most first order accurate [89]. Even though it is possible to have high order TVD finite
volume schemes in the sense of measuring the total variation of reconstruction polynomials

[90], [91], such schemes can be constructed only for the one-dimensional problems. The sec-

ntl
J

ond order central scheme satisfies a discrete maximum principle min; v} < u;™" < max;u}
where u} denotes the numerical solution at n-th time step and j-th grid point [92]. Any finite
difference scheme satisfying such a maximum principle can be at most second order accu-
rate, see Harten’s example in [93]. By measuring the extrema of reconstruction polynomials,
third order maximum-principle-satisfying schemes can be constructed [94] but extensions to
multi-dimensional nonlinear problems are very difficult.

For constructing high order accurate schemes, one can enforce only the bound-preserving
property for fixed known bounds, e.g., m = 0 and M = 1 if u denotes the density ratio. Even
though high order linear schemes cannot be monotone, high order finite volume type spatial
discretizations including the discontinuous Galerkin (DG) method satisfy a weak monotonic-
ity property [23], [93], [95]. Namely, in a scheme consisting of any high order finite volume
spatial discretization and forward Euler time discretization, the cell average is a monotone
function of the point values of the reconstruction or approximation polynomial at Gauss-
Lobatto quadrature points. Thus if these point values are in the desired range [m, M], so
are the cell averages in the next time step. A simple and efficient local bound-preserving
limiter can be designed to control these point values without destroying conservation. More-
over, this simple limiter is high order accurate, see [23] and the appendix in [96]. With
strong stability preserving (SSP) Runge-Kutta or multistep methods [97], which are convex

combinations of several formal forward Fuler steps, a high order accurate finite volume or

DG scheme can be rendered bound-preserving with this limiter. These results can be easily
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extended to multiple dimensions on cells of general shapes. However, for a general finite
difference scheme, the weak monotonicity does not hold.

For enforcing only the bound-preserving property in high order schemes, efficient alter-
natives include a flux limiter [98], [99] and a sweeping limiter in [100]. These methods are
designed to directly enforce the bounds without destroying conservation thus can be used
on any conservative schemes. Even though they work well in practice, it is nontrivial to an-
alyze and rigorously justify the accuracy of these methods especially for multi-dimensional

nonlinear problems.

6.1.3 The weak monotonicity in compact finite difference schemes

Even though the weak monotonicity does not hold for a general finite difference scheme,
in this paper we will show that some high order compact finite difference schemes satisfy
such a property, which implies a simple limiting procedure can be used to enforce bounds
without destroying accuracy and conservation.

To demonstrate the main idea, we first consider a fourth order accurate compact finite
difference approximation to the first derivative on the interval [0, 1]:

Jiv1 — fia

é(fi—&-l +4fi+ fic1) = ToAr + O(Az"),

where f; and f; are point values of a function f(z) and its derivative f(x) at uniform
grid points z; (i = 1,---, N) respectively. For periodic boundary conditions, the following
tridiagonal linear system needs to be solved to obtain the implicitly defined approximation

to the first order derivative:

4 1 1 f 0 1 -1 f1
14 1 fo -10 1 fa
1 1
- = 6.2
6 2Ax (6:2)
1 4 1| fva -10 1 In-1
1 1 4]\ fn 1 -1 0 In
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We refer to the tridiagonal é(l, 4,1) matrix as a weighting matrix. For the one-dimensional

scalar conservation laws with periodic boundary conditions on [0, 1]:
ur+ f(u), =0, u(z,0)=uy(z), (6.3)

the semi-discrete fourth order compact finite difference scheme can be written as

CZ_:; = —%L:[f(um) — fluiz1)], (6.4)

where u; is defined as u; = é(ui_l + 4u; + uipq). Let A = %, then (6.4) with the forward

Euler time discretization becomes

1

= = A (i) = fe)] (6.5)

The following weak monotonicity holds under the CFL Amax, |f(u)| <

—nNn 1 n n n 1 n n
UiH = 6(“1‘—1 + 4w + Ui+1) - 5)‘[f(ui+1) — fluiy)]

= <l ()] + lufy — BAf ()] + gl

= H(U?_I,U?,UZJ) = H(Ta Ta T)y

where 1 denotes that the partial derivative with respect to the corresponding argument is
non-negative. Therefore m < u < M implies m = H(m,m,m) < u*' < H(M,M,M) =
M, thus

(w4 du ) < M. (6.6)

m < é i
If there is any overshoot or undershoot, i.e., u'** > M or u*' < m for some i, then (6.6)
implies that a local limiting process can eliminate the overshoot or undershoot. Here we
consider the special case m = 0 to demonstrate the basic idea of this limiter, and for simplicity
we ignore the time step index n+1. In Section 6.2 we will show that %(ui,l +u;tuiyq) > 0, Vi

implies the following two facts:
L. max{t;—1, U, Uiy1} > 0;
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2. If u; <0, then §(u;i—1)4 + 5(uig1)4 = —u; > 0, where (u); = max{u, 0}.

By the two facts above, when u; < 0, then the following three-point stencil limiting process

can enforce positivity without changing Y, u;:

(wi—1) 4 (Uit1)+
Ui, Vi1l = U1 +
(wie1)+ + (wis1)+ T i)+ ()4

replace  w;_1, u;, u;1 by wv;_1, 0, v;11 respectively.

Vi1 = Uj—1 + Uy

In Section 6.2.2, we will show that such a simple limiter can enforce the bounds of u; with-
out destroying accuracy and conservation. Thus with SSP high order time discretizations, the
fourth order compact finite difference scheme solving (6.3) can be rendered bound-preserving
by this limiter. Moreover, in this paper we will show that such a weak monotonicity and the
limiter can be easily extended to more general and practical cases including two-dimensional
problems, convection diffusion problems, inflow-outflow boundary conditions, higher order
accurate compact finite difference approximations, compact finite difference schemes with a
total-variation-bounded (TVB) limiter [101]. However, the extension to non-uniform grids

is highly nontrivial thus will not be discussed. In this paper, we only focus on uniform grids.

6.1.4 The weak monotonicity for diffusion problems

Although the weak monotonicity holds for arbitrarily high order finite volume type
schemes solving the convection equation (6.3), it no longer holds for a conventional high
order linear finite volume scheme or DG scheme even for the simplest heat equation, see
the appendix in [96]. Toward satisfying the weak monotonicity for the diffusion operator, an
unconventional high order finite volume scheme was constructed in [102]. Second order accu-
rate DG schemes usually satisfies the weak monotonicity for the diffusion operator on general
meshes [103]. The only previously known high order linear scheme in the literature satisfy-
ing the weak monotonicity for scalar diffusion problems is the third order direct DG (DDG)
method with special parameters [104], which is a generalized version of interior penalty
DG method. On the other hand, arbitrarily high order nonlinear positivity-preserving DG

schemes for diffusion problems were constructed in [96], [105], [106].
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In this paper we will show that the fourth order accurate compact finite difference and
a few higher order accurate ones are also weakly monotone, which is another class of linear
high order schemes satisfying the weak monotonicity for diffusion problems.

It is straightforward to verify that the backward Euler or Crank-Nicolson method with
the fourth order compact finite difference methods satisfies a maximum principle for the heat
equation but it can be used be as a bound-preserving scheme only for linear problems. The
method is this chapter is explicit thus can be easily applied to nonlinear problems. It is
difficult to generalize the maximum principle to an implicit scheme. Regarding positivity-
preserving implicit schemes, see [107] for a study on weak monotonicity in implicit schemes
solving convection equations. See also [108] for a second order accurate implicit and explicit
time discretization for the BGK equation.

Although high order compact finite difference methods have been extensively studied in
the literature, e.g., [71], [L01], [L09]-[112], this is the first time that the weak monotonicity
in compact finite difference approximations is discussed. This is also the first time a weak
monotonicity property is established for a high order accurate finite difference type scheme.
The weak monotonicity property suggests it is possible to post process the numerical solu-
tion without losing conservation by a simple limiter to enforce global bounds. Moreover,
this approach allows an easy justification of high order accuracy of the constructed bound-
preserving scheme.

For extensions to two-dimensional problems, convection diffusion problems, and sixth
order and eighth order accurate schemes, the discussion about the weak monotonicity in
general becomes more complicated since the weighting matrix may become a five-diagonal
matrix instead of the tridiagonal £(1,4,1) matrix in (6.2). Nonetheless, we demonstrate
that the same simple three-point stencil limiter can still be used to enforce bounds because
we can factor the more complicated weighting matrix as a product of a few of tridiagonal
CJ%Q(L ¢, 1) matrices with ¢ > 2.

The chapter is organized as follows: in Section 6.2 we demonstrate the main idea for
the fourth order accurate scheme solving one-dimensional problems with periodic boundary
conditions. Two-dimensional extensions are discussed in in Section 6.3. Section 6.5 is the

extension to higher order accurate schemes. Inflow-outflow boundary conditions and Dirich-
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let boundary conditions are considered in Section 6.6. Numerical tests are given in Section

6.7. Section 6.8 consists of concluding remarks.

6.2 A Fourth Order Accurate Scheme For One-dimensional Problems

In this section we first show the fourth order compact finite difference with forward Euler
time discretization satisfies the weak monotonicity. Then we discuss how to design a simple
limiter to enforce the bounds of point values. To eliminate the oscillations, a total variation
bounded (TVB) limiter can be used. We also show that the TVB limiter does not affect the
bound-preserving property of u;, thus it can be combined with the bound-preserving limiter
to ensure the bound-preserving and non-oscillatory solutions for shocks. High order time

discretizations will be discussed in Section 6.2.5.

6.2.1 One-dimensional convection problems

Consider a periodic function f(x) on the interval [0,1]. Let #; = & (i = 1,---,N)

be the uniform grid points on the interval [0,1]. Let f be a column vector with numbers

fi, fa, -+, fv as entries, where f; = f(z;). Let Wy, Wy, D, and D,, denote four linear

operators as follows:

41 1 f 0 1 -1 f1
14 1 fa -10 1 fa
1
Wlfzf 7D1’f:§ )
1 4 1| fva -10 1 In-1
1 1 4 fn 1 -1 0 fn
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10 1 1 fi -2 1 1 fi
110 1 f 1 —21 f
1
Wof = — b, Dyof =
12
1 10 1 || fvo 1 =2 1 || fva
1 110 fn 1 1 -2 IN

The fourth order compact finite difference approximation to the first order derivative (6.2)
with periodic assumption for f(z) can be denoted as W;if = ﬁsz . The fourth order
compact finite difference approximation to f(z) is Wof = ﬁDmf . The fourth compact

finite difference approximations can be explicitly written as

1

JE— 1 JE——
N  Ag?

f
Az

WD, f, f W, Do f,

where W' and W, ! are the inverse operators. For convenience, by abusing notations we
let W' f; denote the i-th entry of the vector W, 'f.

Then the scheme (6.4) solving the scalar conservation laws (6.3) with periodic boundary
conditions on the interval [0, 1] can be written as Wi 4u; = — [ f(u;41) — f(u;—1)], and the
scheme (6.5) is equivalent to Wyu™ = Wyl — IA[f(ul,,) — f(ul")]. As shown in Section

6.1.3, the scheme (6.5) satisfies the weak monotonicity.
Theorem 6.2.1. Under the CFL constraint £t max, |f(u)| < i,if ul' € [m, M], then u™*

computed by the scheme (6.5) satisfies (6.6).

6.2.2 A three-point stencil bound-preserving limiter

In this subsection, we consider a more general constraint than (6.6) and we will design a
simple limiter to enforce bounds of point values based on it. Assume we are given a sequence
of periodic point values u; (i = 1,---, N) satisfying

1
m <

_ﬂ(ui—l—l—cui—'—ui—&—l)SM) izlv"'7N7 0227 (67)
Cc
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where ug := uy, uyi1 := up and ¢ > 2 is a constant. We have the following results:
Lemma 6.2.2. The constraint (6.7) implies the following for stencil {i — 1,i,i+ 1}:

(1) min{w;—1,u;, wip1 } < M, max{u,_1,u;, uip1} > m.

A (ui—M) 1

(2) If u; > M, then VT PGy <
, (m—u;)+ 1

If u; < m, then O Y rp— <.

Here the subscript + denotes the positive part, i.e., (a), = max{a,0}.

Remark 6.2.3. The first statement in Lemma 6.2.2 states that there do not exist three con-
secutive overshoot points or three consecutive undershoot points. But it does not necessarily
imply that at least one of three consecutive point values is in the bounds [m, M]. For in-

stance, consider the case for ¢ = 4 and N is even, define u; = 1.1 for all odd 7 and u; = —0.1

1

CTQ(UFl + cu; + uiyq) € [0,1] for all ¢ but none of the point values u; is

for all even 7, then

in [0, 1].

Remark 6.2.4. Lemma 6.2.2 implies that if w; is out of the range [m, M|, then we can
set u; < m for undershoot (or w; «— M for overshoot) without changing the local sum

w;—1 + u; + u;41 by decreasing (or increasing) its neighbors ;4.

Proof. We only discuss the upper bound. The inequalities for the lower bound can be

1

CTQ(ui,l + cu; + ui+1) > M which is a

similarly proved. First, if w; 1, u;,u;nq7 > M then
contradiction to (6.7). Second, (6.7) implies u;—1 + cu; + u;1 < (c+2)M, thus c(u; — M) <
(M — ui—l) + (M — ui+1) < (M — ui_1)+ + (M — UZ‘+1>+. If U; > M, we get (M — ui_1)+ +

(uifM)#» — ui—M < l D
M—ui—1)4+(M—uit1)4 (M—ui—1)++(M—uit1)4 — ¢’

(M — u;y1)4+ > 0. Moreover, (

For simplicity, we first consider a limiter to enforce only the lower bound without de-

stroying global conservation. For m = 0, this is a positivity-preserving limiter.

Remark 6.2.5. Even though a for loop is used, Algorithm 1 is a local operation to an under-
shoot point since only information of two immediate neighboring points of the undershoot
point are needed. Thus it is not a sweeping limiter.

N

N
Theorem 6.2.6. The output of Algorithm 1 satisfies > v; = Y. u; and v; > m.
i=1 i=1
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Algorithm 1 A limiter for periodic data wu; to enforce the lower bound.

Require: The input u; satisfies u; = H%(ui_l + cu; +upg) >myi=1,-

Let ug, uyy1 denote uy, uy respectively.

Ensure: The output satisfies v; > m,i=1,--- ,n and Zf;l v = Zfil ;.
First set v; = u;, i =1,--- , N. Let vy, vy denote vy, vy respectively.

fori=1,---,N do
if u; < m then

A o (i1 —m)y o
Vie1 = Viel = i Sm)s lwa = (m —u;)y
' o (Wit1—m)4 .
Vit1 $= Vig1 (wi—1=m) 4 +(vit1—m)+ (m — i)+
Vi <=M
end if
end for

-+, N, with ¢ > 2.
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Proof. First of all, notice that the algorithm only modifies the undershoot points and their
immediate neighbors.

Next we will show the output satisfies v; > m case by case:

o If u; < m, the i-th step in for loops sets v; = m. After the (i + 1)-th step in for loops,

we still have v; = m because (u; —m)y = 0.
o If w; = m, then v; = m in the final output because (u; —m), = 0.

o If u; > m, then limiter may decrease it if at least one of its neighbors u; 1 and wu;,; is

below m:

v, = u — (ui —m)q(m — i)y _ (ui —m)y(m — uip1)y
b (Ui = m)y + (wi = m)y (w4 = m)y (Ui — )y
1 1
u; — —(u; —m)y — —(u; —m)y >m,
c c

v

where the inequalities are implied by Lemma 6.2.2 and the fact ¢ > 2.

Finally, we need to show the local sum v; _; +v; +v; 41 is not changed during the i-th step
if u; < m. If u; < m, then after (i — 1)-th step we still have v; = u; because (u; —m)y = 0.

Thus in the ¢-th step of for loops, the point value at z; is increased by the amount m — w;,

and the point values at x;_; and wz;,; are decreased by (u,_l_(:j);:(z_)jl_mﬂ(m —uy)y +

(Uiy1—m)y
(wi—1=m) 4+ (uip1—m)4

(m —u;)y = m —u;. S0 vi_1 + v; + vy is not changed during the i-th

step. Therefore the limiter ensures the output v; > m without changing the global sum. [

The limiter described by Algorithm 1 is a local three-point stencil limiter in the sense
that only undershoots and their neighbors will be modified, which means the limiter has
no influence on point values that are neither undershoots nor neighbors to undershoots.
Obviously a similar procedure can be used to enforce only the upper bound. However, to
enforce both the lower bound and the upper bound, the discussion for this three-point stencil
limiter is complicated for a saw-tooth profile in which both neighbors of an overshoot point
are undershoot points. Instead, we will use a different limiter for the saw-tooth profile. To
this end, we need to separate the point values {u;,i = 1,--- , N} into two classes of subsets

consisting of consecutive point values.
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In the following discussion, a set refers to a set of consecutive point values u;, u; 1, U2, - - -
For any set S = {u;, w1, , Um_1, Um }, We call the first point value u; and the last point
value u,, as boundary points, and call the other point values u; 1, -, u,,_1 as interior points.

A set of class I is defined as a set satisfying the following:
1. It contains at least four point values.
2. Both boundary points are in [m, M| and all interior points are out of range.
3. It contains both undershoot and overshoot points.

Notice that in a set of class I, at least one undershoot point is next to an overshoot

point. For given point values u;,7 = 1,---, N, suppose all the sets of class I are 57 =
{tmy s Uy 1, s tng by S2 = {tmg, o+ s Uy by - Sk = {Umge, s Unge b, Where my <mgp <
cee K umK_

A set of class II consists of point values between S; and S;;; and two boundary points

Up, and U, . Namely they are Ty = {uy,ug, -, um,}, Tv = {tn, s Umy}, To =
{Ung, s Ums}y oy Tie = {UUny, -+ ,un}. For periodic data w;, we can combine Ty and Tj
to define Ty = {unK, L UN, UL, 7um1}-

In the sets of class I, the undershoot and the overshoot are neighbors. In the sets of
class II, the undershoot and the overshoot are separated, i.e., an overshoot is not next to
any undershoot. We remark that the sets of class I are hardly encountered in the numerical
tests but we include them in the discussion for the sake of completeness. When there are no
sets of class I, all point values form a single set of class II. We will use the same procedure
as in Algorithm 1 for 7; and a different limiter for S; to enforce both the lower bound and

the upper bound.

Theorem 6.2.7. Assume periodic datau;(i = 1,--- , N) satisfies u; = CJ%Q(ui,l—i-cunLuiH) €
[m, M|, ¢ >2 foralli=1,--- N withug := uy anduyy1 := uy, then the output of Algorithm

2 satisfies SN vy = SN u; and v; € [m, M), Vi.

Proof. First we show the output v; € [m, M]. Consider Step II, which only modifies the

undershoot and overshoot points and their immediate neighbors. Notice that the operation

204

y Um—1, Um -



Algorithm 2 A bound-preserving limiter for periodic data u; satisfying u; € [m, M]

Require: the input u; satisfies u; = H%(ui_l + cu; + uir1) € [m, M], ¢ > 2. Let ug, unyi1
denote uy, u; respectively.
Ensure: the output satisfies v; € [m, M],i =1,--- , N and Zﬁ\il v; = Zfil U;.
1: Step O: First set v; = u;, 1 =1,--- , N. Let vy, vyy1 denote vy, v respectively.
2: Step I: Find all the sets of class I Sy,---, Sk (all local saw-tooth profiles) and all the

10:
11:
12:
13:
14:
15:
16:

17:
18:
19:
20:
21:
22:
23:
24:
25:
26:
27:
28:
29:
30:
31:
32:
33:
34:
35:
36:

sets of class II T4, -, Tk.
Step II: For each 7} (j = 1,---, K), the same limiter as in Algorithm 1 (but for both
upper bound and lower bound) is used:
for all index ¢ in 7 do
if u; < m then

, L (wi—1—m)y .
Vi1 £ Vi1 (uiflfm)++(ui+1*m)+(m Ui)+

Vig1 < Vig1 — (ui_l_(;iﬂl;{;):l_mﬂ (m — Ui)+
Vi <M
end if
if u; > M then
(M—ui_ )
Vie1 £ Vic1 F (M*U¢71)++(1\1/fiui+1)+ (ui — M)+
M—u;
Vit1 <= Vit1 + (M—ui(_1)++(+1\14)iui+1)+ (u; — M)y
Vi < M
end if
end for

Step III: for each saw-tooth profile S; = {tum,, - ,un, } (j =1,---, K), let Ny and N,
be the numbers of undershoot and overshoot points in S; respectively.
Set U; = Z?imj ;.
fori=m;+1,--- ,nj—1do
if u; > M then
Vi < M.
end if
if u; < m then
Vi <— M.
end if
end for
Set V; = Ni1M + Nom + vy, + Un; -
Set Aj = Up; + v, + NiM — (N1 +2)m, By = (No + 2)M — vy,; — vy, — Nom.
if V; — U; > 0 then

for i =m;,--- ,n; do
v v — ”;ﬂm(vj - Uj)
end for
else
for i =m;,--- ,n; do
vi v+ MU = V)
end for
end if
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described by lines 6-8 will not increase the point value of neighbors to an undershoot point
thus it will not create new overshoots. Similarly, the operation described by lines 11-13 will
not create new undershoots. In other words, no new undershoots (or overshoots) will be
created when eliminating overshoots (or undershoots) in Step II.

Each interior point u; in any 7} belongs to one of the following four cases:
1.y, <morwu > M.
2.m<u; <M and u;_1,u;41 < M.
3.m<wu; < M and u;_1,uir > m.
4. m<u; <M and u;_1 > M,uyy <m (or uiyg > M, u;—1 <m).

We want to show v; € [m, M] after Step II. For the first three cases, by the same arguments
as in the proof of Theorem 6.2.6, we can easily show that the output point values are in the
range [m, M]. For case (1), after Step II, if u; < m then v; = m; if u; > M then v; = M.
For case (2), v; # u; only if at least one of w;_; and w;,; is an undershoot. If so, then

v = o — (u; —m)(m —u_1)y B (u; —m)(m —uiq)s

(wime —=m)s + (wi —m)y  (u; — M)y + (U2 — M)

1 1
> u;— —(u; —m)y — —(u; —m)L > m.
c c

Similarly, for case (3), v; # w; only if at least one of u; 1 and u;,; is an overshoot, and we
can show v; < M.

Notice that case (2) and case (3) are not exclusive to each other, which however does not
affect the discussion here. When case (2) and case (3) overlap, we have w;, u;—1, u;11 € [m, M]
thus v; = u; € [m, M| after Step II.

For case (4), without loss of generality, we consider the case when u;yy > M,u; €
[m, M],u;_1 < m, and we need to show that the output v; € [m, M]. By Lemma 6.2.2, we

know that Algorithm 2 will decrease the value at z; by at most %(u, —m) to eliminate the
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undershoot at x; ; then increase the point value at x; by at most %(M — u;) to eliminate

the overshoot at x;,1. So after Step 11,

1
v; < w+—(M—u;)) <M (because c¢>2,u; < M);
c

1
u; — —(u; —m) >m (because ¢ > 2,u; > m).
¢

v

U;

Thus we have v; € [m, M] after Step II. By the same arguments as in the proof of Theorem
6.2.6, we can also easily show the boundary points are in the range [m, M| after Step II.
It is straightforward to verify that S~ , v; = YN w; after Step IT because the operations
described by lines 6-8 and lines 11-13 do not change the local sum v;_1 + v; + v;4 1.

Next we discuss Step III in Algorithm 2. Let N =2+ Ny + N; = n; —m; + 1 be the
cardinality of Sj = {up,, -+, un,}.

We need to show that the average value in each saw-tooth profile S; is in the range [m, M|
after Step II before Step III. Otherwise it is impossible to enforce the bounds in \S; without
changing the sum in S;. In other words, we need to show Nm < Uj = Yues, Vi < NM. We
will prove the claim by conceptually applying the upper or lower bound limiter Algorithm
1 to S;. Consider a boundary point of Sj, e.g., U, € [m,M], then during Step II the
point value at z,,; can be unchanged, moved down at most %(umj —m) or moved up at most

(M — uy,;). We first show the average value in S; after Step II is not below m:

c

(a) Assume both boundary point values of S; are unchanged during Step II. If applying

Algorithm 1 to S; after Step II, by the proof of Theorem 6.2.6, we know that the

output values would be greater than or equal to m with the same sum, which implies

that quiesj v; > Nm.

(b) If a boundary point value of S; is increased during Step II, the same discussion as in

(a) still holds because an increased boundary value does not affect the discussion for

the lower bound.

(c) If a boundary point value vy, of S; is decreased during Step II, then with the fact

that it is decreased by at most the amount £(u,,, —m), the same discussion as in (a)

still holds.
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Similarly if applying the upper bound limiter similar to Algorithm 1 to S; after Step II,
then by the similar arguments as above, the output values would be less than or equal to M
with the same sum, which implies >, . s; Vi < NM.

Now we can show the output v; € [m, M] for each S; after Step III:

L. Assume V; = Ny M + Nom + vp,; + vn; > U; before the for loops in Step IIT. Then

after Step III: if u; < m we get v; = m; if u; > m we have

Vi — M

M= v —Tj(Vj—Uj)
vi—m
U o o - N = (N 2)m s TV MM Nom = U)
> v = Vi m (Umj+vn].+N1M+N0m—Nm)

Umj +Unj + NlM — (N1 + 2)m

= v —(v; —m)=m.

2. Assume V; = NiM + Nom + vy, + v,; < U before the for loops in Step III. Then
after Step III: if u; > M we get v; = M; if u; > M we have

M—UZ‘
+

M= B. (U; = Vi)
J
M —v;
' +(NO+2)M_Umj_Unj_Nom( i Um; = Uny 1 om)
M — v, _
< v + v (NM—Umj_Unj—N1M—NOm)

(No +2)M — v, — vy, — Nom

Thus we have shown all the final output values are in the range [m, M].

Finally it is straightforward to verify that >~ v; = SN | u,. ]

The limiters described in Algorithm 1 and Algorithm 2 are high order accurate limiters
in the following sense. Assume u;(¢ = 1,---,N) are high order accurate approximations
to point values of a very smooth function u(z) € [m, M], i.e., u; — u(x;) = O(Az*). For
fine enough uniform mesh, the global maximum points are well separated from the global

minimum points in {u;,7 = 1,--- , N}. In other words, there is no saw-tooth profile in {u;,i =
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1,--+,N}. Thus Algorithm 2 reduces to the three-point stencil limiter for smooth profiles on
fine resolved meshes. Under these assumptions, the amount which limiter increases/decreases
each point value is at most (u; — M), and (m — u;).. If (u; — M)y > 0, which means
u; > M > u(x;), we have (u; — M), = O(Az*) because (u; — M), < u; — u(x;) = O(Az*).
Similarly, we get (m — u;), = O(Ax¥). Therefore, for point values u; approximating a

smooth function, the limiter changes u; by O(Az*).

6.2.3 A TVB limiter

The scheme (6.5) can be written into a conservation form:

), (6.8)

which is suitable for shock calculations and involves a numerical flux

A

i+

= () + () (6.9

N[

To achieve nonlinear stability and eliminate oscillations for shocks, a TVB (total variation
bounded in the means) limiter was introduced for the scheme (6.8) in [101]. In this subsection
we will show that the bound-preserving property of w; (6.6) still holds for the scheme (6.8)
with the TVB limiter in [101]. Thus we can use both the TVB limiter and the bound-
preserving limiter in Algorithm (2) at the same time.

The compact finite difference scheme with the limiter in [101] is
aptt =g — = () — fmy, (6.10)

where the numerical flux Ji(ﬁ) is the modified flux approximating (6.9).
2
First we write f(u) = f*(u) + f~(u) with the requirement that % > 0, and Wa;u(“)

0. The simplest such splitting is the Lax-Friedrichs splitting f*(u) = %(f(u) + au),a =
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n[lax |f(w)|. Then we write the flux f+1 as H% = f:; + f= 1, where fi L are obtained
ue 2

by adding superscripts & in (6.9). Next we define
Y +(7 f— (5 -
df¢+§ - fz‘+% = f7(w), dfw% = f (@) = [

Here d fi , are the differences between the numerical fluxes fi ; and the first-order, upwind
2

fluxes f*(u;) and f~(@;51). The limiting is defined by
df+(m m(df+1 AT (), AT T (wi-1)), dﬁ-;(? = m(df;%, ATF (), AT (i),

where ATv; = v, — v; is the usual forward difference operator, and the modified minmod

function m is defined by

ai, if |a;| < pAz?,
mlar, .. a) =4 " o <p (6.11)
m(ay,...,a;), otherwise,

where p is a positive constant independent of Ax and m is the minmod function

sming <<k |a;|, if sign(ay) = --- = sign(ax) = s,
m(al, R ,ak) =
0, otherwise.
The limited numerical flux is then defined by f; = fH(w)+df Hm f;ﬁn) = [ (Uiy1)—
2

d f;r(g),and ﬁ(f%) = f;(? - f;r(g). The following result was proved in [101]:

Lemma 6.2.8. For any n and At such that 0 < nAt < T, scheme (6.10) is TVBM (total
variation bounded in the means): TV (u") = 3, |ui,, — uf| < C, where C is independent of

At, under the CFL condition maxu(%ﬁ(u) — % ‘(u))%C < %

Next we show that the TVB scheme still satisfies (6.6).

Theorem 6.2.9. If ul' € [m, M|, then under a suitable CFL condition, the TVB scheme
(6.10) satisfies m < &(ufh + 4u™ + ulH) < M.
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Proof. Let \ = %, then we have

@t = ap = A - )
+3 =3

1

4

We will show 't € [m, M] by proving that the four terms satisfy

@ — AN € [m— AN (m), M — ANfH(MD),
i — AN € [m — ANf~(m), M — 4Nf~ (M),
af + AN € [+ ANFT(m), M+ ANfH(M)],
G+ AN € [mo+ AN (m), M+ 4Mf (M),
under the CFL condition

1
A B ()] < —.
max [/ (u)] < 5

We only discuss the first term since the proof for the rest is similar.

N P S N S S N A (m)

1 — r—(m
L@ AN,

(6.12)

We notice that u —

ANft(u) and u — 12X\ f*(u) are monotonically increasing functions of u under the CFL
constraint (6.12), thus u € [m, M| implies u— 4\ f*(u) € [m —4XfH(m), M —4XfT(M)] and
w— 12X fT(u) € [m — 12XfT(m), M — 12\f*(M)]. For convenience, we drop the time step

n, then we have
i — AN = — AN (@) + ),
2 2
where the value of d fl :(fl) has four possibilities:
2

1. I df ™ =0, then
2

u; — 4%5;”) = iy — ANfT () € [m — ANfT(m), M — aXfH(M))].
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2. If df T = dﬁ:l, then we get

i+l
P 1 + ; + :
1 2 1
= éui_l + g(ul - 3)\f+(uz)) + é(uz‘—&-l _ 12)\f+(ui+1))-

By the monotonicity of the function u — 12\ f*(u) and u — 3Af*(u), we have

w; — 3AfH(u;) € [m —3AfT(m), M — 3XfH(M)],

Uit — 12X [ (uig1) € [m — 12X\ fT(m), M — 12X fF(M)],

which imply @; — 4Af," (" € [m — ANf*(m), M — ANf+(M)).
2

3. 1If df:? = A (@), U — 4Aﬁ,j<§> = Uy — AAfF (i), IF AT (@) > 0, @ —
AN (Uig1) < @y — ANfT(u;) < M — 4NfT (M), which implies the upper bound holds.
Due to the definition of the minmod function, we can get 0 < AT f*(u;) < dﬁ:%.
Thus, f;r% = W)%f*(uﬂ) = fﬂﬂﬁ%—dﬁié > fH(w) + AT (@) = f7(@ig1). Then,
U — AN (Tygr) > @y — AN @) > 4 4 £+ (m), which gives the lower bound.

For the case AT f*(u;) < 0, the proof is similar.

4. TFdfHI = At f+ U;—1), the proof is the same as the previous case.
i+3

6.2.4 One-dimensional convection diffusion problems

We consider the one-dimensional convection diffusion problems with periodic boundary
conditions: w; + f(u)y = a(u)ee, u(z,0) = up(z), where a(u) > 0. Let f” denote the
column vector with entries f(u}),---, f(u}). By notations introduced in Section 6.2.1, the

fourth-order compact finite difference with forward Euler can be denoted as:

n n At - n
u +1:1,1 —Ewl 1Dxf -+

At

N Wy 'D,a™. (6.13)

212



Recall that we have abused the notation by using Wi f]* to denote the i-th entry of the vector
Wif™ and we have defined u; = Wiu;. We now define

fLZ = WQUZ'.

Notice that W5 and W, are both circulant thus they both can be diagonalized by the discrete

Fourier matrix, so Wy and W5 commute. Thus we have
u; = (WoWiu); = (WiWau); = ;.

Let fI' = f(u}) and a? = a(u}), then the scheme (6.13) can be written as

_ At At
= At — ——WoD, f" +

Z X X 2W1Dmay.

Theorem 6.2.10. Under the CFL constraint £t max, |f(u)| < &, £5 max, a(u) < 2, if

ul € [m, M|, then the scheme (6.13) satisfies that m < @' < M.

Proof. Let A = &L and p = 24, We can rewrite the scheme (6.13) as

Ax

1 1
un+1 — 5(11” . 2)\W171szn> + 5(un + 2MW2*1Dg;xan)7

1 1
Wngu"H = §W2<W1un — 2>\sz”) + §W1(W2u” + 2,LLDm;an),

1
aptt = 2W o(ul —2AD, f1') + 2W1(u +2uD al).

)

By Theorem 6.2.1, we have u}» — 2\D, fI* € [m, M]. We also have

1
U+ 2uDgpal = ﬁ(uﬁl + 10uy + ugy ) + 2p(ai — 2a) + aiyy)
(6 u — 4dpai ) + <12Ui—1 + 2#%‘—1) + (mui—f—l + 2”ai+1) :

Due to monotonicity under the CFL constraint and the assumption a(u) > 0, we get @ +
21D, .a? € [m, M]. Thus we get @™ € [m, M] since it is a convex combination of u}' —

2AD, f' and @] 4+ 2puD,.ar. ]
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Given point values u; satisfying @; € [m, M] for any i, Lemma 6.2.2 no longer holds since
@; has a five-point stencil. However, the same three-point stencil limiter in Algorithm 2 can
still be used to enforce the lower and upper bounds. Given @; = WoWu; i =1,--- , N, con-
ceptually we can obtain the point values u; by first computing @; = W, '@, then computing

u; = Wi ;. Thus we can apply the limiter in Algorithm 2 twice to enforce u; € [m, M]:

1. Given @; € [m, M], compute 4; = Wy '@; which are not necessarily in the range [m, M].
Then apply the limiter in Algorithm 2 to u;,i = 1,--- , N. Let v; denote the output

of the limiter. Since we have

~ 1
i = U = ——(U— Ui + Uit1), = 10,
w=u C+2(u 1+ ct; +uigr), c

all discussions in Section 6.2.2 are still valid, thus we have v; € [m, M].

2. Compute u; = W, '0;. Apply the limiter in Algorithm 2 to w;,4 = 1,---, N. Let v,

denote the output of the limiter. Then we have v; € [m, M].

6.2.5 High order time discretizations

For high order time discretizations, we can use strong stability preserving (SSP) Runge-
Kutta and multistep methods, which are convex combinations of formal forward Euler steps.
Thus if using the limiter in Algorithm 2 for fourth order compact finite difference schemes
considered in this section on each stage in a SSP Runge-Kutta method or each time step in
a SSP multistep method, the bound-preserving property still holds.

In the numerical tests, we will use a fourth order SSP multistep method and a fourth
order SSP Runge-Kutta method [97]. Now consider solving u; = F'(u). The SSP coefficient
C for a SSP time discretization is a constant so that the high order SSP time discretization
is stable in a norm or a semi-norm under the time step restriction At < CAty, if under
the time step restriction At < Aty the forward Euler is stable in the same norm or semi-
norm. The fourth order SSP Multistep method (with SSP coefficient C,,s = 0.1648) and the
fourth order SSP Runge-Kutta method (with SSP coefficient C,; = 1.508) will be used in

the numerical tests. See [97] for their definitions.
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In Section 6.2.2 we have shown that the limiters in Algorithm 1 and Algorithm 2 are
high order accurate provided u; are high order accurate approximations to a smooth function
u(z) € [m, M]. This assumption holds for the numerical solution in a multistep method in
each time step, but it is no longer true for inner stages in the Runge-Kutta method. So
only SSP multistep methods with the limiter Algorithm 2 are genuinely high order accurate
schemes. For SSP Runge-Kutta methods, using the bound-preserving limiter for compact
finite difference schemes might result in an order reduction. The order reduction for bound-
preserving limiters for finite volume and DG schemes with Runge-Kutta methods was pointed
out in [23] due to the same reason. However, such an order reduction in compact finite

difference schemes is more prominent, as we will see in the numerical tests.

6.3 Extensions To Two-dimensional Problems

In this section we consider initial value problems on a square [0, 1] x [0, 1] with periodic

boundary conditions. Let (z;,y;) = (NLI, Niy) (i=1,---,N;,j=1,---,N,) be the uniform
grid points on the domain [0, 1] x [0, 1]. For a periodic function f(x,y) on [0,1] x [0,1], let £

be a matrix of size N, x N, with entries f;; representing point values f(u;;). We first define

two linear operators Wi, and Wy, from RY=*My o RN=xNy:
41 1 Jii fiz o fin,
. 141 fa1 fa2 o fan,
Wuf:é : R : ;
1 41 Ine-11 fne—12 0 INa-1n,
1 1 4 NN, Inet  fne2 oo sz,Ny
fin Jiz o finw, 4 1 1
fa1 a2 o fan, 141
. . . 1 o
Wit = .
Ine—11 fNo—12 - fNo-1N, 1 41
INeg a2 o I, 1

Ny x Ny
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We can define Wo,, Woy, D,, Dy, Wy, and Wy, similarly such that the subscript x denotes
the multiplication of the corresponding matrix from the left for the z-index and the subscript
y denotes the multiplication of the corresponding matrix from the right for the y-index. We
abuse the notations by using Wy, fi; to denote the (4, j) entry of Wy,f. We only discuss the
forward Euler from now on since the discussion for high order SSP time discretizations are

the same as in Section 6.2.5.

6.3.1 Two-dimensional convection equations

Consider solving the two-dimensional convection equation: w;+f(u),+g(u), =0, u(x,y,0) =
uo(x,y). By the our notations, the fourth order compact scheme with the forward Euler time

discretization can be denoted as:

At At
'U/ZJrl = 'LL — IW 1l) IW 1Dyg7,j (614)

We define u™ = Wy, Wi,u”, then by applying Wy, W, to both sides, (6.14) becomes

. A At )
'U/l'].Jrl = U’z] Az leD IyWInygU (615)

Theorem 6.3.1. Under the CFL constraint

At At

A max |f(u )|+Afym3X\g(U)| < (6.16)

Wl =

if uly € [m, M], then the scheme (6.15) satisfies ug;™" € [m, M].

Proof. For convenience, we drop the time step n in u} and introduce:

i) zg’
Ui—1,541 Wi j+1 Uit1,541 fz'—l,j+1 fi,j—H fi+1,j+1
U=uiy wy wiy | F=|fig fig firy
Uj—1,5—1 Ui j—1 Uit1,5—1 fifl,jfl fi,jfl fi+1,j71
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Let Ay = 2L and A, = ﬁ—;, then the scheme (6.15) can be written as

—-n+1 __ n n n

1] -

141 -101 1 4 1
1 A\ o
= — U—-—— |- F— —= ;
36 4164 :U 15 404 o]0 00 G,
141 —-101 —1 -4 -1

where : denotes the sum of all entrywise products in two matrices of the same size. Obviously
the right hand side above is a monotonically increasing function with respect to wuy, for
i—1<1<i+1,7—1<m<j+1 under the CFL constraint (6.16). The monotonicity

implies the bound-preserving result of @' O

Given u;;, we can recover point values u;; by obtaining first v;; = Wﬂclﬂij then u;; =
levij. Thus similar to the discussions in Section 6.2.4, given point values u;; satisfying
w;; € [m,M] for any i and j, we can use the limiter in Algorithm 2 in a dimension by

dimension fashion to enforce u;; € [m, M|:

1. Given u;; € [m,M], compute v;; = nglﬂij which are not necessarily in the range
[m, M]. Then apply the limiter in Algorithm 2 to v;; (i = 1,--- , N,) for each fixed j.

Since we have
N 1

Ujj = —— (Vi1 + Vi j + Vig1 c=4
ij c+2( i—1, ig + Vi), )

all discussions in Section 6.2.2 are still valid. Let v;; denote the output of the limiter,

thus we have v;; € [m, M].

2. Compute u;; = Wl_ylﬁij. Then we have

172']' = (Ui,j—l + CUZ',]‘ + Uz’,j—i—l); c=4.

1
+ 2
Apply the limiter in Algorithm 2 to w;; (j = 1,---,N,) for each fixed 7. Then the

output values are in the range [m, M].
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6.3.2 Two-dimensional convection diffusion equations

Consider the two-dimensional convection diffusion problem:

U + f(u)x + g(u)y = CL(u)m? + b(u)xm u(x, Y, O) - Uo(l‘, y>7

where a(u) > 0 and b(u) > 0. A fourth-order accurate compact finite difference scheme can

be written as

du 1 -1 —1 1 —1 1 -1
Let A\ = AI, Ay = Ay, = AAJQ and po = y . With the forward Euler time discretization,
the scheme becomes
wltt =l — MWL Do fl — MW Dyglt + 1uWay Dygall + oWy, Dy bl (6.17)

We first define u = Wy, Wi,u and u = Wy, Wyu, where W, = W;,W;, and W, =
Wy Wy Due to the fact W Wy = WolW;, we have

= ngW2y<Wle1yU) = WleIy(ngWQyu) = fl

o

The scheme (6.17) is equivalent to the following form:

ultt = IZLZ — )\lwlyWQxWQyszg' - A2W11W2xW2yDyg?j

v

+M1 Wlx le WQmeca + M2 Wlx le WZJC Dyyb

Theorem 6.3.2. Under the CFL constraint

At At

Fxmax\f( u)| + fymaX\g( u)| <

At At 5
A—m&xa( )—i—Emgxb( u) < o0 (6.18)

@\'—‘

if ul € [m, M), then the scheme (6.17) satisfies uj;"™" € [m, M].

218



Proof. By using u? = fu™ + 147 we obtain
() 271

2 7))
. 1 n n n
uij+1 = §W21W2y[uij — 2)\1W1yD;p ij 2)\2W11Dygij]
1 ~n n n
+§W11W1y[uij + 2H1W2nyanij + 2/L2W233Dyybij]'

Let ﬁij = fLZ — 2>\1W1nyf£ — 2)\2W11Dyg?j, wij = fb;n] -+ 2u1W2mea?j + 2M2W2nyyb?j- Then
by the same discussion as in the proof of Theorem 6.3.1, we can show v;; € [m, M]. For w,j,

it can be written as

1 10 1 1 -2 1 1 10 1
ﬁ]":i 10 100 10 -U-}-ﬂ 10 =20 10 'A—f—& -2 -20-21|:B
1) 144 ' 6 ' 6 ' 7
1 10 1 1 -2 1 1 10 1
W11 Qi1 Qig1j+1 bi-1,j+1 bijj+1 bit1
A= Ai—1j ;5 Qi41,5 ) B = bifl,j bi,j biJrl,j
Ai—1,5—-1 Q51 Qi41,5-1 bifl,jfl bi,j—l bi+1,j71

Under the CFL constraint (6.18), @;; is a monotonically increasing function of u}; involved

thus @;; € [m, M]. Therefore, uj;"" € [m, M]. O

Given u;;, we can recover point values u;; by obtaining first @; = Wy,'Wy 'u;; then
U = W2;1W2;1ﬂij. Thus similar to the discussions in the previous subsection, given point
values wu;; satisfying u;; € [m, M] for any i and j, we can use the limiter in Algorithm 2

dimension by dimension several times to enforce u;; € [m, M]:

1. Given wu,;; € [m, M], compute i;; = Wl_lel_ylﬁij and apply the limiting algorithm in

the previous subsection to ensure u;; € [m, M].

2. Compute v;; = WQ_xlﬂij which are not necessarily in the range [m, M]. Then apply the

limiter in Algorithm 2 to v;; for each fixed j. Since we have

. 1

Uij = m(vi—l,j + cvij + Vi), ¢ = 10,
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all discussions in Section 6.2.2 are still valid. Let 9;; denote the output of the limiter,

thus we have 0;; € [m, M].

3. Compute u;; = W{ylﬁij. Then we have 7;; = C%Q(Ui,j_l +cu; j+ui 1), c=10. Apply
the limiter in Algorithm 2 to u,; for each fixed 7. Then the output values are in the

range [m, M].

6.4 Two-dimensional Incompressible Navier-Stokes Equation

In this section we consider the two-dimensional incompressible Navier-Stokes equation in

the vorticity stream-function form:

we + (uw), + (vw), = };Aw, (6.19a)
Y = Aw, (6.19D)
(u,v) = <_¢y:¢m>7 (6.19C)

where w is the vorticity, ¢ is the stream function, (u, v) is the velocity and Re is the Reynolds

number. The equation (6.19¢) implies the incompressiblility condition
Uy + vy = 0. (6.20)

Due to (6.20), (6.19a) is equivalent to

1

Wi + UW, + Vwy =
Re

Aw, (6.21)

for which the initial value problem satisfies the same bound-preserving property as discussed
before:

rrxliz,lnw(x,y,()) =m <w(z,y,t) <M= H;%XW(%%O)'

If solving (6.21) directly, it is usually easier to achieve a bound-preserving scheme. But
for the sake of conservation, it is desired to solve the conservative form equation (6.19a).

In order to enforce the bound-preserving property for (6.19a) without losing accuracy, the
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divergence free constraint (6.20) must be properly used since the bound-preserving property
may not hold for (6.19a) without (6.20), see [23], [102], [103].

For simplicity, we only consider a periodic boundary condition on a square [0, 1] x [0, 1].
Let (z;,y,) = (NLZ, N%,) (¢=1,---,Nyj =1,---,N,) be the uniform grid points on the
domain [0, 1] x [0, 1]. All notations are the same as in the previous section.

Standard fourth order compact finite difference schemes can be used to solve the Poisson

equation (6.19b). Efficient Fourier-based Poisson solvers can be constructed.

6.4.1 Incompressible Euler equations

For simplicity, we first consider how to achieve the weak monotonicity for the incom-
pressible Euler equations

wt + (uw), + (vw), = 0. (6.22)

A fourth order compact finite difference scheme with the forward Euler method for (6.22)

can be given as

with = wiy = MWL Do (u" o w™)]yj — Ao[W,' Dy(u" 0 w")]ij, (6.23)

v

and it is equivalent to

(I}’(H_l = (IJ:; - Al[leDx(u” e} w")]ij — )\Q[Wlny<Vn e} w”)]”

1

141 —101 1 4 1
1 A1 Ag
=— 14164 :Q"——=|-404]|:(U"oQ")——=10 0 0 |:(V"oQ"
36 12 ( ) 12 ( )
141 —101 -1 -4 -1
(6.24)
where o denotes the matrix Hadamard product, and
Ui—1,541 Wij+1 Uit1,541 Vi—1,j41 Vij+1 Vit1,5+1 Wi—1,54+1 Wi j+1 Wit1 541
U=luisy wy wiy |V = [viey vy vy [T wicy wip wisy
Ui—1,j—-1 Wi -1 Ui+1,5—1 Vi—1,j—1 Vij—1 Vit1,j-1 Wi—1,j—1 Wi j—1 Wit1 -1
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By the discussions in the Section 6.3.1, we can easily conclude that w”“ is a monotonically

increasing function with respect to all W} involved in (6.24) under the CFL condition

At
—~— max [u; |+ max|v <
ij y

Az

Wl

+1

However, to obtain w;;"™ € [m, M], the monotonicity is sufficient only if the following con-

sistency condition holds:
wt=m = aﬂﬁ'l =m, wt=M = wn—i—l M. (625)

Plugging wi% = m in (6.24), we get

* 6Ax

n At (vl 0 =V +4<UZJ+1
6Ay 2

At ut o =t 4(un )
1,5—1 —1,5—1 1,
wn+1 —m + 1+1,9 5 1—1,7 + 1+ ]2

n n n
- UzeLj) n Wiy 541 — Ui—1 541
2

n n n
- Uz‘,jq) Vit1,5+1 — Yit1,5-1
2 2 '

Thus the consistency (6.25) holds only if the velocity (u™,v™) satisfies:

1 Uilyyjo1 — Uiq 41 + 4(“?“’]’ _
6Ax 2 2

N L (g0 =V n 4
6Ay 2

U?—Lj) n uzn—l-l,j—l-l - u?—l,jﬂ)
2
(6.26)

n n n
- Uz’,j—l) n Vit1j+41 — Vig15-1) 0
2 2 ’

Thus we get the following bound-preserving result:

Theorem 6.4.1. If the velocity (u",v") satisfies the constraint (6.26) and wj; € [m, M],
then under the CFL constraint

At At
—~— max |u;; |—|— max|v | < =
i y

Az 3’

the scheme (6.24) satisfies W5 € [m, M].
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6.4.2 A discrete divergence free velocity field

Note that (6.26) is a discrete divergence free constraint and we can reconstruct a fourth
order accurate velocity field satisfying (6.26) by direct difference.

In the following discussion, we may discard the superscript n sometimes for convenience
since everything discussed is at time step n. Given w;;, we first compute v;; by a fourth
order compact finite difference scheme (i.e., the nine-point discrete Laplacian) for the Poisson

equation (6.19b). Then by the fourth order compact finite difference we have
—D,¥ =Wyu,., D,W¥ =WV, (6.27)

where

Y1 (PR @/)1,Ny
oy oy e ¢2,Ny

¢N1—1,1 ¢Nw—1,2 ¢Nx—1,Ny

1/11\@,1 ¢Nz,2 U ¢NI,Ny Naox N,

Write (6.26) in matrix form, then we have
D, Wy,u+ D,Wy,v=0.

We can clearly see that u,. and v, constructed in (6.27) satisfy (6.26) immediately.
Now we let

U= Up, V= V.

6.4.3 A fourth order accurate bound-preserving scheme

For the Euler equations (6.22), the following implementation of the fourth order compact

finite difference with forward Euler time discretization scheme can preserve the bounds:

1. Given wj; € [m, M|, solve the Poisson equation by the fourth order accurate nine-point

discrete Laplacian scheme to obtain point values of the stream function v;;.
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2. Reconstruct u and v by (6.27).
3. Obtain Wi € [m, M] by scheme (6.24).

4. Apply the limiting procedure in Section 6.3.1 to obtain w;’j“ € [m, M].
For high order SSP time discretizations, we should use the same implementation above for

each time stage or time step.

For the Navier-Stokes equations (6.19a), the scheme can be written as

wi =l — MW, Do(u” 0 w™)]i; — Aa[Wy, Dy (V" 0 w")];;
M1

+Re

—1 n H2 —1 n
Woe Daawi; + Te Wy Dyywis,

which is equivalent to

141 —-101
=n =n ]' n /\ n n
wl.jJrl — wij—WQIWQy % 4164]: Q" — T; —404]: (U o )
141 —-101
1 4 1 (6.28)
A 0 on
5|0 0 0| :(V'eq
-1 -4 -1 Ny
ij
R W Wy Daat 4+ B2 W W, W D,
RG Yy Y 1) Re Y Yy=ag

Following the discussions in Section 6.4.1 and Section 6.3.2, we obtain the following

result:

Theorem 6.4.2. If the velocity (u",v") satisfies the constraint (6.26) and wj; € [m, M],
then under the CFL constraint

At

Ax

1 At At 5
o + S YR
6° ReAx? ReAy? — 24

At
max [ug;] + —— max [vj;| <
iJ iJ

Ay

the scheme (6.28) satisfies w5 € [m, M].
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We can use the same implementation in this subsection to first compute w"“ [m, M|
by (6.28) then apply the limiting procedure in Section 6.3.2 to recover point values w”+1 €

[m, M].

6.5 Higher Order Extensions

The weak monotonicity may not hold for a generic compact finite difference operator. See
[71] for a general discussion of compact finite difference schemes. In this section we demon-
strate how to construct a higher order accurate compact finite difference scheme satisfying
the weak monotonicity. Following Section 6.2 and Section 6.3, we can use these compact

finite difference operators to construct higher order accurate bound-preserving schemes.

6.5.1 Higher order compact finite difference operators

Consider a compact finite difference approximation to the first order derivative in the

following form:

bl fz+2 fz +a fH—l fz (629)

Bifi—e +aifici + fi +anfiyr + Bifize = N N

where «q, 31,a1,b; are constants to be determined. To obtain a sixth order accurate ap-
proximation, there are many choices for oy, 31, as, b;. To ensure the approximation in (6.29)
satisfies the weak monotonicity for solving scalar conservation laws under some CFL condi-

tion, we need oy > 0,31 > 0. By requirements above, we obtain

1

b = 12(

2 1
14 3061) a; = §<8 — 3@1), by = —17+ 570(1), o > g (630)

Tl
With (6.30), the approximation (6.29) is sixth order accurate and satisfies the weak mono-
tonicity as discussed in Section 6.2.1. The truncation error of the approximation (6.29) and

(6.30) is 2 (9c; — 4)Az® f(V 4+ O(Az®), so if setting

4 1 40 25

= ?a bl = 5747 (631)
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we have an eighth order accurate approximation satisfying the weak monotonicity.
Now consider the fourth order compact finite difference approximations to the second

derivative in the following form:

five = 2fi + fiz2 ta fix1 = 2fi + fiza
4Ax? 2 Ax? ’

Bafico +aafici + fi + aafiyr + Bafive = bo

1 1
A9 = 5(4 - 40(2 - 4052), b2 - §<—1 + 10042 + 46&2)

with the truncation error _6—!4(—2 + 11ay — 12435) Azt £ The fourth order scheme discussed

52 = 07 Qo = b b2 =0. If 52 = 11&2_25

in Section 6.2 is the special case with oy = + 2 o

102

we get a family of sixth-order schemes satisfying the weak monotonicity:

_ T8y 48, 2914y 36

a2 = ———F7— 2 62 )

5 as > 0. (6.32)

The truncation error of the sixth order approximation is 5 (1179as — 344) Az f®). Thus

we obtain an eighth order approximation satisfying the weak monotonicity if

344 23 320 310

s, 28 0 320, S0 6.33
117972~ 2358° %2~ 303772 T 393’ (6.33)

Qo

: . —172 8 £(10)
with truncation error gez=cee Ax® f1H0).

6.5.2 Convection problems

For the rest of this section, we will mostly focus on the family of sixth order schemes
since the eighth order accurate scheme is a special case of this family. For w; + f(u), = 0
with periodic boundary conditions on the interval [0, 1], we get the following semi-discrete
scheme:

1~ ~
La= - WD,f
dtu Ax b T
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Br b1 B1
sre1 1| w
oomoa L us
Wlu:L : 7
1+ 20, + 25,
Pe s 1| v
! i
1 1§ 5 )\ uy
0 2a; b b1 —2m 1
—2a7 0 2a7 by —by fa
1 —b, —2a; 0 2a; b f3

D, f =

4(1 4 204 + 264)
by =247 0 2a; b In—2

by by —2a; 0 2ay In-1
2(1,1 b1 _bl —2&1 0 fN

where f; and w; are point values of functions f(u(z)) and u(x) at uniform grid points z;

(t=1,---,N) respectively. We have a family of sixth-order compact schemes with forward
Euler time discretization:
At —  ~
mtl—u — — W, D,f. 6.34
u u AZ‘ 1 ( )
Define t = Wiu and A = 2L then scheme (6.34) can be written as
—n+1 —n A n n n n
u; = uUp — (bifiig +2a1fi —2a1 fiy — bifiy).

4(1 + 20&1 + 261)

Following the lines in Section 6.2.1, we can easily conclude that the scheme (6.34) satisfies

utt € [m, M] if u? € [m, M], under the CFL constraint

)

9 6(3a;—1)
8 — 30617 570(1 — 17

A £ < ming )

Given u; € [m,M], we also need a limiter to enforce u; € [m, M]. Notice that u; has

a five-point stencil instead of a three-point stencil in Section 6.2.2. Thus in general the
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extensions of Section 6.2.2 for sixth order schemes are more complicated. However, we can
still use the same limiter as in Section 6.2.2 because the five-diagonal matrix Wi can be
represented as a product of two tridiagonal matrices.

Plugging in ; = 15(—1 + 3ay), we have W, = Wf”ﬁ/f”, where

cgl) 1 1
1 Y1
(1) 1 L o 6oy V27— 24as + 2703
Wl - 1) T c. . ,C1 ' = _
@] +2 ) 3061—]_ ].—6()(14-905%
1 ¢’ 1
1 1 cgl)
4?1 1
1?1 :
I7/1(2): 1 052): 6 +\/§\/7—24a1+27a1.
052)_1_2 o dap — 1 1 — 6a; + 902
1 7 1
1 1

In other words, u = Wiu = Wfl)Wf2)u. Thus following the limiting procedure in Section

6.2.4, we can still use the same limiter in Section 6.2.2 twice to enforce the bounds of point

values if cgl), c§2) > 2, which implies % <ap < g. In this case we have min{ 8,?1,%’ (;(73;1:117)} =

%%111:117) , thus the CFL for the weak monotonicity becomes A|f(u)| < 65(73;1:117) . We summarize

the results in the following theorem.

Theorem 6.5.1. Consider a family of sizth order accurate schemes (6.34) with

1 2 1
61 7(_1 + 3061), a; = §<8 — 30&1), bl = 7(_17_‘_ 570(1),

— <
12 18 <o s

Y

W =
O ot

which includes the eighth order scheme (6.31) as a special case. If ul € [m, M] for all 1,

under the CFL constraint £t max, |f(u)| < 65(7331:117),

we have u*t € [m, M].
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Given point values wu; satisfying Wf”ﬁfl@)ui = W =4 € [m, M| for any i, we can

apply the limiter in Algorithm 2 twice to enforce u; € [m, M]:

1. Given u; € [m,M], compute v; = [Wfl)]_lﬂi which are not necessarily in the range

[m, M]. Then apply the limiter in Algorithm 2 to v;,i = 1,---,N. Let v; denote

(1)

the output of the limiter. Since we have u; = (Vic1 + ¢ /v + vig1), cgl) > 2, all

1
cgl)+2
discussions in Section 6.2.2 are still valid, thus we have v; € [m, M].

2. Compute u; = [Wl(m]*lﬁi. Apply the limiter in Algorithm 2 to w;,i =1,---, N. Since

we have v; = —— (ui_1 + cgz)ui + uiy1), 052)

@, > 2, all discussions in Section 6.2.2 are
€1

still valid, thus the output are in [m, M].

6.5.3 Diffusion problems

For simplicity we only consider the diffusion problems and the extension to convection
diffusion problems can be easily discussed following Section 6.2.4. For the one-dimensional

scalar diffusion equation u; = g(u),, with g(u) > 0 and periodic boundary conditions on an

interval [0, 1], we get the sixth order semi-discrete scheme: %u = ﬁW{lﬁmg, where

& L LS mw

E | 1 Us

Bom ! s

Fue . |
1+ 2a9 + 205
1 % é % 1 UN_2
21 1 g4/ \uy
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78@2 - 2b2 4(12 2b2 2b2 4(12

g1
4as —8ay — 2by 4as 2bgy 2bsy )
2bs 4ao —8as — 2bs4as 2bs gs
D1a€ = srezarsomn )
2bg 4a9—8ag — 2by 4ay 2bg IN—2
2by 2bgy 4ao —8ay — 2by 4ao gN—1
4dao 2bo 2bsy 4ao —8ag — 2bsy IN

where g; and w; are values of functions g(u(z)) and u(z) atx; respectively.
As in the previous subsection, we prefer to factor Wy as a product of two tridiagonal

matrices. Plugging in (s = 1134_2, we have: W, = WQ(DWQ(Q), where

Vo1 1
1 Y1
o _ 1 L o _ 62 v2y/128 — 7260 + 204303
2 = STl T ,Cy | = —
b +2 Hap —2 V4 — 440y + 12103
(1) 2
1 ¢y 1
1 1 cgl)
21 1
1 4?1
e 1 N o _ 62 v/2y/128 — 7260 + 204303
N N e T G2 = .
) +2 Hap —2 V4 — 4daz + 12103
(2) 2
1 ¢y7 1
1 1 céQ)

To have cgl), c§2) > 2, we need % < g < 1%. The forward Euler gives

At — |~
u"tt =u" 4+ @Wz_leg. (6.35)

Define @; = Wou; and p = %, then the scheme (6.35) can be written as

L

TR 2bag? o + 4azg? —8ay — 2b) gl + dasgl; + 2bagl s -
4(1+2a2+2@2)[ 20ia + dazgiy + (—8az 2)g7 + daagiiy + 2gl+2}

. 5n
u, =u; +
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Theorem 6.5.2. Consider a family of sizth order accurate schemes (6.35) with

Cllap -2 —T8ap +48

291, - 36 2 60
124 7 B

by — <

I R <
B 31 ’ 62 11 =113

which includes the eighth order scheme (6.33) as a special case. If ul € [m, M] for all 1,

under the CFL £%g(u) < m, the scheme satisfies u"™' € [m, M].

As in the previous subsection, given point values u; satisfying I//[V/Z(I)Wz(z)ui = Wgui =1q; €
[m, M| for any i, we can apply the limiter in Algorithm 2 twice to enforce u; € [m, M]. The
madtrices Wl and Wg commute because they are both circulant matrices thus diagonalizable
by the discrete Fourier matrix. The discussion for the sixth order scheme solving convection

diffusion problems is also straightforward.

6.6 Extensions To General Boundary Conditions

Since the compact finite difference operator is implicitly defined thus any extension to
other type boundary conditions is not straightforward. In order to maintain the weak mono-
tonicity, the boundary conditions must be properly treated. In this section we demonstrate
a high order accurate boundary treatment preserving the weak monotonicity for inflow and
outflow boundary conditions. For convection problems, we can easily construct a fourth
order accurate boundary scheme. For convection diffusion problems, it is much more com-
plicated to achieve weak monotonicity near the boundary thus a straightforward discussion

gives us a third order accurate boundary scheme.

6.6.1 Inflow-outflow boundary conditions for convection problems

For simplicity, we consider the following initial boundary value problem on the interval
[0,1] as an example: u; + f(u), =0, wu(z,0) = up(x), wu(0,t) = L(t), where we assume
f(u) > 0 so that the inflow boundary condition at the left cell end is a well-posed boundary
condition. The boundary condition at x = 1 is not specified thus understood as an outflow
boundary condition. We further assume wug(z) € [m, M] and L(t) € [m, M| so that the exact

solution is in [m, M].
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Consider a uniform grid with z; = iAz for i =0,1,--- ,N,N 4+ 1 and Az = ﬁ Then

a fourth order semi-discrete compact finite difference scheme is given by

14 1 Uo -1 0 1 fo
aiy ... : 1

dt6 R N YN
I 4 1) \uyp -1 01 N1

With forward Euler time discretization, the scheme is equivalent to

u?“zu?—;)\( - fl), i=1,--- N, (6.36)
Here uf = L(t") is given as boundary condition for any n. Given v} for i =0,1,--- N +1,
the scheme (6.36) gives ™! for i = 1,---, N, from which we still need ut!, to recover
interior point values u/*! fori =1,---, N.

Since the boundary condition at xxy;; = 1 can be implemented as outflow, we can
use 4! for i = 1,--- , N to obtain a reconstructed u’}\,trll. If there is a cubic polynomial
pi(x) so that w;_1,u;,u;11 are its point values at x;_q,x;, z;41, then ﬁf;ﬁl pi(z)de =
%ui,l + %ui + éuiﬂ = u;, due to the exactness of the Simpson’s quadrature rule for cubic
polynomials. To this end, we can consider a unique cubic polynomial p(x) satisfying four
equations: 5 [ p(x) doe = wptt, j=N-3,N—2N—1N.If «" are fourth order
accurate approximations to gu(z;_1, ")+ fu(x;, ") + fu(wjyq, "), then p(z) is a fourth
order accurate approximation to u(x, ") on the interval [zx_4, zy11]. So we get a fourth

n+1
order accurate uy';; by

2 17 14 7
p(rNt1) = —gﬂN—g + F{LN—Q — ?ﬂN—l + 5be- (6.37)

Since (6.37) is not a convex linear combination, p(xy41) may not lie in the bound [m, M].

Thus to ensure u" € [m, M| we can define

upt = max{min{p(zn41), M}, m}. (6.38)
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Obviously Theorem 6.2.1 still holds for the scheme (6.36). For the forward Euler time

discretization, we can implement the bound-preserving scheme as follows:

1. Given u? for all i, compute " for i = 1,--- , N by (6.36).

2. Obtain boundary values uf™ = L(t"™) and u}i"} by (6.37) and (6.38).

3. Given 4™ for i = 1,--- , N and two boundary values ug™" and uj}, recover point
values u™! for i = 1,--- , N by solving the tridiagonal linear system (the superscript
n + 1 is omitted):
4 1 U1 ﬁl - %UO
14 1 U2 ?7/2
1 JR—
- =
1 41 UN-1 l_LN —1
14 un Uy — §UNt1

4. Apply the limiter in Algorithm 2 to the point values u/*! fori =1,---, N.

6.6.2 Dirichlet boundary conditions for one-dimensional convection diffusion
equations

Consider the initial boundary value problem for a one-dimensional scalar convection

diffusion equation on the interval [0, 1]:

w+ f(u)e = g(w)ee, ul(x,t) =ug(x), u(0,t)=L(t), wu(l,t)=R(t), (6.39)

where g(u) > 0. We further assume ug(x) € [m, M] and L(t), R(t) € [m, M] so that the
exact solution is in [m, M].

We demonstrate how to treat the boundary approximations so that the scheme still
satisfies some weak monotonicity such that a certain convex combination of point values

is in the range [m, M] at the next time step. Consider a uniform grid with x; = iAx
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forv = 0,1,--- ,N,N + 1 where Ax = ﬁ The fourth order compact finite difference

approximations at the interior points can be written as:

f:v,l fl _% - 2£701
fa:,2 f2 0
1
W- : == 7Dm )
1 : N +
Je N1 -1 0
foun o) \EE e
41 0 1
14 1 -1 0 1
1 1
W = — T . -D:E - = Y
6 ’ 2
1 41 -1 01
14 —10
Jzz,1 g1 _gﬁ%’o + %
g:t:c,? 1 g2 0
W : - 7Da:ac : )
2 N +
Gzz, N—1 gN-1 0
g:ca:,N gn _gmmig+1 + gg;;
10 1 -2 1
1 10 1 1 -21
1
Wy = — Da:a: = s
2 12 3
1 10 1 1 -2 1
1 10 1 -2
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where f,; and g,.; denotes the values of f(u), and g(u)., at x; respectively. Let

_fz0 _ _fo _9rz0 4 9o
6 2Azx 12 Ax?
0 0
F — R G et
0 0
_ Jz,N41 IN+1 _ Gazx,N+1 gN+1
6 + 2Ax 12 + Ax?

Define W = W W, = WoW;. Here Wy and W; commute because they have the same
eigenvectors, w?ich is due to the fact that QI/TVQ — Wi is the identity matrix. ITlet u =
(2 )+ €= () Flua) - flun)) and g = (gw) glus) - gluy)) - Then
a fourth order compact finite difference approximation to (6.39) at the interior grid points
is Lu+ Wi (L D,f + F) = W5 ' (55 Dswg + G) which is equivalent to

¢ ray s L

@(WU) + Azx

1

D, f —
WeD. Ax?

Wlexg = —WQF + WlG
If u;(t) = u(x;, t) where u(x,t) is the exact solution to the problem, then it satisfies
Ut 4 + fagi = Gzx) (640)

where u;; = %ui(t), foi = f(w)s and gupi = g(U;)4e. If we use (6.40) to simplify —WoF +

Wi G, then the scheme is still fourth order accurate. In other words, setting — fy ;i + gusi = s
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does not affect the accuracy. Plugging (6.40) in the original —WsF + W, G, we can redefine
—WQF + WlG as

— 15Ut + 1520 + T3z S0 T 55290
— 250 + 57.f0 + 5az290
0
—WoF + W1G =
0

1 1 1
— Ut N+1 — 27 IN+1 + GAzZIN+1

1 1 5 2
— 15N+ T 5 e N1 — Az /N T AN

So we now consider the following fourth order accurate scheme:

1 1 _9 _2
_18ut70 + 12f$,0 + 12Aa;f0 + 3A$290
1 1 1
—=5Ui0 + 51f0 T a2 90
0

4 a4 L

1
%(Wu) + s —

D.f —
W Ax?

Wlexg -
0

1 1 1
— Ut N+1 — 27 IN+1 + GAzZIN+1

1 1 5 2
— 15Nt T 5 e N1 — Az /Nt T AN
(6.41)

The first equation in (6.41) is

4“0 + 41u1 + 14U2 + us
72

a

dt(

1 1 1
) = 5ua, 10fo+ f1 = 102 = f3) + 5 (490 = Tgr + 202 + 93) + 5 foo.

After multiplying % = % to both sides, it becomes

4UO + 41u1 + 14162 + us
60

a

y )= (0S4 fi 10/, — fo)

- 20Ax
1
(4g0 — Tg1 + 292 + g3) + Efx,O- (6.42)

(

_|_

1
5Ax2
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g+1 —4—411/11Jrl +14u;+1+u§+1

In order for the scheme (6.42) to satisfy a weak monotonicity in the sense that du 0
in (6.42) with forward Euler can be written as a monotonically increasing function of u}
under some CFL constraint, we still need to find an approximation to f(u),o using only

ug, U1, Uz, Uz, with which we have a straightforward third order approximation to f(u), o:

1

Jz0 = Ax(_161f0+3f1 - 2f2+;f3)+O(A$3)- (6.43)

Then (6.42) becomes

d Adug+ 4luy + 1dup +uz, 1
%( 60 ) = 60Ax(19f0 +21f1 —39f2 — f3)
1
+m(4go — 791 + 292 + g3)- (6.44)

The second to second last equations of (6.41) can be written as

d U;—o + 14Ui_1 -+ 42’LLZ + 14Ui+1 + Ui+2 o 1
' 72 ) = iy iz 100 (649)

—10fi41 — fir2) (Gi—2 +2gi-1 — 6gi +29i41 + Git2), 2<i< N —1,

RS
6Az2

which satisfies a straightforward weak monotonicity under some CFL constraint.

The last equation in (6.41) is

d 4u +4luny + 1dun_1 +un_ 1
o ake Nm Al (fn—o+10fn_1 — fn

- 24Ax
1 1
—10fn41) + m(gzv—z +2gn—1 — Tgn + 4gN11) + Efw,N-&-l-

After multiplying % = g to both sides, it becomes

i<UN—2 + lduy_1 +4luy + duniq
dt 60

—10fn+1)

) = 201Ax(fN_2 +10fn-1 — fn

1
gn—2+29n-—1 — Tgn + 4gn11) + Tof:p,N+1-

+ i(
5Az?
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Similar to the boundary scheme at x(, we should use a third-order approximation:

1 1 3 11
fa N1 = E(—ngfz + §fo1 —3fy + ngH) + O(A$3)~ (6.46)

Then the boundary scheme at xy.; becomes

un—2 + ldun_; +4luy + duny 1

d
pr 60 ) = Goag v-2 39 v =21 fy

1
_19fN+1> + m(g]vfg +2gn_1 — Tgn + 49N+1)- (647)

To summarize the full semi-discrete scheme, we can represent the third order scheme

(6.44), (6.45) and (6.47), for the Dirichlet boundary conditions as:

d —~ 1 ~ 1 ~
—Wua = _7Da: u Da:a: u s
dt v Ax f) + Ax? 9(1)
where
24 246 84 6
5 5 5 5 Uo
1 14 42 14 1 Uy
—~ 1
Wzi u =
72 ' ’
1 14 42 14 1 UN
6 384 246 24 U
5 5 5 5/ Nx(N+2) N+ (N42)x1
_38 _42 78 2 24 42 12 6
5 5 5 5 5 5 5 5
-1 —-10 0 10 1 1 2 -6 2 1
— 1 _ 1
Dy = o 7Dxac = =
24 6
—1-10 0 10 1 1 2 -6 2 1
_2 _ 18 42 38 12 42 24

SIES
\
|

5 5 5 / Nx(N+2)
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Let u = Wﬁ, A= % and p = AA;Q. With forward Euler, it becomes
—n+1 —n N N s .
u ™t =l — iADxfi +puDypgi, 1=1,--- N. (6.48)

We state the weak monotonicity without proof.

Theorem 6.6.1. Under the CFL constraint £t max,, |f(u)| < &, 25 max, g(u) < 22 f

ul € [m, M|, then the scheme (6.48) satisfies u;t* € [m, M].

We notice that

E?H = (4u"+1 + 41uT 4 14un Tt 4 u”“)
_ “+1+4u’f+1+u3“ B VA T A B RS
- 6 10 6 1070 >

—n+1l __ n+1 n+1 n+1 n+1

Uy = & (Ui + 1uft + 41 + duit)
I R S R U e R !
— 10 6 6 10 “*N+1*

Recall that the boundary values are given: ugt! = L(t"*1) € [m, M] and ujt}, = R(t"*!) €

[m, M], so we have

10 un+1 4 4u?+1 4 ugl-i-l 1 un-‘rl + 4un+1 + un-‘rl - EM + 1 M M
11 6 11 6 11 11
10 u”Jrl + 4u”+1 + uSH 1 u"+1 + 4u”+1 + u”Jrl S 10 n
—m+ —m=m,
11 6 11 6 - 11 11
1 u’rH—l + 4un+1 + un+1 10 un+1 _|_ 4un+1 + u’r]if-:_ll EM + 1 M M
11 6 11 6 — 11 11
1wt +4ut + o™ 10wt + dutt + u?vtll 10 1
+ — Z —m-+—m=m.
11 6 11 6 11 11
T
Thus define w*t! = (w?“ wyt ws o wit w]’"\‘ﬁl) as follows and we have:
m<wrtt s =utt <M, i=2,--- N1,
10 un+1 4 4un+1 4 un+1 1 un—i—l 4 4un+1 4 un—i—l
< n+1 e 1 2 < M
= 1 6 ST 6 =4
1 un+1 + 4un+1 + un—i—l 10 un—i—l + 4un+1 4 un+1
<ttt = N_ < M.
=N 11 6 ST 6 =
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By the notations above, we get

w't = Ka"t +ult = Wa,
10 120 492 168 12
i to T 11
1 0 1 14 42 14 1
1 = 1
K == c = — 7‘/‘[/v e —
e 72
0 1 14 42 14 1
10 12 168 492 120
1/ NxN UNHL) Nt moao I
We notice that W can be factored as a product of two tridiagonal matrices:
120 492 168 12 120 12
o1 o 141
1 14 42 14 1 1 10 1 14 1
1 B 1
72 12 6
1 14 42 14 1 1 10 1 1 41
12 168 492 120 12 120
o111 TR AN 141

which can be denoted as W = WQWL

are in the form of - ¢ > 2. So given u;

c+2?

can apply the limiter in Algorithm 2 twice to enforce u; € [m, M]:

—n+1

1. Given u for all 7, use the scheme (6.48) to obtain ]

mthe [m,M] fori=1,---,N by (6.49).

i

Then construct w
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Wu; € [m, M], we construct w

n+1

)

(6.49)

Nx(N+2)

Nx(N+2)

Fortunately, all the diagonal entries of Wi and Wy
€ [m, M]. We

€ [m,M] for i = 1,--- ,N.



2. Notice that Wj is a matrix of size N x N. Compute v = W{ wnt Apply the limiter
in Algorithm 2 to v; and let v; denote the output values. Since we have ngi € [m, M],

ie.,

10 1
m < V1 + 1702 < M,

1,10, 1
m < 5V + U2 + 1503 <M,

1 10 1
m < 5UN—2 + pUN-1 + 308 < M,

1 10
T7UN-1 + 3UN < M.

3

Following the discussions in Section 6.2.2, it implies v; € [m, M].

n+1

3. Obtain values of u; ", ¢ =1,--- , N by solving a N x N system:

41 uptt o
14 1 uj ™! Vo
1 1
- : — un+1
6 . 6 bC
1 41 umth UnN_1
14 ) \upt! UN

4. Apply the limiter in Algorithm 2 to u*' to ensure u™' € [m, M].

6.7 Numerical Tests

6.7.1 One-dimensional problems with periodic boundary conditions

In this subsection, we test the fourth order and eighth order accurate compact finite
difference schemes with the bound-preserving limiter. The time step is taken to satisfy both
the CFL condition required for weak monotonicity in Theorem 6.2.1 and Theorem 6.2.10

and the SSP coefficient for high order SSP time discretizations.

Ezxample 1. One-dimensional linear convection equation. Consider u; + u, = 0 with and

initial condition uy(z) = % +sin*(z) and periodic boundary conditions on the interval [0, 2]
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with a uniform N-point grid. The L' and L* errors for the fourth order scheme with a

smooth initial condition at time T = 10 are listed in Table 6.1 where Ax = %’r, the time

step is taken as At = CmS%AZE for the multistep method, and At = 5C’m5%A9§ for the Runge-
Kutta method so that the number of spatial discretization operators computed is the same
as in the one for the multistep method. We can observe the fourth order accuracy for the
multistep method and obvious order reductions for the Runge-Kutta method.

The errors for smooth initial conditions ug(z) = 3 + 1 sin*(z) at time 7" = 10 for the
eighth order accurate scheme are listed in Table 6.2. For the eighth order accurate scheme,

the time step to achieve the weak monotonicity is At = C,,,-> Az for the fourth-order SSP

ms9g

multistep method. On the other hand, we need to set At = Az? in fourth order accurate
time discretizations to verify the eighth order spatial accuracy. To this end, the time step

is taken as At = C,,s 2> Ax? for the multistep method, and At = 5C,,

6 A2
msoE —~Az* for the Runge-

525

Kutta method. We can observe the eighth order accuracy for the multistep method and the
order reduction for N = 160 is due to the roundoff errors. We can also see an obvious order

reduction for the Runge-Kutta method.

Table 6.1. Fourth order scheme accuracy test.
Fourth order SSP multistep Fourth order SSP Runge-Kutta
N | L' error order | L® error order | L' error order | L™ error order
20 | 3.44E-2 - 6.49E-2 - 3.41E-2 - 6.26E-2 -
40 | 3.12E-3 347 | 6.19E-3 3.39 | 3.14E-3 3.44 | 6.62E-3 3.24
80 | 1.82E-4 4.10 | 2.95E-4 439 | 1.86E-4 4.08 | 3.82E-4 4.11
160 | 1.10E-5 4.05 | 1.85E-5 4.00 | 1.29E-5 3.85 | 4.48E-5 3.09
320 | 6.81E-7 4.02 | 1.15E-6 4.01 | 1.42E-6 3.18 | 1.03E-5 2.13

Table 6.2. Eighth order scheme accuracy test.

Fourth order SSP multistep Fourth order SSP Runge-Kutta
N L' error order | L>® error order | L' error order | L™ error order
10 | 6.31E-2 1.01E-1 - 6.44E-2 9.58E-2

20 | 3.35E-5  7.55 | 5.59E-4 749 | 3.39E-4 7.57 | 5.79E-4  7.37
40 | 9.58E-7 845 | 1.49E-6 855 | 1.52E-6 7.80 | 4.32E-6  7.06
80 | 3.50E-9 810 | 5.51E-9 8.08 | 5.34E-8 4.83 | 2.31E-7 4.23
160 | 6.57E-11  5.74 | 1.01E-10 5.77 | 2.40E-9 448 | 145E-8 3.99
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Next, we consider the following discontinuous initial data:

o) = 1, if O<z<m, (6.50)
0, if 7wm<ax<2m

See Figure 6.1 for the performance of the bound-preserving limiter and the TVB limiter on
the fourth order scheme at T'= 10. Fourth order compact finite difference and fourth order
SSP multistep with At = %C’msAx and 100 grid points are used. The TVB parameter in
(6.11) is p = 5. We observe that the TVB limiter can reduce oscillations but cannot remove
the overshoot/undershoot. When both limiters are used, we can obtain a non-oscillatory
bound-preserving numerical solution. See Figure 6.2 for the performance of the bound-

preserving limiter on the eighth order scheme at T" = 10 with At = Cms%Ax and 100 grid

points.

12 O Numerical |
Exact
i

0.8

0.6 1

0.4

0.2 F

0.2 F

(a) Without any limiter. (b) With only the bound-preserving limiter.
1 %o_‘ R s 1 &
08 | ﬁ ‘O g 08 |
06 | ‘ ‘ 06 |
04 T I 04
‘O

‘ q 0.2 F

0r 0r

02 L L L L L L 0.2 L L L L L L
3 4 5 6 0 1 2 3 4 5 6

o
r

(c) With only the TVB limiter. (d) With both limiters.

Figure 6.1. Fourth order scheme for linear convection with discontinuous initial data.

[N

Ezample 2. One dimensional Burgers’ equation. Consider the Burgers’ equation u; + (%), =

0 with a periodic boundary condition on [—m,7]. For the initial data ug(x) = sin(x) + 0.5,
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(a) Without any limiter. (b) With the bound-preserving limiter.

Figure 6.2. Eighth order scheme for linear convection with discontinuous initial data.

the exact solution is smooth up to 7' = 1, then it develops a moving shock. We list the errors
of the fourth order scheme at 7" = 0.5 in Table 6.3 where the time step is At = %C’mSAx
for SSP multistep and At = %CmSAZL’ for SSP Runge-Kutta with Az = QW” We observe the
expected fourth order accuracy for the multistep time discretization. At T' = 1.2, the exact
solution contains a shock near © = —2.5. The errors on the smooth region [-2, 7] at T' = 1.2
are listed in Table 6.4 where high order accuracy is lost. Some high order schemes can still
be high order accurate on a smooth region away from the shock in this test, see [91]. We
emphasize that in all our numerical tests, Step III in Algorithm 2 was never triggered. In
other words, set of Class I is rarely encountered in practice. So the limiter Algorithm 2 is
a local three-point stencil limiter for this particular example rather than a global one. The
loss of accuracy in smooth regions is possibly due to the fact that compact finite difference
operator is defined globally thus the error near discontinuities will pollute the whole domain.

The solutions of the fourth order compact finite difference and the fourth order SSP
multistep with the bound-preserving limiter and the TVB limiter at time 7" = 2 are shown
in Figure 6.3, for which the exact solution is in the range [—0.5,1.5]. With 100 grid points

and time step At = ! ( )|Cm5Ax, the TVB parameter in (6.11) is set as p = 5. The

3maxg |uo(x
TVB limiter alone does not eliminate the overshoot or undershoot. When both the bound-
preserving and the TVDB limiters are used, we can obtain a non-oscillatory bound-preserving

numerical solution.
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Table 6.3. The fourth order scheme with limiter for the Burgers’ equation.
Smooth solutions.

Fourth order SSP multistep Fourth SSP Runge-Kutta
N | L' error order | L™ error order | L' error order | L™ error order
20 | 6.92E-4 H.24E-3 7.79E-4 - 5.61E-3

40 | 3.28E-5 4.40 | 3.62E-4 3.85 | 445E-5 4.13 | 4.77E-4  3.56
80 | 1.90E-6 4.11 | 2.00E-5 4.18 | 3.53E-6 3.66 | 2.09E-5 4.51
160 | 1.15E-6  4.04 | 1.24E-6 4.01 | 493E-7 284 | 547E-6 1.93
320 | 7.18E-9 4.00 | 7.67E-8 4.01 | 8.78E-8 249 | 1.73E-6 1.66

Table 6.4. Burgers’ equation. The errors are measured in the smooth region
away from the shock.

Fourth order SSP multistep Fourth SSP Runge-Kutta

N | L' error order | L™ error order | L' error order | L™ error order
20 | 1.59E-2 - 5.206E-2 - 1.62E-2 - 5.39E-2 -
40 | 2.10E-3 2.92 1.38E-2 1.93 | 2.11E-3 2.94 1.39E-2 1.95
80 | 6.35E-4 1.73 6.56E-3 1.07 | 6.48E-4 1.70 7.01E-3  0.99
160 | 1.48E-4 2.10 1.65E-3 1.99 | 1.51E-4 2.10 1.66E-3 2.08
320 | 3.12E-5 2.25 6.10E-4 1.43 | 3.14E-5 2.26 6.13E-4 1.44

Ezxample 3. One dimensional convection diffusion equation.

Consider the linear convection diffusion equation u; 4+ cu, = du,, with a periodic bound-
ary condition on [0,27]. For the initial ug(z) = sin(x), the exact solution is u(x,t) =
exp(—dt)sin(x — ct) which is in the range [—1,1]. We set ¢ = 1 and d = 0.001. The
errors of the fourth order scheme at T = 1 are listed in the Table 6.5 in which At =
Crnsmin{ L2, %%2} for SSP multistep and At = 5C,, min{t2, %AT’”Q} for SSP Runge-
Kutta with Az = %’r We observe the expected fourth order accuracy for the SSP multistep
method. Even though the bound-preserving limiter is triggered, the order reduction for the
Runge-Kutta method is not observed for the convection diffusion equation. One possible
explanation is that the source of such an order reduction is due to the lower order accuracy
of inner stages in the Runge-Kutta method, which is proportional to the time step. Com-

pared to At = O(Ax) for a pure convection, the time step is At = O(Az?) in a convection

diffusion problem thus the order reduction is much less prominent. See the Table 6.6 for
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(a) Without any limiter. (b) With both limiters.

Figure 6.3. Burgers’ equation at 7" = 2.

the errors at 7' = 1 of the eighth order scheme with At = C),,5 min{%Af, %AT”“Q} for SSP

multistep and At = 5C,,, min{%Afz, %AT”CQ} for SSP Runge-Kutta where Az = QW”

Table 6.5. The fourth order compact finite difference with limiter for linear
convection diffusion.

Fourth order SSP multistep Fourth order SSP Runge-Kutta
N | L' error order | L*® error order | L' error order | L™ error order
20 | 3.30E-5 - 5.19E-5 - 3.60E-5 6.09E-5 -

40 | 2.11E-6 397 | 3.30E-6 397 | 2.44E-6 4.00 | 3.52E-6 4.12
80 | 1.33E-7 3.99 | 2.09E-7 398 | 1.37E-7 4.04 | 2.15E-7 4.03
160 | 8.36E-9 3.99 | 1.31E-8 3.99 | 8.46E-9 4.02 | 1.33E-8 4.02
320 | 5.24E-10 4.00 | 8.23E-10 4.00 | 5.29E-10 4.00 | 8.31E-10 4.00

Ezxample 4. Nonlinear degenerate diffusion equations.
A representative test for validating the positivity-preserving property of a scheme solving
nonlinear diffusion equations is the porous medium equation, u; = (u").,m > 1. We

consider the Barenblatt analytical solution given by

~k(m 1) |2

B (z,t) =t ¥[(1
m(l’, ) [( 2m, tgk

)+]1/(m_1)7

where v, = max{u,0} and k& = (m + 1)~'. The initial data is the Barenblatt solution
at 7' = 1 with periodic boundary conditions on [6,6]. The solution is computed till time
T = 2. High order schemes without any particular positivity treatment will generate negative

solutions [102], [103], [106]. See Figure 6.4 for solutions of the fourth order scheme and the

246



Table 6.6. The eighth order compact finite difference with limiter for linear
convection diffusion.

SSP multistep SSP Runge-Kutta
N | L! error order | L® error order | L' error order | L™ error order
10 | 3.85E-7 - 5.96E-7 - 3.85E-7 - 5.95E-7 -

20 | 1.40E-9 8.10 | 2.20E-9 8.08 | 1.42E-9 8.08 | 2.23E-9 8.06
40 | 5.46E-12 8.01 | 8.60E-12 8.00 | 5.48E-12 8.02 | 8.69E-12 8.01
80 | 3.53E-12  0.63 | 6.46E-12 0.41 | 1.06E-12 2.37 | 3.29E-12 1.40

SSP multistep method with At = 3imCmsAx and 100 grid points. Numerical solutions are
strictly nonnegative. Without the bound-preserving limiter, negative values emerge near the

sharp gradients.

1.2 + (O 4th order Compact FD with limiter 4 12 (O 4th order Compact FD with limiter
~— Exact solution of u (:(u 5)Xx ~— Exact solution of u (:(u E)Xx

(a) m = 5.

Figure 6.4. The fourth order compact finite difference with limiter for the
porous medium equation.

6.7.2 Omne-dimensional problems with non-periodic boundary conditions

Ezxample 5. One-dimensional Burgers’ equation with inflow-outflow boundary condition.
Consider u; + (“;)x = 0 on interval [0,27] with inflow-outflow boundary condition and
smooth initial condition u(z,0) = ug(z). Let ug(z) = 3sin(z) + 5 > 0, we can set the left
boundary condition as inflow u(0,¢) = L(t) and right boundary as outflow, where L(t) is
obtained from the exact solution of initial-boundary value problem for the same initial data
and a periodic boundary condition. We test the fourth order compact finite difference and

fourth order SSP multistep method with the bound-preserving limiter. The errors at 7' = 0.5
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are listed in Table 6.7 where At = C,,,Ax and Ax = %’r See Figure 6.5 for the shock at
T = 3 on a 120-point grid with At = C,,,;Ax.

Table 6.7. Burgers’ equation. The fourth order scheme. Inflow and outflow
boundary conditions.

N | L*® error order | L' error order
20 | 1.15E-4 - 7.80E-4 -
40 | 4.10E-6  4.81 | 2.00E-5 5.29
80 | 2.17E-7T  4.24 | 9.43E-7 440
160 | 1.22E-8 4.15 | 4.87TE-8 4.28
320 | 7.41E-10 4.05 | 2.87E-9 4.09

(a) Without any limiter. (b) With the bound-preserving limiter.

Figure 6.5. Burgers’ equation. The fourth order scheme. Inflow and outflow
boundary conditions.

Example 6. One-dimensional convection diffusion equation with Dirichlet boundary condi-
tions. We consider equation u; + cu, = du,, on [0, 27| with boundary conditions u(0,t) =
cos(—ct)e™ and u(27,t) = cos(2m —ct)e~ . The exact solution is u(x,y,t) = cos(x—ct)e .
We set ¢ = 1 and d = 0.01. We test the third order boundary scheme proposed in

Section 6.6.2 and the fourth order interior compact finite difference with the fourth or-

der SSP multistep time discretization. The errors at T = 1 are listed in Table 6.8 where

_ 4 Az 695 Ax? _ 27
At = Cs min{ 3555, 1506 4 1> AT = -
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Table 6.8. A linear convection diffusion equation with Dirichlet boundary conditions.
N | L*® error order | L' error order
10 | 1.68E-3 - 8.76E-3 -

20 | 1.47E-4 351 | T.12E-4  3.62
40 | 835E-6 4.14 | 4.27E-5 4.06
80 | 4.44E-7 423 | 2.28E-6 4.23
160 | 2.30E-8 4.27 | 1.10E-7 4.37

6.7.3 Two-dimensional problems with periodic boundary conditions

In this subsection we test the fourth order compact finite difference scheme solving two-

dimensional problems with periodic boundary conditions.

FEzample 7. Two-dimensional linear convection equation. Consider u; + u, + u, = 0 on the
domain [0, 27] x [0,27] with a periodic boundary condition. The scheme is tested with a
smooth initial condition ug(z,y) = % + %sin“(x + y) to verify the accuracy. The errors at
time T = 1 are listed in Table 6.9 where At = C’ms%Ax for the SSP multistep method and
At = 5CmS%Ax for the SSP Runge-Kutta method with Ax = Ay = zﬁﬁ We can observe
the fourth order accuracy for the multistep method on resolved meshes and obvious order

reductions for the Runge-Kutta method.

Table 6.9. Fourth order accurate compact finite difference with limiter for

the 2D linear equation.
Fourth order SSP multistep Fourth order SSP Runge-Kutta

N x N Mesh | L' error order | L> error order | L' error order | L error order
10 x 10 4.70E-2 - 1.17E-1 - 8.45E-2 - 1.07E-1 -
20 x 20 547E-3  3.10 | 8.97E-3 3.71 | 5.56E-3 3.93 | 9.09E-3  3.56
40 x 40 3.04E-4 4.17 | 5.09E-4 4.13 | 2.88E-4 4.27 | 6.13E-4  3.89
80 x 80 1.78E-5 4.09 | 2.99E-5 4.09 | 1.95E-5 3.89 | 6.77TE-5  3.18

160 x 160 1.09E-6 4.03 | 1.85E-6 4.01 | 2.65E-6 2.88 | 1.26E-5 2.43

We also test the following discontinuous initial data:

1, if (z,y) € [-0.2,0.2] x [-0.2,0.2],
Uo(CU, y) =
0, otherwise.
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(a) Without any limiter. (b) With the bound-preserving limiter.

Figure 6.6. Fourth order compact finite difference for the 2D linear convection.
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The numerical solutions on a 80 x 80 mesh at 7' = 0.5 are shown in Figure 6.6 with

At = éCmSAZ‘ and Az = Ay = QW” Fourth order SSP multistep method is used.

Ezample 8. Two-dimensional Burgers’ equation. Consider u; + (%2).@ + (“72)y = 0 with

uo(z,y) = 0.5 + sin(x 4+ y) and periodic boundary conditions on [—m, 7| X [—7,7]. At
time T' = 0.2, the solution is smooth and the errors at 7' = 0.2 on a N x N mesh are shown

in the Table 6.10 in which At = C

MS 6 maxy |u0 (z)]

for multistep and At = 5C,, L()' for

$ 6 maxz |uo(z

Runge-Kutta with Ax = Ay = %T At time T = 1, the exact solution contains a shock.

The numerical solutions of the fourth order SSP multistep method on a 100 x 100 mesh are

1

—C’msAa: The bound-preserving limiter ensures
6 maxg |uo(x)|

shown in Figure 6.7 where At =
the solution to be in the range [—0.5, 1.5].

Table 6.10. Fourth order compact finite difference scheme with the bound-
preserving limiter for the 2D Burgers’ equation.

SSP multistep SSP Runge-Kutta
N x N Mesh | L' error order | L error order | L' error order | L™ error order
10 x 10 1.08E-2 - 4.48E-3 - 9.16E-3 - 3.73E-2 -

20 x 20 4.73E-4 452 | 3.76E-3  3.58 | 290E-4 498 | 2.14E-3 4.12
40 x 40 1.90E-5 4.64 | 1.45E-4 4.69 | 2.03E-5 3.83 | 1.12E-4 4.25
80 x 80 9.99E-7 4.25 | 7T43E-6 429 | 2.35E-6 3.12 | 1.54E-5 2.86
160 x 160 5.87TE-8  4.09 | 4.26E-7 4.13 | 3.62E-7 270 | 5.13E-6 1.59

L &€

fgitlv ith - bound-preserving (c) The exact solutlon

[ SN

w M o2 o 4N b

-2

2
(a) Without any limiter.

Figure 6.7. The fourth order scheme for 2D Burgers’ equation.

Example 9. Two-dimensional convection diffusion equation.
Consider the equation u; + ¢(uy + uy) = d(uyy + uyy) With ug(x,y) = sin(x 4+ y) and a

periodic boundary condition on [0, 27] x [0, 27]. The errors at time 7" = 0.5 for ¢ = 1 and
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d = 0.001 are listed in Table 6.11, in which At = C,,s min A‘”, 54A8§ } for the fourth-order

SSP multistep method, and At = 5C,,; min A”E , 5@3 } for the fourth-order SSP Runge-Kutta

method, where Az = Ay = Qﬁﬂ

Table 6.11. Fourth order compact finite difference with limiter for the 2D
convection diffusion equation.

Fourth order SSP multistep Fourth order SSP Runge-Kutta
N L' error order | L® error order | L! error order | L™ error order
10 x 10 6.26E-4 - 9.67E-4 - 6.68E-4 - 9.59E-4

20 x 20 | 3.62E-5 4.11 | 5.61E-5 4.11 | 3.60E-5 4.21 | 6.09E-5 3.98
40 x40 | 2.20E-6 4.04 | 3.45E-6 4.02 | 224E-6 4.00 | 3.52E-6 4.12
80 x 80 | 1.35E-7 4.02 | 2.13E-7 4.01 | 1.37TE-7 4.04 | 2.15E-7 4.03
160 x 160 | 8.45E-9 4.01 | 1.33E-8 4.01 | 846E-9 4.02 | 1.33E-8 4.02

Example 10. Two-dimensional porous medium equation.

We consider the equation u; = A(u™) with the following initial data

(2,y) = 1, if (z,y) € [-0.5,0.5] x [-0.5,0.5],
o(z,y) = 0, if (z,y) € [-2,2] x [-2,2]/[-1,1] x [-1,1],

and a periodic boundary condition on domain [—2,2] x [—2,2]. See Figure 6.8 for the
solutions at time 7" = 0.01 for SSP multistep method with At = C’mSAx and

Axr = Ay =

48 maxy \uo (z)]

1—15. The numerical solutions are strictly non-negative, which is nontrivial for
high order accurate schemes. High order schemes without any positivity treatment will

generate negative solutions in this test, see [102], [103], [106].

O

(a) m = 3. (b) m = 4. (c) m =5.

Figure 6.8. The fourth order scheme with limiter for 2D porous medium
equations u; = A(u™).
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6.7.4 Two-dimensional incompressible Navier-Stokes equation

In this subsection, we test the bound-preserving fourth order compact finite difference

scheme for the two-dimensional incompressible flow.

Ezample 11. Consider solving (6.19) on the domain [0, 27] x [0, 27r] with a periodic boundary
condition. We use a smooth solution w(z, y,t) = sin(2z) sin(2y) exp(7:t) to test the accuracy
of the proposed scheme. The errors for Re = 1000 at 7' = 1 are listed in Table 6.12. The
time step is taken as At = C,,; min{mAx, %Aﬁ} for the SSP multistep method

and At = 5C,,s min{mAm, 3¢ Az} for the SSP Runge-Kutta method.

Table 6.12. Fourth order compact finite difference scheme with the bound-
preserving limiter for the incompressible Navier-Stokes equation.

SSP multistep SSP Runge-Kutta
N x N | L'error order | L™ error order | L' error order | L>™ error order
10 x 10 2.76E-5 - 6.58E-5 - 3.67E-5 - 8.76E-5

20 x 20 1.80E-6  3.94 | 429E-6 3.94 | 2.16E-6 4.09 | 5.16E-6 4.09
40 x 40 1.22E-7 388 | 3.07E-7 3.80 | 1.33E-7 4.02 | 3.35E-7 3.94
80 x 80 793E-9 395 | 1.97E-8 397 | 842E-9 3.99 | 2.09E-8 4.00
160 x 160 | 5.03E-10 3.98 | 1.24E-9 3.98 | 5.17E-10 4.03 | 1.28E-9 4.03

Example 12. Double Shear Layer Problem. We test the double shear layer problem on the

domain [0, 27| x [0, 27| with a periodic boundary condition. The initial condition is

w(z,y,0) = {

Scos(x) — Lsech®((y — 2)/p), y <7
dcos(x) + %sechQ((%’r —y)/p),y >

with 6 = 0.05 and p = 7/15. The vorticity w for Re = 5000 at time 7" = 6 and T' = 8 are
shown in Figure 6.9. We use the fourth order compact finite difference with SSP multistep
method on a 120 x 120 mesh solving the Navier-Stokes equation (6.19) with Re = 5000.
The time step is At = C,, min{mAx, %Aﬁ}. Although one can barely see any
difference between the results with the limiter and without the limiter from the contour,

we point out that the numerical solutions of the scheme with the bound-preserving limiter

are ensured to be in the range [—0 — %, 0+ %] In the numerical solutions, we observe some
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obvious oscillations, which would be reduced if the TVB limiter is also used. On the other
hand, if the physical diffusion in the Navier-Stokes equation is resolved on a fine enough

mesh, the physical diffusion can also smooth out the oscillations, as we will see in the next

example.

4 4
2 2
0 0
-2 -2
4 4

(b) T = 6, with limiter.
4 6 1|4
2 2

4
0 > 0
2 2 2
4 4
X
(c) T = 8, with limiter. (d) T = 8, with limiter.

Figure 6.9. Double shear layer problem.

Ezample 13. Vortex Patch Problem. We test the vortex patch problem in the domain [0, 27] x

0, 27] with a periodic boundary condition. The initial condition is

—1, (z,y) € [3, %] x [2, 2]
w(z,y,0) =11, (z,y)€[3 ] x[Z, =

0, otherwise.

Numerical solutions for incompressible Euler and Navier-Stokes equations are shown in

Figure 6.10, Figure 6.11 and Figure 6.12. In Figure 6.10, we use fourth order accurate
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compact finite difference scheme to solve the incompressible Euler equation at 7= 5 on a

120 x 120 mesh. The time step is At = C,

msmAl’ The second row is the cut along

the diagonal of the two-dimensional array. We can observe that the solutions generated by
the compact finite difference scheme with only the bound-preserving limiter are still highly
oscillatory for the Euler equation, thus in principle other limiters should be used to eliminate
the oscillations, e.g., the TVB limiter. On the other hand, we solve the incompressible
Navier-Stokes equation with Re = 1000, at time 7" = 5 on a 60 x 60 mesh with the time

Az, 222 Az2}. The second row is the cut along the diagonal of

step At = Cs 1’11111{ 12 maxluo\ )48

the two-dimensional array. We observe that the numerical solution is non-oscillatory on a
fine enough mesh. Notice that the oscillations in Figure 6.10 and Figure 6.11 suggest that
the artificial viscosity induced by the bound-preserving limiter is quite low, thus it is the
physical diffusion in the Navier-Stokes equation that starts to smooth out the numerical
oscillations in Figure 6.12. For Figure 6.12, on a 120 x 120 mesh we use time step is

Az, 3B Ng?)

At = Cms mln{ 12 max |uo\ ’ 48

The same phenomenon was also observed for the high order positivity-preserving discon-
tinuous Galerkin scheme for the compressible Navier-Stokes system in [96]. In other words,
for solving convection diffusion problems on resolved meshes, the bound-preserving limiter
is enough for high order schemes producing satisfying results and there is no need to use the

TVB limiter.

6.8 Concluding Remarks

In this chapter we have demonstrated that fourth order accurate compact finite difference
schemes for convection diffusion problems with periodic boundary conditions satisfy a weak
monotonicity property, and a simple three-point stencil limiter can enforce bounds without
destroying the global conservation. Since the limiter is designed based on an intrinsic prop-
erty in the high order finite difference schemes, the accuracy of the limiter can be easily
justified. This is the first time that the weak monotonicity is established for a high order
accurate finite difference scheme, complementary to results regarding the weak monotonicity

property of high order finite volume and discontinuous Galerkin schemes in [23], [93], [95].
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(b) With the bound-preserving limiter.

15

1k

”\/WUM” -

diagonal diagonal

(c) Without limiter. (d) With the bound-preserving limiter.
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Figure 6.10. Vortex patch for incompressible Naiver-Stokes equation on the
120 x 120 mesh.

We have discussed extensions to two dimensions, higher order accurate schemes and
general boundary conditions, for which the five-diagonal weighting matrices can be factored
as a product of tridiagonal matrices so that the same simple three-point stencil bound-
preserving limiter can still be used. We have also proved that the TVB limiter in [101]
does not affect the bound-preserving property. Thus with both the TVB and the bound-
preserving limiters, the numerical solutions of high order compact finite difference scheme
can be rendered non-oscillatory and strictly bound-preserving without losing accuracy and
global conservation. To generalize the bound-preserving scheme to incompressible flows, we
have proposed a vector field which satisfies a discrete divergence free constraint. Extensive
numerical results suggest the good performance of the high order bound-preserving compact

finite difference schemes.
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ical solution is around 1.07. (d) With the bound-preserving limiter.

Figure 6.11. Vortex patch for incompressible Naiver-Stokes equation on the
60 x 60 mesh.

For more generalizations and applications, there are certain complications. For using
compact finite difference schemes on non-uniform meshes, one popular approach is to intro-
duce a mapping to a uniform grid but such a mapping results in an extra variable coefficient
which may affect the weak monotonicity. Thus any extension to non-uniform grids is much
less straightforward. For applications to systems, e.g., preserving positivity of density and
pressure in compressible Euler equations, the weak monotonicity can be easily extended to
a weak positivity property. However, the same three-point stencil limiter cannot enforce the

positivity for pressure. One has to construct a new limiter for systems.
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Figure 6.12. Vortex patch for Naiver-Stokes equation on the 120 x 120 mesh.

6.9 Appendix A: Comparison With The Nine-point Discrete Laplacian

Consider solving the two-dimensional Poisson equations ug, + u,, = f with either ho-
mogeneous Dirichlet boundary conditions or periodic boundary conditions on a rectangular
domain. Let u be a N, x N, matrix with entries u; ; denoting the numerical solutions at
a uniform grid (z;,y;) = (N%w Niy) Let f be a N, x N, matrix with entries f; ; = f(x;, ;).

The fourth order compact finite difference method in Section 6.3.2 for u,, + u,, = f can be

written as:
1
Ax?

1

W_xleu +
2 Ayz

W2_leyyu = f(u). (6.1)
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For convenience, we introduce two matrices,

Ui—1,541 Wi j+1 Uit1,541 fz‘—l,j+1 fi,j—H fz’+1,j+1
U=luiy wy wny | F=|fig fig firg
Ui—1,j-1 Wi j—1 Uit1,5—-1 fifl,jfl fi,jfl fi+1,j71

Notice that the scheme (6.1) is equivalent to

AlgﬁWQyD”u + AlzﬂWQnyyu = Wo, Way f(u),
which can be written as
1 -2 1 1 10 1 1 10 1
ToAL? 10 —2010| : U+ 12iAy2 -2 -20-2|:U= MlA 10 100 10 | : £, (6.2)
1 -2 1 1 10 1 1 10 1

where : denotes the sum of all entrywise products in two matrices of the same size.

In particular, if Az = Ay = h, the scheme above reduces to

1 4 1 1 10 1
1 1
— — U = — P
e 4 —-204 114 10 100 10
1 4 1 1 10 1

Recall that the classical nine-point discrete Laplacian [113] for the Poisson equation can be

written as
1 -2 1 1 10 1 010
1 1
——— |10 - U4 —— | -2 -20-2|:U=— . F 6.3
A,z | 10 —2010 T oa, |72 202 181 F (63
1 -2 1 1 10 1 010
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which reduces to the following under the assumption Ax = Ay = h,

14 1 010

1 ool .

oz |4-204|:U=17 181 F
14 1 010

Both schemes (6.2) and (6.3) are fourth order accurate and they have the same stencil in the
left hand side. As to which scheme produces smaller errors, it seems to be problem dependent,
see Figure 6.13. Figure 6.13 shows the errors of two schemes (6.2) and (6.3) using uniform
grids with Az = 2Ay for solving the Poisson equation u,,+1u,, = f on a rectangle [0, 1]x [0, 2]
with Dirichlet boundary conditions. For solution 1, we have u(z,y) = sin(7x) sin(7y) + 2z,

for solution 2, we have u(zx,y) = sin(nz) sin(my) + 4xty?.

107 ‘ : 107 aman _
+9-point scheme +9-point scheme
©compact FD \ »compact FD
fourth order slope ’ fourth order slope
10} ’ 10°;
£ ' £ X
e} o
c S 5
>< >< O
S 106 © 106+ o
e 10 £ 10
£ + £ “
S S
1077 . 107
+
-8 . -8 .
10 10
10° 10" 102 10° 10" 102
Number of grid points in x-direction Number of grid points in x-direction
(a) Solution 1. (b) Solution 2.

Figure 6.13. Error comparison.

6.10 Appendix B: M-matrices And A Discrete Maximum Principle

Consider solving the heat equation u; = Uz, + Uy, with a periodic boundary condition.
It is well known that a discrete maximum principle is satisfied under certain time step

constraints if the spatial discretization is the nine-point discrete Laplacian or the compact
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scheme (6.1) with backward Euler and Crank-Nicolson time discretizations. For simplicity,
we only consider the compact scheme (6.1) and the discussion for the nine-point discrete

Laplacian is similar. Assume Ax = Ay = h. For backward Euler, the scheme can be written

as
110 1 1 41
1 . n+1 n_At . n+1
Taq [ 10100 10 | = (U U)—6h2 4-204|:U"",
110 1 1 41
thus
1 10 1 141 1 10 1
1 At 1
_ et 20 . Lyl .7
g | 1010010 U g 42040 iz | 10100 10 = U™
110 1 1 41 1 10 1

Let A and B denote the matrices corresponding to the operator in the left hand side and

right hand side above respectively, then the scheme can be written as

Aun—H — Bun7

and A is a M-Matrix (diagonally dominant, positive diagonal entries and non-positive off

diagonal entries) under the following constraint which allows very large time steps:

&

>
> —.
2748

>

The inverses of M-Matrices have non-negative entries, e.g., see [107]. Thus A~! has non-
negative entries. Moreover, it is straightforward to check that Ae = e where e = (1 1--- 1>T .
Thus A~'e = e, which implies the sum of each row of A~! is 1 thus each row of A~! mul-
tiplying any vector V' is a convex combination of entries of V. It is also obvious that each
entry of B is non-negative and the sum of each row of B is 1. Therefore, u"*! = A~'Bu"®
satisfies a discrete maximum principle:

n

minv; <t < maxu;.

(2
7 J ]
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For the second order accurate Crank-Nicolson time discretization, the scheme can be

written as
1 10 1 1 4 1
1 At untlt 4 gn
— (Ut —Um = — - e
a1 | 10 100 10 ( ) e 4 —-204 5 :
1 10 1 1 4 1
thus
1 10 1 1 4 1
1 .+l
T 10 100 10 1oh? 4 -2041|:U =
1 10 1 1 4 1
1 10 1 1 4 1
714 | 1010010 | +ooos f4 —204 | | - U™
1 10 1 1 4 1

Let the matrix-vector form of the scheme above be Au”t' = Bu”. Then for A to be an

At > 5 However, for B to have non-negative entries, we need

M-Matrix, we only need 75 >

% < % Thus the Crank-Nicolson method can ensure a discrete maximum principle if the
time step satisfies,

5, 5
R <ALt< —R2
24h— t—12h

6.11 Appendix C: Fast Poisson Solvers

6.11.1 Dirichlet boundary conditions

Consider solving the Poisson equation u,, + u,, = f(x,y) on a rectangular domain

0, L,] x [0, L,] with homogeneous Dirichlet boundary conditions. Assume we use the grid

Ly

N2 for the z-variable and

x; = iAx, 1 = 0,--- N, + 1 with uniform spacing Azr =

y;j = jAy, j = 0,--- , N, + 1 with uniform spacing Ay = N?H for y-variable. Let u be a
N, x N, matrix such that its (4, j) entry w, ; is the numerical solution at interior grid points
(wi,y;). Let F be a (N, +2) x (N, + 2) matrix with entries f(z;,y;) fori =0,--- , N, +1

and j =0, - N, + 1.
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To obtain the matrix representation of the operator in (6.2) and (6.3), we consider two

operators:

e Kronecker product of two matrices: if A is m xn and B is p X q, then A® B is mp X nq

give by
CL11B cee CLlnB
A® B =

a1 B -+ apn B

o For a mxn matrix X, vec(X) denotes a column vector of size mn made of the columns

of X stacked atop one another from left to right.
The following properties will be used:
1. (A® B)(C® D)= AC® BD.
2. (A B)"'=A"1@ B~
3. (BT @ A)vec(X) = vec(AXB).

We define two tridiagonal square matrices of size N, x N,:

—2 1 10 1
1 -2 1 110 1
b _ 1 -2 1 oL 110 1
12
1 -2 1 110 1
1 -2 110

Let Wy, denote a N, x (N, + 2) tridiagonal matrix of the following form:

110 1
_ 1 1 10 1
1 101
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The matrices D,,, W, and WQy are similarly defined.

Then the scheme (6.2) can be written in a matrix-vector form:

AlﬂDmuWQTy + AlyQW%uDZy = Wy, FW,,,
or equivalently,
1 1 - —
(Wgy ® EDM + A—yQDyy ® W2m> vec(u) = (Wa, ® Wy,) vec(F). (6.5)
Let h, = [hy, ho, -+, hy,|T with h; = ﬁ, and sin(mrh,) denote a column vector of size

N, with its i-th entry being sin(mmh;). Then sin(mrh,) are the eigenvectors of D,, and
Wa, with the associated eigenvalues being 2 cos(7755) — 2 and 2 + ¢ cos(725) respectively

Ngz+1 Ng+1
form=1,---,N,. Let

S, = [sin(rh,),sin(27h,), - - -, sin(N,7h,)]

be the N, x N, eigenvector matrix, then S, is a symmetric matrix. Let A, denote a diagonal

matrix with diagonal entries 2 cos( N’??L) —2 and Ay, denote a diagonal matrix with diagonal
entries 2 + écos(N’:L), then we have D,, = S;A1,5, ! and W, = S, A2, S, !, thus

Way ® Dyp = (SyA9, S, ") ® (SehhizS3 ') = (S, ® 82)(Agy ® A1) (S, @ S77).

The scheme can be written as

1
Ax?

1

(S, @ S.)( A

Aoy @ A1y + Ay @ Age) (S, @ S, 1) vec(u) = (Way @ W) vee(F).

Let A be a N, x N, matrix with A;; being equal to

1 s mm 1 mm gm
N -1 = (eos(-T ~1
SRS (COS(N$+1> )(cos(Ny+1)+5>+3Ay2 <COS(N$+1)—|—5> (COS(Ny+1) >,
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then vec(A) are precisely the diagonal entries of the diagonal matrix ﬁ/\gy QN1+ A%JQAM ®

Ay, then the scheme above is equivalent to
Se(Ao (S;'us;1))S, = Wo, FIW,,,
where the symmetry of S matrices is used. The solution is given by
u =S, {[S; (W, FWW,,)S;']./A}S,, (6.6)

where ./ denotes the entrywise division for two matrices of the same size.

Since the multiplication of the matrices S and S~! can be implemented by the Discrete
Sine Transform, (6.6) gives a fast Poisson solver.

For nonhomogeneous Dirichlet boundary conditions, the fourth order accurate compact

finite difference scheme can also be written in the form of (6.5):

1 1 .
(Wgy ® A—xQDm + A—yszy ® W2x> vec(u) = vec(F), (6.7)
where F consists of both F and the Dirichlet boundary conditions. Thus the scheme can

still be efficiently implemented by the Discrete Sine Transform.

6.11.2 Periodic boundary conditions

For periodic boundary conditions on a rectangular domain, we should consider the uni-
form grid x; =tAxz,i=1,--- | N, with Az = ﬁ,—z and y; = jAy, j =1,---, N, with uniform

spacing Ay = then the fourth order accurate compact finite difference scheme can still

Ly
Ny’
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be written in the form of (6.5) with the D,,, D,,, W, and W5, matrices being redefined as

circulant matrices:

—2 1 1 10 1 1
1 -2 1 110 1
b _ 1 -2 1 o L 110 1
12
1 -2 1 110 1
1 1 -2 1 1 10

The Discrete Fourier Matrix is the eigenvector matrix for any circulant matrices, and the
corresponding eigenvalues are for D,, and Wy, are 2COS(mN72;) — 2 and %cos(m]\%) + % for
m=0,1,2,--+ Nz — 1. The matrix W, ® x5 Dys + A%ﬂDyy ® W, is singular because its
first eigenvalue A;; is zero. Nonetheless, the scheme can still be implemented by solving
(6.6) with Fast Fourier Transform. For the zero eigenvalue, we can simply reset the division
by eigenvalue zero to zero. Since the eigenvector for eigenvalue zero is e = (1 1--. 1>T,
and the columns of the Discrete Fourier Matrix are orthogonal to one another, resetting
the division by eigenvalue zero to zero simply means that we obtain a numerical solution

satisfying >3, >°;u;; = 0. And this is also the least square solution to the singular linear

system.

6.11.3 Neumann boundary conditions

For Dirichlet and periodic boundary conditions, we can invert the matrix coefficient
matrix in (6.5) using eigenvectors of much smaller matrices Wy, and D, due to the fact that
Woz— %Dm is the identity matrix Id. Here we discuss how to achieve a fourth order accurate

1D:c:r: =

boundary approximation for Neumann boundary conditions by keeping W, — 15
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Id. We first consider a one-dimensional problem with homogeneous Neumann boundary

conditions:

u(r) = f(x),z €0, Ld,
u(0) = u(L,) = 0.

Assume we use the uniform grid z; = ‘Az, i = 0,--- , N, + 1 with Ax = NLfH. The
two boundary point values uy and uy, 41 can be expressed in terms of interior point values
through boundary conditions. For approximating the boundary conditions, we can apply

the fourth order one-sided difference at z = 0:

u(0) ~ —25u(0) 4+ 48u(Az) — 36u(2Ax) + 16u(3Az) — 3u(4Ax)
- 12A7

which implies the finite difference approximation:

- 48U1 — 36UQ + 16U3 — 3U4

Uo
Define two column vectors:

u = [u17u2; te 7UNI]T7 f = [f('rO)v f($1>7 o 7f(chc>7 f(xNerl)]Ta

then a fourth order accurate compact finite difference scheme can be written as

1 — __
@Dw:v[zu = WQxfu
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where W, is the same as in (6.4), and D,. is a matrix of size N, x (N, +2) and I, is a

matrix of size (N, + 2) X N,:

48 _ 36 16 _ 3
25 25 25 25
1-21 1
_ 1 -21 1
l)zx:: 7Zi::
1 —-21 1
3 16 _ 36 48

25 25 25 25

Now consider solving the Poisson equation u,, + u,, = f(x,y) on a rectangular domain
0, L] x [0, L,] with homogeneous Neumann boundary conditions. Assume we use the grid

r;, =1iAx,1=0,--- ,Nx+1withAx:ﬁandyj:jAy,j:O,--- , Ny + 1 with uniform

Ly
Ny+1°

spacing Ay = Let u be a N, x N, matrix such that u, ; is the numerical solution at

(xi,y;) and F be a (N, + 2) x (N, + 2) matrix with entries f(x;,y;) (¢ = 0,---, N, + 1,

j=0,---,N,+1). Then a fourth order accurate compact finite difference scheme can be
written as
J — 1 — ey e —
A—J:QDmlxu]y W, + A—yQszlquy D, =Wy, FW,,.

Let Dy = Dyl and Wy, = Wy, I, then the scheme can be written as (6.5).

Notice that Wy, — %Dm = (Wop — %Dm)lgc is still the identity matrix thus W5, and
D, still have the same eigenvectors. Let S be the eigenvector matrix and A; and Ay be
diagonal matrices with eigenvalues, then the scheme can still be implemented as (6.6). The
eigenvectors S and the eigenvalues can be obtained by computing eigenvalue problems for two
small matrices D, of size N, x N, and D,, of size N, x N,. If such a Poisson problem needs
to be solved in each time step in a time-dependent problem such as the incompressible flow
equations, then this is an efficient Poisson solver because S and A can be computed before
time evolution without considering eigenvalue problems for any matrix of size N, Ny, x N, N,.

For nonhomogeneous Neumann boundary conditions, the point values of u along the

boundary should be expressed in terms of interior ones as follows:
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1. First obtain the point values except the two cell ends (i.e., corner points of the rect-
angular domain) for each of the four boundary line segments. For instance, if the left

boundary condition is %(0, y) = g(y), then we obtain

48U1J‘ — 36UQJ + 16U3,j — 3U4J + 12A$g(yj)
25 ’

j=1,---

) Y

Uo,; = Ny‘

2. Second, obtain the approximation at four corners using the point values along the

boundary. For instance, if the bottom boundary condition is 2%(z, 0) = h(x), then
Yy
48’LL170 — 36’[@70 + 161113,0 — 3U4,0 + 12Ayh(0)

25

Uo,0 =

The scheme can still be written as (6.7) with F consisting of F and the nonhomogeneous
boundary conditions. Notice that the matrix in (6.7) is singular thus we need to reset
the division by eigenvalue zero to zero, which however no longer means that the obtained
solution satisfies 3°; >=; u;; = 0 since the eigenvectors are not necessarily orthogonal to one
another. See Figure 6.14 for the accuracy test of the fourth order compact finite difference
scheme using uniform grids with Az = %Ay for solving the Poisson equation g, 4 ty, = f
on a rectangle [0,1] x [0,2] with nonhomogeneous Neumann boundary conditions. The
exact solution is u(x,y) = cos(mx) cos(3my) + sin(wy) + x*. Since the solutions to Neumann
boundary conditions are unique up to any constant, when computing errors, we need to add

a constant -~ [u(zs, y;) — u; ;] to each entry of u.

Ny Ny &i,]
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Figure 6.14. Accuracy test for Neumann boundary condition.
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