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Abstract

We propose a one-dimensional (1D) model for the three-dimensional (3D) incom-
pressible ideal magnetohydrodynamics. For this 1D model, local well-posedness is
established, and a regularity criterion of the Beale—Kato—Majda type is obtained. With-
out the stretching effect, the model with only transport effect is shown to have global
in time strong solution. Some numerical simulations suggest that solutions of the
model with certain smooth periodic initial data are not likely to develop singularities
in finite time, while solutions starting from other initial data have the tendency to form
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1 Introduction

The ideal incompressible magnetohydrodynamics (MHD) governed by the set of
partial differential equations

u+ - Vyu—(B-V)B+ VI =0,
B, +(u-V)B—(B-V)u=0, (1.1)
V-u=0, V-B=0,

is an important model in geophysics and astrophysics. In the system, the vector fields
u and B denote the fluid velocity and magnetic field respectively; the scalar function
IT is the pressure. We notice that (1.1) reduces to the incompressible Euler equation
if B=0,

u; + (u-Vyu+ VII =0,

1.2
V-u=0. (1.2)

The mathematical question of whether or not a solution of the 3D Euler (1.2) develops
singularity at finite time remains open. So does it for the 3D MHD (1.1).
Denote the vorticity by @ = V x u. Taking a curl on (1.2) gives

o+ Ww-Vo+ (w-V)u=0, (1.3a)
u=Vx (Ao (1.3b)

We note that u can be recovered from  through the Biot—Savart law (1.3b) which
involves a nonlocal operator. In (1.3a), the quadratic term (# - V)w is regarded as the
transport term, while (@ - V)u represents the stretching effect. The general belief is
that the stretching effect is responsible for dramatic wild behaviours of solutions, for
instance, the appearance of finite-time singularity.

1.1 1D Models for Euler Equation and Related Equations

To gain insights towards understanding the properties of solutions to the Euler equation
(1.2), approximating models and toy models have been proposed and studied in the
literature. One type of 1D models for the vorticity form of Euler equation has attracted
a great deal of attention, which can be traced back to the work of Constantin et al.
(1985). The authors of Constantin et al. (1985) proposed the following 1D model for
system (1.3a)—(1.3b),

oy =wHw, (1.4a)
uy = Ho, (1.4b)
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with w = w(t, x) and u = u(¢, x) forr > 0 and x € R. In the system, H denotes the
Hilbert transform defined by

Hf = %P.v./_oo xf(_yi

We note that equation (1.4b) is a 1D analogue of the Biot—Savart law (1.3b). With only
stretching effect in equation (1.4a), the authors solved system (1.4a)—(1.4b) exactly
and showed the formation of finite-time singularities for a class of initial data. Since
then, various generalisations of (1.4a)—(1.4b) have been studied both analytically and
numerically. The De Gregorio model (De Gregorio 1996, 1990)

dy. (1.5)

w; +uwy —wHw =0, (1.6a)
uy, = Ho, (1.6b)

includes both transport and stretching effects. Numerical results of De Gregorio (1996,
1990) provide evidence that finite-time blow-up may not occur for system (1.6a)—(1.6b)
with some smooth periodic initial data. It indicates that the convection (transport)
term has a regularization effect. Later on, in order to understand the competing effects
of convection and stretching terms, Okamoto et al. (2008) suggested to study the
following family of models

wy +auwy —wHw =0, (1.7a)
uy = Hw, (1.7b)

with a parameter a € R. The authors also conjectured global in time existence of
solutions to (1.7a)—(1.7b) with @ = 1 which is the De Gregorio model (1.6a)—(1.6b).
Indeed, Jia et al. (2019) proved that solutions of (1.6a)—(1.6b) with initial data near
a steady state are global and converge to this steady state. Lei et al. (2020) showed
that the De Gregorio model with non-negative vorticity initial data is globally well-
posed. In contrast, Elgindi and Jeong (2020) showed singularity formation for (1.6a)—
(1.6b) in classes of Holder continuous solutions. Moreover, the authors of Elgindi and
Jeong (2020) established that, there exists smooth initial data such that solution of the
Okamoto—Sakajo—Wunsch model (1.7a)—(1.7b) with small |a| develops self-similar
type of blow-up at finite time. Later on, Elgindi et al. (2021) further showed that such
self-similar blow-up is stable. In Chen et al. (2021), Chen, Hou and Huang provided
a novel method of analysis and established self-similar blowup for the De Gregorio
model with certain initial data on both R and S'. For (1.7a)—(1.7b), Chen (2021b)
showed finite time singularity from some smooth initial data when a < 1 and close
to 1, and global well-posedness with the same initial data whena > 1. Whena = 1,
Chen (2021a) proved finite time blowup for (1.7a)—(1.7b) on S! with C¢ data for any
a < 1. The model (1.7a)—(1.7b) with a viscosity term was also studied in Chen (2020)
for a € R. Recently, Lushnikov et al. (2021) performed an extensive numerical and
analytical study of (1.7a)-(1.7b) on the topic of global existence versus finite time
singularity formation for different values of a. They identified a new critical value
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a. = 0.6890665337007457... below which self-similar type of singularity develops
in finite time. Moreover, fora = 0anda = %, the authors constructed exact analytical
solutions with pole singularity.

In the literature, many other 1D simplified models for fluid equations have been
studied. A notable model is the nonlocal transport equation

0, — (H0)0, =0 (1.8)

which has a connection with the integrodifferential Birkhoff-Rott equation modeling
vortex sheets, see (Baker et al. 1996; Morlet 1998). It has an analogy with (1.7a)-
(1.7b) as well. Indeed, taking derivative d, on (1.8), the resulted equation is equivalent
to (1.7a)—(1.7b) with a = —1. Moreover, it serves as a 1D simplified model for the
surface quasi-geostrophic equation. Cérdoba et al. (2005, 2006) showed finite-time
singularity formation for (1.8) with a general class of initial data. For axisymmetric
3D incompressible Navier—Stokes equation with swirl, Hou et al. (2011) proposed a
1D nonlocal model for a simplified 3D nonlocal system (Hou and Lei 2009). For this
1D model, the authors proved finite-time singularity formation rigorously and showed
numerical evidences.

1.2 1D Models for MHD

Inspired by the works discussed above, we will propose a family of nonlocal nonlinear
models for the MHD system (1.1) as an attempt to understand the intricate structures
involved in this system. In the context of MHD, besides the convection and stretching
effects, the coupling and interaction between the fluid velocity and magnetic field also
play crucial roles, which naturally introduce additional challenges.

Denote the Elsésser variables by

p=u+B, m=u—B.
Equivalent to (1.1), (p, m) satisfies the system

pr+(@m-V)p+ VI =0,
m;+ (p-V)m+ VI =0, (1.9)
V-p=0, V.-m=0.

The structure of system (1.9) indicates that p and m are transported by each other. We
also note that (1.9) appears in a rather symmetric form. Denote the vorticity of p and
m by

Q=Vxp, wo=Vxm.
It follows from the Biot—Savart law that

p=Vx(=AN'Q m=Vx (Ao
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Taking the curl Vx on the equations of (1.9) gives

Q+m-V)Q—(2-V)m+V x (mVp) = 0,
o+ (p-V)o—(0-V)p+V x(pVm) = 0,

p=Vx(E-MNTQ,

m=Vx(—A)"o,

(1.10)

where (mV p); = m;0;p; and (pVm); = p;d;m; for1 < j < 3. Note

V x (mVp) = (9om;03p; — 93m;dp;, 3m;d1p; — dym;d3p;, dym;d2p; — d2m;d1p;),
V x (pVm) = (9 p;d3m; — 93p;dom;, 93p;01m; — 81 p;93m;, 31 p;dom; — dp p;dm;)

and V x mVp) = —V x (pVm). To reveal the anti-symmetry feature, we can rewrite

1 1
V x (mVp) = EV X (mVp) — EV X (pVm),

1 1
V x (pVm) = EV x (pVm) — EV x (mVp).

Superficially we view V x (mVp) and V x (pVm) in analogy with (V x m)V p and
(V x p)Vm, respectively. Thus we propose the following 1D model to mimic system
(1.10),

1 1
Q +mQ, — Qm, + Ea)px — Eme =0,

1 1
W + pwy _Cl)px+§me—§a)px :0’ (111)

px=HQ, my=Ho.

In this paper, we will work with a simplified version of (1.11) by dropping the stretching
effects Qm, from the first equation and wp, from the second equation, and focusing
on the transport effects and the nonlocal coupling, namely

Q +amQ2; + wpy =0,
w; +apwy + Qmy =0,
px=HQ, my =Ho,

with a parameter a € R. Applying the transform (2, w) — (=2, —w), the system
above is equivalent to the form

Q +am2y —wpy =0,
w; +apwy — Qmy, =0, (1.12)
px=HQ, my=Ho,
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with a = —a € R. We will investigate (1.12) on the periodic interval S' = [—7, ].
Correspondingly, the Hilbert transform for periodic functions on S' can be defined as

1 T xX—y
Hf(x)—ZP.V. S (y)cot — dy. (1.13)

Indeed, the Cauchy kernel )lc in definition (1.5) can be made periodic using the
following identity

1 x—y  J— 1 1
2C0< 2 ) x+2<x+2nn+x—2nn)

n=1

To uniquely determine p from Q2 and m from w, we make the choice of Gauge by
taking zero-mean value

/n p(t,x)dx = /‘7? m(t,x)dx = 0. (1.14)

- -7

We note that the mean value of 2 and w is invariant for system (1.12) witha = 1.
Indeed, we have for a smooth solution (2, w) that

g b/

d
— Qt,x)dx = (—amQ2 + wpy) dx
dt - -

M

= (amyxQ + wpy) dx

-7

s
=/ (@QHw+ wHS2) dx
_r i
=(1—a) wHQdx

-7

where we have used integration by parts and the skew symmetry property of the Hilbert
transform. Similarly, we have

/g /e /g

d
— w(t,x)dx = (—apwy + Qmy) dx = (1 —a) QHwdx.

dr J 5 - -7

Obviously when a = 1, it follows

T g

d d
— Qt,x)dx = — t,x)dx =0,
e (t,x)dx ar ) . w(t,x)dx

and this is not true in general for a # 1. However, we observe that for odd initial data
(R0, wg), the solution (2, w) of (1.12) remains odd. While for odd functions €2 and
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w, the Hilbert transform H Q2 and Hw are even, and hence

T T
/wHde:/ QHwdx =0.

-7 -7

Therefore it is appropriate to consider solutions of (1.12) in spaces of functions with
zero mean for general value of a, since at least odd solutions of (1.12) automatically
have zero mean.

Regarding the parameter a, for the Euler model (1.7a)—(1.7b), it is believed that
a = 1 is the most relevant case. In contrast, it is not clear for which value a, model
(1.12) is more relevant for the original MHD system. A speculation is that a = —2
may be more relevant by comparing (1.11) and (1.12). This indicates the difference
of the ideal MHD from the Euler equation due to the interaction of the velocity and
magnetic field. It is an interesting question to be further investigated in future work.

Consider the rescaled variables

QL=aQ2, ®w=aw
with corresponding p and i such that
pr=HSQ, iy =Ha.
We can verify that p = ap and i = am. In view of (1.12), (2, ) satisfies the system

Q +mS —a 'op, =0,
LT o (1.15)
w; + poy —a  Qmy, =0.

Formally, taking a — oo, (1.15) turns to the system with only convection effect (with
the tilde sign suppressed),
Ql + mQx = 0,
w; + poy =0, (1.16)
px=HSQ, my =Ho.

We will investigate both systems (1.12) and (1.16) in the paper. We point out that
formulating the problem in Elsisser variables does not give us essential advantage;
rather it has the benefit of dealing with less nonlinear terms.

1.3 Main Results

For general a € R, we show the existence of local in time solutions to (1.12) in the
space H!(Sh).

Theorem 1.1 Let a € R and Qp, wy € Hl(Sl). There exists a time T > 0 which
depends on || Q0 x |12 and ||wo x || 1 2 such that there exists a unique solution (2(t, x),
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w(t, x)) to (1.12) with initial data (0, x) = Qg and (0, x) = wgy on [0, T), which
satisfies

Q,weC” ([0, T): Hl(Sl)) nc' ([0, T): LZ(Sl)) .

The following theorem provides a Beale-Kato—Majda type of regularity criterion.

Theorem 1.2 Let (2(¢, x), w(t, x)) be the solution of (1.12) on [0, T) obtained in
Theorem 1.1. If

T
/0 (I1HSQ(D)[|L~ + [[Ho(®)|[L>) df < oo, (1.17)

the solution can be extended beyond T in the space H'(S') x H'(S).

Furthermore, if the initial data is in a space with higher regularity, the solution
obtained in Theorem 1.1 also has higher regularity. Specifically, we will show:

Theorem 1.3 Assume Qq, wy € H™(S") withn > 2. Let (2, ) be a solution of (1.12)
with initial data (2, wg) on [0, T), satisfying Q, w € C([0, T); HY). Then, we have

sup (2Dl + Nl (@®)]1n) < o0.
0<t<T

With only transport effect, the solution of (1.16) can be shown to exist in the space
HY(SY) for all the time. Namely, we have

Theorem 1.4 Assume Q,wo € HYSY). Then there exists a unique solution
(@), w(t)) of (1.16) with initial data (29, wg) on [0, c0).

Remark 1.5 If p = m and Q = w, system (1.12) reduces to the 1D Euler model
(1.7a)—(1.7b). Therefore, in this special situation, the aforementioned solutions with
finite time singularity for the Euler model with various values of the parameter a are
also (trivial) solutions of (1.12).

Remark 1.6 For the original ideal MHD (1.1) in 2D or 3D, it is known that the Beale—
Kato—Majda type regularity criterion with condition imposed only on the velocity is
valid. The main reason is that the magnetic field equation in (1.1) is linear in B. A
common interpretation of the BKM criterion with only velocity dependence is that
the velocity field plays a more dominant role for incompressible MHD. In the 1D
situation, the criterion of Theorem 1.2 relies on both the velocity and magnetic field.
The additional dependence of magnetic field is essentially due to the loss of divergence
free condition in 1D, thatis, V - u = V - B = 0 is not valid any more. In general, the
loss of divergence free is an artefact for 1D simplified models, which causes deviation
for the simplified models from the original PDE systems in some aspects. For instance,
the 1D model (1.8) does not conserve the L? norm of smooth solution @, while the 2D
SQG does conserve the L? norm. Back to the 1D model of MHD, such artefact brings
forth more influence of the magnetic field on the entire system.
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Numerical study is presented in Sect. 6. The numerical results suggest that starting
from some smooth periodic initial data, solutions of the model (1.12) with some values
of a are unlikely to develop singularities in finite time; while solutions of the model with
some initial data and certain a have the tendency to form singularities. In particular,
one of the observations agrees with the numerical results done by De Gregorio (1996,
1990) and Okamoto et al. (2008) for the De Gregorio model (1.6a)—(1.6b). Another
interesting observation is that the solution of (1.12) with an initial data and a = —1
seems regular. It is worth to point out that the numerical indication of no singularity
for (1.12) with a = —1 does not contradict the finite time singularity formation result
of Cérdoba et al. (2005). Our numerical simulation is performed for some particular
initial data on the periodic domain S', while the singular solution of Cérdoba et al.
(2005) is constructed on R for a specific class of initial data. In addition, we note finite
time blowup for (1.12) with a = —1 was also established on S! for a class of initial
data by Chen et al. (2021). Therefore it seems that the choice of initial data plays an
important role for the phenomena of finite time singularity formation when a = —1.

To conclude, we mention that the analytical results established in Theorems 1.1,
1.2, 1.3 and 1.4 hold on the space R as well, with slight modifications of the proofs.
We present the results on the periodic domain S! such that, as a consistent followup
in Sect. 6, numerical study in periodic settings is performed. We would like to add
that, we learned an interesting approach to transform 1D models between periodic
domain and R from Lushnikov et al. (2021) after the completion of the first version
of our manuscript. With the transform given by arctan function, one can study these
1D models numerically on R as well.

2 Notations and Preliminaries

2.1 Functional Setting

Denote

LZ(SI) = {f|f € L*(—m, ), f is periodic on[—, 71]} ,

Hk(Sl) = {f|f(x) IS L2(—n, ), f(x) is periodic on[—7, ], forall 0 <s < k} .

In particular, we consider the triplet of spaces

V= {f‘f e HA(Sh, ! f(x)dx =o}

-7

w=H'@S", x=L*%ShH,

with the obvious embedding YV c W C X.
We denote (, ) by

T

(fre)=[ Jfedx.

-7
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The space H*(S!) is a Hilbert space endowed with the natural inner product

k

o= (f@, g<s>) for functions f, g € HK(SD),
s=0

1
and norm (f, f)72{k'
A bilinear form (, ) : V x X — R is defined as

<f1g)=_ fxxgdx~

-7

Applying the integration by parts, we have for all f € V and g € W

(f,8) = (fx, &)

For a space Z, we denote Z2 = Z x Z by convention. In the context of a coupled
system, for instance (1.12), it is convenient to introduce the triplet {Vz, W2 x 2}.
Naturally, the Hilbert space V2 is endowed with the inner product

(fowe = (i, gDw+ (fo.gdw YV f=(fi, f) e W, g=(g1,8) €W

In an analogous way, inner product can be defined for V2 and X’2. A bilinear form
(,): V2 x X2 — Ris defined as

T T

(f.8)=— fl,xxgl dx — f2,xxg2 dx. 2.1

-7 —7T
Forall f = (f1, f») € V? and g = (g1, g&2) € W2, we also have

<f’ g) = (fl,)n gl‘x) + (fZ,x, g2,x)'
Definition 2.1 A family {Z, H, )} of three real separable Banach spaces is called an
admissible triplet if the following conditions hold:

(1) The inclusions Z C ‘H C ) are continuous and dense.

1
(i) H is a Hilbert space endowed with inner product (, )3y and norm ||| = (, )72_(.
(iii) There is a continuous non-degenerate bilinear form on Z x ), denoted by (, ),
such that

(v,u) = (v,u)y, for ve Z and u € H. 2.2)
Denote C,, by the space of functions with weak continuity and C,L the space of
functions with weak differentiability.

An abstract theorem of existence of Kato and Lai (1984) is stated as follows.
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Theorem 2.2 Let {Z,'H, )} be an admissible triplet. Let A : H — Y be a weakly
continuous map such that

(v, A@W) = —B(vlF), YveZ (2.3)

where B(r) > 0 is a monotone increasing function of r > 0. Then for any ug € H,
there exists a time T > 0 such that the Cauchy problem

u; +Aw) =0, u0,x)=ug
has a solution u(t, x) on [0, T] satisfying
u € Cy([0, T1; H) N CL(0, TT; ).

Moreover, supy_; .1 |u(t) ||y depends only on T, B and |ug||n.

In order to prove the existence part of Theorem 1.1, the Kato-Lai theorem will be
applied to system (1.12) with the admissible triplet {V>, W2, X?}.

2.2 Properties of Hilbert Transform

The Hilbert transform has the following simple properties

H(cf) =cHf, foraconstant c,
H sin(kx) = — cos(kx), H cos(kx) = sin(kx).

And more generally, we have
H sin(kx + 0) = —cos(kx +0), H cos(kx + 0) = sin(kx + 0).

For any periodic function f, the mean value of its Hilbert transform is zero, that is

e

Hf dx = 0. 2.4)

-7

Lemma 2.3 (Zygmund 2002) The Hilbert transform H is a bounded linear operator
from space LP to LP with 1 < p < 0o and

IHfliLr = Cpll fllLe 2.5

or a constant C,, > 0 depending on p.
p
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3 Local Existence

This section is devoted to a proof of Theorem 1.1. The proof includes three steps: (i)
establishing the local existence of a solution by employing Theorem 2.2; (ii) showing
the uniqueness of solution by a rather standard argument; (iii) justifying the strong
continuity which is a consequence of the uniqueness and the time-reversible property
of system (1.12).

Proof of Theorem 1.1 Denote u = (2, w), ¢ = (p, m), and naturally g, = Hu =
(H2, Hw). Denote A(u) = (A1(u), Ap(u)) with

A1(u) = amSQy —wpx, A2(u) =apwy — my.
Thus, system (1.12) can be written as
u; + A(u) = 0.

It is obvious that the family {Vz, W2 x 2} is an admissible triplet associated with the
bilinear form (, ) defined in (2.1). To apply Theorem 2.2, we will need to show that
the operator A maps W? into X' continuously and it satisfies (2.3). Indeed, for any
u= (2, w) € W? withg = (p, m) € V2, we have

2

14 a2 = (lam@e = wpl2, + lapo, - 2my2,)
< llamQ; — wpyll 2 + lapos — Q2
< lallmlzo |l 2 + ol <l pyl 2
+lall pllzslloxll 2 + 1920z il 2
< co (Jalllmell 219002 + Il pel 2
+Halllpell2lloxllz2 + 19201 Im.ll2)
< co (lal + 1) (|1 Holl 2121131 + Il | H ,2)
< co (lal + ) (ol 2[R0t + ol 120,2)

where we have used the Holder inequality, Sobolev inequality, the fact that p and
m have zero mean, and the property (2.5). It follows that A maps W? into X2. On
the other hand, for any u; = (1, w1) € W? with q1 = (p1,my) € V2 and up =
(2, ) € W2 with q2 = (p2,my) € V2, we deduce

uip) — u)llx2 = amiadél x — wipPl,x) — A@maidy x — w2pP2 x 2
A1) — A(u2)|l (ll( Q2 ) — (amy €2 )||%
1
+ll(apiwyx — Qim1 x) — (@apawp x — szz,x)lliz>2
< [am11x — w1p1,x) — (@m282 x — w2p2 )2
+l(@pro1,x — Qimy x) — (aprwzx — Qoma )| 2. 3.1
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Applying the Holder inequality, Sobolev inequality, and (2.5) leads to

[(am121,x — w1 p1,x) — (@m0 x — w2p2,,) |2
< lallQuxll2llmy —malipe + lalll1,x — QLo2,x 2 llm2]l
+ [l lleellp2,x — P1xll2 + lalllos — willLe I prxll 2

(3.2)
< colalllfi xl2llmix —maxll 2 + colalll€21,x — Qo xll2llm2 x|l 12
+ collw2 Iyl p2.x — Prxll2 + colalllwz — @1l 1 p1x Ml 22
< co(lal + 1) (121 llgg1 + llwallgr) (1921 — L2l + o1 — w2ll41)
and similarly
[(@aprwi x — Qim1x) — (aprwa x — Qama i)l 2 (3.3)

< collal + 1) (I21llx1 + lloallpr) (121 = L2l + ot — w2llpgr) -

The estimates (3.1)—(3.3) together indicate that A : W? > Xx2is strongly continuous.
By the definition of the bilinear form in (2.1), we have for any u = (R, w) € V2

(U, A(u)) = — (Uyx, A()) = (ux, (A())x)
= (Qy, (amQy — wpy)y) + (wx, (apwy — QLmy)x)

b4
Z/ Qy(amyQy + amSQyxy — Wy px — WPxx) dx (3.4)

—TT
g
+f wx(@pywy + apwyy — Qxmy — Qumyy) dx.

-7

Note that A(u) € X2 and (3.4) can be made rigorous through a standard approximating
procedure. Applying integration by parts to the right hand side of (3.4), it has

T T T
a/ my Ly dx =—a/ mexQxdx—a/ mQyy 2y dx.

-7 -7 —TT

Hence we conclude

T a g
a/ M Ry dx = —5/ m, Q2 dx, (3.5)

-7 -7

and similarly

T a T
af PWxwyy dx = _E/ pxa)jzc dx. 3.6)
—7T —TT
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Since py, = HS2 and m, = Hw, combining (3.4)—(3.6) gives

(u, A(w)) = (ux, (A(u))x)
_ ; " (Ho)Q2dx + % " (HQ)w? dx

—7T

b b4
—/ Qxa)XHde—/ w2 HQ, dx

—7T -7

s b3
—f waxHa)dx—/ Qw,Hwy dx.

- -7

Applying Holder’s inequality, Sobolev’s inequality, (2.4) and (2.5), we have

T
’ Hw@Q? dx| < | Holl i~ 1212,

-7

2
< collHoxll 2 [1€2x 1172

2
< collwxllz211€2x 1172

and similarly

7
‘[ Qe HQdx
-7

T
+‘/ Qe HQ dx| < collollpg |27
—TT

T
‘ / (HQ)w; dx| < collox 17212 2,
—T

T
’/ wyQrHwdx
—TT

T
+ ’/ wyQHw, dx| < colloxl|72 Q130
-
Therefore, putting together (3.7)—(3.9), we deduce

e, A@)I = collal + 1) (lollp 124132 + lox 319l )

3
<collal + 1) (Il + 120l91)" -

(3.7)

(3.8)

(3.9

(3.10)

Hence, the operator A satisfies (2.3) with 8(r) = co(la| + l)r%. As a consequence,
applying Theorem 2.2, we conclude that there exists a time 7 > 0 such that system

(1.12) has a solution (2(¢, x), w(z, x)) on [0, T'] satisfying

Q,w e Cyu([0, T, W)NCL(0, T]; X).

Next we show the uniqueness of solution to (1.12). Let u; = (€21, w1) be a solution
to (1.12) with initial data ug = (Q0, wo). Let g1 = (p1, m1) such that p1 , = HQ
and m y = Hw;. Let uy = (S22, w2) be another solution to (1.12) with the same
initial data (€29, wo) and associated with g» = (p2, m2). Since both (21, w;) and
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(822, wy) satisfy (1.12), we are able to show that (details omitted)

1d 5 ,
2di (”Ql(l) = Q)2 + lloi1 () — wz(t)”m)
< co(lal + l)or?;ixr (121111 + 122041 + lotllggr + lezllgr)  (3.11)

(1210 = 212, + o1 () = 201,).

Thus, uniqueness follows from (3.11) and Gronwall’s inequality.
Strong continuity in time follows from the uniqueness and the fact that system
(1.12) is time-reversible. Indeed, it follows from (3.10) that

1@ 2 + llox (D2 = [1R0.xl2 + llwoxll2 as # — 0.
Hence, we know
Q) = Qp, w() — wo strongly in H! as 1 — 0.

As a consequence of uniqueness, €2 and w are strongly right-continuous. In addition,
the property of time-reversibility implies that €2 and w are strongly left-continuous as
well. O

4 Regularity Criterion

In this section, we prove Theorem 1.2 and the higher regularity result in Theorem 1.3.

Proof of Theorem 1.2 In view of the local existence theorem, we just need to show that
the H! norm of ©(¢) and w(r) remains bounded as r — T under condition (1.17).
Assume (€2, w) is a solution of (1.12) on [0, T"). We note that

52 (12 + s

= (va th) + (w)m wtx)
= (Q, —(@mQy — wpy)y) + (©x, —(apwy — Qmy)y)

a (™ a 7
=— | (Ho)Qdx—= | (HQ)w?dx 4.1
2/, 2/,
T T
—}—f waxHSde+/ w2 HQy dx
- -7

T T

+/ Qxa)XHa)dx+/ Qo Hw, dx
—TT —TT

where we used (3.7) in the last step. Applying the identities

(v, u) = (Hv, Hu), H@Hv) = % ((Hu)2 _ v2) ,
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we infer

/ waHQxdxzf (Ho)H(QHQy) dx
- - 4.2)

=%4ﬂH@QH%Y—KM§d&

/n QuyHw, dx = n(HQ)H(a)xHa)x)dx
- . (4.3)
ZEX;G”D«HMV—@MOdL

Combining (4.1)-(4.3), we have

(1002 + ol )
2d[ X L2 wx LZ
17 | [
__at (Ho)@2dx — 2 [ (HQ)w? dx
- -
17 , |7 ,
+ = (Hw)(HQ ) dx + = (HQ)(Hwy)" dx
2 ). 2 /.
g
—7
la + 1] la + 1|
< > ||Hw||L°°||Qx||iz+ > ||HQ||L°°||wx||i2

1 1
+ S I Holx Q007 + 5 I H QA loxl 7,
+IHR + Hol Lo |12 2 lloxl 2
< collal + 1) (1H Rl + | Holl) (1203 + loxl3 )

for a constant ¢y > 0. It follows from Gronwall’s inequality that
(12012 + o )12
< (I2: 012 + lox )12,)
t
exp {2C0(|a| + 1)/ (IMHQ (D)L + [Ho(T)[[L>) df} :
0

Thus, the statement of the theorem is justified. O

Proof of Theorem 1.3 The statement can be established through standard energy
method. We only deal with the case of n = 2 and obtain the a priori estimate for
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12(®) 442 and [|w(?) [l342. Formally, differentiating the equations of (1.12) twice in
space yields

Qpxx = —2amyQyx + 20x Pxx — ANy 2y
+w —am$2 +w ,
xx Px xXxx Pxxx 45)
Wrxx = — 2apxWxx + 2QxMyx — APxx Wy

+ QuxMy — apwyxy + Qiyxy.

Taking the inner product of the first equation with 2, and the second one with w,,
we have

14 (N2e s + lona 132

2dt L L

= —2a(Qyx, My Qyx) + 2(QLyx, Ox Prx) — A(QLyx, My Q)
+ (Qxs @xx pr) — A(Q2x, MQuxxx) + (Qix, ©Pxxx)
— 2a(@xx, PxWxx) + (Wxx, QuMiyy) — a(Wyx, Prx@y)

+ (Wxx, Qxxmy) — a(Wyx, pOxxx) + (Wxx, Lxxyx).

(4.6)

Notice that, by integration by parts,
—a(Qx, MQxx) = a(Qyxx, M) + a(Qyx, My Qyyx)

which implies

a

—a(Qxx, MQyxx) = E(Qxxa My 2xx).

Similarly, we have

a

—a(Wyx, pWxxx) = E(wxx s Px@xx).

Applying Holder’s inequality, the Hilbert transform boundedness on L?, it follows

[(Qux, My Qux)| =[(Qyx, (Hw)2xx)]
< coll Hol ol 17 2

2
< colloxllL21€2xx 172,
and similarly

[(@xx, Pxwxx)| = |(Qux, (Ho)Qxx)| < CO”Qx”LZwax”iz-
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We estimate (Qyx, @y pxy) as

[(Qux, Ox Pxx)| = [(Qyx, wx H2y)|
< collQux ll g2 lwx | pa | H Qx| 14

3 1 3 1
< collQuxll 2 llwx ||22 lwxx ||22 | H 2 ||22 | H 2y x ”22

5 3 3 1
=< COHSZxx”zz | H €2 ||22 |l ||22 ||wxx||zz

15 9 9 3
< colluxll S IHR NS, + collonl s low I

2 2
< coll2xcll L2 1€2xx 172 + collwxll L2 [@xxll; 2
where we used the inequalities of Holder, Galiardo-Nirenberg and Young, and the

facts that ||y |72 < [lwxx|lz2 and ||Q2x |72 < [|2xx || z2. Other terms on the right hand
side of (4.6) can be handled similarly as above. We conclude

&l&

2 2
~ (2612 + lloax 7 )

< co(l +lal) (12l 22 + lloxll 2) (||szxx||iz + ||wxx||iz) :

1
2

A

which immediately gives, by Gronwall’s inequality

(12O + low®I3)

. 4.7)
= (12O + low O], ) e 200D (2@l 2o lz2)dr,

Combining (4.7) with the assumption that Q, w € C([0, T]; H l), it follows that

sup (12012 + llo @l 2) < oo.

0<t<T

5 Pure Transport Case

In this section we prove Theorem 1.4. According to Theorem 1.1, there exists a unique
solution (2(¢), w(¢)) of (1.16) on [0, T'] for some T > 0. In view of Theorem 1.2, in
order to show the global existence, it is sufficient to prove

T
/ (IHQ (1)l + |Hot)| <) dt < 0o forall T > 0.
0

On the other hand, due to the boundedness of Hilbert transform, we have
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IHQ@)l|Le < coll HR®)llcp < coll (Dl e
[Ho@) L= < coll Ho@®)llcs < collo®)lics

for B € (0, 1). As a consequence, we only need to prove:

Proposition 5.1 Assume Qq, wg € H'(SY). Let (Q(t), w(t)) be the solution of (1.16)
with initial data (2, wo) on [0, T']. Then there exists By, B2 € (0, 1) such that

sup (llo®lles + 1RO es) < oo. (5.1)

0<t<T
Proof Recall the equations satisfied by (2, w),

Q+mQ, =0,
w; + pwy =0.

Consider the characteristics X;(x) and Y;(x) satisfying

%Xz =pt, Xi(§), Xo()=§, (5.2)
%Yz =m(t, Y (), Yo() =&, (5.3)

such that
Q1, Y1 (x) = Qo(x), o, X/(x)) = wo(x). (5.4

We notice that there exists a unique solution X; (x) to the Cauchy problem (5.2) and
a unique solution Y;(x) to (5.3). Indeed, since Q2(¢), w(¢) € H'(SY c C%(S‘) and
the Hilbert transform is bounded on C#, we have

P 1y = coll 2D Ly < o,

Iml

[S]

< < Q.
! _C()”a)(t)”C],%

Hence, p and m are Lipschitz in time. Thus, the standard ordinary differential equation
theory implies existence and uniqueness of solution to (5.2) and (5.3).

Denote the inverse (backward) trajectory of X;(x) and Y;(x) by ¢i(¢,x) =
Xt_l(x) and gy (t, x) = Yl_l(x), respectively. Note that g (¢, x) and g» (¢, x) satisfy
respectively,

0rq1 = —pt,q1t,x)), q1(0,x) =x, (5.5)
8%]2 - _m(t1 CIZ(tax))a q2(01 X) =X. (56)

We claim that p and m satisfy the estimate

lp@,x) —pit, | < F(x -y, x,y€l[-nmrx]

(5.7
Im(t, x) —m(t, y)| < G(lx = y]), x,y¢€l[-m 7],
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with
Qollpeos(1 —1 , 0<s<1,
Fis) < [o1R0llims ~Togs), 0<s < 59
collQollLe, s >1,
and
wos(1 —1 , 0<s<l,
G(s) = collwollLoes ( 0gs) <s=< (5.9)
collwollpee, s >1,

for a universal constant cp > 0. We only need to show one of them, for instance, the
estimate for p. Recall that, by (1.13)

e

1
px(t,x) = HQ = —P.V./
2

-7

Q(t, y)cot (%) dy.

Hence, we have

T

1
pt,x) = —P.V./ Q(t, y) log
T

-7

. X =y
dy.
S‘“( 2 )‘ Y

Without loss of generality, we take x, y € (—m, ) such that —7 < x <y < 7 and
6 = y — x. We split the interval [—r, 7] into subintervals

In the case of x — % <-—-mory-+ % > m, we treat I1 or I as an empty set. In order
to prove the estimate on p in (5.7), we proceed as
. -z
w(5))4

. (x—z )

sin[ —— )| —1lo

D g

sin (xz;z)‘ —log sin(y_z>’> dz‘

1 1
—P.V./ -e-dz +‘—P.V./ --dz].
g Iz i Iy

b1

Q(t,z) (log

1
Ip(t, x) — p(t,y)l =‘7P.V./
b

-7

1
< ‘7P.V.[ Q(t, 2) (log
b3 I

1
—P.V./ ce-dz
g b

+ +
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The second term on the right hand side can be estimated as

lp.v.f Q. 2) <1og sin (x_z>' ~log sin(y_Z>D dz’
T I ?

.
< ol P.v. [ lloglx = 21l + llog y ~ 21l dz
-

2

< IR0 (1 + | log b))
B {conszonma(l ~logd), 0<8<1

Wl

collRollLe, 8= 1.
The integrals on [1, /3 and I4 can be estimated similarly. The estimate for m in (5.7)

can be established in an analogous way.
In view of (5.2)—(5.3) and (5.7), we have

O lq1(t, x) —q1(t, )| < F(q1(t, x) — q1(t, y)),

(5.10)
9 lg2(t, x) — q2(t, )| < G(qa(t, x) — q2(t, Y)]).

Denote B (t) = e~ 0lI0l and B, (1) = e~ollvlL>! Forfixed x and y with [x—y| <
1, define

Ix — y|PrOel=A® 0 <t <1,

z1() =
L +collQollLe(t —t0), t=>to,

where 1 is such that |x — y|f100)el=P1(0) = 1 Note that 81(0) = 1 and z1(0) =
|x — y| < 1. Hence, z;(¢) is well-defined on [0, c0). One can verify that z;(¢) is the
solution of the differential equation

0z =F(2), z(0)=|x —yl.
Combining with the first inequality of (5.10), we conclude

lg1(t, x) — q1(t, y)| < z1(). (5.11)

Similarly, we define

Ix — y|P2Oel=A0) 0 <t < 1,

2(t) =
1+ collwollL=(t —t9), t > to,

with #o such that |x — y|#2(0)¢!=F2(0) = | Analogously, using the second inequality
of (5.10), we infer

lg2(t, x) — qa2(t, Y)| < 22(0). (5.12)
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We are ready to show (5.1). Noticing that w(z, x) = @ (0, Xt_1 (x)), we deduce

0, ) = 0, )| = |00, X7 () = 00, X, 0)]

X7
/ @0, x (é-) d§

X7

1
2

X7 - X7 ()

< collwox 2
1
< collwoxllp21g1(t, x) — qi(t, y)|2

where mean value theorem and Holder’s inequality were applied. As a consequence,
we conclude

sup [lw(@)|lcp < 00.
0<t<T

thanks to (5.11). Analogously, we can show

sup [|2(1) e, < 00.
0<t<T

It completes the proof of the proposition. O

6 Numerical Simulations

In this section, we perform some numerical study for the 1D model (1.12) of MHD.
For convenience, we recall (1.12) here,

Q +amQ2y —wpy =0,
wr + apwy — Qmy =0, x €|—m, ] 6.1)
px=HSQ, my =Ho,

and the Hilbert transform for a periodic function

1 n -
Hf = EP.V./ F(y)cot <¥> dy.

As mentioned earlier, in order for p and m to be uniquely defined, we can choose the
gauge and set them to have either zero mean over the interval [—, ] or zero point
value at a fixed point, e.g., p(xg, t) = m(xg, t) = 0 for some x, see (Jia et al. 2019).

We use a Fourier-collocation spectral method for the spatial approximation and a
five stage fourth order low storage Runge—Kutta method for time discretization. An
exponential type filter is used for stabilization of the spectral method, see (Hesthaven
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et al. 2007). For a periodic function f(x), its Hilbert transform can be approximated
in spectral method via the following formula:

HY (k) = —isgn(k) / (k),
where f (k) are coefficients in Fourier series of f(x), see (Hou et al. 2011; Okamoto
et al. 2008). Similarly, for periodic functions p(x) and €2(x), the equation p, = HQ

can be approximated in spectral method through the relation
ikp(k) = —isgn(k)Q (k).
6.1 Numerical Results for the 1D Model of MHD
One can check that, for arbitrary constants A, Aj, 61, 6> and k
Q(x) = Arsin(kx +61), w(x) = A sin(kx + 62)
and
Q(x) = Ajcostkx +61), w(x) = Apcos(kx + 03)

are steady states of system (6.1). Thus, we choose to consider the following initial
conditions composed of steady states with possible perturbations

Qo = sin(x) 4+ cos(4x) + 5, wo = sin(2x) + 2, (6.2)

Qo = sin(x) + sin(4x) + 0.05, @y = sin(2x) + 0.02, (6.3)
4 1

Qo = wy = -3 (sinx + 3 sin(2x)) . (6.4)

We conduct simulations for (6.1) with initial data (6.2)—(6.4) and various values of a:
a=1,a = % a =0,a = —1 and a = —2. In the computation, we take N = 12800
points in the Fourier-collocation spectral method. The outcome indicates that for some
data and value of a, solutions are likely regular, while for some data and a we observe
the tendency of singularity formation. In particular, (i) the numerical solutions of (6.1)

with data (6.2) and the values of a = 1,a = 0,a = —1 and a = —2 look regular;
(i) solutions of (6.1) with data (6.3) and a = 1, a = 0 tend to develop singularities;
with the same data and a = —1, a = —2, solutions seem regular; (iii) solutions of

(6.1) with data (6.4) and a = 0.5, a = 0 are likely to develop singularities. Rigorous
analysis on the possible singularity formation scenarios is forthcoming in a follow-up
work. More details on the numerical study are provided below.

6.1.1 Solutions of (6.1) with the Initial Data (6.2)

Figure 1 shows the numerical results for the solution to (6.1) with data (6.2) anda = 1.
The time evolution of €(#, x) and w(, x) are plotted in Fig. 1a, b, respectively. One
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can see that 2 (¢, x) and w (¢, x) are rather smooth. The first order derivative 2, shown
in Fig. 1c seems smooth as well, while w, illustrated in Fig. 1d develops some mild
spines at time t = 4. However, we observe spines for the second derivatives €2, and
wyx at larger time in Fig. le, f. In particular, there is a notable spine near x = 0 at
t = 4. Notice that

1 1
and hence

1 1 ! :

HQ=u,+ B,, Hw = u, — By.

Figure 1g shows the time evolution of ||HQ| L~ + ||Hw| >, while Fig. 1h shows
llux (2)|lLoo and || By (¢) ]| oo . We observe oscillations in these graphs and the amplitudes
grow slowly in a linear manner. Combined with the regularity criterion (1.17), it seems
that the solution starting with data (6.2) may not develop singularities in finite time.

The evolution of numerical solution to (6.1) with data (6.2) and a = 0 is illustrated
in Fig. 2. It is easy to notice that the behavior of the solution is similar to that in Fig. 1.
The solution of (6.1) with data (6.2) and a = —1 is plotted in Fig.3. One can see
from Fig.3a, b that the solution is less regular compared to the solutions in Figs. la,
b and 2a, b. This suggests that the convection term with a negative sign causes the
solution to behave more singularly. Nevertheless, Fig. 3c, d show that the amplitudes
of |HQ2 o + |Hwl| Lo, ||ux(?)||Le and || B (#)]| Lo grow faster than that in Fig. 1c,
d, but remain in a linear growth. Thus one may speculate that the solution of system
(6.1) with a = —1 starting from the initial data (6.2) do not develop singularity in
finite time. We also note that the solution of (6.1) with data (6.2) and a = —2 shown
in Fig.4 behaves similarly as the solution in Fig. 3.

6.1.2 Solutions of (6.1) with the Initial Data (6.3)

The behavior of the numerical solution of (6.1) with the initial data (6.3) and a = 1 is
shown in Fig.5. We observe dramatic oscillations of €2 and w near x = 0 in (a) and
(b), and spines of derivatives near x = 0 in (¢), (d), (e) and (f) with large amplitudes.
Moreover, the norms || HS2(?)|lco + [|Hw(¢)|lco and || H(2 — w)(?)|lco tend to grow
fast as seen in (g) and (h). In the situation of a = 0 with the same initial data, the
solution is more singular, see Fig. 6. Spines with large amplitudes appear for 2 and w
shown in (a) and (b), and for their derivatives shown in (c), (d), (¢) and (f). We also
notice that the amplitudes are of much higher orders compared to (c), (d), (¢) and (f) in
Fig.5. In the end, the exponential like growth of the norms || HQ2(#) /oo + | H® (¢) ]l oo
and | H(2 4+ w)(t)]loo as shown in Fig.6g, h indicates the formation of singularity.
The singularity seems to develop after the time + = 1.8 and near + = 2. Indeed,
the evolution of the solution before time + = 1.8 is shown in Fig.7. Comparing
the amplitudes of €2, w and their derivatives between Figs. 6 and 7, it seems that the
dramatic behavior of the solution occurs after time t = 1.8.
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In contrast, no evidence of singularity is observed for the solutions of (6.1) with
data (6.3) in the cases of a = —1, —2, see Figs. 8and 9. Although high concentrations
and spines are noted for 2 and w and their derivatives nearx = —7,x = Oandx = 7,
the norms of ||HQ(#)|lcc + [|Ho(t)]lco and | H (2 £ ®)(t)||co shown in Figs.8g, h
and 9g, h, grow mildly in the beginning and then become stabilized. Thus according
to the Beale—Kato—Majda type of regularity criterion established in Theorem 1.2, we
speculate that no singularity is to occur in the situations of a = —1, —2.

6.1.3 Solutions of (6.1) with the Initial Data (6.4)

Data (6.4) was used in Lushnikov et al. (2021) to produce solutions with potential
singularities for the generalized Constantin-Lax-Majda model. Recall that if Q =
w, system (6.1) reduces to the generalized Constantin-Lax-Majda model. Hence we
investigate the solutions of (6.1) with the initial data (6.4). Whena = 0.5 and a = 0,
rapid growth of the solutions €2 and @ and their derivatives are observed near x = 0
after certain time, as shown in Figs. 10 and 11. However, these solutions appear regular
inthe early time, see Fig. 12. It looks like that the fast growth starts after the time t = 1.4
in the case of a = 0.5 from Fig. 10, and the fast growth starts after r = 0.8 whena = 0
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Fig.4 a = —2in (6.1) with initial data (6.2)

from Fig. 11. In particular, the exponential like growth of | HQ2 () |lco + | Hw (#)]l 0o
and ||H (2 + w)(t) ||« seen in Figs. 10g, h and 11g, h suggests that singularities are
likely to develop in finite time. In fact the data (6.4) falls in the class of the initial
data used in Constantin et al. (1985); hence the numerical result here reproduces the
numeric evidence of blowup discussed in Constantin et al. (1985).

6.2 Numerical Results for the De Gregorio Model Revisited

Numerical simulations for the De Gregorio model (1.6a)—(1.6b) have been performed
in De Gregorio (1996, 1990); Lushnikov et al. (2021); Okamoto et al. (2008) among
others. One outcome is that singularity formation for this model with certain smooth
initial data is unlikely to happen in the periodic case.

We apply our numerical scheme to (1.6a)—(1.6b) with the initial data (Fig. 12)

wp(x) = sinx + 0.1sin(2x)
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Fig.5 a = 1in (6.1) with initial data (6.3)
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Fig.7 The smooth solutions in early time in (6.1) using @ = 0 with initial data (6.3)

by taking N = 12,800 points in the Fourier-collocation spectral method. The
obtained simulations are shown in Fig. 13, which recover the numerical results done
by Okamoto et al. (2008).

We note that u, = Hw for the De Gregorio model (1.6a)—(1.6b) and u, = %H Q2+
w) for our 1D MHD model (6.1), see (6.5). Comparing Figs. 1h and 13e, we observe
oscillations of ||uy || . for the 1D MHD model and absence of such oscillations for the
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Fig. 12 The smooth solutions in early time in (6.1) with initial data (6.4)

pure fluid model. It is reasonable to infer that the interactions between fluid velocity
and magnetic field cause such oscillations and more complicated dynamics.
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Fig. 13 The De Gregorio model
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