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Abstract9

For high-order accurate schemes such as discontinuous Galerkin (DG) methods solving Fokker–Planck equa-
tions, it is desired to efficiently enforce positivity without losing conservation and high-order accuracy,
especially for implicit time discretizations. We consider an optimization-based positivity-preserving limiter
for enforcing positivity of cell averages of DG solutions in a semi-implicit time discretization scheme, so that
the point values can be easily enforced to be positive by a simple scaling limiter on the DG polynomial in
each cell. The optimization can be efficiently solved by a first-order splitting method with nearly optimal pa-
rameters, which has an 𝒪(𝑁) computational complexity and is flexible for parallel computation. Numerical
tests are shown on some representative examples to demonstrate the performance of the proposed method.
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1. Introduction12

1.1. Motivation and objective13

The Fokker–Planck equation is an advection-diffusion equation that describes the transport of probabil-14

ity distribution functions in state space. It has wide applications in modeling stochastic collisional transport15

of particles in plasmas [1, 2] and photons [3]. In photon transport, it is often used to model Compton scat-16

tering against hot electrons, which is typically encountered in high-temperature environments in stars and17

in high energy density (HED) experiments. In plasmas, the Landau/Rosenbluth Fokker–Planck (L/RFP)18

operator describes first-principles small-angle Coulomb scattering between charged particles and is consid-19

ered the gold standard for describing collisional transport processes. As such, the Fokker–Planck model has20

wide applications in studying fusion plasmas – both magnetic and inertial confinement approaches (ICF)21

– laboratory HED systems, astrophysical systems, and space systems, among many others. In particular,22

in ICF applications, the RFP collision operator is used to regularly probe the impacts of long-mean-free23

path charged-particle effects on important observable performance metrics such as fusion yield and critical24

neutron spectrum information to infer plasma states [4, 5, 6, 7, 8, 9, 10, 11, 12] in state-of-the-art Vlasov–25

Rosenbluth–Fokker–Planck codes such as FPion/Fuse [13] and iFP [14]. For physical systems such as in26

plasmas, the Fokker–Planck operator adheres to rigorous conservation principles such as mass, momentum,27

and energy while maximizing the entropy of the system and maintaining the positivity of the distribution28

function. The critical importance of preserving these properties for the Fokker–Planck operator has been29
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extensively demonstrated for the RFP model for plasmas, as shown in [15, 16]. Of particular relevance to30

this work is the importance of preserving the positivity of the distribution function. In the RFP model,31

the diffusion tensor is symmetric-positive-definite (SPD) and is a functional of the distribution. When sig-32

nificant negative distributions are present, the SPD property can be violated, leading to negative diffusion33

coefficients that lead to numerical instabilities and are demonstrated in [15]. The objective of this paper is34

to study an optimization-based positivity preserving approach to stabilize a high-order accurate scheme.35

1.2. Several existing approaches for preserving bounds36

Over the past several decades, researchers have devoted significant efforts to exploring various approaches37

in the construction of numerical techniques that preserve bounds or positivity when solving partial differential38

equations (PDEs). Without being exhaustive, let us briefly review several existing approaches. Each of these39

approaches has broad and successful applications to many different types of PDEs.40

One of the most popular approaches to construct a bound-preserving high-order finite volume type41

method or discontinuous Galerkin (DG) method for conservation laws was introduced by Zhang and Shu42

in [17, 18], see also [19, 20, 21, 22, 23]. For explicit high order DG methods, a weak monotonicity property43

holds in the sense that a CFL constraint on time step size ensures that the cell average of the discrete44

solution is a convex combination of monotone first order schemes, thus preserving bounds of cell average45

[17, 18, 23]. When the cell average (zeroth order moment) of a DG solution are within desired bounds, a46

simple scaling limiter can be used to modify the high order moments and obtain a bound-preserving DG47

polynomial without affecting the cell average and high order accuracy. For high-order DG schemes with48

explicit time-stepping to solve a convection diffusion problem, the weak monotonicity and the Zhang–Shu49

method can be extended to a third-order accurate direct DG method [24] if using a linear flux and to50

arbitrarily high-order DG methods if using a nonlinear flux [25, 26].51

For an implicit time stepping, such as the backward Euler method, a systemic approach to obtain a52

sufficient condition of the discrete maximum principle is to show the monotonicity of the system matrix. A53

matrix is called monotone if all entries of its inverse are nonnegative. Many second-order schemes, such as54

the classical central finite difference method or continuous finite element method, for discretizing the Laplace55

operator provide an M-matrix, thus are monotone. The monotonicity of Q1 interior penalty DG method56

on multi-dimensional structured meshes has been established in [27]. The monotonicity of the spectral57

element method with Q2 and Q3 elements has been proven in [28, 29, 30]. A monotone Q1 finite element58

method for the anisotropic elliptic equations was constructed in [31]. The monotonicity of spectral element59

method has been used to construct positivity-preserving schemes in first-order implicit time stepping with60

high-order spatial accuracy for various second-order equations such as Allen–Cahn [32], Keller–Segel [33],61

Fokker–Planck [34] and also compressible Navier–Stokes [27]. See a recent review in [35] for the provable62

monotonicity results of the continuous finite element method. However, monotonicity of high-order finite63

element methods on unstructured meshes does not hold [36]. In addition, for many higher-order implicit64

time marching strategies, a monotone spatial discretization may not be enough to preserve bounds using a65

time step like Δ𝑡 = 𝒪(Δ𝑥), e.g., the Crank–Nicolson method with a monotone spatial discretization preserves66

positivity only if the time step is as small as Δ𝑡 = 𝒪(Δ𝑥2), see [37, Appendix B] and [38, Section 5.3].67

Another approach for constructing bound-preserving schemes is flux limiting. We refer to [39] for an68

overview of several classical techniques, including the flux limiting, for the finite element method, in solving69

convection-diffusion equations. Kuzmin et al. in [40] introduced an algebraic flux correction for the finite70

element method to enforce an M-matrix structure that preserves the discrete maximum principle for solving71

anisotropic elliptic equations, and numerical experiments showed a second-order accuracy. For continuous72

finite element and DG methods, flux limiters have been designed and applied to compressible Navier–Stokes73

[38, 41], Cahn–Hilliard [42], coupled phase-field model [43], and many other equations [44, 45]. In numerical74

experiments, it is often observed that the application of flux limiters appropriately does not harm the75

convergence rate, though a rigorous justification is available only for simpler equations [46].76

In recent years, optimization-based approaches have become popular. Guba et al. in [47] designed a77

bound-preserving limiter for spectral element method, implemented by standard quadratic programming78

solvers. van der Vegt et al. in [48] formulated the positivity constraints in the KKT system for the DG79

method with implicit time integration, solved by an active set semismooth Newton method. Cheng and80
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Shen in [49] introduced a Lagrange multiplier approach to preserve bounds for semilinear and quasi-linear81

parabolic equations, providing a new interpretation for the cut-off method. Ruppenthal and Kuzmin in [50]82

considered optimization-based flux correction to ensure the positivity of finite element discretization of scalar83

conservation laws. Kirby and Shapero in [51] enforce bounds for the continuous finite element discretization84

of convection-diffusion equations using variational inequality constraints, which are subsequently solved by85

Newton’s method via PETSc’s reduced space active set solver.86

1.3. An optimization based two-stage postprocessing in DG methods87

In this paper, we consider the optimization based approach in [52, 53], which is decribed as follows for88

DG methods.89

The DG method is a popular numerical method for solving PDEs. For a comprehensive review of this90

method, we refer to [54, 55]. The DG method enjoys many attractive properties, such as the ability to91

easily achieve high-order accuracy, ease of handling complex meshes and hp-adaptivity, highly parallelizable92

characteristics, and excellent stability and flexibility.93

In particular, its flexibility allows easier postprocessing to enforce bounds; e.g., we may first enforce94

bounds of cell averages and then enforce bounds of point values in each cell. Next, we describe such95

a two-stage postprocessing to enforce bounds or positivity of a given DG solution without losing global96

conservation and affecting accuracy. See Figure 1 for a schematic flow chart of this procedure: first, we97

modify the zeroth-order moment to enforce bounds of cell averages of DG solution polynomials by applying98

an optimization-based limiter to all cell averages; second, we apply a limiter in each cell to modify the99

high-order moments to eliminate undershoot and/or overshoot point values.100

Figure 1: Schematic postprocessing procedure for 1D piecewise linear polynomial. The 𝑚 and 𝑀 are desired lower and upper
bounds. Left: the original DG solution (red line) with out-of-bound cell averages (red dashed line). Middle: applying an
optimization based limiter to modify cell averages. The modified cell averages (blue dashed line) are in [𝑚, 𝑀] but the modified
DG solution (blue line) may still contains out-of-bound point values. Right: in each cell, apply a limiter to each DG polynomial
to eliminate undershoot and/or overshoot, which gives a bound-preserving solution (green line).

To be precise, the two-stage postprocessing is defined and given as follows. Given a DG solution 𝑓ℎ and a101

desired range interval [𝑚, 𝑀], define 𝑓ℎ as a piecewise constant representing the cell average of 𝑓ℎ in each cell102

𝐸, that is, 𝑓ℎ |𝐸 = 1
|𝐸 |

∫
𝐸
𝑓ℎ . If there exists a cell 𝐸 such that 𝑓ℎ |𝐸 ∉ [𝑚, 𝑀], then we seek a piecewise constant103

𝑥ℎ that minimizes the 𝐿2 distance to 𝑓ℎ under the constraints of conserving conservation and bounds:104

min
𝑥ℎ
∥𝑥ℎ − 𝑓ℎ ∥2𝐿2 subjects to

∫
Ω

𝑥ℎ =

∫
Ω

𝑓ℎ and 𝑚 ≤ 𝑥ℎ ≤ 𝑀. (1)

Let 𝑤ℎ be the minimizer to (1). Then, the postprocessed DG solution105

𝑓̂ℎ = ( 𝑓ℎ − 𝑓ℎ) + 𝑤ℎ (2)

preserves global conservation and enforces bounds of cell average. Notice, when only seeking to preserve106

non-negativity, we set 𝑚 = 0 and 𝑀 = +∞. See Section 3.2 for a justification of accuracy for (2).107
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The constrained optimization (1) is equivalent to an unconstrained problem by the indicator function.108

Let 𝜄Λ denote an indicator function of a set Λ: 𝜄Λ(𝑥) = 0 for 𝑥 ∈ Λ and 𝜄Λ(𝑥) = +∞ for 𝑥 ∉ Λ. Associated109

with the conservation constraint and the bound-preserving constraint, for the piecewise constant polynomial110

𝑥ℎ , define sets Λ1 = {𝑥ℎ :
∫
Ω
𝑥ℎ =

∫
Ω
𝑓ℎ} and Λ2 = {𝑥ℎ : 𝑚 ≤ 𝑥ℎ ≤ 𝑀}. Then, we have (1) is equivalent to111

min
𝑥ℎ
∥𝑥ℎ − 𝑓ℎ ∥2𝐿2 + 𝜄Λ1(𝑥ℎ) + 𝜄Λ2(𝑥ℎ). (3)

Both sets Λ1 and Λ2 are convex and closed, thus the function 𝜄Λ1 + 𝜄Λ2 is a proper closed convex function,112

and the cost function of (3) is a proper closed strongly convex function, which has a unique minimizer by113

standard convex optimization theory.114

Once the cell averages are in the bounds, one can use the simple scaling limiter in [17, 18, 23] to further115

enforce bounds of point values in each cell. In the literature, such a limiter is sometimes called the Zhang–116

Shu limiter, which is often used for preserving conservation and bounds in DG and finite volume schemes117

solving conservation laws, due to its efficiency and high order accuracy [19].118

1.4. Efficient optimization solver119

Though there are many existing methods for solving the simple constrained 𝐿2-norm minimization (1),120

ideally we need an easily implementable efficient algorithm, which is also easily parallelizable, since (1) needs121

to be solved to machine accuracy in each time step. For numerical simulations in multiple dimensions, the122

size of variable in (1) to be processed at each time step can be large, thus it is generally preferable to use123

first-order optimization methods as they scale well with 𝑁 , which is the number of cells. As shown in [52],124

the minimizer to (1) can be efficiently computed by applying the Douglas–Rachford splitting method [56] to125

(3), if using optimal algorithms parameters, which can be derived from the asymptotic linear convergence126

in [52]. The Douglas–Rachford splitting is equivalent to some other popular methods such as PDHG [57],127

ADMM [58], dual split Bregman method [59], see also [60] and references therein for the equivalence.128

Notice that the simple constrained minimization in (1) can also be solved directly via the KKT system129

of the Lagrangian, which however might be less efficient than the Douglas–Rachford splitting methods for130

large problems, see a comparison in [53, Appendix]. In addition, the Douglas–Rachford splitting method is131

extremely simple as the entire scheme can be described in three lines; see (30). This provides a significant132

practical advantage: a simpler scheme is easier for practitioners to implement and the simplicity makes for133

a more efficient parallelization. This approach has been shown very efficient for multiphase phase-field flow134

[52] and compressible Navier–Stokes simulations [53].135

1.5. The main results and the organization of this paper136

Although bound-preservation or positivity-preservation can be crucial for stability, it is insufficient by
itself to produce an accurate numerical solution. In other words, an optimization-based postprocessing
described in Section 1.3 should be used on a high-order accurate numerical scheme such as a properly
defined DG scheme. The optimization-based postprocessing for enforcing bounds and positivity in Section
1.3 was first applied to DG method solving the Cahn–Hilliard–Navier–Stokes system [52] and compressible
Navier–Stokes system [53]. In this paper, we consider a DG method with arbitrarily high-order polynomial
basis with a semi-implicit time discretization for solving an equation in the form

𝜕𝑡 𝑓 − 𝜀−1
∇ · (D∇ 𝑓 ) + 𝜀−1𝑚

𝑇
∇ ·

(
D(𝒖 − 𝒗) 𝑓

)
= 0,

where D is a variable coefficient matrix. We demonstrate that a high-order DG spatial discretization with137

an implicit time discretization for such an equation can be efficiently stabilized by the optimization based138

postprocessing described in Section 1.3 for challenging problems, in which loss of positivity often causes139

instability of DG schemes, and also loss of desired structure such as the SPD property of the diffusion tensor140

in the nonlinear RFP equation.141

The remainder of this paper is organized as follows. In Section 2, we introduce the multispecies142

Rosenbluth–Fokker–Planck equation and its associated linearized model in convection-diffusion form. In143
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Section 3, we describe the DG scheme and the optimization-based post-processing to enforce the positivity144

of the distribution function. In Section 4, numerical tests of a few representative examples are shown to145

demonstrate the effectiveness of the proposed method. Concluding remarks are given in Section 5.146

2. Mathematical model: The Rosenbluth–Fokker–Planck equation147

The Landau/Rosenbluth–Fokker–Planck (L/RFP) equation is often considered to be the first principles148

model to describe the dynamical evolution of plasma particle distribution function subject to Coulomb149

collision. We start with the RFP equation in its general non-linear form, then derive the simplified linearized150

form to highlight our positivity-preserving postprocessing algorithm.151

Let 𝜀 > 0 be the characteristic collision time scale, and let 𝑁𝑠 denote the total number of particle species152

considered. The unknown in the Rosenbluth–Fokker–Planck equation is the distribution function 𝑓 = 𝑓 (𝑡 , 𝒗)153

with independent variables time 𝑡 and velocity 𝒗 = [𝑣0 , · · · , 𝑣𝑑−1]T ∈ R𝑑, satisfying:154

𝜕𝑡 𝑓𝛼 = 𝜀−1
𝑁𝑠∑
𝛽=1

𝐶( 𝑓𝛽 , 𝑓𝛼), (4)

where the subscripts 𝛼 and 𝛽 denote the particle species. The 𝐶( 𝑓𝛽 , 𝑓𝛼) is the Fokker–Planck collision155

operator of particle species 𝛼 ∈ [1, · · · , 𝑁𝑠] colliding with species 𝛽 ∈ [1, · · · , 𝑁𝑠]. We use 𝜕𝑖 = 𝜕
𝜕𝑣𝑖

to denote156

the partial derivative with respect to 𝑣𝑖 , the 𝑖th component of velocity. Take the convenience of Einstein157

notation, i.e., assume the repeated index as summation, we have158

𝐶( 𝑓𝛽 , 𝑓𝛼) = 𝜕𝑖(𝐽𝛽𝛼,𝐷,𝑖 − 𝐽𝛽𝛼,𝐴,𝑖). (5)

Let 𝑚𝛼 and 𝑚𝛽 be the masses of species 𝛼 and 𝛽. The 𝑖th component of the diffusion flux and the 𝑖th
159

component of the friction flux are given by160

𝐽𝛽𝛼,𝐷,𝑖 = 𝐷𝛽,𝑖 𝑗[ 𝑓𝛽] 𝜕𝑗 𝑓𝛼 and 𝐽𝛽𝛼,𝐴,𝑖 =
𝑚𝛼

𝑚𝛽
𝐴𝛽,𝑖[ 𝑓𝛽] 𝑓𝛼 . (6)

Here, 𝐷𝛽,𝑖 𝑗[ 𝑓𝛽] (𝒗) = 𝜕𝑖𝜕𝑗𝐺𝛽 and 𝐴𝛽,𝑖[ 𝑓𝛽] (𝒗) = 𝜕𝑖𝐻𝛽 are the 𝑖 𝑗th component of the diffusion coefficient and the161

𝑖th component of the friction vector, respectively. And (𝐺𝛽[ 𝑓𝛽] (𝒗) , 𝐻𝛽[ 𝑓𝛽] (𝒗)) are the so-called Rosenbluth162

potentials for species 𝛽, evaluated by inverting the coupled Poisson equations [61, 15]163

𝜕𝑖𝜕𝑖𝐻𝛽 = −8𝜋 𝑓𝛽 , (7)
164

𝜕𝑖𝜕𝑖𝐺𝛽 = 𝐻𝛽 . (8)

In this study, we consider a two-species formulation, where one of the species –test particle– has a vanishing165

density and imparts negligible impact on the dynamics of itself and the background species. In this limit,166

a single species distribution function for the test particle is evolved while the background species remains167

static and provides the collisional transport coefficients to the dynamical species. The limiting linearized168

form of the RFP equation for the test particle is given as169

𝜕𝑡 𝑓 = 𝐶 ( 𝑓𝑏 , 𝑓 ) = 𝜖−1𝜕𝑖

[
𝐷𝑏,𝑖 𝑗𝜕𝑗 𝑓 −

𝑚

𝑚𝑏
𝐴𝑏,𝑖 𝑓

]
, (9)

where the subscript 𝑏 denotes the static background species. This limiting form of the RFP equation170

has applications in modeling slowing and scattering processes of tenuous high-energy particles on massive171

static background material. This linearized Fokker–Planck collision operator preserves the positivity of the172

distribution function 𝑓 and conserves mass, that is, let ⟨·, ·⟩𝒗 denote the inner product, then ⟨𝐶( 𝑓𝛽 , 𝑓𝛼), 1⟩𝒗 =173

0, which implies that the integration of 𝑓 is unchanged with time.174
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Remark 1. For a particle species of mass 𝑚 and density 𝑛, the Maxwellian distribution function 𝑓 𝑀 of175

independent variable 𝒗 is defined by176

𝑓 𝑀(𝒗; 𝑛, u, 𝑇, 𝑚) = 𝑛

(𝜋𝑣2
th)𝑑/2

exp
(
− 𝑚

2𝑇 ∥𝒗 − 𝒖∥22
)
, where 𝑣th =

√
2𝑇
𝑚
. (10)

The 𝑇 represents temperature and 𝒖 represents velocity, both of which are given. The Maxwellian distribution177

is the kernel of the collision operator, i.e., the equality 𝐶( 𝑓 𝑀
𝑏
, 𝑓 𝑀) = 0 holds.178

Assuming that the background species is in its own local equilibrium state, i.e., 𝑓𝑏 = 𝑓 𝑀
𝑏

and 𝐶
(
𝑓 𝑀
𝑏
, 𝑓 𝑀
𝑏

)
=179

0 ∀ 𝒗, the first argument of the collision operator in Eq. (9) is a Maxwellian distribution, 𝑓𝑏 = 𝑓 𝑀
𝑏

, with a180

mass of 𝑚𝑏 , density 𝑛𝑏 , prescribed bulk velocity 𝒖, and temperature 𝑇. Consequently, 𝐷𝑀
𝑏,𝑖𝑗
≡ 𝐷𝑏,𝑖 𝑗[ 𝑓 𝑀𝑏 ] =181

𝜕𝑖𝜕𝑗𝐺𝑀
𝑏

and 𝐴𝑀
𝑏,𝑖
≡ 𝐴𝑏,𝑖[ 𝑓 𝑀𝑏 ] = 𝜕𝑖𝐻𝑀

𝑏
. The 𝐻𝑀

𝑏
and 𝐺𝑀

𝑏
can be solved analytically utilizing the properties182

of harmonic and biharmonic functions in spherical coordinates 𝒗 =
{
𝑣, 𝜃, 𝜙

}
, where 𝑣 ∈ R+, 𝜃 × 𝜙 ∈ S2 as:183

𝐻𝑀
𝑏 (𝑣) = 𝑛𝑏 [erf (𝑤𝑏) /𝑣′] , (11)

and184

𝐺𝑀
𝑏 (𝑣) = 𝑛𝑏𝑣

′

[(
1 + 1

2𝑤2
𝑏

)
erf (𝑤𝑏) +

𝑒−𝑤
2
𝑏

√
𝜋𝑤𝑏

]
(12)

where 𝑤𝑏 = 𝑣′
√
𝑚𝑏/2𝑇 and 𝑣′ = ∥𝒗 − 𝒖∥2. Accordingly, the component-wise collisional diffusion tensor in185

Cartesian coordinates is given as:186

𝐷𝑀
𝑏,𝑖𝑗

=


−𝑛𝑏𝑣

′
𝑖
𝑣
′
𝑗

{
3𝑒−𝑤

2
𝑏

𝑤𝑏𝑣
′3√𝜋
+

(
1 − 3

2𝑤2
𝑏

)
erf(𝑤𝑏 )
𝑣
′3

}
if 𝑖 ≠ 𝑗

𝑛𝑏

{
𝑒
−𝑤2

𝑏

(
𝑣
′2
𝑏
−3𝑣′2

𝑏,𝑖

)
𝑣
′3
𝑤𝑏
√
𝜋
+

[
3𝑣′2

𝑖
−𝑣′2

2𝑤2
𝑏
𝑣
′3 +

𝑣
′4−𝑣′2𝑣′2

𝑖

𝑣
′5

]
erf (𝑤𝑏)

}
if 𝑖 = 𝑗

(13)

We note that from now on, unless otherwise specified, 𝑛𝑏 = 1 is used for the rest of the manuscript.187

In addition to 𝑓 𝑀 still being the kernel of the linearized collision operator, we use the fact that the188

diffusion and friction fluxes cancel out exactly at equilibrium,189

𝐷𝑀
𝑏,𝑖𝑗

𝜕𝑗 𝑓
𝑀 − 𝑚

𝑚𝑏
𝐴𝑀
𝑏,𝑖
𝑓 𝑀 = 0.

By (10), we have190

𝑚

𝑚𝑏
𝐴𝑀
𝑏,𝑖

= 𝐷𝑀
𝑏,𝑖𝑗

𝜕𝑗 ln 𝑓 𝑀 = −𝑚
𝑇
𝐷𝑀
𝑏,𝑖𝑗
(𝑣 𝑗 − 𝑢𝑗).

Inserting this expression back into (9), we obtain191

𝜕𝑡 𝑓 = 𝜀−1𝜕𝑖
[
𝐷𝑀
𝑏,𝑖𝑗

(
𝜕𝑗 𝑓 +

𝑚

𝑇
(𝑣 𝑗 − 𝑢𝑗) 𝑓

)]
. (14)

To this end, let us rewrite (14) in an equivalent convection-diffusion form by using the gradient and divergence192

operators. We have193

𝜕𝑡 𝑓 = 𝜀−1𝜕𝑖(𝐷𝑀
𝑏,𝑖𝑗

𝜕𝑗 𝑓 ) + 𝜀−1𝑚

𝑇
𝜕𝑖

(
𝐷𝑀
𝑏,𝑖𝑗
(𝑣 𝑗 − 𝑢𝑗) 𝑓

)
. (15)

6



For simplicity of numerical implementations, we consider a mathematical simplification in two dimensions194

(𝑑 = 2) while the derivation of the three-dimensional case is identical. The first term on the right-hand side195

above becomes the following196

𝜕𝑖(𝐷𝑀
𝑏,𝑖𝑗

𝜕𝑗 𝑓 ) =
𝑑−1∑
𝑖=0

𝜕𝑖
( 𝑑−1∑
𝑗=0

𝐷𝑀
𝑏,𝑖𝑗

𝜕𝑗 𝑓
)

= ∇ ·
[
𝐷𝑀
𝑏,00𝜕0 𝑓 + 𝐷𝑀

𝑏,01𝜕1 𝑓

𝐷𝑀
𝑏,10𝜕0 𝑓 + 𝐷𝑀

𝑏,11𝜕1 𝑓

]
= ∇ ·

( = D︷             ︸︸             ︷[
𝐷𝑀
𝑏,00 𝐷𝑀

𝑏,01
𝐷𝑀
𝑏,10 𝐷𝑀

𝑏,11

] [
𝜕0 𝑓

𝜕1 𝑓

] )
= ∇ · (D∇ 𝑓 ).

The second term on the right-hand side above becomes the following197

𝜕𝑖
(
𝐷𝑀
𝑏,𝑖𝑗
(𝑣 𝑗 − 𝑢𝑗) 𝑓

)
=

𝑑−1∑
𝑖=0

𝜕𝑖
( 𝑑−1∑
𝑗=0

𝐷𝑀
𝑏,𝑖𝑗
(𝑣 𝑗 − 𝑢𝑗) 𝑓

)
= ∇ ·

[
𝐷𝑀
𝑏,00(𝑣0 − 𝑢0) 𝑓 + 𝐷𝑀

𝑏,01(𝑣1 − 𝑢1) 𝑓
𝐷𝑀
𝑏,10(𝑣0 − 𝑢0) 𝑓 + 𝐷𝑀

𝑏,11(𝑣1 − 𝑢1) 𝑓

]
= ∇ ·

([
𝐷𝑀
𝑏,00 𝐷𝑀

𝑏,01
𝐷𝑀
𝑏,10 𝐷𝑀

𝑏,11

] [
𝑣0 − 𝑢0

𝑣1 − 𝑢1

]
𝑓

)
= ∇ ·

(
D(𝒗 − 𝒖) 𝑓

)
.

Therefore, (14) is equivalent to the following convection-diffusion form.198

𝜕𝑡 𝑓 − 𝜀−1
∇ · (D∇ 𝑓 ) + 𝜀−1𝑚

𝑇
∇ ·

(
D(𝒖 − 𝒗) 𝑓

)
= 0. (16)

Finally, for the boundary conditions, we supplement 𝐽𝐷,𝑖 |𝜕Ω𝑖
= 0 and 𝐽𝐴,𝑖 |𝜕Ω𝑖

= 0, where 𝐽𝐷,𝑖 = 𝐷𝑀
𝑏,𝑖𝑗

𝜕𝑗 𝑓 and199

𝐽𝐴,𝑖 =
𝑚
𝑇 𝐷

𝑀
𝑏,𝑖𝑗
(𝑣 𝑗 − 𝑢𝑗) 𝑓 . Consider a rectangular computational domain Ω = [𝑎, 𝑏] × [𝑐, 𝑑] with the outer200

normal unit 𝒏 equal to [±1, 0]T or [0,±1]T on four sides, respectively. Here, we discuss only one edge in201

detail. For the remaining three edges, they can proceed in the same way. For example, if 𝜕Ω𝑖 is the right202

side of Ω, then203

𝐷𝑀
𝑏,𝑖𝑗

𝜕𝑗 𝑓 =
𝑑−1∑
𝑗=0

𝐷𝑀
𝑏,𝑖𝑗

𝜕𝑗 𝑓 =

([
𝐷𝑀
𝑏,00 𝐷𝑀

𝑏,01
𝐷𝑀
𝑏,10 𝐷𝑀

𝑏,11

] [
𝜕0 𝑓

𝜕1 𝑓

] )
· 𝒏 |𝜕Ω𝑖

= (D∇ 𝒇 ) · 𝒏 |𝜕Ω𝑖
.

Thus, we obtain the boundary condition (D∇ 𝒇 ) · 𝒏 = 0 on 𝜕Ω. Similarly, we rewrite the boundary condition204

𝐽𝐴,𝑖 |𝜕Ω𝑖
= 0 and get 𝑚

𝑇

(
D(𝒖 − 𝒗) 𝑓

)
· 𝒏 = 0.205

As a summary, after linearization, we obtain the Rosenbluth–Fokker–Planck equation in the following206

convection-diffusion form. Let 𝒗 × 𝑡 ∈ Ω × [0, 𝑡end] ⊂ R𝑑 × R+ be the simulation domain, Ω the spatial207

domain, and 𝑡end the end time. The 𝒏 denotes the unit outer normal on boundary 𝜕Ω. Given parameters:208

inverse collision-time scale 𝜀−1, mass 𝑚, and temperature 𝑇, with prescribed coefficient matrix D and vector209

𝒖, we solve the unknown distribution function 𝑓 , which satisfies210

𝜕𝑡 𝑓 − 𝜀−1
∇ · (D∇ 𝑓 ) + 𝜀−1𝑚

𝑇
∇ ·

(
D(𝒖 − 𝒗) 𝑓

)
= 0 in [0, 𝑡end] ×Ω, (17a)

𝑓 = 𝑓 0 on {0} ×Ω, (17b)
(D∇ 𝑓 ) · 𝒏 = 0 on [0, 𝑡end] × 𝜕Ω, (17c)

𝑚

𝑇

(
D(𝒖 − 𝒗) 𝑓

)
· 𝒏 = 0 on [0, 𝑡end] × 𝜕Ω. (17d)

To this end, let us construct a high order accurate, conservative, and positivity-preserving numerical scheme211

to solve (17).212
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3. The numerical scheme213

In this section, we utilize the DG method with a semi-implicit time discretization to solve (17). The214

positivity of the distribution function is enforced by the approach in Section 1.3 without losing global215

conservation.216

3.1. Semi-implicit DG discretization217

Consider a rectangular computational domain Ω ⊂ R𝑑. Let 𝒯ℎ = {𝐸𝑖} be a uniform partition of Ω by 𝑁218

square cells with element diameter ℎ. Let Γℎ denote the set of interior faces. For each interior face 𝑒 ∈ Γℎ219

shared by cells 𝐸𝑖− and 𝐸𝑖+ , with 𝑖− < 𝑖+, we define a unit normal vector 𝒏𝑒 that points from 𝐸𝑖− into 𝐸𝑖+ .220

For a boundary face, 𝑒 ⊂ 𝜕Ω, the normal vector 𝒏𝑒 is taken to be the unit outward vector to 𝜕Ω.221

Let P𝑘(𝐸𝑖) be the set of all polynomials of degree at most 𝑘 on a cell 𝐸𝑖 . For any 𝑘 ≥ 1, define the broken222

polynomial space223

𝑋ℎ = {𝜒ℎ ∈ 𝐿2(Ω) : 𝜒ℎ |𝐸𝑖 ∈ P𝑘(𝐸𝑖), ∀𝐸𝑖 ∈ 𝒯ℎ}.

The average and jump of 𝜒 ∈ 𝑋ℎ on a boundary face coincide with its trace; and on interior faces they are224

defined by225

{|𝜒 |}|𝑒 =
1
2 𝜒 |𝐸𝑖− +

1
2 𝜒 |𝐸𝑖+ , ⟦𝜒⟧ |𝑒 = 𝜒 |𝐸𝑖− − 𝜒 |𝐸𝑖+ , ∀𝑒 = 𝜕𝐸𝑖− ∩ 𝜕𝐸𝑖+ .

For the bases of P𝑘 spaces, we choose 𝐸̂ = [−1
2 ,

1
2 ]𝑑 as the reference element and use Legendre orthonormal226

polynomials to construct basis functions 𝜑̂ 𝑗 on 𝐸̂. The bases on each cell 𝐸𝑖 ∈ 𝒯ℎ are defined by 𝜑𝑖 𝑗 = 𝜑̂ 𝑗◦𝑭−1
𝑖

,227

where 𝑭𝑖 : 𝐸̂ → 𝐸𝑖 is an invertible mapping from the reference element 𝐸̂ to cell 𝐸𝑖 . For more details on228

constructing hierarchical modal orthonormal bases, see [62]. For P𝑘 scheme, we choose the tensor produce229

of 𝑘 + 1 point Gauss quadrature to evaluate numerical integral and denote the set of all quadrature points230

on a cell 𝐸 by 𝑆𝐸.231

DG forms. Assume the coefficient matrix D may vary in space, but it is symmetric positive definite and232

bounded below and above uniformly, e.g., there exist positive constants 𝐾0 and 𝐾1 such that, for all 𝝃 ∈ R𝑑,233

𝐾0𝝃
T𝝃 ≤ 𝝃TD𝝃 ≤ 𝐾1𝝃

T𝝃. (18)

Let vector 𝒃 = D(𝒖 − 𝒗). Recall the boundary condition (17d). The Lax–Friedrichs flux of the convection234

term −∇ ·
(
D(𝒖 − 𝒗) 𝑓

)
= −∇ · (𝒃 𝑓 ) is defined by235

𝑎conv( 𝑓 , 𝜒) =
∑
𝐸∈𝒯ℎ

∫
𝐸

𝑓 𝒃 · ∇𝜒 −
∑
𝐸∈𝒯ℎ

∫
𝜕𝐸

�𝒃 𝑓 · 𝒏𝐸𝜒, (19a)

where �𝒃 𝑓 · 𝒏𝐸 =
𝒃 𝑓 − + 𝒃 𝑓 +

2 · 𝒏𝐸 −
1
2 max

𝑒
|𝒃 · 𝒏𝑒 |( 𝑓 + − 𝑓 −). (19b)

Here, 𝒏𝐸 is the outer normal of cell 𝐸. The 𝑓 − and 𝑓 + denote the trace of 𝑓 on the face 𝜕𝐸 that comes from236

the interior and exterior of 𝐸, respectively. We use the non-symmetric interior penalty DG (NIPG) method237

to discretize the diffusion term −∇ · (D∇ 𝑓 ). Recall the boundary condition (17c). The associated bilinear238

form 𝑎diff is239

𝑎diff( 𝑓 , 𝜒) =
∑
𝐸∈𝒯ℎ

∫
𝐸

(D∇ 𝑓 ) · ∇𝜒 −
∑
𝑒∈Γℎ

∫
𝑒

{|(D∇ 𝑓 ) · 𝒏𝑒 |} ⟦𝜒⟧

+
∑
𝑒∈Γℎ

∫
𝑒

{|(D∇𝜒) · 𝒏𝑒 |}
�
𝑓

�
+ 𝜎
ℎ

∑
𝑒∈Γℎ

∫
𝑒

�
𝑓

�
⟦𝜒⟧ .

The above NIPG form 𝑎diff contains a penalty parameter 𝜎. It should be noted that, for any 𝜎 > 0, the240

NIPG form of the diffusion term is coercive [63].241
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The fully discrete scheme. Let 0 = 𝑡0 < 𝑡1 < · · · < 𝑡𝑁st = 𝑡end be a uniform partition of the time interval242

[0, 𝑡end]. For 1 ≤ 𝑛 ≤ 𝑁st, let 𝜏 = 𝑡𝑛 − 𝑡𝑛−1 be the 𝑛th time-step size. The semi-implicit time marching243

scheme reads: given 𝑓 𝑛−1, solve for 𝑓 𝑛 , such that244

𝑓 𝑛 − 𝜏𝜀−1
∇ · (D∇ 𝑓 𝑛) = 𝑓 𝑛−1 − 𝜏𝜀−1𝑚

𝑇
∇ ·

(
D(𝒖 − 𝒗) 𝑓 𝑛−1) . (20)

Let ⟨·, ·⟩ denote the 𝐿2 inner product. Associated with the time discretization (20), our semi-implicit DG245

scheme is defined as follows: given 𝑓 𝑛−1
ℎ

, solve for 𝑓 𝑛
ℎ

, such that for all 𝜒ℎ ∈ 𝑋ℎ ,246

⟨ 𝑓 𝑛
ℎ
, 𝜒ℎ⟩ + 𝜏𝜀−1𝑎diff( 𝑓 𝑛ℎ , 𝜒ℎ) = ⟨ 𝑓

𝑛−1
ℎ

, 𝜒ℎ⟩ + 𝜏𝜀−1𝑚

𝑇
𝑎conv( 𝑓 𝑛−1

ℎ
, 𝜒ℎ). (21)

The initial 𝑓 0
ℎ

is obtained by applying the 𝐿2 projection on 𝑓 0 follows by the Zhang–Shu limiter.247

It is easy to verify that the fully discrete scheme (21) conserves the global mass, that is, for any 1 ≤ 𝑛 ≤248

𝑁st, we have ⟨ 𝑓 𝑛
ℎ
, 1⟩ = ⟨ 𝑓 0 , 1⟩. Due to 𝑎diff( 𝑓 𝑛ℎ , 1) = 0 and 𝑎conv( 𝑓 𝑛−1

ℎ
, 1) = 0, by choosing 𝜒ℎ = 1 in (21), we249

get ⟨ 𝑓 𝑛
ℎ
, 1⟩ = ⟨ 𝑓 𝑛−1

ℎ
, 1⟩, which implies ⟨ 𝑓 𝑛

ℎ
, 1⟩ = ⟨ 𝑓 0

ℎ
, 1⟩. Since the Zhang–Shu limiter preserves conservation,250

the 𝐿2 projection gives ⟨ 𝑓 0
ℎ
, 1⟩ = ⟨ 𝑓 0 , 1⟩.251

3.2. A high order accurate constraint optimization-based postprocessing approach252

We describe the approach in Section 1.3 in more detail.253

Let 𝑆ℎ = ∪𝑖𝑆𝐸𝑖 denote the set of all quadrature points. The following two-stage limiting strategy can be254

used to enforce the positivity of 𝑓ℎ at any quadrature point 𝒗𝑞 ∈ 𝑆ℎ without losing global conservation.255

• Stage 1. Use a cell average limiter to enforce the average of the DG polynomial on each cell to be256

positive, if there exists any cell average out of the bounds.257

• Stage 2. Use the Zhang–Shu limiter to eliminate undershoots of the DG polynomial if there exist258

negative values at any quadrature points in 𝑆ℎ . Select a small number 𝜖 > 0 as the numerical tolerance259

of the admissible set. Enforce positivity of the distribution function by260

𝑓𝐸(𝒗) = 𝜃 𝑓
(
𝑓𝐸(𝒗) − 𝑓 𝐸

)
+ 𝑓 𝐸 , where 𝜃 𝑓 = min

1,
𝑓 𝐸 − 𝜖

𝑓 𝐸 − min
𝒗𝑞∈𝑆𝐸

𝑓𝐸(𝒗𝑞)

 .
In the above, 𝑓 𝐸 denotes the cell average of 𝑓𝐸 in the cell 𝐸. Notice that 𝑓𝐸 and 𝑓𝐸 have the same cell261

average, and 𝑓𝐸(𝒗) = 𝑓𝐸(𝒗) if min
𝒗𝑞∈𝑆𝐸

𝑓𝐸(𝒗𝑞) ≥ 𝜖.262

To this end, let us construct a conservative high-order accurate cell average limiter.263

An optimization-based cell average limiter. In the context of the DG scheme, a high order accurate264

cell average limiter that preserves conservation and bounds can be formulated as seeking a piecewise constant265

polynomial 𝑥ℎ solving266

min
𝑥ℎ
∥𝑥ℎ − 𝑓ℎ ∥2𝐿2 subject to

∫
Ω

𝑥ℎ =

∫
Ω

𝑓ℎ and 𝑚 ≤ 𝑥ℎ ≤ 𝑀. (22)

When only seeking to preserve positivity, we treat the upper bound 𝑀 = +∞. In (22) the 𝑓ℎ is a piecewise267

constant polynomial whose value in each cell 𝐸 equals the cell average of 𝑓ℎ , namely 𝑓ℎ |𝐸 = 1
|𝐸 |

∫
𝐸
𝑓ℎ . We268

denote the solution of the minimization problem (22) by 𝑤ℎ . Then, the postprocessed polynomial269

𝑓 lim
ℎ = ( 𝑓ℎ − 𝑓ℎ) + 𝑤ℎ (23)
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preserves conservation and bounds of cell average. Let us show that the modification (23) is of the same270

approximation order to the exact solution 𝑓 .271

Construct a polynomial 𝒫ℎ 𝑓 by taking 𝐿2 projection of the exact solution 𝑓 then applying the Zhang–272

Shu limiter. Thus, the polynomial 𝒫ℎ 𝑓 is an approximation of 𝑓 that satisfies ∥𝒫ℎ 𝑓 − 𝑓 ∥𝐿2 ≤ 𝐶ℎ𝑘+1 and273

𝑚 ≤ 𝒫ℎ 𝑓 ≤ 𝑀. Let 𝒫ℎ 𝑓 denote a piecewise constant polynomial whose value in each cell is equal to the274

cell average of 𝒫ℎ 𝑓 . It is straightforward to verify 𝑚 ≤ 𝒫ℎ 𝑓 ≤ 𝑀. Since the 𝐿2 projection, the Zhang–Shu275

limiter, and the numerical scheme preserve conservation, we have276 ∫
Ω

𝒫ℎ 𝑓 =
∑
𝐸∈𝒯ℎ

∫
𝐸

( 1
|𝐸 |

∫
𝐸

𝒫ℎ 𝑓
)
=

∫
Ω

𝒫ℎ 𝑓 =
∫
Ω

𝑓 =

∫
Ω

𝑓ℎ .

By (23), the postprocessed polynomial satisfies 𝑓 lim
ℎ
− 𝑓ℎ = 𝑤ℎ − 𝑓ℎ . Use triangle inequality and (22), we277

have278

∥ 𝑓 lim
ℎ − 𝑓 ∥𝐿2 ≤ ∥𝑤ℎ − 𝑓ℎ ∥𝐿2 + ∥ 𝑓ℎ − 𝑓 ∥𝐿2 ≤ ∥𝒫ℎ 𝑓 − 𝑓ℎ ∥𝐿2 + ∥ 𝑓ℎ − 𝑓 ∥𝐿2 .

Thus, if the numerical solution 𝑓ℎ is optimal in the 𝐿2 norm, then we only need to show ∥𝒫ℎ 𝑓 − 𝑓ℎ ∥𝐿2 ≤ 𝐶ℎ𝑘+1.279

Actually, this is guaranteed by Cauchy–Schwarz’s inequality. We have280

∥𝒫ℎ 𝑓 − 𝑓ℎ ∥𝐿2 =
∑
𝐸∈𝒯ℎ

∥ 1
|𝐸 |

∫
𝐸

(𝒫ℎ 𝑓 − 𝑓ℎ)∥𝐿2(𝐸)

≤
∑
𝐸∈𝒯ℎ

1
|𝐸 | ∥𝒫ℎ 𝑓 − 𝑓ℎ ∥𝐿2(𝐸)∥1∥2𝐿2(𝐸) = ∥𝒫ℎ 𝑓 − 𝑓ℎ ∥𝐿2 .

We conclude the proof since ∥𝒫ℎ 𝑓 − 𝑓ℎ ∥𝐿2 ≤ ∥𝒫ℎ 𝑓 − 𝑓 ∥𝐿2 + ∥ 𝑓ℎ − 𝑓 ∥𝐿2 ≤ 𝐶ℎ𝑘+1.281

Matrix-vector form. For convenience of solving the minimization problem (22), let us rewrite it into an282

equivalent non-constraint form. Recall that an indicator function 𝜄Λ of a set Λ satisfies: 𝜄Λ(𝒙) = 0 for 𝒙 ∈ Λ283

and 𝜄Λ(𝒙) = +∞ for 𝒙 ∉ Λ. We define a matrix A = [1, 1, · · · , 1] ∈ R1×𝑁 , where 𝑁 is the total number of284

mesh cells. A vector 𝒘 ∈ R𝑁 is introduced to store the cell average of the DG polynomial 𝑓ℎ , that is, the285

𝑖th entry of 𝒘 equals 𝑓ℎ |𝐸𝑖 . We have the following lemma.286

Lemma 1. Define positive constants 𝛼 = 2|𝐸 | and 𝑏 = A𝒘. Associated with the conservation constraint287

and the bound-preserving constraint, define sets288

Λ1 = {𝒙 : A𝒙 = 𝑏} and Λ2 = {𝒙 : 𝑚 ≤ 𝑥𝑖 ≤ 𝑀, ∀𝑖 = 0, · · · , 𝑁 − 1}.

The matrix-vector form of the optimization model (22) becomes: find a vector 𝒙 ∈ R𝑁 such that it solves289

min
𝒙∈R𝑁

𝛼
2 ∥𝒙 −𝒘∥22 + 𝜄Λ1(𝒙) + 𝜄Λ2(𝒙). (24)

Proof. First, notice that the 𝑖th entry of the vector 𝒘 is equal to the cell average of 𝑓ℎ on cell 𝐸𝑖 , we have290

∥𝑥ℎ − 𝑓ℎ ∥2𝐿2 =
∑
𝐸∈𝒯ℎ

∫
𝐸

|𝑥ℎ − 𝑓ℎ |2 =
∑
𝐸∈𝒯ℎ

���𝑥ℎ |𝐸 − 𝑓ℎ |𝐸���2 ∫
𝐸

1 = |𝐸 |
∑
𝑖

|𝑥𝑖 − 𝑤𝑖 |2 =
𝛼
2 ∥𝒙 −𝒘∥22.

Thus, seeking a piecewise constant polynomial 𝑥ℎ to minimize the ∥𝑥ℎ − 𝑓ℎ ∥2𝐿2 is equivalent to seeking a291

vector 𝒙 ∈ R𝑁 to minimize 𝛼
2 ∥𝒙 −𝒘∥22.292

Next, regarding to the conservation constraint in the minimization problem (22), notice 𝑥ℎ is piecewise293

constant, we have294 ∫
Ω

𝑥ℎ =

∫
Ω

𝑓ℎ ⇔
∑
𝐸∈𝒯ℎ

∫
𝐸

𝑥ℎ =
∑
𝐸∈𝒯ℎ

∫
𝐸

𝑓ℎ ⇔
∑
𝐸∈𝒯ℎ

𝑥ℎ |𝐸
∫
𝐸

1 =
∑
𝐸∈𝒯ℎ

|𝐸 |
( 1
|𝐸 |

∫
𝐸

𝑓ℎ

)
.
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Again, by definition of the vector 𝒘, we have295 ∑
𝐸∈𝒯ℎ

|𝐸 |(𝑥ℎ |𝐸) =
∑
𝐸∈𝒯ℎ

|𝐸 |( 𝑓ℎ |𝐸) ⇔ |𝐸 |
∑
𝑖

𝑥𝑖 = |𝐸 |
∑
𝑖

𝑤𝑖 .

Recall the matrix A = [1, 1, · · · , 1]T and the scalar 𝑏 = A𝒘. We get A𝒙 = A𝒘 = 𝑏. Thus, finding a piecewise296

constant polynomial 𝑥ℎ satisfies the conservation constraint in (22) is equivalent to finding a vector 𝒙 ∈ Λ1.297

Finally, by definition of the set Λ2, it is straightforward to verify that the bound-preserving constraint298

in (22) is equivalent to seeking a vector 𝒙 ∈ Λ2. □299

The accuracy of (24) is easily understood. Let 𝒙∗ represent the minimizer of (24). We consider the ℓ2
300

distance between 𝒙∗ and 𝒇 , which is a vector in R𝑁 that stores the cell averages of the exact solution, i.e., the301

𝑖th entry of 𝒇 equals 1
|𝐸𝑖 |

∫
𝐸𝑖
𝑓 . By triangle inequality, we have ∥ 𝒇 −𝒙∗∥2 ≤ ∥ 𝒇 −𝒘∥2+∥𝒘−𝒙∗∥2 ≤ 2∥ 𝒇 −𝒘∥2.302

But we can actually make further improvements. The sets Λ1 and Λ2 are convex and closed give Λ1 ∩Λ2 is303

a convex closed set. Thus, 𝒇 and 𝒙∗ belongs to Λ1 ∩Λ2 implies 𝜂 𝒇 + (1 − 𝜂)𝒙∗ ∈ Λ1 ∩Λ2, for any 𝜂 ∈ [0, 1].304

Let us define305

𝜙(𝜂) = ∥𝒘 − (𝜂 𝒇 + (1 − 𝜂)𝒙∗)∥22
= 𝜂2∥ 𝒇 − 𝒙∗∥22 − 2𝜂(𝒘 − 𝒙∗)T( 𝒇 − 𝒙∗) + ∥𝒘 − 𝒙∗∥22.

If ∥ 𝒇 − 𝒙∗∥2 = 0, then ∥ 𝒇 − 𝒙∗∥2 ≤ ∥ 𝒇 − 𝒘∥2 automatically holds. Otherwise, it is obvious that 𝜙(𝜂) is a306

quadratic function with respect to 𝜂. From (24), we know 𝒙∗ minimize ∥𝒘 − 𝒙∥22 for all 𝒙 ∈ Λ1 ∩Λ2. Thus,307

𝜙(𝜂) achieves its minimum at 𝜂 = 0, which gives308

(𝒘 − 𝒙∗)T( 𝒇 − 𝒙∗)
∥ 𝒇 − 𝒙∗∥22

≤ 0 ⇒ (𝒙∗ −𝒘)T( 𝒇 − 𝒙∗) ≥ 0.

Therefore, we have309

∥ 𝒇 −𝒘∥22 = ∥ 𝒇 − 𝒙∗ + 𝒙∗ −𝒘∥22 = ∥ 𝒇 − 𝒙∗∥22 + 2(𝒙∗ −𝒘)T( 𝒇 − 𝒙∗) + ∥𝒙∗ −𝒘∥22 ≥ ∥ 𝒇 − 𝒙∗∥22.

The ∥ 𝒇 − 𝒙∗∥2 ≤ ∥ 𝒇 − 𝒘∥2 implies that at each time step after applying the cell average limiter (24), the310

modified cell average is not worse in the sense of the ℓ2 distance to the cell average of the exact solution.311

3.3. The Douglas–Rachford splitting method for enforcing positivity of cell averages312

Splitting algorithms naturally arise and are popular when solving the minimization problem of the form313

min
𝒙
𝑔(𝒙) + ℎ(𝒙), (25)

where functions 𝑔 and ℎ are convex closed proper functions, with computable proximal operators.314

Let 𝐺 = 𝜕𝑔 and 𝐻 = 𝜕ℎ be the subdifferentials of 𝑔 and ℎ. Then, a sufficient and necessary condition315

for 𝒙∗ being a minimizer of (25) is 0 ∈ 𝐺(𝒙∗) + 𝐻(𝒙∗). Recall that ∥ · ∥2 denotes the vector 2-norm. The316

resolvents prox𝛾
𝑔 = (I + 𝛾𝐺)−1 and prox𝛾

ℎ
= (I + 𝛾𝐻)−1 are also called proximal operators, as prox𝛾

𝑔 maps317

𝒙 to argmin𝒛𝛾𝑔(𝒛) + 1
2 ∥𝒛 − 𝒙∥22 and prox𝛾

ℎ
is defined similarly. The reflection operators are defined as318

R𝛾
𝑔 = 2 prox𝛾

𝑔 − I and R𝛾
ℎ
= 2 prox𝛾

ℎ
− I, where I is the identity operator.319

The relaxed Douglas–Rachford splitting method for solving the minimization problem (25) can be written320

as:321  𝒚𝑘+1 = 𝜆
R𝛾
𝑔R𝛾

ℎ
+ I

2 𝒚𝑘 + (1 − 𝜆)𝒚𝑘 ,
𝒙𝑘+1 = prox𝛾

ℎ
(𝒚𝑘+1).

(26)
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The vector 𝒚 is an auxiliary variable, 𝜆 belongs to (0, 2] is a parameter, and 𝛾 > 0 is step size. We get322

the classical Douglas–Rachford splitting when take 𝜆 = 1 in (26). In the limiting case 𝜆 = 2, we obtain the323

Peaceman–Rachford splitting. For simplicity, we refer to the relaxed Douglas–Rachford splitting method324

with 𝜆 ∈ (0, 2) as the Douglas–Rachford splitting. For two convex closed proper functions 𝑔(𝒙) and ℎ(𝒙),325

the (26) converges for any positive step size 𝛾 and any fixed 𝜆 ∈ (0, 2), see [56]. If one function is strongly326

convex, then 𝜆 = 2 also leads to converges. Using the definition of reflection operators, the (26) can be327

expressed as follows:328 {
𝒚𝑘+1 = 𝜆 prox𝛾

𝑔(2𝒙𝑘 − 𝒚𝑘) + 𝒚𝑘 − 𝜆𝒙𝑘 ,
𝒙𝑘+1 = prox𝛾

ℎ
(𝒚𝑘+1).

(27)

In order to construct a bound-preserving cell average limiter, let us split the objective function in (24)329

into two parts, where330

𝑔(𝒙) = 𝛼
2 ∥𝒙 −𝒘∥22 + 𝜄Λ1(𝒙) and ℎ(𝒙) = 𝜄Λ2(𝒙).

The two sets Λ1 and Λ2 are convex and closed, thus both 𝑔 and ℎ are convex closed proper functions.331

Moreover, the function 𝑔 is strongly convex thus (27) converges to the unique minimizer. After applying332

(27) solving the minimization to machine precision, the positivity constraint is strictly satisfied and the333

conservation constraint is enforced up to the round-off error. It is convenient to employ the norm ∥ · ∥2ℎ =334

ℎ𝑑/2∥ · ∥2 to measure the conservation error. To this end, let us list the subdifferentials and the associated335

resolvents as follows:336

• The subdifferential of function 𝑔 is337

𝜕𝑔(𝒙) = 𝛼(𝒙 −𝒘) + ℛ(AT),

where ℛ(AT) denotes the range of the matrix AT.338

• The subdifferential of function ℎ is339

[𝜕ℎ(𝒙)]𝑖 =


[0,+∞], if 𝑥𝑖 = 𝑀,

0, if 𝑥𝑖 ∈ (𝑚, 𝑀),
[−∞, 0], if 𝑥𝑖 = 𝑚.

• For the function 𝑔(𝒙) = 𝛼
2 ∥𝒙 −𝒘∥22 + 𝜄Λ1(𝒙), the associated resolvent is340

prox𝛾
𝑔(𝒙) =

1
𝛾𝛼 + 1

(
A+(𝑏 − A𝒙) + 𝒙

)
+ 𝛾𝛼

𝛾𝛼 + 1𝒘 , (28)

where A+ = AT(AAT)−1 denotes the pseudo inverse of the matrix A.341

• For the function ℎ(𝒙) = 𝜄Λ2(𝒙), the associated resolvent is prox𝛾
ℎ
(𝒙) = S(𝒙), where S is a cut-off operator342

defined by343

[S(𝒙)]𝑖 = min (max (𝑥𝑖 , 𝑚), 𝑀), ∀𝑖 = 0, · · · , 𝑁 − 1. (29)

Define the parameter 𝑐 = 1
𝛾𝛼+1 , which gives 𝛾𝛼

𝛾𝛼+1 = 1 − 𝑐. Using the expressions of resolvents in (28)344

and (29), we obtain the Douglas–Rachford splitting method for solving the minimization problem (24) in345

matrix-vector form:346 
𝒛𝑘 = 2𝒙𝑘 − 𝒚𝑘 ,

𝒚𝑘+1 = 𝜆𝑐
(
A+(𝑏 − A𝒛𝑘) + 𝒛𝑘

)
+ 𝜆(1 − 𝑐)𝒘 + 𝒚𝑘 − 𝜆𝒙𝑘 ,

𝒙𝑘+1 = S(𝒚𝑘+1).
(30)

Notice that the pseudo-inverse A+ in (30) can be precomputed before code implementation, namely, the347

matrix A = [1, 1, · · · , 1]T gives A+ = 1
𝑁 1, where 1 is a constant one vector of size 𝑁 .348
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Implementation. To this end, let us briefly summarize our optimization solver. After obtaining the DG349

polynomial 𝑓ℎ from solving (21), calculate the cell averages to generate vector 𝒘, where the 𝑖th entry of 𝒘350

equals 𝑓ℎ |𝐸𝑖 = 1
|𝐸𝑖 |

∫
𝐸𝑖
𝑓ℎ , then our cell average limiter can be implemented as follows.351

Algorithm DR. To start the Douglas–Rachford iteration, set 𝒚0 = 𝒘, 𝒙0 = S(𝒘), and 𝑘 = 0. Compute352

the parameters 𝑐 and 𝜆 using the formula in Remark 2. And select a small 𝜖tol for numerical tolerance353

of the conservation error.354

Step 1. Compute the intermediate variable 𝒛𝑘 = 2𝒙𝑘 − 𝒚𝑘 .355

Step 2. Compute the auxiliary variable 𝒚𝑘+1 = 𝜆𝑐
(
𝒛𝑘 + 1

𝑁 (𝑏 −
∑
𝑖 𝑧

𝑘
𝑖
)1

)
+ 𝜆(1 − 𝑐)𝒘 + 𝒚𝑘 − 𝜆𝒙𝑘 .356

Step 3. Compute 𝒙𝑘+1 = S(𝒚𝑘+1).357

Step 4. If the stopping criterion ∥𝒚𝑘+1 − 𝒚𝑘 ∥2ℎ < 𝜖tol is satisfied, then terminate and output 𝒙∗ = 𝒙𝑘+1,358

otherwise set 𝑘 ← 𝑘 + 1 and go to Step 1.359

In the above algorithm, 2𝒙𝑘 is a trivial process, which is equivalent to a shift left by one bit; the 𝜆(1 − 𝑐)𝒘360

remains unchanged during iteration; and each entry of 𝒛𝑘 + 1
𝑁 (𝑏 −

∑
𝑖 𝑧

𝑘
𝑖
)1 can be computed by 𝑧𝑘

𝑖
+ 1

𝑁 (𝑏 −361 ∑
𝑖 𝑧

𝑘
𝑖
), therefore if only counting the number of multiplication operations and taking the maximum, the362

computational complexity of each iteration is 3𝑁 . To preserve positivity, the upper bound 𝑀 is set to +∞,363

we only need to take the maximum in operator 𝑆.364

Remark 2. The analysis in [52] proves the asymptotic linear convergence and suggests a simple choice365

of almost optimal parameters 𝑐 and 𝜆 in (30). Let 𝑟 be the number of bad cells 𝑓ℎ ∉ [𝑚, 𝑀] and let366

𝜃̂ = cos−1
√

𝑟
𝑁 , then we have:367


𝑐 = 1

2 ,𝜆 = 4
2−cos (2𝜃̂) , if 𝜃̂ ∈ (38𝜋, 1

2𝜋],
𝑐 = 1

(cos 𝜃̂+sin 𝜃̂)2 ,𝜆 = 2
1+ 1

1+cot 𝜃̂
− 1
(cos 𝜃̂+sin 𝜃̂)2

, if 𝜃̂ ∈ (14𝜋, 3
8𝜋],

𝑐 = 1
(cos 𝜃̂+sin 𝜃̂)2 ,𝜆 = 2, if 𝜃̂ ∈ (0, 1

4𝜋].

Remark 3. The scaling factor ℎ𝑑/2 in ∥ · ∥2ℎ is from the discrete approximation of the 𝐿2 norm. Notice that368

our optimization-based cell average limiter postprocesses the piecewise-constant DG polynomial. Given two369

piecewise constant DG polynomials 𝑥ℎ and 𝑓ℎ, we consider using ∥𝑥ℎ − 𝑓ℎ ∥𝐿2 to measure the error between370

𝑥ℎ and 𝑓ℎ. In d-dimensional space, we have371

∥𝑥ℎ − 𝑓ℎ ∥2𝐿2 =
∑
𝐸∈𝒯ℎ

∫
𝐸

|𝑥ℎ − 𝑓ℎ |2 =
∑
𝐸∈𝒯ℎ
|𝑥ℎ |𝐸 − 𝑓ℎ |𝐸 |2

∫
𝐸

1 = |𝐸 |
∑
𝑖

|𝑥𝑖 − 𝑓𝑖 |2

Here, the i-th entry of the vector 𝒙 is the cell average of the piecewise constant DG polynomial 𝑥ℎ on cell 𝐸𝑖,372

namely 𝑥𝑖 = 1
|𝐸𝑖 |

∫
𝐸𝑖
𝑥ℎ |𝐸𝑖 = 𝑥ℎ |𝐸𝑖 and similar to the vector 𝒇 . Therefore, we utilize ℎ𝑑/2∥𝒙 − 𝒇 ∥ to measure373

∥𝑥ℎ − 𝑓ℎ ∥𝐿2 .374

Remark 4. For efficiency purposes, an ad hoc technique is to first detect trouble cells, i.e., mark a part of375

the computational domain as good cells, where the cell averages will not be modified. Define 𝐾 be a strict376

subset of {0, 1, · · · , 𝑁 − 1} that contains all trouble cells and also some good cells, as follows377

𝐾 = {𝑖 : either 𝑓ℎ ∉ [𝑚, 𝑀] or 𝑓ℎ ≥ 10−8}.

We only do the postprocessing (22) on a subset of the domain Ω, where the cells 𝐸𝑖 have indexes 𝑖 ∈ 𝐾.378
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4. Numerical experiments379

In this section, we verify our numerical scheme through accuracy tests. The simulation of a challenging380

reduced 2D model shows that our proposed method enjoys mass conservation and positivity-preserving381

properties. To preserve positivity, in all simulations, we set the upper bound 𝑀 = +∞ and the lower bound382

𝑚 = 10−13 in (22) and take the tolerance 𝜖tol = 10−13 in Algorithm DR. In addition, we employ the bad cell383

detection defined in Remark 4 for all physical tests.384

4.1. Accuracy test385

We utilize the manufactured solution method to verify the accuracy of our algorithm. Let Ω = [−10, 10]2386

be the computational domain. Set the simulation to start at time 𝑡 = 1 and terminate at time 𝑡end = 20.387

Consider a simple two-dimensional linear Fokker–Planck equation, associated with D = I, 𝒖 = 0 and all388

other coefficients equals to one in (17a), as follows389

𝜕𝑡 𝑓 = Δ 𝑓 + ∇ · ( 𝑓 ∇𝒲) in [1, 𝑡end] ×Ω, (31)

where 𝑓 (𝑡 , 𝒗) denotes the unknown and 𝒲 = 1
2 ∥𝒗∥22. The initial and boundary conditions are imposed by390

the following exact solution391

𝑓 (𝑡 , 𝒗) = 1
2𝜋(1 − 𝑒−2𝑡) 𝑒

− 1
2(1−𝑒−2𝑡 ) ∥𝒗∥

2
2 . (32)

We refer to [33, section 5.2] for a derivation of the steady state solution (32) of (31).392

We employ NIPG methods in P2 and P3 spaces with penalty parameter 𝜎 = 1. Let errΔ𝑥 denote the393

error on a grid associated with the mesh resolution Δ𝑥. To be specific, the discrete 𝐿2
ℎ

and 𝐿∞
ℎ

errors are394

defined by395

𝐿2
ℎ error: ∥ 𝑓 𝑛

ℎ
− 𝑓 (𝑡𝑛)∥2

𝐿2
ℎ

= Δ𝑥2
∑
𝑖

∑
𝜈

𝜔𝜈

���∑
𝑗

𝑓 𝑛𝑖𝑗 𝜑𝑖 𝑗(𝒒𝜈) − 𝑓 (𝑡𝑛, 𝒒𝜈)
���2 ,

𝐿∞ℎ error: ∥ 𝑓 𝑛
ℎ
− 𝑓 (𝑡𝑛)∥𝐿∞

ℎ
= max

𝑖
max
𝑣

���∑
𝑗

𝑓 𝑛𝑖𝑗 𝜑𝑖 𝑗(𝒒𝜈) − 𝑓 (𝑡𝑛, 𝒒𝜈)
���,

where 𝜔𝜈 and 𝒒𝜈 are quadrature weights and points. Then, the rate is defined by ln(errΔ𝑥/errΔ𝑥/2)/ln(2).396

Notice, in even-order spaces, the NIPG methods are sub-optimal; and in odd-order spaces, the NIPG397

methods are optimal [63]. Specifically, the convergence rates are second order for P2 scheme and fourth398

order for P3 scheme. We obtain expected convergence rates, see Table 1. The Figure 2 shows snapshots399

of the distribution function at the simulation final time 𝑡end = 20, which is large enough to approximate a400

steady-state solution. The cell average limiter is triggered. Our scheme preserve the positivity.

𝑘 𝜏 Δ𝑥 ∥ 𝑓 𝑁st
ℎ
− 𝑓 (𝑡end)∥𝐿2

ℎ
rate ∥ 𝑓 𝑁st

ℎ
− 𝑓 (𝑡end)∥𝐿∞

ℎ
rate

2 22 · 10−2 20 · 2−6 1.932 · 10−3 — 1.666 · 10−3 —
20 · 10−2 20 · 2−7 5.186 · 10−4 1.898 4.626 · 10−4 1.849
2−2 · 10−2 20 · 2−8 1.330 · 10−4 1.963 1.194 · 10−4 1.954

3 24 · 10−2 20 · 2−6 1.821 · 10−5 — 1.877 · 10−5 —
20 · 10−2 20 · 2−7 1.188 · 10−6 3.938 1.264 · 10−6 3.893
2−4 · 10−2 20 · 2−8 7.555 · 10−8 3.975 8.079 · 10−8 3.968

Table 1: Errors and convergence rates for P2 and P3 schemes.
401
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Figure 2: Plot the distribution function 𝑓 and its value along the diagonal {𝑥 = 𝑦} at time 𝑡end = 20. From left to right:
simulation results associated with P2 and P3 scheme of mesh resolution Δ𝑥 = 1/128.

4.2. Anisotropic initial condition with non-identity diffusion matrix402

Let the computational domain Ω = [−10, 10]2 and select the simulation end time 𝑡end = 2. Similar to403

the numerical test in [64, Example 5.3], we consider the following Fokker–Planck equation404

𝜕𝑡 𝑓 = ∇ · (D∇ 𝑓 ) − ∇ · (𝒃 𝑓 ). (33)

Let 𝛿𝑖 𝑗 denote the Kronecker delta, namely if 𝑖 = 𝑗 then 𝛿𝑖 𝑗 = 1, otherwise it equals to 0. The matrix D and405

vector 𝒃 in (33) are given by (𝑑 = 2 is the dimension):406

𝒃 = −(𝑑 − 1)𝒗 , D𝑖 𝑗 = 𝛿𝑖 𝑗(|𝒗 |2 + 2𝐸) − 𝑣𝑖𝑣 𝑗 − Σ𝑖 𝑗(𝑡), (34a)
407

Σ𝑖 𝑗(𝑡) = Σ𝑖 𝑗(∞) − (Σ𝑖 𝑗(∞) − Σ𝑖 𝑗(0)) exp(−4𝑑𝑡), (34b)
408

Σ𝑖 𝑗(0) =
∫

𝑣𝑖𝑣 𝑗 𝑓
0(𝒗)d𝒗 , Σ𝑖 𝑗(∞) =

2𝐸
𝑑
𝛿𝑖 𝑗 , 2𝐸 = tr(Σ(0)). (34c)

For this equation, one can consider the initial condition 𝑓 0 as the normal distribution with mean 0 and409

covariance matrix Σ𝑖 𝑗(0) = 𝜎𝑖𝛿𝑖 𝑗 , where 𝜎1 = 1.8 and 𝜎2 = 0.2. Then the covariance of the solution410

Σ𝑖 𝑗(𝑡) =
∫
R2 𝑣𝑖𝑣 𝑗 𝑓 (𝑡 , 𝒗) d𝒗 at a later time is given by the formula (34b).411

We utilize NIPG methods in P2 and P3 spaces with penalty parameter 𝜎 = 1. Since the true solution412

is unknown, we cannot plot the 𝐿2 error. However, the exact form Σ𝑖 𝑗(𝑡) for the second moments of the413

true solution allows us to compare it with the second moments of the numerical solution. We use Σℎ
𝑖𝑗

to414

denote the second moments of a numerical solution associated to mesh resolution Δ𝑥. Table 2 shows the415

convergence rate and Figure 3 shows the covariance trajectories. The cell average limiter is triggered and416

our scheme preserves the positivity.

𝑘 𝜏 Δ𝑥 |Σℎ11(𝑡end) − Σ11(∞)| rate |Σℎ22(𝑡end) − Σ22(∞)| rate
2 22 · 10−4 20 · 2−6 1.529 · 10−2 — 1.529 · 10−2 —

20 · 10−4 20 · 2−7 3.874 · 10−3 1.981 3.874 · 10−3 1.981
2−2 · 10−4 20 · 2−8 9.802 · 10−4 1.983 9.800 · 10−4 1.983

3 24 · 10−3 20 · 2−5 3.702 · 10−4 — 3.717 · 10−4 —
20 · 10−3 20 · 2−6 2.412 · 10−5 3.940 2.437 · 10−5 3.931
2−4 · 10−3 20 · 2−7 1.466 · 10−6 4.041 1.651 · 10−6 3.884

Table 2: Non-identity diffusion test. Errors and convergence rates for P2 and P3 schemes.
417

4.3. Reduced 2D RFP model with analytical expression of the diffusion tensor418

Let us consider a 2D reduced dimensional RFP model so that the unknown distribution function 𝑓419

depends on independent variables 𝑡 ∈ [0, 𝑡end] ⊂ R+ and 𝒗 ∈ Ω ⊂ R2. In this example, the computational420

domain Ω is selected to be [−10, 10]2 with the simulation end time 𝑡end = 1. We choose mass 𝑚𝑏 = 2000421
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Figure 3: Non-identity diffusion test. Snapshot of covariances trajectories. From top to bottom: simulation results associated
with P2 and P3 schemes. The black dashed line denotes the analytic solution.

to model an electron colliding against a background of heavy ions, density 𝑛𝑏 = 1, temperature 𝑇 = 1, and422

velocity 𝒖 = [𝑢0 , 𝑢1]T = [2.5, 0]T. See Figure 4 for displaying the coefficients 𝐷𝑀
𝑏,𝑖𝑗

in (13) on a 128-by-128423

grid.

Figure 4: Plotting the entries in the coefficient matrix D and their ratios on a 128-by-128 grid. The first three sub-figures from
left to right: the 𝐷𝑀

𝑏,00, 𝐷𝑀
𝑏,11, and 𝐷𝑀

𝑏,01. The last two sub-figures from left to right: the ratio of 𝐷𝑀
𝑏,01 to 𝐷𝑀

𝑏,00 and 𝐷𝑀
𝑏,11.

424

Define 𝒱 = 𝑚
2𝑇 ∥𝒗 − 𝒖∥22 and ℳ = exp (−𝒱). Then, a steady state solution of (17) is 𝑓∞ = 𝑐ℳ, where425

the constant 𝑐 is determined by initial condition of using mass conservation426 ∫
Ω

𝑓 0 =

∫
Ω

𝑓∞ ⇒ 𝑐 =

∫
Ω
𝑓 0∫

Ω
ℳ
.

To see this, let us rewrite (17a) in an equivalent form. After multiplying 𝜀 on both sides of (17a) and moving427

the spatial derivatives to the right-hand side, we have the following.428

𝜀𝜕𝑡 𝑓 = ∇ · (D∇ 𝑓 ) − 𝑚
𝑇
∇ ·

(
D(𝒖 − 𝒗) 𝑓

)
= ∇ ·

(
D∇ 𝑓 + 𝑚

𝑇
D(𝒗 − 𝒖) 𝑓

)
.

Notice, ∇𝒱 = 𝑚
𝑇 (𝒗 − 𝒖), we have429

𝜀𝜕𝑡 𝑓 = ∇ ·
(
D∇ 𝑓 + (D∇𝒱) 𝑓

)
.
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The functionℳ = exp (−𝒱) gives 𝒱 = − lnℳ. Taking the gradient, we get ∇𝒱 = −∇ℳ
ℳ , which implies430

𝜀𝜕𝑡 𝑓 = ∇ ·
(
D∇ 𝑓 −D∇ℳ

ℳ 𝑓
)
= ∇ ·

(
Dℳ

ℳ∇ 𝑓 − 𝑓∇ℳ
ℳ2

)
= ∇ ·

(
Dℳ ∇

𝑓

ℳ
)
.

From hereon, by the definition ofℳ, as 𝑓∞ is time independent, it is straightforward to see that 𝑓∞ = 𝑐ℳ431

is a steady-state solution.432

The functionℳ is exponentially decaying, which presents significant challenges for numerical simulations.433

As an example, using the initial 𝑓 0 = 1
400 with parameters 𝑚 = 10 and 𝑇 = 1 results in

∫
Ω
𝑓 0 = 1 and434 ∫

Ω
ℳ ≈ 0.628, leading to the constant 𝑐 ≈ 1.6. This indicates that the steady-state solution is very close435

to zero in a wide range of the computational domain. In this case, the distance between 𝒗 and 𝒖 is greater436

than 2.715 already gives ℳ < 10−16. Notice that the computational domain Ω = [−10, 10]2 is much larger437

than a ball of radius 2.715. This causes the function 𝑓∞ to be very close to zero over a wide region of the438

domain Ω, making the simulation very challenging as it approaches the steady state.439

Let us take the initial as a uniform distribution 𝑓 (0, 𝒗) = 1
400 and set the simulation end time 𝑡end = 20.440

Fix time step size 𝜏 = 5 · 10−4. We employ the NIPG method in P2 space with penalty parameter 𝜎 = 1.441

The tensor product of the 3-point Gauss quadrature is utilized for computing volume and face integrations.442

See Figure 5 for simulation results at the final time 𝑡end = 20 with inverse collision time-scale 𝜀−1 = 101,443

102, and 103. Increasing the value of 𝜀−1 will result in the system reaching a steady state at a faster rate.444

For 𝜀−1 = 101 and 102, the positivity-preserving cell average limiter is not triggered, as the solution has445

not yet come close to steady state. For 𝜀−1 = 103, the system has quickly reached steady state and the cell446

average limiter is triggered and our scheme preserves the positivity. The left sub-figure in Figure 5 shows the447

number of iterations for the Douglas–Rachford algorithm to converge at each step. The asymptotic linear448

convergence rate matches the theoretical result, see the middle and right sub-figures in Figure 5.

Figure 5: The P2 scheme. Snapshot of the discrete distribution function at time 𝑡end = 20. From left to right: simulation
results associated with the inverse collision time-scale 𝜀−1 = 101, 102, and 103.

Figure 6: The convergence behavior of the cell average limiter associated with the simulation of using parameter 𝜀−1 = 103.
Left: the number of Douglas–Rachford iterations at each time step. Middle and right: the actual asymptotic linear convergence
rate of the Douglas–Rachford splitting algorithm with optimal parameters at time step 10000 and 30000.

449
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4.4. Beam relaxation450

Let the computational domain Ω = [−10, 10]2 with the final simulation time 𝑡end = 200 be set to be large451

enough so that the system reaches a nearly steady state. The initial condition is given by a Maxwellian452

parameterized by 𝑛0 = 1, 𝑚 = 1, 𝒖0 = [7, 0]T, and 𝑇0 = 0.25.453

𝑓 0(𝒗; 𝑛0 , 𝑚, 𝒖0 , 𝑇0) =
𝑛0

2𝜋𝑇0/𝑚
exp

(
− 𝑚

2𝑇0
∥𝒗 − 𝒖0∥22

)
.

We choose the parameters 𝜀−1 = 102, 𝑚 = 1, and 𝑇 = 1 in (17). The coefficient matrix D is computed by454

setting 𝑚𝑏 = 100, 𝑇 = 1, and 𝒖 = [0, 0]T.455

We use the NIPG method in P2 space with penalty parameter 𝜎 = 1. The mesh partition has been chosen456

as a 128-by-128 structure grid and the time step size is 5 × 10−4. See Figure 7 for selected snapshots of the457

simulation result. Similarly to the fully nonlinear calculations performed in [65], we first observe the correct458

qualitative behavior of isotropization, where a ring structure forms, followed by a slower energy relaxation459

to the Maxwellian equilibrium. The cell average limiter is triggered and our algorithm successfully enforces460

the positivity of the distribution function at all times.

initial 𝑡 = 1 𝑡 = 3 𝑡 = 7

𝑡 = 10 𝑡 = 20 𝑡 = 30 𝑡 = 40

𝑡 = 50 𝑡 = 80 𝑡 = 120 𝑡 = 200

Figure 7: Beam relaxation test. Snapshots taken at initial (𝑡 = 0) and selected time (𝑡 = 1, 3, · · · , 200). A ring structure forms
in a relatively quick manner, then the system slowly approaches to the steady state – a “fat” Maxwellian distribution.

461

4.5. Importance of positivity preservation462

Finally, we stress the importance of preserving the positivity of the distribution function by considering463

a relaxation of an initially non-equilibrium solution to a numerical equilibrium. Using the same setup as in464
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Figure 8: Importance of positivity: The distribution function at numerical equilibrium with (left) and without (right) positivity
postprocessing.

the previous section, but with 𝑚 = 30 and 𝒖 = [0, 0]T the simulation begins from465

𝑓 0(𝒗) = 1
2𝜋 exp

(
− 1

2 ∥𝒗∥
2
2

)
.

We run the simulation with a sufficiently large end time 𝑡end = 20 and let the system evolve to numerical466

equilibrium. In Figure 8 the numerical equilibrium is shown with and without the positivity enforcement.467

As can be seen, a large negative distribution function is present without the positivity postprocessing. In468

a linearized test particle relaxation model where the test particle species do not feedback to itself or the469

background species, these negative values are benign. However, in fully self-consistent non-linear settings,470

where the transport coefficients are functionals of the solution, they lead to the loss of SPD property of the471

diffusion tensor, and negative diffusion coefficients in the diagonal entries could emerge, leading to numerical472

instabilities; see Figure 9. As shown in the figures, the diagonal components of the diffusion matrix for the473

test particle species are obtained by self-consistently solving the Poisson equations in Eqs. (7) and (8) with474

far-field boundary conditions similarly defined in [66], result in large negative values when the positivity of475

the distribution function is not ensured. In contrast, they remain positive everywhere when the positivity476

of the solution is maintained. These results reflect the biharmonic nature of 𝐺 and the loss of convexity477

caused by a significantly negative distribution function underscores the critical importance of maintaining478

the positivity of the solution in the RFP equations.479

4.6. Performance of the cell average limiter480

We aim to validate that the complexity of the Algorithm DR is 𝒪(𝑁). To achieve this, we compare the481

running time on a single CPU, while varying the total number of degrees of freedom (DOF). For an 𝒪(𝑁)482

scheme, refining the mesh resolution by a factor of two in the two-dimensional space results in a fourfold483

increase in the total number of DOF. Therefore, in an ideal case, we expect that the running time on a484

single CPU will also increase by a factor of four.485

Let us utilize the same synthetic problem as described in [53, Appendix A] to generate synthetic data.486

Define 𝒘 in (24) as the point values of the following function on a uniform grid of resolution Δ𝑥 on the487

computational domain [0, 1]2:488

𝑓 (𝑥, 𝑦) =


−0.25, − 𝛿

4 + 0.25 ≤ 𝑥 ≤ 𝛿
4 + 0.25

−0.25, − 𝛿
4 + 0.75 ≤ 𝑥 ≤ 𝛿

4 + 0.75
cos8 (2𝜋𝑥) + 10−13 , otherwise

, (35)

where 𝛿 > 0 is a parameter that controls the ratio of negative point values. We choose the value of 𝛿 such489

that the ratio of negative point values is 5%.490
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Figure 9: Importance of positivity: The diagonal entries of the diffusion coefficients for the test particle species, computed self
consistently at numerical equilibrium with (top) and without (bottom) positivity postprocessing.

We solve the constrained minimization problem (24) to machine precision 100 times on a single CPU to491

limit cell averages. The processor utilized is the Intel Xeon CPU E5-2660 v3 2.60 GHz. Table 3 displays492

the average CPU time for a single run with mesh resolution Δ𝑥 = 2−7 , 2−8 , · · · , 2−11 and Figure 3 plots the493

CPU time versus the total number of DOF on a log2–log2 scale. The performance of Algorithm DR is as494

expected; see the dashed line of slope one in Figure 3.

Δ𝑥 2−7 2−8 2−9 2−10 2−11

time [s] 9.048 × 10−3 3.068 × 10−2 1.029 × 10−1 5.979 × 10−1 2.705 × 100

Table 3: Average CPU time for Algorithm DR, calculated over 100 repetitions with continuous mesh refinement.

Figure 10: Plot the average CPU time on a log2–log2 scale, calculated over 100 repetitions with continuous mesh refinement.

495
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5. Concluding remarks496

In this paper, we have considered an optimization-based positivity-preserving method for a semi-implicit497

DG scheme that solves the Fokker–Planck equations. The DG cell averages are enforced to be non-negative498

without affecting accuracy and global conservation by a constrained minimization, solved by the Douglas–499

Rachford splitting method with nearly optimal parameters. With non-nonnegative cell averages, the Zhang–500

Shu limiter is used to eliminate undershoot point values in the DG polynomials. The practical advantages501

of this approach include high accuracy, efficiency, and ease of implementation. Numerical tests suggest that502

this approach can efficiently improve the robustness of semi-implicit high-order DG schemes.503
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