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Abstract. Preserving the admissible set of the ideal magnetohydrodynamics (MHD) equations5
is important not only for producing physically meaningful numerical solutions, but more importantly6
for achieving robust computations. In this paper, we develop an optimization-based limiter to enforce7
admissibility while preserving global conservation and accuracy. For an easy and efficient projection,8
we decompose the admissible set into slices parameterized by the magnetic energy, so that the MHD9
projection reduces to a one-dimensional minimization, which can be solved efficiently by the Brent10
method. The splitting method can be used to efficiently solve the global minimization problem of the11
optimization-based limiter, which can be used to enforce cell average admissibility in discontinuous12
Galerkin (DG) schemes, and pointwise admissibility can be further enforced by the Zhang–Shu13
positivity-preserving limiter. We apply the limiter to high-order DG schemes and present numerical14
results for a few representative MHD problems.15
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1. Introduction. We consider the ideal compressible magnetohydrodynamics19

(MHD) system for a perfectly conducting fluid without viscosity or thermal conduc-20

tivity on a bounded spatial domainΩ ⊂ R𝑛 over the time interval [0, 𝑇]. The unknown21

conservative variables are density 𝜌, momentum 𝒎, total energy 𝐸, and magnetic field22

𝑩, which satisfy23
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0
0
0

 .(1.1)24

We order the unknowns as (𝜌,𝒎 , 𝐸, 𝑩), placing 𝑩 last. This ordering is convenient for25

the set decomposition in Section 3, where we slice the admissible set by fixing ∥𝑩∥22.26

The solenoidal condition ∇ · 𝑩 = 0 is imposed on the magnetic field. The velocity27

is computed by 𝒖 = 𝒎
𝜌 . The total energy is 𝐸 = 𝜌𝑒 + ∥𝒎∥

2
2

2𝜌 +
∥𝑩∥22
2 , which consists of28

thermal, kinetic, and magnetic energies. Here, 𝑒 denotes the specific internal energy.29

The total pressure 𝑝tot = 𝑝+ 1
2∥𝑩∥22, which is the sum of the gas pressure and magnetic30

pressure. The gas pressure is determined by ideal gas equation of state 𝑝 = (𝛾− 1)𝜌𝑒,31

where the adiabatic index 𝛾 > 1.32

Physically meaningful solutions to the MHD system (1.1) should have positive33
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2 C. LIU, C.-W. SHU, AND X. ZHANG

density and positive internal energy. We define the admissible state set:34

𝐺 =

{
(𝜌,𝒎 , 𝐸, 𝑩) : 𝜌 > 0, 𝐸 −

∥𝒎∥22
2𝜌
−
∥𝑩∥22
2

> 0
}
.35

The set 𝐺 is a convex set [45] and numerical schemes that preserve their solutions36

in this set are called invariant-domain-preserving schemes. Preserving this invariant37

domain is crucial for stability, since negative density or negative internal energy lead to38

loss of hyperbolicity, rendering the discrete problem ill-posed [6, 12, 40]. In this paper,39

we introduce a high-order accurate optimization-based limiter to enforce conservation40

and preserve the invariant domain.41

1.1. Several existing approaches. The existing invariant-domain-preserving42

methods for ideal MHD equations can be broadly divided into explicit positivity-43

preserving limiters and flux-limiting approaches. We refer to [45, 44] for a compre-44

hensive overview.45

One of the most popular approaches for solving MHD equations is designed for46

explicit time integration. The Zhang–Shu positivity-preserving limiter [49, 50] for47

finite volume and discontinuous Galerkin (DG) methods preserves local conservation48

and high-order accuracy, provided that the cell averages already lie in the admissible49

set, which can be proven under suitable CFL for many systems such as compress-50

ible Euler equations [45]. In [6], such a positivity-preserving limiter was applied to51

DG schemes. Invariant-domain-preserving DG schemes on general meshes and via52

geometric quasilinearization were constructed in [42, 43, 41]. A systematic positivity53

analysis of schemes for MHD equations was given in [40], and positivity-preserving54

finite difference WENO schemes with constrained transport were constructed in [7].55

In particular, it has been proven in [40] that positivity of the cell averages is closely56

related to a discrete divergence free condition.57

Another class of invariant-domain-preserving methods is based on flux limiting,58

which originated from the flux-corrected transport method [47]. Flux limiters have59

been designed and applied to phase-field models [30, 15] and porous media flow60

[23]. The modern reformulation as convex limiting provides a general framework61

for invariant-domain preservation for compressible Euler and Navier–Stokes equa-62

tions by blending a high-order scheme with a low-order invariant-domain-preserving63

scheme [20, 19]. Extensions to DG discretizations include [21, 33]. A structure-64

preserving convex-limiting method specifically for ideal MHD was recently developed65

in [9]. These approaches rely on the availability of a suitable low-order invariant-66

domain-preserving scheme for the target system, which for MHD requires additional67

care due to the nonlinear structure of the admissible set 𝐺. High-order accuracy is68

typically maintained when flux limiters are applied correctly. However, a rigorous69

proof of accuracy preservation is available only for simpler equations [46].70

Optimization-based limiters are attractive because conservation and admissibility71

can be enforced simultaneously through a constrained minimization problem. Dif-72

ferent optimization-based limiters were developed for scalar equations and spectral73

element methods in [18, 39, 36]. A systematic two-stage limiting framework using74

the Douglas–Rachford (DR) splitting method to solve the minimization problem was75

introduced in [31] for the phase-field multi-phase flow. Asymptotic linear convergence76

and nearly optimal parameter selection of the splitting iteration are rigorously proved77

for the scalar case. This framework is broadly applicable and has been extended to78

Fokker–Planck equations [28], compressible Navier–Stokes equations [27], and most79

recently to compressible Euler equations for vector admissible set with 𝐿2 and 𝐿1 cell80
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INVARIANT-DOMAIN-PRESERVING LIMITER FOR IDEAL MHD 3

average limiters [29].81

1.2. Optimization-based cell average limiter. Let 𝑼ℎ be the cell averages82

of a DG solution 𝑼ℎ = (𝜌ℎ ,𝒎ℎ , 𝐸ℎ , 𝑩ℎ). We seek a piecewise constant polynomial83

𝑿 ∗
ℎ
that minimizes the 𝐿2 distance to 𝑼ℎ subject to constraints of preserving global84

conservation and numerical admissibility. We choose the 𝐿2 objective function for85

both efficiency and accuracy; specifically, we solve86

min
𝑿ℎ

∥𝑿ℎ −𝑼ℎ∥2𝐿2 subject to

∫
Ω

𝑿ℎ =

∫
Ω

𝑼ℎ and 𝑿ℎ |𝐾𝑖 ∈ 𝐺
𝜀 for all cells 𝐾𝑖 ,87

where, for a small 𝜀 > 0, the numerical admissible set of the MHD system (1.1) is88

𝐺𝜀 =

{
(𝜌,𝒎 , 𝐸, 𝑩) : 𝜌 ≥ 𝜀, 𝐸 −

∥𝒎∥22
2𝜌
−
∥𝑩∥22
2
≥ 𝜀

}
.(1.2)89

Assuming the cell averages of the exact solution are feasible, then the minimizer 𝑿 ∗
ℎ

90

satisfies91

∥𝑿 ∗ℎ −𝑼 exact∥𝐿2 ≤ ∥𝑼ℎ −𝑼 exact∥𝐿2 .92

Here, 𝑼 exact denotes the cell averages of the exact solution. This estimate gives a93

quasi-optimal bound for the postprocessed cell averages relative to feasible exact cell94

averages. See Section 2.1 for a proof.95

The primary computational challenge in implementing the cell average limiter is96

projecting the out-of-bound cell averages onto the numerical admissible set. In the97

scalar case, projection onto an interval [𝑚, 𝑀] is a simple clipping operation [31, 28,98

27]. For the compressible Euler equations, its convex admissible set enjoys a relatively99

simple structure and the projection is computed via a closed-form formula derived100

using the Karush–Kuhn–Tucker (KKT) conditions [29]. For the MHD equations,101

however, the magnetic field 𝑩 appears in the total pressure, coupling 𝑩 nonlinearly102

with (𝜌,𝒎 , 𝐸) through the internal energy constraint. This coupling makes a closed-103

form projection formula analytically difficult.104

We resolve this difficulty with a slicing algorithm that decomposes the numerical105

admissible set into slices parameterized by ∥𝑩∥22 = 𝛽: for each fixed 𝛽, the slice106

decouples into subproblems for 𝑩 and (𝜌,𝒎 , 𝐸) separately, and each of them can be107

solved in closed form. The projection then reduces to a one-dimensional minimization108

over the closed interval 𝐼 = [𝛽low , 𝛽high], where 𝛽low and 𝛽high are given in Lemma 3.7.109

We prove that this reduced objective is strictly convex and continuous on 𝐼, implying110

the existence and uniqueness of the projection, and compute the minimizer efficiently111

using the Brent method [3, Section 5].112

Once cell averages are in the admissible set, the Zhang–Shu positivity-preserving113

limiter [49, 50, 32] can be applied to further process the quadrature point values,114

which also preserves the order of accuracy.115

Our optimization-based limiter addresses admissibility restoration only and does116

not enforce the discrete divergence-free condition on 𝑩. In our implementation, a117

discrete divergence-free projection, which enforces local divergence-free on each cell,118

is applied at the start of each time step before the limiter acts on the cell averages.119

The two steps are treated separately.120

1.3. Efficient splitting methods. In large-scale high-resolution simulations,121

the number of cell averages to be processed can be very large. Designing an efficient122
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4 C. LIU, C.-W. SHU, AND X. ZHANG

algorithm for solving the minimization problem is critical to the practical success of123

the optimization-based approach.124

The DR splitting was originally introduced to solve heat equations [34, 13]. It125

was later generalized by Lions and Mercier for handling a sum of two maximal mono-126

tone operators, resulting in the generalized DR method [26]. The nonsmooth convex127

minimization model for the scalar cell average limiter can be efficiently solved by the128

generalized DR method, which is equivalent to several well-known methods, including129

PDHG [5], ADMM [14], and the split Bregman method [17]. We refer to [11, 24] and130

references therein for further details on these equivalences. However, no general pa-131

rameter selection strategy is available for the generalized DR method when applied to132

the cell average limiter with vector invariant domain. Moreover, the objective in (2.2)133

consists of three parts: the quadratic distance, the conservation constraint, and the134

admissibility constraint. This structure motivates the use of a three-operator splitting135

method.136

Three-operator splitting methods [16, 37], such as Davis–Yin (DY) splitting [10],137

three-block ADMM [25, 4], and others [1], are popular and natural choices for solving138

the composite convex optimization of the form139

min
𝑥
𝑑1(𝑥) + 𝑑2(𝑥) + 𝑑3(𝑥).140

Recently, the DY method has been successfully applied to optimization-based lim-141

iters with conservation and invariant-domain constraints for the compressible Euler142

equations [29]. The DY iteration is given by:143

(DY)


𝑥𝑘+1/2 = prox

𝛾
𝑑3
(𝑧𝑘),

𝑥𝑘+1 = prox
𝛾
𝑑1
(2𝑥𝑘+1/2 − 𝑧𝑘 − 𝛾∇𝑑2(𝑥𝑘+1/2)),

𝑧𝑘+1 = 𝑧𝑘 + 𝑥𝑘+1 − 𝑥𝑘+1/2.
(1.3)144

Here, the proximal operator with parameter 𝛾 > 0 for the convex function 𝑑1 is defined145

as follows:146

prox
𝛾
𝑑1
(𝑥) = argmin𝑦𝑑1(𝑦) +

1

2𝛾
∥𝑦 − 𝑥∥22 ,147

and prox
𝛾
𝑑3

is defined similarly. For proper closed convex functions 𝑑1, 𝑑2, and 𝑑3,148

where ∇𝑑2 is 𝐿-Lipschitz continuous, iteration (1.3) converges for any constant step149

size 𝛾 ∈ (0, 2/𝐿). When the iteration converges to machine precision, the two con-150

straints (conservation and invariant domain) are enforced up to round-off errors. In151

practice, the DY method with 𝛾 = 1/𝐿 outperforms other alternatives [1] and elimi-152

nates the need for parameter tuning.153

1.4. Contributions and organization of the paper. We are not aware of154

any optimization-based conservative and invariant-domain-preserving limiter for the155

MHD equations. The nonlinear coupling of all variables (𝜌,𝒎 , 𝐸, 𝑩) in the admissible156

set 𝐺 makes the projection significantly more challenging to compute than in the157

scalar and compressible Euler cases. Our main contribution is a slicing algorithm for158

computing the projection of cell averages onto the MHD numerical admissible set 𝐺𝜀.159

By decomposing 𝐺𝜀 into slices parameterized by ∥𝑩∥22 = 𝛽, the projection reduces to160

a one-dimensional minimization over a bounded interval. We prove that the reduced161

objective is strictly convex and continuous, guaranteeing the existence and uniqueness162

of the projection. The minimizer is computed efficiently using the Brent method.163
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INVARIANT-DOMAIN-PRESERVING LIMITER FOR IDEAL MHD 5

We prove that our 𝐿2 optimization-based cell average limiter preserves the order164

of accuracy of the underlying DG scheme. Furthermore, the global optimization prob-165

lem is solved efficiently by the DY splitting method, with each iteration requiring one166

evaluation of the slicing algorithm and one projection onto the conservation hyper-167

plane in closed form. The asymptotic linear convergence is observed in our numerical168

tests and the DY iteration converges in several steps.169

We test the correctness and efficiency of the slicing algorithm for computing the170

projection point, and we apply the full method to the smooth circularly polarized171

Alfvén wave, Rotor problem, Orszag–Tang vortex problem, and high Mach number172

astrophysical jet. The numerical results confirm the correctness, high-order accuracy,173

and robustness of the proposed scheme on demanding MHD problems with low density174

and low pressure.175

The rest of this paper is organized as follows. In Section 2, we formulate the176

optimization-based cell average limiter, prove accuracy preservation, and present the177

DY splitting algorithm including the identification of the three operators and their178

proximals. Section 3 develops the slicing algorithm for projecting onto the MHD179

admissible set, establishes the strict convexity and continuity of the reduced objec-180

tive, and details the closed-form projection formulas for each fixed slice. We present181

the numerical benchmark tests in Section 4. The explicit projection algorithm onto182

the compressible Euler-like admissible set and the Brent method are given in the183

Appendices.184

2. Constraint optimization-based limiter. We propose a postprocessing step185

that restores the invariant domain while preserving global conservation. The post-186

processed piecewise constant polynomial is chosen to minimize the 𝐿2 distance to the187

original cell averages, subject to these two constraints.188

Given a numerical solution 𝑼ℎ to a conservative DG scheme for MHD equations189

(1.1), where 𝑼ℎ = (𝜌ℎ ,𝒎ℎ , 𝐸ℎ , 𝑩ℎ), let 𝑼ℎ denote the cell average of 𝑼ℎ , namely, on190

each cell 𝐾, we have 𝑼ℎ |𝐾 = 1
|𝐾|

∫
𝐾
𝑼ℎ . We seek a piecewise constant polynomial 𝑿ℎ191

that minimizes the distance to 𝑼ℎ under the constraints of preserving conservation192

and invariant domain:193

min
𝑿ℎ

∥𝑿ℎ −𝑼ℎ∥2𝐿2 subject to

∫
Ω

𝑿ℎ =

∫
Ω

𝑼ℎ and 𝑿ℎ |𝐾𝑖 ∈ 𝐺
𝜀 for all cells 𝐾𝑖 ,(2.1)194

where 𝐺𝜀 is the numerical admissible set defined in (1.2). For positive density, the set195

𝐺𝜀 is closed and convex, which implies that (2.1) has a unique minimizer, denoted by196

𝑿 ∗
ℎ
. Then, the postprocessed DG polynomial can be written as197

𝑼ℎ = (𝑼ℎ −𝑼ℎ) + 𝑿 ∗ℎ ,198

and it preserves global conservation of density, momentum, total energy, and magnetic199

field. In addition, 𝑼ℎ has cell averages in set 𝐺𝜀.200

2.1. Matrix-vector form and accuracy. To solve (2.1), we introduce a matrix201

U ∈ R𝑁×(2+2𝑛) to store the cell averages of 𝑼ℎ , where the 𝑖-th row is given by202 [
1

|𝐾𝑖 |

∫
𝐾𝑖

𝜌ℎ
1

|𝐾𝑖 |

∫
𝐾𝑖

𝒎ℎ
1

|𝐾𝑖 |

∫
𝐾𝑖

𝐸ℎ
1

|𝐾𝑖 |

∫
𝐾𝑖

𝑩ℎ

]
.203

Let ∥ · ∥𝐹 denote the Frobenius norm and 𝑁 be the total number of mesh cells. Define204

the indicator function of a set Λ as: 𝜄Λ(X) = 0, if X ∈ Λ, otherwise 𝜄Λ(X) = +∞. The205
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6 C. LIU, C.-W. SHU, AND X. ZHANG

model (2.1) is equivalent to the following unconstrained minimization problem: find206

X ∈ R𝑁×(2+2𝑛), such that207

min
X

1

2
∥X −U∥2𝐹 + 𝜄Λ1

(X) + 𝜄Λ2
(X),208

where Λ1 = {X : AX = 𝒃T}(2.2)209

and Λ2 = {X : the 𝑖-th row X𝑖 ∈ 𝐺𝜀 , ∀𝑖}.210

For simplicity, in the rest of this paper we only consider uniform meshes. On a uniform211

mesh, we have A = [1, 1, · · · , 1] ∈ R1×𝑁 and 𝒃T = AU. Since both sets Λ1 and Λ2 are212

convex, their corresponding indicator functions 𝜄Λ1
and 𝜄Λ2

are also convex. Therefore,213

(2.2) defines a strongly convex minimization problem, and its solution is unique.214

Next, we show that the limiter does not destroy the order of accuracy. Let X∗215

denote the solution of (2.2) and let Uexact ∈ R𝑁×(2+2𝑛) be a matrix that stores the cell216

averages of the exact solution, where the 𝑖th row is given by217 [
1

|𝐾𝑖 |

∫
𝐾𝑖

𝜌exact
ℎ

1

|𝐾𝑖 |

∫
𝐾𝑖

𝒎exact
ℎ

1

|𝐾𝑖 |

∫
𝐾𝑖

𝐸exact
ℎ

1

|𝐾𝑖 |

∫
𝐾𝑖

𝑩exact
ℎ

]
.218

Following a similar argument as in [29, Theorem 1], the sets Λ1 and Λ2 are convex219

and closed, which gives Λ1 ∩ Λ2 is a convex closed set. Thus, Uexact and X∗ belong220

to Λ1 ∩Λ2 implies 𝜆Uexact + (1 − 𝜆)X∗ ∈ Λ1 ∩Λ2, for any 𝜆 ∈ [0, 1]. Define221

𝜙(𝜆) = ∥U − (𝜆Uexact + (1 − 𝜆)X∗)∥2𝐹222

= 𝜆2∥Uexact − X∗∥2𝐹 − 2𝜆(U − X∗) : (Uexact − X∗) + ∥U − X∗∥2𝐹 .223

If X∗ ≠ Uexact, then 𝜙(𝜆) is a quadratic function. From (2.2), we know X∗ minimizes224

∥U−X∥2
𝐹
for all X ∈ Λ1 ∩Λ2. Thus, 𝜙(𝜆) achieves its minimum at 𝜆 = 0, which gives225

(U − X∗) : (Uexact − X∗)
∥Uexact − X∗∥2

𝐹

≤ 0 ⇒ (X∗ −U) : (Uexact − X∗) ≥ 0.226

Thus, we obtain227

∥Uexact −U∥2𝐹 = ∥Uexact − X∗∥2𝐹 + 2(X∗ −U) : (Uexact − X∗) + ∥X∗ −U∥2𝐹228

≥ ∥Uexact − X∗∥2𝐹 .229

It is straightforward to verify that when X∗ = Uexact, the same inequality still holds.230

Therefore, the postprocessed cell average satisfies the same quasi-optimal bound when231

the cell averages of the exact solution are in the numerical admissible set 𝐺𝜀.232

2.2. Efficient optimization method. We apply the DY method (1.3) to solve233

the minimization problem (2.2).234

Partition the matrix U = [𝒖 , 𝒗1 , · · · , 𝒗𝑛 ,𝒘 , 𝒛1 , · · · , 𝒛𝑛] into 2 + 2𝑛 columns, cor-235

responding, in order to the cell averages of density, the 𝑛 momentum components, the236

total energy, and the 𝑛 magnetic field components. Denote the entries in vector 𝒃T by237

[𝑏𝜌 , 𝑏𝑚1
, · · · , 𝑏𝑚𝑛 , 𝑏𝐸 , 𝑏𝐵1

, · · · , 𝑏𝐵𝑛 ]. Note that U and 𝒃 are given quantities, which are238

computed from the DG solution. For the unknown X in (2.2), we similarly define the239
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INVARIANT-DOMAIN-PRESERVING LIMITER FOR IDEAL MHD 7

partition X = [𝝆,𝒎1 , · · · ,𝒎𝑛 , 𝑬, 𝑩1 , · · · , 𝑩𝑛]. Then, the minimization problem (2.2)240

is equivalent to241

min
X

1

2

(
∥𝝆 − 𝒖∥22 +

𝑛∑
𝑖=1

∥𝒎𝑖 − 𝒗𝑖∥22 + ∥𝑬 −𝒘∥22 +
𝑛∑
𝑖=1

∥𝑩𝑖 − 𝒛𝑖∥22
)
+ 𝜄Λ1

(X) + 𝜄Λ2
(X),242

where Λ1 = {X : A𝝆 = 𝑏𝜌 , A𝒎1 = 𝑏𝑚1
, · · · ,A𝒎𝑛 = 𝑏𝑚𝑛 ,243

A𝑬 = 𝑏𝐸 , A𝑩1 = 𝑏𝐵1
, · · · ,A𝑩𝑛 = 𝑏𝐵𝑛}244

and Λ2 = {X : [𝜌𝑖 , 𝑚1𝑖 , · · · , 𝑚𝑛𝑖 , 𝐸𝑖 , 𝐵1𝑖 , · · · , 𝐵𝑛𝑖]T ∈ 𝐺𝜀 , ∀𝑖}.245

Let us split the objective function in a manner that facilitates the derivation of explicit246

formulas. We choose247

𝑑1(X) = 𝜄Λ1
(𝝆,𝒎1 , · · · ,𝒎𝑛 , 𝑬, 𝑩1 , · · · , 𝑩𝑛),(2.3a)248

𝑑2(X) =
1

2

(
∥𝝆 − 𝒖∥22 +

𝑛∑
𝑖=1

∥𝒎𝑖 − 𝒗𝑖∥22 + ∥𝑬 −𝒘∥22 +
𝑛∑
𝑖=1

∥𝑩𝑖 − 𝒛𝑖∥22
)
,(2.3b)249

𝑑3(X) = 𝜄Λ2
(𝝆,𝒎1 , · · · ,𝒎𝑛 , 𝑬, 𝑩1 , · · · , 𝑩𝑛).(2.3c)250

Let A+ = AT(AAT)−1 denote the pseudo inverse of A. Associated to function 𝑑1 in251

(2.3a), the proximal prox
𝛾
𝑑1

maps252

𝝆→ A+(𝑏𝜌 − A𝝆) + 𝝆, 𝒎𝑖 → A+(𝑏𝑚𝑖 − A𝒎𝑖) +𝒎𝑖 , for 𝑖 = 1, · · · , 𝑛,253

𝑬→ A+(𝑏𝐸 − A𝑬) + 𝑬, 𝑩𝑖 → A+(𝑏𝐵𝑖 − A𝑩𝑖) + 𝑩𝑖 , for 𝑖 = 1, · · · , 𝑛.254

The proximal of an indicator of a set is the Euclidean projection onto that set. Thus,255

computing the proximal for 𝑑3 in (2.3c) reduces to finding the projection point onto256

the numerical admissible set 𝐺𝜀.257

3. Projection onto admissible set. In this part, we focus on computing the258

projection of a given point (𝑢, 𝒗 , 𝑤, 𝒛) onto the numerical admissible set 𝐺𝜀 defined in259

(1.2) for the MHD system. The projection of a point on the nonempty closed convex260

set is unique. Determining this projection reduces to solving the following constraint261

minimization problem:262

min
𝜌,𝒎 ,𝐸,𝑩

1

2
(|𝜌 − 𝑢|2 + ∥𝒎 − 𝒗∥22 + |𝐸 − 𝑤|2 + ∥𝑩 − 𝒛∥22)(3.1a)263

subject to 𝜌 ≥ 𝜀 and 𝐸 −
∥𝒎∥22
2𝜌
−
∥𝑩∥22
2
≥ 𝜀.(3.1b)264

A natural starting point to address optimization (3.1) is to formulate the KKT condi-265

tions. The constraints (3.1b) represent primal feasibility. The parameters 𝜆 ≥ 0 and266

𝜇 ≥ 0 represent dual feasibility. We have the stationarity conditions267

𝜌 − 𝑢 − 𝜆 − 𝜇
∥𝒎∥22
2𝜌2

= 0, 𝒎 − 𝒗 + 𝜇𝒎
𝜌

= 0,(3.2a)268

𝐸 − 𝑤 − 𝜇 = 0, 𝑩 − 𝒛 + 𝜇𝑩 = 0.(3.2b)269

And the complementary slackness270

𝜆(𝜀 − 𝜌) = 0, 𝜇
(
𝜀 − 𝐸 +

∥𝒎∥22
2𝜌
+
∥𝑩∥22
2

)
= 0.271
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Notice, if 𝒛 = 0, then (3.2b) gives (1+𝜇)𝑩 = 0. By dual feasibility, we know 1+𝜇 > 0,272

which implies 𝑩 = 0. Thus, when 𝒛 = 0, the minimization problem (3.1) reduces to273

min
𝜌,𝒎 ,𝐸

1

2
(|𝜌 − 𝑢|2 + ∥𝒎 − 𝒗∥22 + |𝐸 − 𝑤|2)(3.3a)274

subject to 𝜌 ≥ 𝜀 and 𝐸 −
∥𝒎∥22
2𝜌
≥ 𝜀,(3.3b)275

which has been solved in [29]. Therefore, in the rest of this paper, we only need276

to focus on the case that 𝒛 ≠ 0. Unlike projection onto the admissible set for Euler277

equations in [29], the KKT conditions associated to the MHD system have no tractable278

closed-form solution. This motivates the numerical construction below.279

3.1. Preliminary lemmas. Let 𝑔 be a continuous convex function, and let 𝐺280

be a convex set. Suppose 𝐺 admits a decomposition parameterized by 𝛽, namely281

𝐺 = ∪𝛽𝐺𝛽, where each set 𝐺𝛽 is ‘nice’ in the sense that the minimum of 𝑔 over 𝐺𝛽282

exists.283

Lemma 3.1. Suppose that both min
𝒙∈𝐺

𝑔(𝒙) and min
𝛽

min
𝒙∈𝐺𝛽

𝑔(𝒙) exist, then we have284

min
𝒙∈𝐺

𝑔(𝒙) = min
𝛽

min
𝒙∈𝐺𝛽

𝑔(𝒙).(3.4)285

Proof. i) The right-hand side of (3.4) is attainable, i.e. there exists 𝛽 = 𝛽∗, when286

𝒙 = 𝒙∗ ∈ 𝐺𝛽∗ ⊂ 𝐺, we have 𝑔(𝒙∗) = min
𝛽

min
𝒙∈𝐺𝛽

𝑔(𝒙). Since 𝒙∗ ∈ 𝐺, then min
𝒙∈𝐺

𝑔(𝒙) ≤ 𝑔(𝒙∗).287

We obtain min
𝒙∈𝐺

𝑔(𝒙) ≤ min
𝛽

min
𝒙∈𝐺𝛽

𝑔(𝒙). ii) The left-hand side of (3.4) is attainable, i.e.288

there exists 𝒙∗ ∈ 𝐺, such that 𝑔(𝒙∗) = min
𝒙∈𝐺

𝑔(𝒙). The 𝒙∗ ∈ 𝐺 = ∪𝛽𝐺𝛽 implies that there289

exists 𝛽 = 𝛽∗, such that 𝒙∗ ∈ 𝐺𝛽∗ . Notice that the minimum of 𝑔 over 𝐺𝛽∗ exists. We290

have min
𝒙∈𝐺𝛽∗

𝑔(𝒙) ≤ 𝑔(𝒚) holds for any 𝒚 ∈ 𝐺𝛽∗ . Pick 𝒚 = 𝒙∗, we get min
𝒙∈𝐺𝛽∗

𝑔(𝒙) ≤ 𝑔(𝒙∗).291

Thus, we obtain min
𝛽

min
𝒙∈𝐺𝛽

𝑔(𝒙) ≤ min
𝒙∈𝐺𝛽∗

𝑔(𝒙) ≤ 𝑔(𝒙∗) = min
𝒙∈𝐺

𝑔(𝒙). Combining i) and ii),292

we conclude the proof.293

Lemma 3.2. Suppose that all minima appearing below are attainable, then we have294

min
(𝒙 ,𝒚)∈𝐹×𝐻

𝑓 (𝒙) + ℎ(𝒚) = min
𝒙∈𝐹

𝑓 (𝒙) +min
𝒚∈𝐻

ℎ(𝒚).(3.5)295

Here, 𝐹×𝐻 is the product of sets 𝐹 and 𝐻, namely (𝒙 , 𝒚) ∈ 𝐹×𝐻 ⇔ 𝒙 ∈ 𝐹 and 𝒚 ∈ 𝐻.296

Proof. i) The right-hand side of (3.5) is attainable, i.e. there exists 𝒙∗ ∈ 𝐹, such297

that 𝑓 (𝒙∗) = min
𝒙∈𝐹

𝑓 (𝒙), and there exists 𝒚∗ ∈ 𝐻, such that ℎ(𝒚∗) = min
𝒚∈𝐻

ℎ(𝒚). Since298

(𝒙∗ , 𝒚∗) ∈ 𝐹 × 𝐻, we obtain299

min
(𝒙 ,𝒚)∈𝐹×𝐻

𝑓 (𝒙) + ℎ(𝒚) ≤ 𝑓 (𝒙∗) + ℎ(𝒚∗) = min
𝒙∈𝐹

𝑓 (𝒙) +min
𝒚∈𝐻

ℎ(𝒚).300

ii) The left-hand side of (3.5) is attainable, i.e. there exist (𝒙∗ , 𝒚∗) ∈ 𝐹 ×𝐻, such that301

𝑓 (𝒙∗) + ℎ(𝒚∗) = min
(𝒙 ,𝒚)∈𝐹×𝐻

𝑓 (𝒙) + ℎ(𝒚). Notice that (𝒙∗ , 𝒚∗) ∈ 𝐹 × 𝐻 implies 𝒙∗ ∈ 𝐹 and302

𝒚∗ ∈ 𝐻. We have min
𝒙∈𝐹

𝑓 (𝒙) ≤ 𝑓 (𝒙∗) and min
𝒚∈𝐻

ℎ(𝒚) ≤ ℎ(𝒚∗). Thus, we obtain303

min
𝒙∈𝐹

𝑓 (𝒙) +min
𝒚∈𝐻

ℎ(𝒚) ≤ 𝑓 (𝒙∗) + ℎ(𝒚∗) = min
(𝒙 ,𝒚)∈𝐹×𝐻

𝑓 (𝒙) + ℎ(𝒚).304

Combining i) and ii), we conclude the proof.305
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Applying Lemma 3.1 and Lemma 3.2 gives the decoupling of the minimization problem306

(3.1). We first carry out the formal decoupling and then verify that the conditions of307

these lemmas are satisfied, namely that all relevant minima exist.308

3.2. Decoupling of magnetic variable. Consider decomposing the admissible309

set 𝐺𝜀 into the union of sets 𝐺𝜀(∥𝑩∥22 = 𝛽), where parameter 𝛽 ≥ 0,310

𝐺𝜀(∥𝑩∥22 = 𝛽) =
{
(𝜌,𝒎 , 𝐸, 𝑩) : 𝜌 ≥ 𝜀, 𝐸 −

∥𝒎∥22
2𝜌
−
∥𝑩∥22
2
≥ 𝜀, ∥𝑩∥22 = 𝛽

}
.311

By Lemma 3.1, the constraint minimization problem (3.1) is equivalent to the follow-312

ing313

min
𝛽≥0

min
(𝜌,𝒎 ,𝐸,𝑩)∈𝐺𝜀(∥𝑩∥22=𝛽)

1

2
(|𝜌 − 𝑢|2 + ∥𝒎 − 𝒗∥22 + |𝐸 − 𝑤|2 + ∥𝑩 − 𝒛∥22).(3.6)314

Recall the definition of set 𝐺𝜀(∥𝑩∥22 = 𝛽), the inner minimization problem above is315

min
𝜌,𝒎 ,𝐸,𝑩

1

2
(|𝜌 − 𝑢|2 + ∥𝒎 − 𝒗∥22 + |𝐸 − 𝑤|2 + ∥𝑩 − 𝒛∥22)316

subject to 𝜌 ≥ 𝜀, 𝐸 −
∥𝒎∥22
2𝜌
−
∥𝑩∥22
2
≥ 𝜀, and ∥𝑩∥22 = 𝛽.317

Substituting the third constraint ∥𝑩∥22 = 𝛽 into the second constraint, we obtain the318

following equivalent form.319

min
𝜌,𝒎 ,𝐸,𝑩

1

2
(|𝜌 − 𝑢|2 + ∥𝒎 − 𝒗∥22 + |𝐸 − 𝑤|2) +

1

2
∥𝑩 − 𝒛∥22320

subject to 𝜌 ≥ 𝜀, 𝐸 −
∥𝒎∥22
2𝜌
≥ 𝜀 + 𝛽

2
, and ∥𝑩∥22 = 𝛽.321

Let 𝑓 (𝜌,𝒎 , 𝐸) = 1
2 (|𝜌 − 𝑢|2 + ∥𝒎 − 𝒗∥22 + |𝐸 − 𝑤|2) and ℎ(𝑩) = 1

2∥𝑩 − 𝒛∥22. Define sets322

𝐹𝜀𝛽 =

{
(𝜌,𝒎 , 𝐸) : 𝜌 ≥ 𝜀, 𝐸 −

∥𝒎∥22
2𝜌
≥ 𝜀 + 𝛽

2

}
and 𝐻𝛽 = {𝑩 : ∥𝑩∥22 = 𝛽}.323

Then, the set 𝐺𝜀(∥𝑩∥22 = 𝛽) = 𝐹𝜀𝛽 × 𝐻𝛽. Applying Lemma 3.2, we obtain324

(3.7) min
(𝜌,𝒎 ,𝐸,𝑩)∈𝐺𝜀(∥𝑩∥22=𝛽)

1

2
(|𝜌 − 𝑢|2 + ∥𝒎 − 𝒗∥22 + |𝐸 − 𝑤|2) +

1

2
∥𝑩 − 𝒛∥22325

= min
(𝜌,𝒎 ,𝐸)∈𝐹𝜀𝛽

1

2
(|𝜌 − 𝑢|2 + ∥𝒎 − 𝒗∥22 + |𝐸 − 𝑤|2) + min

𝑩∈𝐻𝛽

1

2
∥𝑩 − 𝒛∥22.326

The right-hand side of (3.7) is well defined. The first ‘min’ is taking minimum of a327

strongly convex function over a nonempty convex set, which has a unique minimizer.328

The second ‘min’ is taking minimum of a continuous function over a bounded closed329

set. The explicit form of its unique minimizer is derived in Lemma 3.4. To see the330

left-hand side of (3.7) is well defined, we have the following result.331

Lemma 3.3. A minimizer of the following function over set 𝐺𝜀(∥𝑩∥22 = 𝛽) exists332

𝑔(𝜌,𝒎 , 𝐸, 𝑩) = |𝜌 − 𝑢|2 + ∥𝒎 − 𝒗∥22 + |𝐸 − 𝑤|2 + ∥𝑩 − 𝒛∥22333
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Proof. The function 𝑔 is continuous and the following set is closed and bounded.334

(𝒆1 denotes the first standard basis in R𝑛)335

𝐴 = {(𝜌,𝒎 , 𝐸, 𝑩) : 𝜌 ≥ 𝜀, 𝐸 −
∥𝒎∥22
2𝜌
≥ 𝜀 + 𝛽

2
, ∥𝑩∥22 = 𝛽 and336

𝑔(𝜌,𝒎 , 𝐸, 𝑩) ≤ |𝜀 − 𝑢|2 + ∥𝒗∥22 + |𝜀 +
𝛽

2
− 𝑤|2 + ∥

√
𝛽𝒆1 − 𝒛∥22 + 1}.337

The set 𝐴 ⊂ 𝐺𝜀(∥𝑩∥22 = 𝛽) is nonempty, since 𝜼0 = (𝜀, 0, 𝜀 + 𝛽/2,
√
𝛽𝒆1) ∈ 𝐴. A con-338

tinuous function on a nonempty bounded closed set has minimum, then a minimizer339

of 𝑔 on set 𝐴 exists, denoted by 𝝃∗ ∈ 𝐴. We have 𝑔(𝝃∗) ≤ 𝑔(𝜼0). For any point340

𝜼 ∈ 𝐺𝜀(∥𝑩∥22 = 𝛽) \ 𝐴, we have341

𝑔(𝜼) > |𝜀 − 𝑢|2 + ∥𝒗∥22 + |𝜀 +
𝛽

2
− 𝑤|2 + ∥

√
𝛽𝒆1 − 𝒛∥22 + 1 > 𝑔(𝜼0) ≥ 𝑔(𝝃∗).342

Thus, there exists a minimizer of 𝑔 on set 𝐺𝜀(∥𝑩∥22 = 𝛽).343

Thus, we conclude that (3.7) is well defined. Next, let us show the outer minimization344

problem in (3.6) is attainable. Moreover, this gives us an interval to search for 𝛽.345

3.3. Properties of decoupled subproblems. Given a point (𝑢, 𝒗 , 𝑤, 𝒛) with346

𝒛 ≠ 0, let 𝜌(𝛽), 𝒎(𝛽), and 𝐸(𝛽) denote the solution of the minimization problem347

min
(𝜌,𝒎 ,𝐸)∈𝐹𝜀𝛽

1

2
(|𝜌 − 𝑢|2 + ∥𝒎 − 𝒗∥22 + |𝐸 − 𝑤|2).(3.8)348

Let 𝑩(𝛽) denote the solution of the minimization problem min
𝑩∈𝐻𝛽

1
2∥𝑩 − 𝒛∥22. We have349

Lemma 3.4. For 𝒛 ≠ 0, the solution of min ∥𝑩 − 𝒛∥22 with constraint ∥𝑩∥22 = 𝛽 is350

𝑩(𝛽) =
√
𝛽

𝒛
∥𝒛∥2

.351

Proof. We utilize Lagrange multiplier to solve this minimization problem. Define352

ℒ = ∥𝑩 − 𝒛∥22 + 𝜆(∥𝑩∥22 − 𝛽) = (1 + 𝜆)𝑩T𝑩 − 2𝑩T𝒛 + 𝒛T𝒛 − 𝜆𝛽.353

Taking derivatives with respect to 𝑩 and 𝜆, we obtain354

𝜕ℒ
𝜕𝑩

= 2(1 + 𝜆)𝑩 − 2𝒛 = 0 ⇒ 𝑩 =
𝒛

1 + 𝜆 ,(3.9a)355

𝜕ℒ
𝜕𝜆

= 𝑩T𝑩 − 𝛽 = 0 ⇒ ∥𝑩∥22 = 𝛽.(3.9b)356

Substituting (3.9a) into (3.9b) yields ∥𝒛∥22 = (1 + 𝜆)2𝛽, which implies 𝑩1 =
√
𝛽𝒛/∥𝒛∥2357

and 𝑩2 = −
√
𝛽𝒛/∥𝒛∥2. Examining their distances to 𝒛, we have358

∥𝑩1 − 𝒛∥2 =

���� 1

∥𝒛∥2
√
𝛽 − 1

���� ∥𝒛∥2 ≤ ���� 1

∥𝒛∥2
√
𝛽 + 1

���� ∥𝒛∥2 = ∥𝑩2 − 𝒛∥2.359

Thus, 𝑩1 is the minimizer. We conclude the proof.360

This manuscript is for review purposes only.



INVARIANT-DOMAIN-PRESERVING LIMITER FOR IDEAL MHD 11

To verify the condition in Lemma 3.1 holds, it is sufficient to prove that 𝑑2(𝛽), as361

defined below, has a unique minimizer.362

𝑑2(𝛽) = |𝜌(𝛽) − 𝑢|2 + ∥𝒎(𝛽) − 𝒗∥22 + |𝐸(𝛽) − 𝑤|2 + ∥𝑩(𝛽) − 𝒛∥22.(3.10)363

Let us show 𝑑2(𝛽) is continuous and strictly convex on [0,+∞). By Lemma 3.4, we364

rewrite 𝑑2(𝛽) = 𝑓 (𝛽) + ℎ(𝛽), where365

𝑓 (𝛽) = |𝜌(𝛽) − 𝑢|2 + ∥𝒎(𝛽) − 𝒗∥22 + |𝐸(𝛽) − 𝑤|2 and ℎ(𝛽) = (
√
𝛽 − ∥𝒛∥2)2.(3.11)366

ℎ(𝛽) is continuous and strictly convex on [0,+∞). For any 𝛽 ∈ (0,+∞), we have367

ℎ′(𝛽) = 1 − ∥𝒛∥2√
𝛽

and ℎ′′(𝛽) = 1

2𝛽
√
𝛽
∥𝒛∥2 > 0.368

Thus, to prove 𝑑2(𝛽) is strictly convex on [0,+∞), we only need to show 𝑓 (𝛽) is convex.369

Lemma 3.5. For any 𝜆 ∈ [0, 1], let 𝛽𝑐 = 𝜆𝛽1 + (1 − 𝜆)𝛽2 be a convex combination370

of 𝛽1 and 𝛽2, and let 𝑽 (𝛽) = (𝜌(𝛽),𝒎(𝛽), 𝐸(𝛽)). Then, both371

(𝜆𝑽 (𝛽1) + (1 − 𝜆)𝑽 (𝛽2), 𝑩(𝛽𝑐)) and (𝑽 (𝛽𝑐), 𝑩(𝛽𝑐))372

belong to the set 𝐺𝜀(∥𝑩∥22 = 𝛽𝑐).373

Proof. From Lemma 3.3, we know that both (𝑽 (𝛽1), 𝑩(𝛽1)) ∈ 𝐺𝜀(∥𝑩∥22 = 𝛽1) and374

(𝑽 (𝛽2), 𝑩(𝛽2)) ∈ 𝐺𝜀(∥𝑩∥22 = 𝛽2) exist and satisfy375

𝜌(𝛽1) ≥ 𝜀 and 𝐸(𝛽1) −
∥𝒎(𝛽1)∥22
2𝜌(𝛽1)

≥ 𝜀 + 𝛽1
2
,376

𝜌(𝛽2) ≥ 𝜀 and 𝐸(𝛽2) −
∥𝒎(𝛽2)∥22
2𝜌(𝛽2)

≥ 𝜀 + 𝛽2
2
.377

For any 𝜆 ∈ [0, 1], we have 𝜆𝜌(𝛽1) + (1 − 𝜆)𝜌(𝛽2) ≥ 𝜀 > 0. When 𝜌 > 0, it is easy to378

verify that the Hessian of the function 𝑞(𝑽 ) = 𝐸 − ∥𝒎∥
2
2

2𝜌 has nonpositive eigenvalues379

and hence 𝑞 is concave [48]. By Jensen’s inequality, we get380

𝑞(𝜆𝑽 (𝛽1) + (1 − 𝜆)𝑽 (𝛽2)) ≥ 𝜆𝑞(𝑽 (𝛽1)) + (1 − 𝜆)𝑞(𝑽 (𝛽2)) = 𝜀 + 𝛽𝑐
2
.381

Thus, (𝜆𝑽 (𝛽1) + (1 − 𝜆)𝑽 (𝛽2), 𝑩(𝛽𝑐)) belongs to the set 𝐺𝜀(∥𝑩∥22 = 𝛽𝑐). In addition,382

recall that 𝑽 (𝛽𝑐) solves (3.8) with 𝛽 = 𝛽𝑐 and 𝑩(𝛽𝑐) =
√
𝛽𝑐𝒛/∥𝒛∥2. We have383

𝜌(𝛽𝑐) ≥ 𝜀, 𝐸(𝛽𝑐) −
∥𝒎(𝛽𝑐)∥22
2𝜌(𝛽𝑐)

≥ 𝜀 + 𝛽𝑐
2
, and ∥𝑩(𝛽𝑐)∥22 = 𝛽𝑐 .384

Thus, (𝑽 (𝛽𝑐), 𝑩(𝛽𝑐)) also belongs to the set 𝐺𝜀(∥𝑩∥22 = 𝛽𝑐).385

For any given point (𝑢, 𝒗 , 𝑤, 𝒛) with 𝒛 ≠ 0, noticing that 𝑽 (𝛽𝑐) is the minimizer of386

(3.8) when 𝛽 = 𝛽𝑐 , using Lemma 3.5, we have387

𝑓 (𝛽𝑐) = ∥𝑽 (𝛽𝑐) − (𝑢, 𝒗 , 𝑤)∥22 ≤ ∥𝜆𝑽 (𝛽1) + (1 − 𝜆)𝑽 (𝛽2) − (𝑢, 𝒗 , 𝑤)∥22388

= ∥𝜆𝑽 (𝛽1) − 𝜆(𝑢, 𝒗 , 𝑤) + (1 − 𝜆)𝑽 (𝛽2) − (1 − 𝜆)(𝑢, 𝒗 , 𝑤)∥22.389
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Since a quadratic function is convex, by Jensen’s inequality, for any 𝜆 ∈ [0, 1], we get390

𝑓 (𝜆𝛽1 + (1 − 𝜆)𝛽2) ≤ 𝜆 𝑓 (𝛽1) + (1 − 𝜆) 𝑓 (𝛽2).391

Therefore, 𝑓 (𝛽) is convex. Recall ℎ(𝛽) is strictly convex. We get 𝑑2(𝛽) = 𝑓 (𝛽) + ℎ(𝛽)392

is strictly convex on [0,+∞). Next, we show the continuity of 𝑑2(𝛽).393

Lemma 3.6. The mapping 𝛽 ↦→ 𝑑2(𝛽) is continuous on the interval [0,+∞).394

Proof. The strict convexity of 𝑑2(𝛽) on interval [0,+∞) ensures its continuity on395

(0,+∞), we only need to show it is continuous at 0. The function 𝑓 (𝛽) is well-defined396

for any 𝛽 ≥ 0, as (3.8) is minimizing a strongly convex function on a nonempty convex397

set, which guarantees a unique solution (𝜌(𝛽),𝒎(𝛽), 𝐸(𝛽)).398

i) For any 𝛽2 ≥ 𝛽1, we have 𝐹𝜀𝛽2 ⊂ 𝐹
𝜀
𝛽1
, which implies 𝑓 is monotonically increasing399

on [0,+∞). Specifically, for any 𝛽 ≥ 0, we have 𝐹𝜀𝛽 ⊂ 𝐹𝜀0, namely 𝑓 (𝛽) ≥ 𝑓 (0) holds.400

Thus, 𝑓 is lower semi-continuous at 𝛽 = 0, for any sequence 𝛽𝑘 → 0+, we have401

lim inf
𝛽𝑘→0+

𝑓 (𝛽𝑘) ≥ 𝑓 (0).402

ii) From (𝜌(0),𝒎(0), 𝐸(0)) solving (3.8) with 𝛽 = 0, we get (𝜌(0),𝒎(0), 𝐸(0)+𝛽/2)403

belonging to 𝐹𝜀𝛽 . This is easy to verify, since404

𝜌(0) ≥ 𝜀 and
(
𝐸(0) + 𝛽

2

)
−
∥𝒎(0)∥22
2𝜌(0) =

(
𝐸(0) −

∥𝒎(0)∥22
2𝜌(0)

)
+ 𝛽

2
≥ 𝜀 + 𝛽

2
.405

Thus, we obtain406

𝑓 (𝛽) ≤ |𝜌(0) − 𝑢|2 + ∥𝒎(0) − 𝒗∥22 + |𝐸(0) +
𝛽

2
− 𝑤|2 = 𝑓 (0) + 𝛽(𝐸(0) − 𝑤) + 𝛽2

4
.407

Thus, 𝑓 is upper semi-continuous at 𝛽 = 0, for any sequence 𝛽𝑘 → 0+, we have408

lim sup
𝛽𝑘→0+

𝑓 (𝛽) ≤ lim sup
𝛽𝑘→0+

(
𝑓 (0) + 𝛽𝑘(𝐸(0) − 𝑤) +

𝛽2
𝑘

4

)
≤ 𝑓 (0).409

Combining i) and ii), we conclude the proof.410

We next show that 𝑑2(𝛽) has a unique minimizer on [0,+∞). By Lemma 3.6, we know411

𝑑2(𝛽) is continuous on [0,+∞). In addition, we have 𝑑2(𝛽) → +∞ as 𝛽→ +∞, since412

𝑑2(𝛽) = |𝜌(𝛽) − 𝑢|2 + ∥𝒎(𝛽) − 𝒗∥22 + |𝐸(𝛽) − 𝑤|2 + (
√
𝛽 − ∥𝒛∥2)2 ≥ (

√
𝛽 − ∥𝒛∥2)2.413

There exists a sufficiently large 𝑀 > 0, when 𝛽 > 𝑀, we have 𝑑2(𝛽) > 𝑑2(0). On the414

closed interval [0, 𝑀], since 𝑑2(𝛽) is strictly convex, there exists a unique minimizer415

𝛽∗, namely for all 𝛽 ∈ [0, 𝑀], 𝑑2(𝛽) ≥ 𝑑2(𝛽∗). In particular, 𝑑2(0) ≥ 𝑑2(𝛽∗) holds. For416

any 𝛽 > 𝑀, 𝑑2(𝛽) > 𝑑2(0) gives 𝑑2(𝛽) > 𝑑2(𝛽∗). Thus, 𝛽∗ is the unique minimizer.417

For convenience of finding the minimizer numerically, the following lemma con-418

fines our search to a finite interval.419

Lemma 3.7. The unique minimizer of 𝑑2(𝛽) lies in a closed interval with upper420

bound 𝛽high = ∥𝒛∥22 and lower bound421

𝛽low =

(
∥𝒛∥2

1 +
√
𝑓 (0) + ∥𝒛∥

2
2

2

)2
.(3.12)422
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Proof. The upper bound is easy to justify, since 𝑑2(𝛽) = 𝑓 (𝛽) + ℎ(𝛽), where 𝑓 (𝛽)423

is continuous, increasing, and convex, and ℎ(𝛽) is continuous, strictly convex, and424

attains its minimum at ∥𝒛∥22. It remains only to derive a lower bound.425

For any given point (𝑢, 𝒗 , 𝑤) and 0 ≤ 𝛽1 < 𝛽2 ≤ ∥𝒛∥22, recall the definition of the426

function 𝑓 in (3.11), we have427

|
√
𝑓 (𝛽1) −

√
𝑓 (𝛽2)| = |dist((𝑢, 𝒗 , 𝑤), 𝐹𝜀𝛽1) − dist((𝑢, 𝒗 , 𝑤), 𝐹

𝜀
𝛽2
)| ≤ distH(𝐹𝜀𝛽1 , 𝐹

𝜀
𝛽2
),428

where the Hausdorff distance between two sets 𝐹𝜀𝛽1 and 𝐹𝜀𝛽2 is defined as follows429

distH(𝐹𝜀𝛽1 , 𝐹
𝜀
𝛽2
) = max

{
sup
𝝃∈𝐹𝜀𝛽1

dist(𝝃, 𝐹𝜀𝛽2), sup
𝜼∈𝐹𝜀𝛽2

dist(𝐹𝜀𝛽1 , 𝜼)
}
.430

Notice, for any 𝝃 ∈ 𝐹𝜀𝛽1 , there exists an 𝜼 = 𝝃 + (0, 0, 12 (𝛽2 − 𝛽1)) ∈ 𝐹𝜀𝛽2 . The distance431

between this pair of points is 1
2 |𝛽2 − 𝛽1|. Thus, we have432

sup
𝝃∈𝐹𝜀𝛽1

dist(𝝃, 𝐹𝜀𝛽2) ≤
1

2
|𝛽2 − 𝛽1|.(3.13a)433

Similarly, for any 𝜼 ∈ 𝐹𝜀𝛽2 , there exists a 𝝃 = 𝜼 − (0, 0, 12 (𝛽2 − 𝛽1)) ∈ 𝐹𝜀𝛽1 . The distance434

between this pair of points is 1
2 |𝛽2 − 𝛽1|. Thus, we have435

sup
𝜼∈𝐹𝜀𝛽2

dist(𝐹𝜀𝛽1 , 𝜼) ≤
1

2
|𝛽2 − 𝛽1|.(3.13b)436

Combining (3.13a) and (3.13b), we obtain |
√
𝑓 (𝛽1) −

√
𝑓 (𝛽2)| ≤ 1

2 |𝛽2 − 𝛽1| holds for437

any 𝛽1 and 𝛽2 ≥ 0. Specifically, since 𝑓 (𝛽) is increasing, we get for any 𝛽 ≥ 0,438 √
𝑓 (𝛽) ≤

√
𝑓 (0) + 1

2
𝛽.439

Applying the inequality above with 𝛽 = 𝛽1 and 𝛽 = 𝛽2, respectively, and combining440

the two resulting bounds, we obtain441 √
𝑓 (𝛽1) +

√
𝑓 (𝛽2) ≤ 2

√
𝑓 (0) + 1

2
(𝛽1 + 𝛽2) ≤ 2

√
𝑓 (0) + ∥𝒛∥22.442

Therefore, we obtain 𝑓 (𝛽) is Lipschitz continuous on the interval [0, ∥𝒛∥22], as for any443

𝛽1 , 𝛽2 ∈ [0, ∥𝒛∥22], we have444

| 𝑓 (𝛽1) − 𝑓 (𝛽2)| =
(√
𝑓 (𝛽1) +

√
𝑓 (𝛽2)

)
|
√
𝑓 (𝛽1) −

√
𝑓 (𝛽2)|445

≤ (
√
𝑓 (0) + 1

2
∥𝒛∥22) |𝛽1 − 𝛽2|.446

We derive the lower bound (3.12) from a subgradient estimate. Let 𝜕 𝑓 denote the447

subgradient of 𝑓 . For any 𝛽+ > 𝛽 ≥ 0, we know 𝑓 (𝛽+) ≥ 𝑓 (𝛽) + 𝜕 𝑓 (𝛽)(𝛽+ − 𝛽). Recall448

𝑓 is increasing and Lipschitz continuous, we have449

𝜕 𝑓 (𝛽)(𝛽+ − 𝛽) ≤ 𝑓 (𝛽+) − 𝑓 (𝛽) ≤ (
√
𝑓 (0) + 1

2
∥𝒛∥22) (𝛽+ − 𝛽).450

Thus, we get 𝜕 𝑓 ≤
√
𝑓 (0) + 1

2∥𝒛∥22 on [0, ∥𝒛∥22]. Recall that 𝑑2(𝛽) is strictly convex,451

then452

0 ∈ 𝜕𝑑2(𝛽∗) = 𝜕 𝑓 (𝛽∗) + 1 − ∥𝒛∥2√
𝛽∗

⇒ ∥𝒛∥2√
𝛽∗
− 1 ≤

√
𝑓 (0) + 1

2
∥𝒛∥22.453

After solving 𝛽∗ from above, we obtain the lower bound (3.12).454
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3.4. Slicing algorithm. We are ready to design a scheme to compute the pro-455

jection of a given point (𝑢, 𝒗 , 𝑤, 𝒛) onto the numerical admissible set 𝐺𝜀 of the MHD456

system.457

If 𝒛 = 0, let 𝜌(0),𝒎(0), 𝐸(0) be the solution of the minimization problem (3.3),458

whose closed-form expression is derived from KKT conditions in [29]. In this case,459

(𝜌(0),𝒎(0), 𝐸(0), 0) is the projection point. Otherwise, for 𝒛 ≠ 0, define a closed search460

interval 𝐼 = [𝛽low , ∥𝒛∥22], where the lower bound461

𝛽low =

(
∥𝒛∥2

1 +
√
𝑓 (0) + ∥𝒛∥

2
2

2

)2
and 𝑓 (0) = |𝜌(0) − 𝑢|2 + ∥𝒎(0) − 𝒗∥22 + |𝐸(0) − 𝑤|2.462

For 𝛽 ∈ 𝐼, let 𝜌(𝛽),𝒎(𝛽), 𝐸(𝛽) be the solution to the following minimization problem:463

min
𝜌,𝒎 ,𝐸

|𝜌 − 𝑢|2 + ∥𝒎 − 𝒗∥22 + |𝐸 − 𝑤|2464

subject to 𝜌 ≥ 𝜀 and 𝐸 −
∥𝒎∥22
2𝜌
≥ 𝜀 + 𝛽

2
,465

whose exact formulation can be obtained via KKT conditions, see Appendix A. Solve466

the single-variable minimization problem 𝛽∗ = argmin 𝑑2(𝛽) on 𝐼, where467

𝑑2(𝛽) = |𝜌(𝛽) − 𝑢|2 + ∥𝒎(𝛽) − 𝒗∥22 + |𝐸(𝛽) − 𝑤|2 + (
√
𝛽 − ∥𝒛∥2)2.468

Notice 𝑑2(𝛽) = 𝑓 (𝛽)+ ℎ(𝛽), where 𝑓 (𝛽) is continuous, increasing, and convex, and ℎ(𝛽)469

is continuous and strictly convex. We can utilize the Brent method, see Appendix B,470

to compute the minimizer 𝛽∗ in the interval 𝐼 efficiently. Then the projection point is471

(𝜌(𝛽∗),𝒎(𝛽∗), 𝐸(𝛽∗),
√
𝛽∗𝒛/∥𝒛∥2).472

Remark 3.8. In multi-dimensional spaces, directly solving KKT conditions to de-473

rive the projection point for the MHD system is highly complicated, rendering it474

impractical in practice. This procedure involves solving high order polynomial equa-475

tions of degree greater than four, for which no closed-form formulation exists, and476

therefore requires numerical root-finding. Although computing the eigenvalues of the477

companion matrix provides an efficient numerical approach for root-finding, roundoff478

errors can introduce spurious complex roots with small imaginary parts, which further479

significantly harm accuracy. In contrast, our method operates only with real numbers,480

ensuring both numerical stability and guaranteed accuracy.481

4. Numerical experiments. In this section, we first validate the slicing al-482

gorithm for computing the projection onto the numerical admissible set. We then483

present a convergence study on circularly polarized Alfvén waves. The rotor prob-484

lem, Orszag–Tang problem, and high Mach number astrophysical jet demonstrate the485

accuracy and robustness of the DG scheme equipped with our limiter.486

In all simulations, we use P2 DG discretization with the local Lax–Friedrichs flux,487

which is defined as follows:488 �𝑭 𝑎 · 𝒏𝐾(𝑼− ,𝑼+) = 𝑭 𝑎(𝑼−) + 𝑭 𝑎(𝑼+)
2

· 𝒏𝐾 −
𝛼𝑒
2
(𝑼+ −𝑼−).489

Here, 𝑭 𝑎 represents the flux for all variables in MHD equations (1.1). The traces of490

𝑼 on the face of a cell from the interior and exterior are denoted by 𝑼− and 𝑼+,491

respectively. The outward unit normal to cell 𝐾 is denoted by 𝒏𝐾 , and 𝛼𝑒 is the492
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local fast magnetosonic wave speed on cell interface 𝑒. We employ the three-stage,493

third-order SSP Runge–Kutta (RK) method for time integration. The time step is494

Δ𝑡 = CFL
Δ𝑥

max𝑒 𝛼𝑒
,495

where the CFL coefficient is 0.2 unless otherwise specified. This base discretization496

does not preserve the invariant domain. The time step is deliberately chosen to stress497

the scheme so that cell averages can leave 𝐺𝜀, thereby triggering the limiter.498

At the start of each time step, a discrete divergence-free projection is applied.499

After each RK stage, all cell averages are checked. If any violate 𝐺𝜀, the optimization-500

based cell average limiter from Section 2 is applied. The TVB limiter and the Zhang–501

Shu positivity-preserving limiter [48] are then applied in sequence. The TVB param-502

eter of value 100 is used unless otherwise specified.503

4.1. Validation of the slicing algorithm. We validate the slicing algorithm504

for computing the projection onto the numerical admissible set 𝐺𝜀 of the MHD system505

on two test cases: a manufactured out-of-bound point and a representative out-of-506

bound cell average extracted from the astrophysical jet simulation in Section 4.5.507

For the manufactured test point, we set 𝜀 = 10−13 and apply the algorithm to508

the out-of-bound point [𝑢, 𝒗 , 𝑤, 𝒛] = [1, 1.25, 2, 0, 2, 5, 1.7, 0], designed so that the509

minimizer 𝛽∗ lies well inside the search interval 𝐼 = [𝛽low , ∥𝒛∥22]. The left of Figure 1510

shows 𝑑2(𝛽), 𝑓 (𝛽), and ℎ(𝛽) over 𝐼 = [0.121, 27.89]. The function 𝑑2(𝛽) is continuous511

and strictly convex with a unique minimizer 𝛽∗ ≈ 5.44 lying well inside 𝐼, and 𝑓 (𝛽) is512

increasing and convex, consistent with our theory.513

For the astro jet out-of-bound point, we apply the algorithm to a representative514

out-of-bound cell average produced during the astrophysical jet simulation of case515

𝐵0 =
√
2000 and 𝜀 = 10−6. To be more specific, we choose the point516

[𝑢, 𝒗 , 𝑤, 𝒛] ≈ [1.41, 1124,−0.31, 0, 4.51 × 105 , 44.9,−0.026, 0].517

The right panel of Figure 1 shows 𝑑2(𝛽), 𝑓 (𝛽), and ℎ(𝛽) over the search interval518

𝐼 ≈ [1.98 × 10−3 , 2017.5]. The search interval is wide, reflecting that the theoretical519

lower bound 𝛽low is not a sharp estimate in this case. The minimizer 𝛽∗ ≈ 2017.5 is520

located near the upper boundary of 𝐼. The strong magnetic field dominates and the521

cell average violates the admissible set only slightly with negative pressure, so the522

optimal projection barely adjusts the magnetic energy. This behavior is physically523

natural and expected in high-Mach, strong-field simulations.524

4.2. Smooth Alfvén wave. The circularly polarized Alfvén wave is an exact525

non-polynomial solution of the MHD equations, widely used as a benchmark for ver-526

ifying the accuracy of MHD solvers [38, 35]. In this smooth test, the base P2 DG527

scheme achieves the expected optimal convergence rate, and the optimization-based528

cell average limiter is not triggered.529

Let the computational domain be [0,
√
5/2]× [0,

√
5] with periodic boundary con-530

ditions on all sides, and 𝛾 = 5/3. The wave propagates at angle 𝜃 = tan−1(0.5) to531

the 𝑥-axis, and 𝜁 = 𝑥 cos𝜃 + 𝑦 sin𝜃 denotes the coordinate along the propagation532

direction. The initial conditions are 𝜌0 = 1, 𝑝0 = 0.1, and533

𝑣0∥ = 0, 𝑣0⊥ = 0.1 sin(2𝜋𝜁), 𝑣0𝑧 = 0.1 cos(2𝜋𝜁),534

𝐵0
∥ = 1, 𝐵0

⊥ = 0.1 sin(2𝜋𝜁), 𝐵0
𝑧 = 0.1 cos(2𝜋𝜁).535
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Fig. 1. The functions 𝑑2(𝛽), 𝑓 (𝛽), and ℎ(𝛽) over the search interval 𝐼, with the minimizer
𝛽∗ of 𝑑2(𝛽) marked. Left: manufactured out-of-bound point where the minimizer lies well inside 𝐼.

Right: representative out-of-bound cell average from the astrophysical jet simulation (𝐵0 =
√
2000,

𝜀 = 10−6); the minimizer lies near the upper boundary of 𝐼, consistent with a slight pressure violation
under a strong magnetic field.

For testing convergence rates, the time step is fixed at Δ𝑡 = (0.08/
√
5)Δ𝑥, independent536

of the instantaneous wave speed.537

The Alfvén speed is 𝐵0
∥ /

√
𝜌0 = 1. Thus, the transverse perturbations 𝑣⊥, 𝑣𝑧 , 𝐵⊥,538

and 𝐵𝑧 propagate at unit speed in the 𝜁 direction without distortion. The wave has539

both spatial and temporal period 1. We choose final time 𝑇 = 2, at which the solution540

completes two full periods and returns exactly to the initial state. The exact solution541

at time 𝑡 is 𝜌 = 1, 𝑝 = 0.1, and542

𝑣∥ = 0, 𝑣⊥ = 0.1 sin(2𝜋(𝜁 − 𝑡)), 𝑣𝑧 = 0.1 cos(2𝜋(𝜁 − 𝑡)),543

𝐵∥ = 1, 𝐵⊥ = 0.1 sin(2𝜋(𝜁 − 𝑡)), 𝐵𝑧 = 0.1 cos(2𝜋(𝜁 − 𝑡)).544

Here, 𝑣∥ and 𝐵∥ are the components along the propagation direction (cos𝜃, sin𝜃, 0)T,545

and 𝑣⊥ and 𝐵⊥ are the in-plane transverse components.546

Following [38], the numerical error is measured on the four wave-carrying com-547

ponents 𝑣⊥, 𝑣𝑧 , 𝐵⊥, and 𝐵𝑧 . The remaining variables 𝜌, 𝑝, 𝑣∥, and 𝐵∥ are constant548

in time and carry no wave dynamics. The discrete 𝐿1
ℎ
and 𝐿∞

ℎ
errors for numerical549

solutions 𝑣⊥,ℎ , 𝑣𝑧,ℎ , 𝐵⊥,ℎ , and 𝐵𝑧,ℎ at time 𝑡𝑛 on cell 𝐾 are computed following the550

formula in [22]. Define errors on a mesh 𝒯ℎ with resolution Δ𝑥 as follows:551

err1
Δ𝑥 =

∑
𝐾∈𝒯ℎ

1

4

(
∥𝑣⊥,ℎ − 𝑣⊥∥𝐿1

ℎ
(𝐾) + ∥𝑣𝑧,ℎ − 𝑣𝑧∥𝐿1

ℎ
(𝐾)552

+ ∥𝐵⊥,ℎ − 𝐵⊥∥𝐿1
ℎ
(𝐾) + ∥𝐵𝑧,ℎ − 𝐵𝑧∥𝐿1

ℎ
(𝐾)

)
,553

err∞
Δ𝑥 = max

𝐾∈𝒯ℎ

1

4

(
∥𝑣⊥,ℎ − 𝑣⊥∥𝐿∞

ℎ
(𝐾) + ∥𝑣𝑧,ℎ − 𝑣𝑧∥𝐿∞

ℎ
(𝐾)554

+ ∥𝐵⊥,ℎ − 𝐵⊥∥𝐿∞
ℎ
(𝐾) + ∥𝐵𝑧,ℎ − 𝐵𝑧∥𝐿∞

ℎ
(𝐾)

)
.555

Then, the convergence rate is evaluated by ln(errΔ𝑥/errΔ𝑥/2)/ln 2. Table 1 shows556

the err1
Δ𝑥

and err∞
Δ𝑥

errors at final time 𝑇 = 2. We obtain the optimal order of557

convergence.558

4.3. Rotor problem. The rotor problem [2, 8] describes a rapidly rotating dense559

disk of fluid embedded in a lighter ambient medium permeated by a uniform magnetic560

field. As the disk evolves, the magnetic field brakes its rotation and launches torsional561
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Δ𝑥 Δ𝑡 err1
Δ𝑥

rate err∞
Δ𝑥

rate
√
5 · 2−5 2−2 · 10−2 1.345 · 10−4 — 2.661 · 10−4 —√
5 · 2−6 2−3 · 10−2 1.833 · 10−5 2.876 3.520 · 10−5 2.918√
5 · 2−7 2−4 · 10−2 2.421 · 10−6 2.921 4.516 · 10−6 2.963√
5 · 2−8 2−5 · 10−2 3.125 · 10−7 2.954 5.619 · 10−7 3.007

Table 1
Smooth Alfvén wave. The errors and convergence rates for the P2 DG scheme.

Alfvén waves into the surrounding medium, providing a robust test due to the sharp562

density contrast and the development of low-pressure regions.563

The computational domain is Ω = [0, 1]2 with outflow boundary conditions on564

𝜕Ω. The initial conditions are (𝑝, 𝑢3 , 𝐵1 , 𝐵2 , 𝐵3) = (0.5, 0, 2.5/
√
4𝜋, 0, 0) and565

(𝜌, 𝑢1 , 𝑢2) =

(10,−(𝑦 − 0.5)/𝑟0 , (𝑥 − 0.5)/𝑟0) if 𝑟 ≤ 𝑟0 ,
(1 + 9𝜆,−𝜆(𝑦 − 0.5)/𝑟,𝜆(𝑥 − 0.5)/𝑟) if 𝑟0 < 𝑟 ≤ 𝑟1 ,
(1, 0, 0) if 𝑟 > 𝑟1 ,

566

where 𝑟 =
√
(𝑥 − 0.5)2 + (𝑦 − 0.5)2, 𝑟0 = 0.1, 𝑟1 = 0.115, and 𝜆 = (𝑟1 − 𝑟)/(𝑟1 − 𝑟0).567

The adiabatic index 𝛾 = 5/3. The domain is uniformly partitioned into a 300 × 300568

mesh. The numerical admissible set tolerance is 𝜀 = 10−9. Figure 2 shows the density569

𝜌, the thermal pressure 𝑝, and the Mach number |𝒖|/𝑐𝑠 with 𝑐𝑠 =
√
𝛾𝑝/𝜌, at the final570

time 𝑇 = 0.295. The density snapshot shows the initially circular disk compressed571

into an elongated ring-shaped structure along the direction of the initial field 𝐵1. The572

Mach number snapshot displays the torsional Alfvén waves launched into the ambient573

medium. The results agree with those in [41]. This test validates the base scheme574

and the cell average limiter is not triggered.

Fig. 2. Rotor problem. Snapshots at 𝑇 = 0.295. From left to right: density, thermal pressure,
and Mach number.

575

4.4. Orszag–Tang test. The Orszag–Tang vortex problem [38] is a classical576

benchmark for MHD solvers that has been widely used to assess numerical meth-577

ods [43, 45]. Although the initial conditions are smooth, multiple shocks develop578

and interact as time evolves, producing a complex turbulent-like flow structure that579

challenges the robustness of the numerical scheme. The simulation runs to the final580

time 𝑇 = 3, providing a stringent test of our algorithm to preserve admissibility over581

long-time integration.582

We choose the computational domain Ω = [0, 2𝜋]2 with periodic boundary con-583
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ditions on all sides. The initial conditions are584

𝜌0 = 𝛾2 , 𝒖0 =


− sin 𝑦
sin 𝑥
0

 , 𝑩0 =


− sin 𝑦
sin 2𝑥
0

 , and 𝑝0 = 𝛾,585

where the adiabatic index 𝛾 = 5/3. The domain Ω is uniformly partitioned into a586

450 × 450 mesh with resolution Δ𝑥 = 𝜋/225. The CFL coefficient is 0.7 and the587

numerical admissible set tolerance is 𝜀 = 10−9.588

Figure 3 shows the snapshots of density and magnitude of magnetic field at time589

𝑡 = 1, 2, 3. At 𝑡 = 1, the vortex structure remains relatively coherent and the first590

shocks are beginning to form. By 𝑡 = 2, multiple shocks have developed and begun591

to interact, and fine-scale features are visible in both the density and the magnitude592

of magnetic field. At 𝑡 = 3, a fully complex multi-shock pattern has emerged in both593

fields, consistent with the expected transition toward turbulence. The results are in594

good agreement with those reported in the literature [43, 45, 38].595

The CFL coefficient 0.7 is deliberately chosen well beyond the linear stability CFL596

to stress the scheme and trigger the cell average limiter. Figure 4 shows the total597

number of DY iterations per time step (left) and the convergence of the DY method598

in the first RK stage at a representative time (right). To measure convergence, we599

run the DY method for sufficiently many iterations to approximate the minimizer X∗600

and the fixed point Z∗ numerically. Each minimization problem involves 1.215 million601

unknowns (6× 450× 450), yet converges in only a few steps with error monotonically602

decreasing below the tolerance 𝜀 = 10−9. Asymptotic linear convergence is observed,603

consistent with the optimization-based limiter applied to the Euler equations and604

compressible Navier–Stokes equations [29, 27].

d
en
si
ty

𝜌
m
ag
n
it
u
d
e
of

𝑩

𝑡 = 1 𝑡 = 2 𝑡 = 3

Fig. 3. Orszag–Tang test. The snapshots of density field and magnitude of magnetic field are
taken at 𝑡 = 1, 2, 3. The cell average limiter is triggered. The complex wave structures, including
multiple interacting shocks, are well resolved.

605

4.5. High Mach number astrophysical jet. We simulate a Mach 800 astro-606

physical jet governed by the ideal MHD equations with 𝛾 = 1.4. The jet propagates607
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Fig. 4. Left: total DY iterations per time step summed over all three RK stages. The limiter
is triggered at 23 time steps throughout the simulation. Right: convergence of the DY iteration in
the first RK stage at time 𝑡 ≈ 0.969.

at extremely high speed into a low-density, low-pressure ambient medium, producing608

strong shocks and complex magnetized flow structures. Both density and pressure can609

easily become negative, making this a challenging benchmark for invariant-domain-610

preserving solvers [41, 43]. The simulation crashes easily without the optimization-611

based cell average limiter.612

The computational domain is Ω = [0, 1.5]×[0, 0.75] with final time 𝑇 = 0.002. Us-613

ing the reflective symmetry of the problem about the 𝑥-axis, results are reflected to the614

domain [0, 1.5] × [−0.75, 0.75]. The domain is initially filled with the ambient plasma615

(𝜌0 , 𝒖0 , 𝑝0) = (0.14, 0, 1). The magnetic field is initialized as 𝑩0 = (𝐵0 , 0, 0)T over the616

entire domain. We consider two cases: 𝐵0 =
√
200 with plasma beta 2𝑝0/∥𝑩0∥22 = 10−2,617

and 𝐵0 =
√
2000 with plasma beta 10−3. On the left boundary, the jet inflow condition618

(𝜌, 𝑢𝑥 , 𝑢𝑦 , 𝑢𝑧 , 𝐵𝑥 , 𝐵𝑦 , 𝐵𝑧 , 𝑝) = (1.4, 800, 0, 0, 𝐵0 , 0, 0, 1)619

is imposed for {|𝑦| ≤ 0.05}. Let 𝒏 denote the outward normal. Outside the nozzle620

{|𝑦| > 0.05}, the following ambient state621

(𝜌, 𝑢𝑥 , 𝑢𝑦 , 𝑢𝑧 , 𝐵𝑥 , 𝐵𝑦 , 𝐵𝑧 , 𝑝) = (0.14, 0, 0, 0, 𝐵0 , 0, 0, 1)622

is prescribed when 𝒖ℎ ·𝒏 ≤ 0 and the outflow condition is applied when 𝒖ℎ ·𝒏 > 0. The623

bottom {𝑦 = 0} uses a reflective boundary condition. The right and top boundaries624

are treated as outflow. We use P2 DG discretization. The domain Ω is uniformly625

partitioned into 600 × 300 square cells of resolution Δ𝑥 = 1/400. The TVB limiter626

parameter is 110 and the numerical admissible set tolerance 𝜀 = 10−6.627

The optimization-based cell average limiter is triggered during the simulation628

whenever out-of-bound cell averages appear. To measure convergence, we run the DY629

algorithm for sufficiently many iterations to approximate the minimizer 𝑿 ∗ and the630

fixed point 𝒁∗ numerically. The ∥𝑿 𝑘+1/2 − 𝑿 ∗∥2ℎ and ∥𝒁𝑘 − 𝒁∗∥2ℎ at a representative631

time step where the algorithm requires the most iterations are shown in the right632

subfigure of Figure 5. Similar to what is observed in [29, 27], the DY iteration exhibits633

asymptotic linear convergence, resolving the minimization problem efficiently in a634

small number of iterations. The left and middle subfigures of Figure 5 show the total635

number of DY iterations per time step, summed over all three stages of the SSP RK636

time integrator, for both cases. The limiter is triggered at 668093 time steps for637

𝐵0 =
√
200 and at 1217125 time steps for 𝐵0 =

√
2000, with at most 6 and 8 iterations638

per step, respectively.639

Figure 6 shows the density 𝜌 and pressure 𝑝 in log10 scale, and the magnetic640

pressure 1
2∥𝑩∥22, at 𝑇 = 0.002 for both cases. Our simulations complete without641

negative density or pressure throughout. The bow shock and jet head location are642

consistent with those in [41], confirming the global conservation is preserved. The643
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optimization-based cell average limiter enforces admissibility by modifying the cell644

averages by the least amount necessary in 𝐿2 norm and the scheme remains robust645

with linear stability CFL.

Fig. 5. Left: total DY iterations per time step for 𝐵0 =
√
200. Middle: total DY iterations

per time step for 𝐵0 =
√
2000. Right: DY convergence for case 𝐵0 =

√
2000 when processing out-of-

bound cell averages in the first RK stage at 𝑡 ≈ 1.7760× 10−3. The asymptotic linear convergence is
observed.

Fig. 6. High Mach number astrophysical jet. Snapshots are taken at 𝑇 = 0.002. Top to bottom:
density 𝜌 in log10 scale, magnetic pressure 1

2 ∥𝑩∥22, and pressure 𝑝 in log10 scale. Left: 𝐵0 =
√
200

with plasma beta 10−2. Right: 𝐵0 =
√
2000 with plasma beta 10−3. The stronger magnetic field

(plasma beta 10−3) produces a more collimated jet structure.

646

4.6. Efficiency of the slicing algorithm. To assess the efficiency of the slicing647

algorithm on physically realistic test data, we extract 106 out-of-bound cell averages648

from each of the two astrophysical jet simulations in Section 4.5, with 𝐵0 =
√
200 and649

𝐵0 =
√
2000, on a 600 × 300 mesh with numerical admissible set tolerance 𝜀 = 10−6.650
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The Brent method is terminated with absolute tolerance 10−14 and relative tolerance651

10−12. All projected points are confirmed admissible in both cases.652

Figure 7 shows histograms of the number of calls to the Euler admissible set653

projection per MHD projection. For 𝐵0 =
√
200, the call count ranges from 16 to 35654

with mean 27.34 and standard deviation 2.40. For 𝐵0 =
√
2000, the call count ranges655

from 16 to 32 with mean 27.00 and standard deviation 3.23. The total wall-clock656

time for 106 projections is approximately 5.82 microseconds per MHD projection for657

𝐵0 =
√
200 and 5.22 microseconds per MHD projection for 𝐵0 =

√
2000, measured658

on a single core of an AMD EPYC 7742 processor (Bridges-2 cluster, PSC). In these659

tests, each MHD projection requires only a small number of evaluations of the Euler660

admissible set projection, and each such evaluation is computed in closed form.

Fig. 7. Histograms of the number of calls to the Euler admissible set projection per MHD
projection. A total of 106 cell averages outside the MHD admissible set are extracted from each as-
trophysical jet simulation. The 𝑦-axis records the number of out-of-bound cell averages that required

each particular number of Euler admissible set projection calls. Left: the case of 𝐵0 =
√
200. Right:

the case of 𝐵0 =
√
2000.

661

5. Conclusions. We have developed an optimization-based cell average limiter662

that restores admissibility for high-order DG schemes applied to the ideal MHD equa-663

tions. Our main theoretical contribution is the reduction of the projection onto the664

MHD admissible set 𝐺𝜀 to a one-dimensional minimization in the magnetic energy665

𝛽 = ∥𝑩∥22, with a strictly convex and continuous reduced objective on a bounded666

search interval. We prove that the limiter preserves the order of accuracy, and nu-667

merical experiments show robust performance on demanding MHD benchmarks.668

Our limiter addresses admissibility restoration only. A remaining issue is how669

to combine it with a discrete divergence-free preservation scheme in a structure-670

preserving and conservative way. It would also be interesting to extend the framework671

to resistive MHD and relativistic MHD, where the admissible set has additional struc-672

ture.673
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Appendix A. Projection onto set 𝐹𝜀𝛽 . The derivation of the closed-form681

projection formula onto the compressible Euler-like admissible set follows [29, Appen-682

dix] for one to three space dimensions. Here, we present the two-dimensional case for683

brevity. The three-dimensional case can be derived in a similar way.684
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Given (𝑢, 𝑣1 , 𝑣2 , 𝑤) ∉ 𝐹𝜀𝛽 , we derive the projection point using the KKT condi-685

tions. Without loss of generality, let us assume |𝑣1| ≥ |𝑣2|. The resulting algorithm is686

summarized below.687

• The point (𝜀, 𝑣1 , 𝑣2 , 𝑤) is a candidate, if 𝑢 < 𝜀 and 𝑤 − 1
2𝜀 (𝑣21 + 𝑣22) ≥ 𝜀 + 𝛽

2 .688

• The point (𝜀, 0, 0, 𝜀 + 𝛽
2 ) is a candidate, if 𝑢 < 𝜀, 𝑣1 = 0, 𝑣2 = 0, and 𝑤 < 𝜀 + 𝛽

2 .689

• If 𝑣1 , 𝑣2 ≠ 0, solve the cubic equation 𝑎𝑚3
1 + (4𝜀2 + 𝜀𝛽 − 2𝜀𝑤)𝑚1 − 2𝜀2𝑣1 = 0690

with 𝑎 = 1 + 𝑣22/𝑣21 to obtain all real roots. Examine each real root individually.691

Let 𝑚1𝑟 denote a real root. Then the point (𝜀, 𝑚1𝑟 ,
𝑣2
𝑣1
𝑚1𝑟 ,

𝑎
2𝜀𝑚

2
1𝑟 + 𝜀 + 𝛽

2 ) is a692

candidate, if 𝑣1
𝑚1𝑟

> 1 and 2𝜀𝑢 + 𝑎𝑚1𝑟(𝑣1 − 𝑚1𝑟) < 2𝜀2.693

• The point (𝑢, 0, 0, 𝜀 + 𝛽
2 ) is a candidate, if 𝑢 ≥ 𝜀, 𝑣1 = 0, 𝑣2 = 0, and 𝑤 < 𝜀 + 𝛽

2 .694

• Compute 𝜌1 and 𝜌2 using the following formulas only if they are real.695

𝜌1 =
𝑢

2
+ 1

2

√
𝑢2(2𝑣21 + 1

𝑎 (𝜀 +
𝛽
2 + 𝑢 − 𝑤)2) − 2𝑢𝑣21(𝑤 − 𝜀 − 𝛽

2 ) + 𝑎𝑣41√
2𝑣21 + 1

𝑎 (𝜀 +
𝛽
2 + 𝑢 − 𝑤)2

,696

𝜌2 =
𝑢

2
− 1

2

√
𝑢2(2𝑣21 + 1

𝑎 (𝜀 +
𝛽
2 + 𝑢 − 𝑤)2) − 2𝑢𝑣21(𝑤 − 𝜀 − 𝛽

2 ) + 𝑎𝑣41√
2𝑣21 + 1

𝑎 (𝜀 +
𝛽
2 + 𝑢 − 𝑤)2

.697

For real values of 𝜌1 and 𝜌2, compute 𝑚1𝛼 and 𝑚1𝛽 using the following formulas698

only if they are real.699

𝑚1𝛼(𝜌) =
1

2
𝑣1 −

1

2𝑎

√
−8𝑎𝜌2 + 8𝑎𝑢𝜌 + 𝑎2𝑣21700

and 𝑚1𝛽(𝜌) =
1

2
𝑣1 +

1

2𝑎

√
−8𝑎𝜌2 + 8𝑎𝑢𝜌 + 𝑎2𝑣21 .701

Then, for real points:702

– The point (𝜌1 , 𝑚1𝛼(𝜌1), 𝑣2𝑣1𝑚1𝛼(𝜌1), 𝜀 + 𝛽
2 + 𝑎

𝑚1𝛼(𝜌1)2
2𝜌1

) is a candidate, if 𝜌1 ≥ 𝜀703

and 𝜀 + 𝛽
2 + 𝑎

𝑚1𝛼(𝜌1)2
2𝜌1

> 𝑤.704

– The point (𝜌2 , 𝑚1𝛼(𝜌2), 𝑣2𝑣1𝑚1𝛼(𝜌2), 𝜀 + 𝛽
2 + 𝑎

𝑚1𝛼(𝜌2)2
2𝜌2

) is a candidate, if 𝜌2 ≥ 𝜀705

and 𝜀 + 𝛽
2 + 𝑎

𝑚1𝛼(𝜌2)2
2𝜌2

> 𝑤.706

– The point (𝜌1 , 𝑚1𝛽(𝜌1), 𝑣2𝑣1𝑚1𝛽(𝜌1), 𝜀 + 𝛽
2 + 𝑎

𝑚1𝛽(𝜌1)2
2𝜌1

) is a candidate, if 𝜌1 ≥ 𝜀707

and 𝜀 + 𝛽
2 + 𝑎

𝑚1𝛽(𝜌1)2
2𝜌1

> 𝑤.708

– The point (𝜌2 , 𝑚1𝛽(𝜌2), 𝑣2𝑣1𝑚1𝛽(𝜌2), 𝜀 + 𝛽
2 + 𝑎

𝑚1𝛽(𝜌2)2
2𝜌2

) is a candidate, if 𝜌2 ≥ 𝜀709

and 𝜀 + 𝛽
2 + 𝑎

𝑚1𝛽(𝜌2)2
2𝜌2

> 𝑤.710

Pick the point from the candidates that minimizes the distance to (𝑢, 𝑣1 , 𝑣2 , 𝑤), which711

gives the projection point.712

Remark A.1. For numerical stability, the computation of the factor 𝑎 = 1+𝑣22/𝑣21713

must avoid division by a small denominator. Note that the two momentum compo-714

nents play symmetric roles. If |𝑣2| > |𝑣1|, we instead work with the variable 𝑚2. The715

corresponding formulas are derived analogously and omitted for brevity.716
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Appendix B. Brent method. Consider a continuous convex function 𝑓 (𝑥) on717

a closed interval [𝑎, 𝑏]. Assume that the derivative of 𝑓 is not available. We utilize718

the Brent method [3, Section 5] to compute its minimizer. Given absolute tolerance719

𝜖abs = 10−14, relative tolerance 𝜖rel = 10−12, and golden ratio 𝑐 = 3−
√
5

2 , the algorithm720

is as follows.721

Input: lower bound 𝑎, upper bound 𝑏, and the objective function 𝑓 (𝑥)722

Initialize: let 𝑠𝑎 = 𝑎, 𝑠𝑏 = 𝑏, and 𝑚 = 1
2 (𝑎 + 𝑏). Set 𝑒 = 0, 𝑑 = 0, and723

𝑥 = 𝑎 + 𝑐(𝑏 − 𝑎), 𝑤 = 𝑥, 𝑣 = 𝑥,724

𝑓𝑥 = 𝑓 (𝑥), 𝑓𝑤 = 𝑓𝑥 , 𝑓𝑣 = 𝑓𝑥 .725

726 Compute tolerance tol = 𝜖rel|𝑥|+𝜖abs. If stopping criterion |𝑥−𝑚| < 2tol− 1
2 (𝑠𝑏−𝑠𝑎)727

is satisfied, then return 𝑥. Otherwise enter into the following iterative loop until728

convergence.729

loop730

Step 1. Compute middle point 𝑚 = 1
2 (𝑠𝑎 + 𝑠𝑏). If |𝑒 | > tol, compute731

𝑟 = (𝑥 − 𝑤)( 𝑓𝑥 − 𝑓𝑣),732

𝑞 = (𝑥 − 𝑣)( 𝑓𝑥 − 𝑓𝑤),733

𝑝 = (𝑥 − 𝑣)𝑞 − (𝑥 − 𝑤)𝑟,734

𝑞 = 2(𝑞 − 𝑟).735

If 𝑞 > 0, set 𝑝 ← −𝑝; else set 𝑞 ← −𝑞. Store previous step 𝑟𝑒 ← 𝑒 and update736

𝑒 ← 𝑑.737

Step 2. If |𝑝| < 1
2 |𝑞𝑟𝑒 | and 𝑞(𝑠𝑎 − 𝑥) < 𝑝 < 𝑞(𝑠𝑏 − 𝑥), apply inverse parabolic738

interpolation. Update: 𝑑 =
𝑝

𝑞 and 𝑢 = 𝑥 + 𝑑.739

Otherwise, apply Golden section update: if 𝑥 < 𝑚, set 𝑒 = 𝑠𝑏 − 𝑥; else set740

𝑒 = 𝑠𝑎 − 𝑥. Update 𝑑 = 𝑐𝑒.741

Step 3. Enforce minimum displacement: if |𝑑| ≥ tol, set 𝑢 = 𝑥 + 𝑑; else, set742

𝑢 = 𝑥 + tol · sgn(𝑑).743

Step 4. Let 𝑓𝑢 = 𝑓 (𝑢). Update searching interval and interpolation points.744

if 𝑓𝑢 ≤ 𝑓𝑥 :745

Update 𝑠𝑏 ← 𝑥 when 𝑢 < 𝑥; otherwise, update 𝑠𝑎 ← 𝑥 when 𝑢 ≥ 𝑥. Set746

𝑣 ← 𝑤, 𝑓𝑣 ← 𝑓𝑤 ,747

𝑤 ← 𝑥, 𝑓𝑤 ← 𝑓𝑥 ,748

𝑥 ← 𝑢, 𝑓𝑥 ← 𝑓𝑢 .749

750 else751

Update 𝑠𝑎 ← 𝑢 when 𝑢 < 𝑥; otherwise, update 𝑠𝑏 ← 𝑢 when 𝑢 ≥ 𝑥. Set752

if 𝑓𝑢 ≤ 𝑓𝑤 or 𝑤 = 𝑥 : (𝑣, 𝑓𝑣) ← (𝑤, 𝑓𝑤), (𝑤, 𝑓𝑤) ← (𝑢, 𝑓𝑢),753

if 𝑓𝑢 ≤ 𝑓𝑣 or 𝑣 = 𝑥 or 𝑣 = 𝑤 : (𝑣, 𝑓𝑣) ← (𝑢, 𝑓𝑢).754

755 end if756

end loop757
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