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EFFICIENT ADMISSIBLE SET PROJECTION IN
OPTIMIZATION-BASED INVARIANT-DOMAIN-PRESERVING
LIMITERS FOR IDEAL MHD"

CHEN LIU', CHI-WANG SHUf, AND XIANGXIONG ZHANGS

Abstract. Preserving the admissible set of the ideal magnetohydrodynamics (MHD) equations
is important not only for producing physically meaningful numerical solutions, but more importantly
for achieving robust computations. In this paper, we develop an optimization-based limiter to enforce
admissibility while preserving global conservation and accuracy. For an easy and efficient projection,
we decompose the admissible set into slices parameterized by the magnetic energy, so that the MHD
projection reduces to a one-dimensional minimization, which can be solved efficiently by the Brent
method. The splitting method can be used to efficiently solve the global minimization problem of the
optimization-based limiter, which can be used to enforce cell average admissibility in discontinuous
Galerkin (DG) schemes, and pointwise admissibility can be further enforced by the Zhang—Shu
positivity-preserving limiter. We apply the limiter to high-order DG schemes and present numerical
results for a few representative MHD problems.

Key words. MHD equations; invariant-domain-preserving; optimization-based limiter; Davis—
Yin splitting; discontinuous Galerkin

MSC codes. 65K05, 656K10, 656M60, 90C25

1. Introduction. We consider the ideal compressible magnetohydrodynamics
(MHD) system for a perfectly conducting fluid without viscosity or thermal conduc-
tivity on a bounded spatial domain Q C R" over the time interval [0, T]. The unknown
conservative variables are density p, momentum m, total energy E, and magnetic field
B, which satisfy

m

) m@u—B®B + piotl

(E + ptot)u — (u - B)B
u®B-B®u

(1.1) M +v
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We order the unknowns as (p, m, E, B), placing B last. This ordering is convenient for
the set decomposition in Section 3, where we slice the admissible set by fixing ||B]|3.

The solenoidal condition V- B = 0 is imposed on the ma2gnetic 2ﬁeld. The velocity
is computed by u = % The total energy is E = pe + % + @7 which consists of
thermal, kinetic, and magnetic energies. Here, e denotes the specific internal energy.
The total pressure pior = p+ %llBHg7 which is the sum of the gas pressure and magnetic
pressure. The gas pressure is determined by ideal gas equation of state p = (y —1)pe,
where the adiabatic index y > 1.

Physically meaningful solutions to the MHD system (1.1) should have positive
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2 C. LIU, C.-W. SHU, AND X. ZHANG

density and positive internal energy. We define the admissible state set:

G= {(p m,E,B): p>0, E— Il - IBI; > O}

T ’ 2p 2 '
The set G is a convex set [45] and numerical schemes that preserve their solutions
in this set are called invariant-domain-preserving schemes. Preserving this invariant
domain is crucial for stability, since negative density or negative internal energy lead to
loss of hyperbolicity, rendering the discrete problem ill-posed [6, 12, 40]. In this paper,
we introduce a high-order accurate optimization-based limiter to enforce conservation
and preserve the invariant domain.

1.1. Several existing approaches. The existing invariant-domain-preserving
methods for ideal MHD equations can be broadly divided into explicit positivity-
preserving limiters and flux-limiting approaches. We refer to [45, 44] for a compre-
hensive overview.

One of the most popular approaches for solving MHD equations is designed for
explicit time integration. The Zhang—Shu positivity-preserving limiter [49, 50] for
finite volume and discontinuous Galerkin (DG) methods preserves local conservation
and high-order accuracy, provided that the cell averages already lie in the admissible
set, which can be proven under suitable CFL for many systems such as compress-
ible Euler equations [45]. In [6], such a positivity-preserving limiter was applied to
DG schemes. Invariant-domain-preserving DG schemes on general meshes and via
geometric quasilinearization were constructed in [42, 43, 41]. A systematic positivity
analysis of schemes for MHD equations was given in [40], and positivity-preserving
finite difference WENO schemes with constrained transport were constructed in [7].
In particular, it has been proven in [40] that positivity of the cell averages is closely
related to a discrete divergence free condition.

Another class of invariant-domain-preserving methods is based on flux limiting,
which originated from the flux-corrected transport method [47]. Flux limiters have
been designed and applied to phase-field models [30, 15] and porous media flow
[23]. The modern reformulation as convex limiting provides a general framework
for invariant-domain preservation for compressible Euler and Navier—Stokes equa-
tions by blending a high-order scheme with a low-order invariant-domain-preserving
scheme [20, 19]. Extensions to DG discretizations include [21, 33]. A structure-
preserving convex-limiting method specifically for ideal MHD was recently developed
in [9]. These approaches rely on the availability of a suitable low-order invariant-
domain-preserving scheme for the target system, which for MHD requires additional
care due to the nonlinear structure of the admissible set G. High-order accuracy is
typically maintained when flux limiters are applied correctly. However, a rigorous
proof of accuracy preservation is available only for simpler equations [46].

Optimization-based limiters are attractive because conservation and admissibility
can be enforced simultaneously through a constrained minimization problem. Dif-
ferent optimization-based limiters were developed for scalar equations and spectral
element methods in [18, 39, 36]. A systematic two-stage limiting framework using
the Douglas—Rachford (DR) splitting method to solve the minimization problem was
introduced in [31] for the phase-field multi-phase flow. Asymptotic linear convergence
and nearly optimal parameter selection of the splitting iteration are rigorously proved
for the scalar case. This framework is broadly applicable and has been extended to
Fokker—Planck equations [28], compressible Navier—Stokes equations [27], and most
recently to compressible Euler equations for vector admissible set with L2 and L' cell
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INVARIANT-DOMAIN-PRESERVING LIMITER FOR IDEAL MHD 3

average limiters [29].

1.2. Optimization-based cell average limiter. Let U, be the cell averages
of a DG solution Uy = (py, my, Ey, By). We seek a piecewise constant polynomial
X, that minimizes the L? distance to Uy, subject to constraints of preserving global
conservation and numerical admissibility. We choose the L2 objective function for
both efficiency and accuracy; specifically, we solve

H)l(inlth —Fhﬂiz subject to /Xh = / Uy, and Xy, € G¢ for all cells K;,
h Q Q
where, for a small ¢ > 0, the numerical admissible set of the MHD system (1.1) is

2> b
20 2 - °

2 B 2
(12) Gt ={ipm E By pze, E— o B, )

Assuming the cell averages of the exact solution are feasible, then the minimizer X
satisfies

I~ Tl < | — U)o

Here, Ue*2ct denotes the cell averages of the exact solution. This estimate gives a
quasi-optimal bound for the postprocessed cell averages relative to feasible exact cell
averages. See Section 2.1 for a proof.

The primary computational challenge in implementing the cell average limiter is
projecting the out-of-bound cell averages onto the numerical admissible set. In the
scalar case, projection onto an interval [m, M] is a simple clipping operation [31, 28,
27]. For the compressible Euler equations, its convex admissible set enjoys a relatively
simple structure and the projection is computed via a closed-form formula derived
using the Karush-Kuhn-Tucker (KKT) conditions [29]. For the MHD equations,
however, the magnetic field B appears in the total pressure, coupling B nonlinearly
with (p, m, E) through the internal energy constraint. This coupling makes a closed-
form projection formula analytically difficult.

We resolve this difficulty with a slicing algorithm that decomposes the numerical
admissible set into slices parameterized by ||B|[ = B: for each fixed B, the slice
decouples into subproblems for B and (p, m, E) separately, and each of them can be
solved in closed form. The projection then reduces to a one-dimensional minimization
over the closed interval I = [Biow, fnigh], Where Biow and Buigh are given in Lemma 3.7.
We prove that this reduced objective is strictly convex and continuous on I, implying
the existence and uniqueness of the projection, and compute the minimizer efficiently
using the Brent method [3, Section 5].

Once cell averages are in the admissible set, the Zhang-Shu positivity-preserving
limiter [49, 50, 32] can be applied to further process the quadrature point values,
which also preserves the order of accuracy.

Our optimization-based limiter addresses admissibility restoration only and does
not enforce the discrete divergence-free condition on B. In our implementation, a
discrete divergence-free projection, which enforces local divergence-free on each cell,
is applied at the start of each time step before the limiter acts on the cell averages.
The two steps are treated separately.

1.3. Efficient splitting methods. In large-scale high-resolution simulations,
the number of cell averages to be processed can be very large. Designing an efficient
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4 C. LIU, C.-W. SHU, AND X. ZHANG

algorithm for solving the minimization problem is critical to the practical success of
the optimization-based approach.

The DR splitting was originally introduced to solve heat equations [34, 13]. Tt
was later generalized by Lions and Mercier for handling a sum of two maximal mono-
tone operators, resulting in the generalized DR method [26]. The nonsmooth convex
minimization model for the scalar cell average limiter can be efficiently solved by the
generalized DR method, which is equivalent to several well-known methods, including
PDHG [5], ADMM [14], and the split Bregman method [17]. We refer to [11, 24] and
references therein for further details on these equivalences. However, no general pa-
rameter selection strategy is available for the generalized DR method when applied to
the cell average limiter with vector invariant domain. Moreover, the objective in (2.2)
consists of three parts: the quadratic distance, the conservation constraint, and the
admissibility constraint. This structure motivates the use of a three-operator splitting
method.

Three-operator splitting methods [16, 37], such as Davis—Yin (DY) splitting [10],
three-block ADMM [25, 4], and others [1], are popular and natural choices for solving
the composite convex optimization of the form

mxin d1(X) + dg(X) + d3(X).

Recently, the DY method has been successfully applied to optimization-based lim-
iters with conservation and invariant-domain constraints for the compressible Euler
equations [29]. The DY iteration is given by:

xk+1/2 = proxz3 (z5),

(1.3) (DY) {xk+t = prox)d/1 (2xKF1/2 — 2k — )y Vdy(xk+112)),

Zh+l = ok okl g k+1/2
Here, the proximal operator with parameter y > 0 for the convex function d; is defined

as follows:
y : 1 2
prox; (x) = argmmydl(y) + Eﬂy — x5,

and prox;l/3 is defined similarly. For proper closed convex functions dq, do, and ds,
where Vds is L-Lipschitz continuous, iteration (1.3) converges for any constant step
size y € (0,2/L). When the iteration converges to machine precision, the two con-
straints (conservation and invariant domain) are enforced up to round-off errors. In
practice, the DY method with = 1/L outperforms other alternatives [1] and elimi-
nates the need for parameter tuning.

1.4. Contributions and organization of the paper. We are not aware of
any optimization-based conservative and invariant-domain-preserving limiter for the
MHD equations. The nonlinear coupling of all variables (p, m, E, B) in the admissible
set G makes the projection significantly more challenging to compute than in the
scalar and compressible Euler cases. Our main contribution is a slicing algorithm for
computing the projection of cell averages onto the MHD numerical admissible set G¢.
By decomposing G* into slices parameterized by ||B||3 = B, the projection reduces to
a one-dimensional minimization over a bounded interval. We prove that the reduced
objective is strictly convex and continuous, guaranteeing the existence and uniqueness
of the projection. The minimizer is computed efficiently using the Brent method.
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INVARIANT-DOMAIN-PRESERVING LIMITER FOR IDEAL MHD 5

We prove that our L2 optimization-based cell average limiter preserves the order
of accuracy of the underlying DG scheme. Furthermore, the global optimization prob-
lem is solved efficiently by the DY splitting method, with each iteration requiring one
evaluation of the slicing algorithm and one projection onto the conservation hyper-
plane in closed form. The asymptotic linear convergence is observed in our numerical
tests and the DY iteration converges in several steps.

We test the correctness and efficiency of the slicing algorithm for computing the
projection point, and we apply the full method to the smooth circularly polarized
Alfvén wave, Rotor problem, Orszag—Tang vortex problem, and high Mach number
astrophysical jet. The numerical results confirm the correctness, high-order accuracy,
and robustness of the proposed scheme on demanding MHD problems with low density
and low pressure.

The rest of this paper is organized as follows. In Section 2, we formulate the
optimization-based cell average limiter, prove accuracy preservation, and present the
DY splitting algorithm including the identification of the three operators and their
proximals. Section 3 develops the slicing algorithm for projecting onto the MHD
admissible set, establishes the strict convexity and continuity of the reduced objec-
tive, and details the closed-form projection formulas for each fixed slice. We present
the numerical benchmark tests in Section 4. The explicit projection algorithm onto
the compressible Euler-like admissible set and the Brent method are given in the
Appendices.

2. Constraint optimization-based limiter. We propose a postprocessing step
that restores the invariant domain while preserving global conservation. The post-
processed piecewise constant polynomial is chosen to minimize the L? distance to the
original cell averages, subject to these two constraints.

Given a numerical solution Uy, to a conservative DG scheme for MHD equations
(1.1), where Uy = (pn, mp, Ep, By), let U, denote the cell average of Uy, namely, on
each cell K, we have Up|x = Ifll fK Uj;,. We seek a piecewise constant polynomial Xj,
that minimizes the distance to U, under the constraints of preserving conservation
and invariant domain:

(2.1) n}1{in||Xh —l,I_h||]2~2 subject to /X;, = / Uy, and Xk, € G* for all cells K;,
h Q Q

where G¢ is the numerical admissible set defined in (1.2). For positive density, the set
G¢ is closed and convex, which implies that (2.1) has a unique minimizer, denoted by
X,. Then, the postprocessed DG polynomial can be written as

u, = (U, - U) + X;,

and it preserves global conservation of density, momentum, total energy, and magnetic
field. In addition, U}, has cell averages in set G¢.

2.1. Matrix-vector form and accuracy. To solve (2.1), we introduce a matrix
U € RNX(2+21) 46 store the cell averages of Uy, where the i-th row is given by

1 1 1 1
— —_ m —_— E — B | .
[|1<i|/1<1."h |1<z-|/K,. " |1<i|/K,. " |1<i|/1<i "]

Let ||-|lr denote the Frobenius norm and N be the total number of mesh cells. Define
the indicator function of a set A as: 14(X) =0, if X € A, otherwise to(X) = +o00. The
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model (2.1) is equivalent to the following unconstrained minimization problem: find
X € RN*2+21) guch that

1 =
min SIX = I + 4, () + 10, (X),

(2.2) where A; = {X: AX =bT}
and A = {X: the i-th row X; € G¢, Vi}.

For simplicity, in the rest of this paper we only consider uniform meshes. On a uniform
mesh, we have A =[1,1,---,1] e RN and bT = AU. Since both sets A; and A, are
convex, their corresponding indicator functions 15, and ta, are also convex. Therefore,
(2.2) defines a strongly convex minimization problem, and its solution is unique.

Next, we show that the limiter does not destroy the order of accuracy. Let X*
denote the solution of (2.2) and let Uexact € RNX(2+2%) 16 g matrix that stores the cell
averages of the exact solution, where the i*" row is given by

1 [ — 1 /—t 1 /—t 1 /—
. exac . mexac _ Eexac . Bexact .
[lm /K,.ph Kl Jo " K ST K e

Following a similar argument as in [29, Theorem 1], the sets A; and Ay are convex

and closed, which gives A; N Ay is a convex closed set. Thus, Uexact and X* belong
to A1 N Ay implies AUexact + (1 — A)X* € A; N Ag, for any A € [0,1]. Define

B(A) = U = (AU 4 (1 = )X
= A2|Juexact — X¥||2 — 2A(U — X¥) @ (Uexact — X*) +|[U - X712

If X* # Uexact then ¢p(A) is a quadratic function. From (2.2), we know X* minimizes
U - X||12: for all X € A1 N Ay. Thus, ¢(A) achieves its minimum at A = 0, which gives

(U - X*) : (Uexact — X*)

— <0 = (X'—U): (Uexact — X*) > 0.
”Uexact _ X*“I%

Thus, we obtain

[U5 ~ 2 = [0 = X[ + 2" = ) : (U - X) + X" - U]

> ||Uexact _ X*”le

It is straightforward to verify that when X* = Uexact the same inequality still holds.
Therefore, the postprocessed cell average satisfies the same quasi-optimal bound when
the cell averages of the exact solution are in the numerical admissible set G¢.

2.2. Efficient optimization method. We apply the DY method (1.3) to solve
the minimization problem (2.2).

Partition the matrix U = [u,01,--- , 04, w,z1, - ,2zy] into 2 + 2n columns, cor-
responding, in order to the cell averages of density, the # momentum components, the
total energy, and the n magnetic field components. Denote the entries in vector bT by
[bp, by, s bm,, bE, bR, -+, bp,]. Note that U and b are given quantities, which are
computed from the DG solution. For the unknown X in (2.2), we similarly define the
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partition X = [p,my,--- ,my,,E,By,---,B,]. Then, the minimization problem (2.2)
is equivalent to

. 1 n n
min (o =l + )" g = 0ill + I1E = ol + ) I1B; = zill) + ta, (X) + 1a,(X),
i=1 i=1
where Ay = {X: Ap =b,, Amy =by,, - ,Amy = by,
AE =bg, AB, =bp,, --- ,AB,, =bp,}
and A2 = {x [pirmli/”' /mni/Ei/ Bli/'” /Bni]T € GE/ VZ}

Let us split the objective function in a manner that facilitates the derivation of explicit
formulas. We choose

(233) d]_(X) = LAl(pr my,- .- rmn/E/ Bl/”' /Bn)/

1 & i
(23b)  da(X) =5 (llp - ullg + Z lm; = vill3 +[IE ~ <oll3 + Z 1B - zil3),
(2.3¢) d3(X) = ta,(p, my1,--- ,my, E,By,--+,By).

Let A* = AT(AAT)™! denote the pseudo inverse of A. Associated to function d; in
Y

(2.3a), the proximal proxd/1 maps
p— A(b, - Ap) +p, m; — A" (b, — Am;) + m;, fori=1,---,n,
E— A" (bgp— AE)+E, B; — A"(bp, — AB;) + B;, fori=1,---,n

The proximal of an indicator of a set is the Euclidean projection onto that set. Thus,
computing the proximal for d3 in (2.3¢) reduces to finding the projection point onto
the numerical admissible set G¢.

3. Projection onto admissible set. In this part, we focus on computing the
projection of a given point (¢, v, w, z) onto the numerical admissible set G* defined in
(1.2) for the MHD system. The projection of a point on the nonempty closed convex
set is unique. Determining this projection reduces to solving the following constraint
minimization problem:

. 1
(3.12) min 5= uf+ o ol + |E o + B~ z])
il UBIE

(3.1b) subject to p>¢ and E 2 5 2

A natural starting point to address optimization (3.1) is to formulate the KKT condi-
tions. The constraints (3.1b) represent primal feasibility. The parameters A > 0 and
p = 0 represent dual feasibility. We have the stationarity conditions

2
(3.2a) p—u—/\—[J”Zl)lQ|2 =0, m—v+y%:0,
(3.2b) E-w-u=0, B—-z+uB=0.

And the complementary slackness

ml|2  ||B||?
y(e—E+” ||2+|| ||2):0

Me—=p) =0, 2 5
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8 C. LIU, C.-W. SHU, AND X. ZHANG

Notice, if z = 0, then (3.2b) gives (1+ u)B = 0. By dual feasibility, we know 1+ u > 0,
which implies B = 0. Thus, when z = 0, the minimization problem (3.1) reduces to

1
(330) min 5(0p ~uf + o = ol + E ~ wf)
2
m
3.3b subject to p>¢e and E — w >e¢,
P 2p

which has been solved in [29]. Therefore, in the rest of this paper, we only need
to focus on the case that z # 0. Unlike projection onto the admissible set for Euler
equations in [29], the KKT conditions associated to the MHD system have no tractable
closed-form solution. This motivates the numerical construction below.

3.1. Preliminary lemmas. Let ¢ be a continuous convex function, and let G
be a convex set. Suppose G admits a decomposition parameterized by S, namely
G = UgGg, where each set Gg is ‘nice’ in the sense that the minimum of g over Gg
exists.

LEMMA 3.1. Suppose that both min ¢(x) and min min g(x) exist, then we have
xeG B xeGg
(3.4) min g(x) = mﬁin ;rel'g; g(x).
Proof. i) The right-hand side of (3.4) is attainable, i.e. there exists f = §*, when
x = x" € Gg- C G, we have g(x*) = min min g(x). Since x* € G, then min g(x) < g(x*).
B xeGg xeG
We obtain min g(x) < min min g(x). ) The left-hand side of (3.4) is attainable, i.e.
xeG B xeGg

there exists x* € G, such that g(x") = mi(r;l g(x). The x* € G = UgGg implies that there
X€
exists B = B, such that x* € Gg-. Notice that the minimum of g over Gg- exists. We
have m(i;n g(x) < g(y) holds for any y € Gg-. Pick y = x*, we get m(i;n gx) < g(x).
xe B* xe B*
Thus, we obtain min min g(x) < min g(x) < g(x*) = min g(x). Combining ¢) and i),
B xeGg x€Gpx xeG
we conclude the proof. O

LEMMA 3.2. Suppose that all minima appearing below are attainable, then we have

(3.5) (x;l&_ing f(x) + h(y) = min f(x) + 32151 h(y).

Here, F X H is the product of sets F and H, namely (x,y) e FXH & x € F andy € H.
Proof. i) The right-hand side of (3.5) is attainable, i.e. there exists x* € F, such
that f(x*) = mi;l f(x), and there exists y* € H, such that h(y*) = rnigll h(y). Since
x€ ye
(x*,y") € F X H, we obtain

i F)+ hiy) S FG0)+ R(y') = min f() + min hiy).

i) The left-hand side of (3.5) is attainable, i.e. there exist (x*,y*) € F X H, such that

f(x)+h(y")= min f(x)+ h(y). Notice that (x*,y*) € F X H implies x* € F and
(x,y)eFxH

y* € H. We have milp f(x) < f(x*) and migll h(y) < h(y*). Thus, we obtain
x€ ye

min f(x) + min h(y) < f(x") + h(y") = (x,;r)leing f(x)+ h(y).

Combining i) and #), we conclude the proof. d
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Applying Lemma 3.1 and Lemma 3.2 gives the decoupling of the minimization problem
(3.1). We first carry out the formal decoupling and then verify that the conditions of
these lemmas are satisfied, namely that all relevant minima exist.

3.2. Decoupling of magnetic variable. Consider decomposing the admissible
set G* into the union of sets G¢(||B||2 = B), where parameter > 0,

I 1B

3 2 _ — . -
GBI = p) = {(pm B B): pze, E- T2 ==

> e, BIE = ).

By Lemma 3.1, the constraint minimization problem (3.1) is equivalent to the follow-
ing

. . 1
(3.6) min min —(lp - ul> +||jm - v||§ +|E-w]*+|B- z||§).

B0 (p,m,E B)G(IBI3=p) 2

Recall the definition of set G*(||B||3 = ), the inner minimization problem above is

1
min = (|p — u* + |lm — o[ + |E — w|* +||B - z[|3)
p,m,E,B 2

]l 1IBII3

>¢, and ||B|jZ =B.

subject to p>e¢, E- 2 5 2

Substituting the third constraint ||B||2 = g into the second constraint, we obtain the
following equivalent form.

. 1 1
min  >(lp = ul* + [ — ol}3 +1E - wf) + 3B - 2l

p,m,E,B
2
m
subject to p>¢, E- w > e+ E, and ||Blj3 = B.
2p 2
Let f(p,m,E) = 3(lp — ul* + |lm — o||3 + |[E — w|*) and h(B) = $||IB — z|[3. Define sets

, llmll3 p
& _ . . _ . ~ - . 2 —
Es={(pmE): pze E 2 ZE 2} and Hg = {B: |BI = p}.

Then, the set G*(||BJ|3 = ) = FE X Hg. Applying Lemma 3.2, we obtain

1 1
(3.7) 5(|P—u|2 +[lm = oll3 + |E - wl*) + §|IB—ZII§

min
(p,m,E,B)eG*(|IBI3=p)

: 1 2 2 2 1 2
= min =(p—-ul*+|m-09|5+|E—-w|*)+ min =||B - z||5.
im0 =P+l vl + |E — of) + i 5B — 2l

The right-hand side of (3.7) is well defined. The first ‘min’ is taking minimum of a
strongly convex function over a nonempty convex set, which has a unique minimizer.
The second ‘min’ is taking minimum of a continuous function over a bounded closed
set. The explicit form of its unique minimizer is derived in Lemma 3.4. To see the
left-hand side of (3.7) is well defined, we have the following result.

LEMMA 3.3. A minimizer of the following function over set G*(||B|[3 = B) exists

g(p,m,E,B) =|p—ul* +|im —v|3 +|E —w]* +|B—z|l3
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10 C. LIU, C.-W. SHU, AND X. ZHANG

Proof. The function g is continuous and the following set is closed and bounded.
(e denotes the first standard basis in R")

_ , [lm]l3 LB
A—{(p/m/E/B)I pZé, E—Y — ||B||2_‘Band

- 2
B_ o
5~ Wl +lIlvBer - zlI3 + 1}.

8§(p,m,E,B) <le —ul® +|loll3 + e + 5

The set A € G*(||BJ|3 = B) is nonempty, since 19 = (¢,0, € + f/2, \/,Eel) €A. A con-
tinuous function on a nonempty bounded closed set has minimum, then a minimizer
of ¢ on set A exists, denoted by & € A. We have (&) < g(110). For any point
ne Gé(||B||§ =p) \ A, we have

g(m) > le = uf’ + o]l + e + l—; —wf® +|Ber = zll3 + 1> (o) = (&)

Thus, there exists a minimizer of g on set G¢(||B|2 = B). |

Thus, we conclude that (3.7) is well defined. Next, let us show the outer minimization
problem in (3.6) is attainable. Moreover, this gives us an interval to search for f.

3.3. Properties of decoupled subproblems. Given a point (¢,v,w, z) with
z #0, let p(B), m(B), and E(B) denote the solution of the minimization problem

(3.8) min -(Ip ul? +[lm —oll3 + |E = wl?).
(p,mE)EFé

Let B(B) denote the solution of the minimization problem éﬂgl%”B — z||2. We have
€

LEMMA 3.4. For z # 0, the solution of min||B — z||3 with constraint ||B|3 = B is

Proof. We utilize Lagrange multiplier to solve this minimization problem. Define
=|B-z|2+A(BIZ-B)=(1+A)B"B-2BTz +z"z - Ap.

Taking derivatives with respect to B and A, we obtain

L z
: 2= —91+A)B-22=0 B=

(3.9a) 5B (1+2) z = o

d
(3.9) L _prp_p=0 = |BIZ=p.

R
Substituting (3.9a) into (3.9b) yields ||z||3 = (1 + A)?B, which implies By = \/Ez/||z||2
and By = —\/Ez/||z||2. Examining their distances to z, we have

IB1 — z| ' : ’ llz]l2 < ’ VB +1|llzll2 = 1B — 2|
1= 2|2 = 2 < 2 = [|B2 = z||2.
llzll2 llzll2

Thus, B; is the minimizer. We conclude the proof. O
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To verify the condition in Lemma 3.1 holds, it is sufficient to prove that d*(g), as
defined below, has a unique minimizer.

(3.10) a*(B) = lp(B) — ul* + lm(B) — oli3 + |[E(B) — wf* +|IB(B) - zI[3.

Let us show d?(B) is continuous and strictly convex on [0, +o0). By Lemma 3.4, we

rewrite d%(8) = f(B) + h(B), where

(3.11)  £(B) = lp(B) = ul® +llm(B) = vll3 + [E(B) = w|* and h(B) = (VB = lIzll2)*.
h(B) is continuous and strictly convex on [0, +00). For any 8 € (0, +00), we have

[E41P

1
W@B)=1-—= and h"(B)=——=Izl2 > 0.
VB 28vB
Thus, to prove d?(B) is strictly convex on [0, +00), we only need to show f(B) is convex.

LEMMA 3.5. For any A € [0,1], let Bc = AB1 + (1 = A)B2 be a convex combination
of B1 and B2, and let V(B) = (p(B), m(B), E(B)). Then, both

AV(B1) + (1 = )V(B2), B(Bc)) and  (V(Bc), B(Bc))

belong to the set G*(||BI2 = Be).

Proof. From Lemma 3.3, we know that both (V(B1), B(81)) € G(||B||2 = B1) and
(V(B2), B(B2)) € GE(||B|2 = B2) exist and satisfy

[l (BL)II3 B
p(B1) = ¢ and E(ﬁl)—m > e+
| @2 po

p(B2) = ¢ and E(B2)— W > e+ 5

For any A € [0, 1], we have Ap(B1) + (1 —A)p(B2) = € > 0. When p > 0, it is easy to
2

verify that the Hessian of the function (V) = E - % has nonpositive eigenvalues

and hence ¢ is concave [48]. By Jensen’s inequality, we get

GAV(E:) + (1= V() 2 Aq(V(B1)) + (1~ a(V(Ba)) = e+ .

Thus, (AV(B1) + (1 — A)V(B2), B(Bc)) belongs to the set G(||B||Z = Bc). In addition,
recall that V(B.) solves (3.8) with B = B, and B(B.) = \/ﬁ—cz/||z||2 We have

Im@Boll; _  Be
—29(,50 >e+ 5
Thus, (V(Bc), B(Bc)) also belongs to the set G*(||B|3 = Bc). d

For any given point (1, v,w, z) with z # 0, noticing that V(B.) is the minimizer of
(3.8) when B = ., using Lemma 3.5, we have

FBe) =1IV(Be) = (u, 0, w3 < AV (B1) + (1 = DV (B2) — (u, v, w3
= [[AV(B1) = A, v, w) + (1 = )V (B2) — (1 = A)(u, v, w)]f3.

p(Bc) =€, E(Bc) - and  [IB(Bo)Il3 = Be-
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Since a quadratic function is convex, by Jensen’s inequality, for any A € [0, 1], we get

fABL+ (1 —=A)B2) < Af(B1) + (1 —A)f(B2).

Therefore, f(B) is convex. Recall h(B) is strictly convex. We get d*(B) = f(B) + h(B)
is strictly convex on [0, +00). Next, we show the continuity of d*().

LEMMA 3.6. The mapping B — d*(B) is continuous on the interval [0, +00).

Proof. The strict convexity of d?() on interval [0, +00) ensures its continuity on
(0, +0), we only need to show it is continuous at 0. The function f(g) is well-defined
for any B > 0, as (3.8) is minimizing a strongly convex function on a nonempty convex
set, which guarantees a unique solution (p(B), m(B), E(B)).

i) For any B2 > B1, we have ng C Fgl, which implies f is monotonically increasing

on [0, +c0). Specifically, for any g > 0, we have FE C F§, namely f(B) > f(0) holds.

Thus, f is lower semi-continuous at f = 0, for any sequence fx — 07, we have
liminf f(Bx) = f(0).
Br—0*

i) From (p(0), m(0), E(0)) solving (3.8) with B = 0, we get (p(0), m(0), E(0)+/2)

belonging to FE. This is easy to verify, since

By lmQ); lmO)5\ B B
p(0)> ¢ and (E(O)+§)—WO)2 - (E(O)_WO)Q)W >er b

Thus, we obtain

f(B) < 1p(0) = ul* +|Im(0) — v|5 +|E(0) + g —wl* = £(0) + B(E(0) - w) + T

Thus, f is upper semi-continuous at g = 0, for any sequence fr — 0%, we have

2
limsup f(B) < limsup (f(O) + Br(E(0) —w) + ﬁ—k) < £(0).
Br—0* Br—0* 4
Combining ¢) and 4), we conclude the proof. |

We next show that d?(8) has a unique minimizer on [0, +o0). By Lemma 3.6, we know
d?(B) is continuous on [0, +0). In addition, we have d*() — +co as f — +co, since

d*(B) = p(B) — ul? + lm(B) — vI3 + |E(B) — wl* + (B — l1zll2)* > (/B = lIzll2)*.

There exists a sufficiently large M > 0, when B > M, we have d?(8) > d*(0). On the
closed interval [0, M], since d?(B) is strictly convex, there exists a unique minimizer
B*, namely for all B € [0, M], d*(B) > d*(*). In particular, d2(0) > d*(8*) holds. For
any B > M, d?(8) > d*(0) gives d*(B) > d?(8*). Thus, B* is the unique minimizer.

For convenience of finding the minimizer numerically, the following lemma con-
fines our search to a finite interval.

LEMMA 3.7. The unique minimizer of d*(B) lies in a closed interval with upper
bound Bhign = |zl|2 and lower bound

(312) ,Blow = (%) :
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Proof. The upper bound is easy to justify, since d*(B) = f(B) + h(B), where f(B)
is continuous, increasing, and convex, and h(f) is continuous, strictly convex, and
attains its minimum at ||z||3. It remains only to derive a lower bound.

For any given point (#,v,w) and 0 < B < B2 < ||z|13, recall the definition of the
function f in (3.11), we have

WFB) ~ VB2l = Idist((, 0, ), F5,) — dist((u, 0, ), FS, )| < distu(ES, , FS,),

where the Hausdorff distance between two sets FEI and F Ez is defined as follows

disty(F5 ,F5 ) = max{ sup dist(&, FE ,), sup dist(Fg ,11)}.
piv Fpa o g i
r]EFﬁZ

Notice, for any & € FEU there exists an 1 = &+ (0,0, %(ﬁg -B1)) € FEQ. The distance

between this pair of points is %LBQ — B1l. Thus, we have

(3.13a) sup dist(&, Fe ) <= |52 - Bil.
éeF

Similarly, for any n € F‘gz, there exists a £ =1-(0,0, %(‘82 -B1)) € FEI. The distance

between this pair of points is %LBQ — B1l- Thus, we have

1
(3.13b) sup dist(Fg , 1) < 5|2 — pal-
neky, 2

Combining (3.13a) and (3.13b), we obtain [/ f(81) — v/ f(B2) < %|ﬁ2 — B4l holds for

any B1 and B2 > 0. Specifically, since f(f) is increasing, we get for any > 0,

VFB) < NFO + 36,

Applying the inequality above with p = 1 and = B2, respectively, and combining
the two resulting bounds, we obtain

VI +VFB2) < 2VFO) + 5 (B + o) < 2VF0) + 112l

Therefore, we obtain f(f) is Lipschitz continuous on the interval [0, ||z|[3], as for any
ﬁlr,BQ € [O/ ||Z||§]7 we have

If(B1) = F(B2)l = (WFB1) + VFB2)WFBL) — V(B2
< (T + 511 B ~ ol

We derive the lower bound (3.12) from a subgradient estimate. Let df denote the
subgradient of f. For any B* > B >0, we know f(B*) > f(B) + df(B)(B* — B). Recall
f is increasing and Lipschitz continuous, we have

2f BB - < FB) = F(B) < WFO + ) (6 - ).

Thus, we get df < +/f(0) + %||z|l2 on [0, [|zl[Z]. Recall that d?(B) is strictly convex,
then

[E4P l1zll2
= ——=-1<Vf0)+ -||Z||2

G G

After solving B* from above, we obtain the lower bound (3.12). d

0edd*(B)=af(B)+1-—
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3.4. Slicing algorithm. We are ready to design a scheme to compute the pro-
jection of a given point (4, v, w, z) onto the numerical admissible set G* of the MHD
system.

If z =0, let p(0), m(0), E(0) be the solution of the minimization problem (3.3),
whose closed-form expression is derived from KKT conditions in [29]. In this case,
(p(0), m(0), E(0), 0) is the projection point. Otherwise, for z # 0, define a closed search
interval I = [Biow, ||z|[2], where the lower bound

2
mw=(——iﬂﬁ——J and £(0) = |p(0) — uf? + ||m(0) — vl2 + [E(O) — wP.

l1z113

1+ f(O) + =
For B €1, let p(B), m(B), E(B) be the solution to the following minimization problem:
min |p — ul® + | ~ ol + |E - wP

[l

subject to p>¢ and E - 2€+§,

whose exact formulation can be obtained via KKT conditions, see Appendix A. Solve
the single-variable minimization problem p* = argmin d?(8) on I, where

d*(B) = p(B) — ul* + llm(B) = oll3 + |E(B) - w]* + (/B = I|zl|2)°.

Notice d?(8) = f(B)+h(B), where f(B) is continuous, increasing, and convex, and h(p)
is continuous and strictly convex. We can utilize the Brent method, see Appendix B,
to compute the minimizer §* in the interval I efficiently. Then the projection point is
(p(B*), m(B), E(B), B/ lIzll2)-

Remark 3.8. In multi-dimensional spaces, directly solving KKT conditions to de-
rive the projection point for the MHD system is highly complicated, rendering it
impractical in practice. This procedure involves solving high order polynomial equa-
tions of degree greater than four, for which no closed-form formulation exists, and
therefore requires numerical root-finding. Although computing the eigenvalues of the
companion matrix provides an efficient numerical approach for root-finding, roundoff
errors can introduce spurious complex roots with small imaginary parts, which further
significantly harm accuracy. In contrast, our method operates only with real numbers,
ensuring both numerical stability and guaranteed accuracy.

4. Numerical experiments. In this section, we first validate the slicing al-
gorithm for computing the projection onto the numerical admissible set. We then
present a convergence study on circularly polarized Alfvén waves. The rotor prob-
lem, Orszag—Tang problem, and high Mach number astrophysical jet demonstrate the
accuracy and robustness of the DG scheme equipped with our limiter.

In all simulations, we use P? DG discretization with the local Lax—Friedrichs flux,
which is defined as follows:

Fo(U-) + F'(U) e
2 Y

Fo ng(U™,U*) = u*-u).

Here, F? represents the flux for all variables in MHD equations (1.1). The traces of
U on the face of a cell from the interior and exterior are denoted by U~ and U™,
respectively. The outward unit normal to cell K is denoted by ng, and a, is the
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local fast magnetosonic wave speed on cell interface e. We employ the three-stage,
third-order SSP Runge-Kutta (RK) method for time integration. The time step is

Ax

7
maXe (e

At = CFL

where the CFL coefficient is 0.2 unless otherwise specified. This base discretization
does not preserve the invariant domain. The time step is deliberately chosen to stress
the scheme so that cell averages can leave G¢, thereby triggering the limiter.

At the start of each time step, a discrete divergence-free projection is applied.
After each RK stage, all cell averages are checked. If any violate G¢, the optimization-
based cell average limiter from Section 2 is applied. The TVB limiter and the Zhang-
Shu positivity-preserving limiter [48] are then applied in sequence. The TVB param-
eter of value 100 is used unless otherwise specified.

4.1. Validation of the slicing algorithm. We validate the slicing algorithm
for computing the projection onto the numerical admissible set G¢ of the MHD system
on two test cases: a manufactured out-of-bound point and a representative out-of-
bound cell average extracted from the astrophysical jet simulation in Section 4.5.

For the manufactured test point, we set ¢ = 107'3 and apply the algorithm to
the out-of-bound point [u,v,w, z] = [1,1.25,2,0,2,5,1.7,0], designed so that the
minimizer B* lies well inside the search interval I = [Biow, [|z[I3]. The left of Figure 1
shows d%(B), f(B), and h(B) over I = [0.121,27.89]. The function d?(B) is continuous
and strictly convex with a unique minimizer §* =~ 5.44 lying well inside I, and f(g) is
increasing and convex, consistent with our theory.

For the astro jet out-of-bound point, we apply the algorithm to a representative
out-of-bound cell average produced during the astrophysical jet simulation of case
Bo = V2000 and ¢ = 1075, To be more specific, we choose the point

[u,v,w,z] ~ [1.41,1124,-0.31,0, 4.51 X 10°,44.9, —0.026, 0].

The right panel of Figure 1 shows d?(8), f(8), and h(B) over the search interval
I ~ [1.98 X 1073,2017.5]. The search interval is wide, reflecting that the theoretical
lower bound fiow is not a sharp estimate in this case. The minimizer f* ~ 2017.5 is
located near the upper boundary of I. The strong magnetic field dominates and the
cell average violates the admissible set only slightly with negative pressure, so the
optimal projection barely adjusts the magnetic energy. This behavior is physically
natural and expected in high-Mach, strong-field simulations.

4.2. Smooth Alfvén wave. The circularly polarized Alfvén wave is an exact
non-polynomial solution of the MHD equations, widely used as a benchmark for ver-
ifying the accuracy of MHD solvers [38, 35]. In this smooth test, the base P? DG
scheme achieves the expected optimal convergence rate, and the optimization-based
cell average limiter is not triggered.

Let the computational domain be [0, V5/2] x [0, V5] with periodic boundary con-
ditions on all sides, and y = 5/3. The wave propagates at angle 0 = tan™!(0.5) to
the x-axis, and { = xcos0 + ysin O denotes the coordinate along the propagation
direction. The initial conditions are p® =1, p° = 0.1, and

vﬁ =0, 09 = 0.1sin(27Q), vY = 0.1 cos(27Q),

Bl‘l) =1, BY =0.1sin(2mQ), BY = 0.1 cos(2mQ).
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Fic. 1. The functions d%(8), f(B), and h(B) over the search interval I, with the minimizer
p* of d?(B) marked. Left: manufactured out-of-bound point where the minimizer lies well inside I.

Right: representative out-of-bound cell average from the astrophysical jet simulation (Bg = V2000,
e = 107%); the minimizer lies near the upper boundary of I, consistent with a slight pressure violation
under a strong magnetic field.

For testing convergence rates, the time step is fixed at At = (0.08/V5) Ax, independent
of the instantaneous wave speed.

The Alfvén speed is BI(I)/\/E = 1. Thus, the transverse perturbations v,, v;, B,
and B, propagate at unit speed in the C direction without distortion. The wave has
both spatial and temporal period 1. We choose final time T = 2, at which the solution
completes two full periods and returns exactly to the initial state. The exact solution
at time tis p =1, p = 0.1, and

v =0, v, =0.1sin(2n(C — 1)), v, = 0.1cos(2n(C - 1)),
By =1, B, = 0.1sin(2nt(C - t)), B, = 0.1 cos(27t(C — t)).

Here, v) and B are the components along the propagation direction (cos 0, sin 0, 0)7,
and v, and B, are the in-plane transverse components.

Following [38], the numerical error is measured on the four wave-carrying com-
ponents v, vz, By, and B;. The remaining variables p, p, v, and B are constant
in time and carry no wave dynamics. The discrete L;l and L} errors for numerical
solutions v, j, Uz, Bi,y, and B, at time t" on cell K are computed following the
formula in [22]. Define errors on a mesh 7 with resolution Ax as follows:

1
errix = Z Z(“vj_,h - UL”L%(K) + oz - vZHLi(K)

KeTy

1Bk = Bollepqro + 1Bz = Belluso )
o 1
eTI), = pax s (”UJ_,h = o) + 02,0 — vzllie
+[1BLyn = Bolleeo) + 1Bzn — Bz”L;"(K))-

Then, the convergence rate is evaluated by In(erray/errpy/2)/In2. Table 1 shows
the errix and erry errors at final time T = 2. We obtain the optimal order of
convergence.

4.3. Rotor problem. The rotor problem [2, 8] describes a rapidly rotating dense
disk of fluid embedded in a lighter ambient medium permeated by a uniform magnetic
field. As the disk evolves, the magnetic field brakes its rotation and launches torsional
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Ax ‘ At ‘ errix ‘ rate ‘ err‘z’x rate

V5275 | 272.1072 1.345- 1074 — 2.661-1074 —

V5276 | 273.1072 1.833-107° 2.876 3.520-107° 2.918
V5277 | 2741072 2.421-107° 2.921 4.516-107 2.963
V5278 | 275.1072 3.125-1077 2.954 5.619-1077 3.007

TABLE 1
Smooth Alfvén wave. The errors and convergence rates for the P2 DG scheme.

562 Alfvén waves into the surrounding medium, providing a robust test due to the sharp
563 density contrast and the development of low-pressure regions.

564 The computational domain is Q = [0, 1]? with outflow boundary conditions on
565 Q. The initial conditions are (p, uz, By, Ba, B3) = (0.5,0,2.5/V47,0,0) and

(10, =(y = 0.5)/ro, (x = 0.5)/r¢) if r <rp,
566 (p,u1,u2) =91 +9A,-A(y = 0.5)/r, AM(x = 0.5)/r) ifrg<r<r,
(1,0,0) ifr>r,

567 where r = y/(x — 0.5)2 + (y — 0.5)2, ro = 0.1, ry = 0.115, and A = (r; — r)/(r1 — r0).
568 The adiabatic index y = 5/3. The domain is uniformly partitioned into a 300 X 300
569 mesh. The numerical admissible set tolerance is ¢ = 107, Figure 2 shows the density
570  p, the thermal pressure p, and the Mach number |u|/cs with c¢; = 4/yp/p, at the final
I time T = 0.295. The density snapshot shows the initially circular disk compressed
2 into an elongated ring-shaped structure along the direction of the initial field B;. The
73 Mach number snapshot displays the torsional Alfvén waves launched into the ambient
+ medium. The results agree with those in [41]. This test validates the base scheme
and the cell average limiter is not triggered.

1.0e+01
I ’ ’

3.5e+00

78601

[07 .
06 -
02 !
R 05
10006 < — 00e+00

Fi1G. 2. Rotor problem. Snapshots at T = 0.295. From left to right: density, thermal pressure,
and Mach number.

575

576 4.4. Orszag—Tang test. The Orszag-Tang vortex problem [38] is a classical
577  benchmark for MHD solvers that has been widely used to assess numerical meth-
578 ods [43, 45]. Although the initial conditions are smooth, multiple shocks develop
579 and interact as time evolves, producing a complex turbulent-like flow structure that
580 challenges the robustness of the numerical scheme. The simulation runs to the final
581 time T = 3, providing a stringent test of our algorithm to preserve admissibility over
582 long-time integration.

583 We choose the computational domain Q = [0, 2r1]? with periodic boundary con-
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ditions on all sides. The initial conditions are

—siny —siny
p? =y72, u’ =| sinx |, BY = |sin2x |, and p’=y,
0 0

where the adiabatic index y = 5/3. The domain Q is uniformly partitioned into a
450 X 450 mesh with resolution Ax = 7t/225. The CFL coefficient is 0.7 and the
numerical admissible set tolerance is ¢ = 107Y.

Figure 3 shows the snapshots of density and magnitude of magnetic field at time
t =1,2,3. At t =1, the vortex structure remains relatively coherent and the first
shocks are beginning to form. By t = 2, multiple shocks have developed and begun
to interact, and fine-scale features are visible in both the density and the magnitude
of magnetic field. At ¢t = 3, a fully complex multi-shock pattern has emerged in both
fields, consistent with the expected transition toward turbulence. The results are in
good agreement with those reported in the literature [43, 45, 38].

The CFL coefficient 0.7 is deliberately chosen well beyond the linear stability CFL
to stress the scheme and trigger the cell average limiter. Figure 4 shows the total
number of DY iterations per time step (left) and the convergence of the DY method
in the first RK stage at a representative time (right). To measure convergence, we
run the DY method for sufficiently many iterations to approximate the minimizer X*
and the fixed point Z* numerically. Each minimization problem involves 1.215 million
unknowns (6 X 450 X 450), yet converges in only a few steps with error monotonically
decreasing below the tolerance ¢ = 107?. Asymptotic linear convergence is observed,
consistent with the optimization-based limiter applied to the Euler equations and
compressible Navier-Stokes equations [29, 27].

density p

magnitude of B

F1c. 3. Orszag-Tang test. The snapshots of density field and magnitude of magnetic field are
taken at t = 1,2,3. The cell average limiter is triggered. The complexr wave structures, including
multiple interacting shocks, are well resolved.

4.5. High Mach number astrophysical jet. We simulate a Mach 800 astro-
physical jet governed by the ideal MHD equations with y = 1.4. The jet propagates
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-3 : o XX
vz -z

=

value in log;, scale

number of DY iterations
(SR
s
i

12 v v

>

2 3 0 1 2
simulation time 1 Davis-Yin iteration numbers

Fic. 4. Left: total DY iterations per time step summed over all three RK stages. The limiter
is triggered at 23 time steps throughout the simulation. Right: convergence of the DY iteration in
the first RK stage at time t ~ 0.969.

at extremely high speed into a low-density, low-pressure ambient medium, producing
strong shocks and complex magnetized flow structures. Both density and pressure can
easily become negative, making this a challenging benchmark for invariant-domain-
preserving solvers [41, 43]. The simulation crashes easily without the optimization-
based cell average limiter.

The computational domain is Q = [0, 1.5]X[0, 0.75] with final time T = 0.002. Us-
ing the reflective symmetry of the problem about the x-axis, results are reflected to the
domain [0, 1.5] X [-0.75, 0.75]. The domain is initially filled with the ambient plasma
(p°, u°, p°) = (0.14,0,1). The magnetic field is initialized as B® = (By,0,0)" over the
entire domain. We consider two cases: By = V200 with plasma beta 2p°/IIB°|l5 = 1072,
and Bg = V2000 with plasma beta 1073, On the left boundary, the jet inflow condition

(p, ux, uy, uz, By, By, Bz, p) = (1.4,800,0,0, By, 0,0, 1)

is imposed for {|y| < 0.05}. Let n denote the outward normal. Outside the nozzle
{ly] > 0.05}, the following ambient state

(P/ uX/uy/ Uz, BXIBy/BZI p) = (0141 0/ 0/ O/ BO/ 0/ 0/ 1)

is prescribed when uy, -n < 0 and the outflow condition is applied when uy,-n > 0. The
bottom {y = 0} uses a reflective boundary condition. The right and top boundaries
are treated as outflow. We use P? DG discretization. The domain Q is uniformly
partitioned into 600 X 300 square cells of resolution Ax = 1/400. The TVB limiter
parameter is 110 and the numerical admissible set tolerance ¢ = 1076.

The optimization-based cell average limiter is triggered during the simulation
whenever out-of-bound cell averages appear. To measure convergence, we run the DY
algorithm for sufficiently many iterations to approximate the minimizer X* and the
fixed point Z* numerically. The || X**1/2 — X*||o, and ||Z¥ — Z*||o, at a representative
time step where the algorithm requires the most iterations are shown in the right
subfigure of Figure 5. Similar to what is observed in [29, 27], the DY iteration exhibits
asymptotic linear convergence, resolving the minimization problem efficiently in a
small number of iterations. The left and middle subfigures of Figure 5 show the total
number of DY iterations per time step, summed over all three stages of the SSP RK
time integrator, for both cases. The limiter is triggered at 668093 time steps for
Bo = V200 and at 1217125 time steps for By = V2000, with at most 6 and 8 iterations
per step, respectively.

Figure 6 shows the density p and pressure p in log;q scale, and the magnetic
pressure 3||Blf3, at T = 0.002 for both cases. Our simulations complete without
negative density or pressure throughout. The bow shock and jet head location are
consistent with those in [41], confirming the global conservation is preserved. The
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optimization-based cell average limiter enforces admissibility by modifying the cell
averages by the least amount necessary in L? norm and the scheme remains robust
with linear stability CFL.

case: By= VIO, = 102 case: By = V3000, f = 10
oI =X

vz =2

EN

.
i

number of DY iterations

number of DY iterations

— e e oo e o
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5%10 15%107 TX 107 I5%107 %107 0

X107 I 2 3
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X

Fi1G. 5. Left: total DY iterations per time step for By = V200. Middle: total DY iterations
per time step for Bog = V2000. Right: DY convergence for case Bg = Y2000 when processing out-of-
bound cell averages in the first RK stage at t ~ 1.7760 X 1073, The asymptotic linear convergence is
observed.

1.1e+00

-1.5e+00
1.2e+04

-1.0e01 -1.0e-01

F1c. 6. High Mach number astrophysical jet. Snapshots are taken at T = 0.002. Top to bottom:
density p in logyo scale, magnetic pressure %llBllg, and pressure p in logyy scale. Left: Bo = V200

with plasma beta 1072. Right: By = V2000 with plasma beta 1073. The stronger magnetic field
(plasma beta 1073) produces a more collimated jet structure.

4.6. Efficiency of the slicing algorithm. To assess the efficiency of the slicing
algorithm on physically realistic test data, we extract 10° out-of-bound cell averages
from each of the two astrophysical jet simulations in Section 4.5, with By = V200 and
By = V2000, on a 600 X 300 mesh with numerical admissible set tolerance & = 1076.
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The Brent method is terminated with absolute tolerance 1074 and relative tolerance
107'2. All projected points are confirmed admissible in both cases.

Figure 7 shows histograms of the number of calls to the Euler admissible set
projection per MHD projection. For By = V200, the call count ranges from 16 to 35
with mean 27.34 and standard deviation 2.40. For By = V2000, the call count ranges
from 16 to 32 with mean 27.00 and standard deviation 3.23. The total wall-clock
time for 10 projections is approximately 5.82 microseconds per MHD projection for
By = V200 and 5.22 microseconds per MHD projection for By = ¥2000, measured
on a single core of an AMD EPYC 7742 processor (Bridges-2 cluster, PSC). In these
tests, each MHD projection requires only a small number of evaluations of the Euler
admissible set projection, and each such evaluation is computed in closed form.

30 x 10¢
35 % 10*

2% x 104
210 30 % 10"

20 x 10¢ 25 x 104

count

15 % 10*

ample

15 x 10
%10 x 10' =

st

10 % 10*

5 1
5% 10 5 x 104

0 0

33 [T 21 24 27 30 33
ler

[T 21 24 27 30 2 :
number of calls to project to Euler admissible set

number of calls to project to Euler admissible set

Fic. 7. Histograms of the number of calls to the Euler admissible set projection per MHD
projection. A total of 108 cell averages outside the MHD admissible set are extracted from each as-
trophysical jet simulation. The y-axis records the number of out-of-bound cell averages that required

each particular number of Euler admissible set projection calls. Left: the case of Bp = V200. Right:
the case of Bg = V2000.

5. Conclusions. We have developed an optimization-based cell average limiter
that restores admissibility for high-order DG schemes applied to the ideal MHD equa-
tions. Our main theoretical contribution is the reduction of the projection onto the
MHD admissible set G* to a one-dimensional minimization in the magnetic energy
B = |IB|Z, with a strictly convex and continuous reduced objective on a bounded
search interval. We prove that the limiter preserves the order of accuracy, and nu-
merical experiments show robust performance on demanding MHD benchmarks.

Our limiter addresses admissibility restoration only. A remaining issue is how
to combine it with a discrete divergence-free preservation scheme in a structure-
preserving and conservative way. It would also be interesting to extend the framework
to resistive MHD and relativistic MHD, where the admissible set has additional struc-
ture.
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Appendix A. Projection onto set FE . The derivation of the closed-form

projection formula onto the compressible Euler-like admissible set follows [29, Appen-
dix] for one to three space dimensions. Here, we present the two-dimensional case for
brevity. The three-dimensional case can be derived in a similar way.
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Given (u,v1,v2,w) ¢ F;, we derive the projection point using the KKT condi-
tions. Without loss of generality, let us assume |v1]| = |v3|. The resulting algorithm is
summarized below.

e The point (¢,01,v, w) is a candidate, if # < & and w — 5-(v] +v3) > € + b

5.

B

5.

e If v1,v5 # 0, solve the cubic equation am% + (4e? + ef — 2ew)my — 2e%v; = 0
with @ = 1+ v2/0? to obtain all real roots. Examine each real root individually.

e The point (&,0,0, ¢ + g) is a candidate, if u < €, v; =0,v2 =0, and w < € +

Let m1, denote a real root. Then the point (¢, my,, Z—fmlr, 2“—8111%, + €&+ g) is a
candidate, if rZ—iy > 1 and 2eu + amy,(v1 — my,) < 22
B

e The point (#,0,0, € + g) is a candidate, if u > ¢, v; =0,v2 =0, and w < ¢ + 5.

e Compute p; and ps using the following formulas only if they are real.

1 \/u2(20f +1(e+ g +u—w)?) - 2uvi(w — ¢ - g) +av]

P "
1=73 ’
2 2
\/205+%(e+§+u—w)2
u 1\/L12(212%+%(.5+g+u—w)2)—2uvf(w—e—§)+av‘11
p2=5 -3 :
2 2

\/2Uf+%(e+g+u—w)2

For real values of p; and p2, compute my, and myg using the following formulas
only if they are real.

1 1
mia(p) = 591~ %\/—8@02 + 8aup + a?v}

1 1
and  mg(p) = JuLt %\/—Sa;ﬂ +8aup + a?vi.

Then, for real points:

2
— The point (p1, Mm1a(p1), z—’:‘mm(pl), e+ g + a%) is a candidate, if p; > €
2
and ¢ + g + a—mlg(p‘zl) > w.
2
— The point (pa, M1a(p2), Zmi(p2), € + 4 +aw is a candidate, if po > €
p ,D (2 p 2 2p2 p
2
and ¢ + g + a—mlggﬁ) > w.
2
— The point (p1, mig(p1), Z—fmlﬁ(pl), e+ g + amlg(ppll) ) is a candidate, if p; > ¢
.. B mip(p1)?
andé+§+aT>w.
2
— The point (p2, m1g(p2), %mlﬁ(pg), &+ g + a%) is a candidate, if pp > ¢
.. B mag(p2)?
and € + 5 + HT > w

Pick the point from the candidates that minimizes the distance to (1, v1, v, w), which
gives the projection point.

Remark A.1. For numerical stability, the computation of the factor a =1 +v§/v%
must avoid division by a small denominator. Note that the two momentum compo-
nents play symmetric roles. If |vs]| > |v1], we instead work with the variable ms. The
corresponding formulas are derived analogously and omitted for brevity.
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Appendix B. Brent method. Consider a continuous convex function f(x) on
a closed interval [a,b]. Assume that the derivative of f is not available. We utilize
the Brent method [3, Section 5] to compute its minimizer. Given absolute tolerance

€abs = 10714, relative tolerance €, = 107'2, and golden ratio ¢ = %g’ the algorithm
is as follows.

Input: lower bound a, upper bound b, and the objective function f(x)
Initialize: let s, = a, sy = b, and m = %(11 +b). Set e =0, d =0, and

x=a+cb-a), w=x, v=2x,

fx = f(x)/ fw = fx; fv = fx~

Compute tolerance tol = €.¢1|x|+€aps. If stopping criterion |x—m| < 2tol—%(sb—sa)
is satisfied, then return x. Otherwise enter into the following iterative loop until
convergence.
loop

Step 1. Compute middle point m = %(sa +sp). If |e] > tol, compute

r=x-w)fx— fo),
q= (x - v)(fx - fw)r
p=kx-v)g-(x-w)r,
q=2(q-r)
If g > 0, set p « —p; else set g « —q. Store previous step 7, «<— e and update
e «—d.
Step 2. If |p| < %|qr6| and q(s; —x) < p < g(sp — x), apply inverse parabolic
interpolation. Update: d = % and u = x +d.
Otherwise, apply Golden section update: if x < m, set e = s, — x; else set
e =s, —x. Update d = ce.
Step 3. Enforce minimum displacement: if |d| > tol, set u = x + d; else, set
u = x+tol-sgn(d).
Step 4. Let f, = f(u). Update searching interval and interpolation points.
if f, < fi:
Update sp « x when u < x; otherwise, update s, < x when u > x. Set
0w, fv — fw;
w X, fw — fx/
X<—u, fre— fu.

else
Update s, « u when u < x; otherwise, update s; «— u when u > x. Set

if fu wa orw =x: (v/fv)<_(w/fw)/ (w/fw)<_(urfu)r
if fu<fporv=xorv=w: (v,fy) < U, fu).
end if
end loop
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