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A MONOTONE @' FINITE ELEMENT METHOD FOR
ANISOTROPIC ELLIPTIC EQUATIONS

HAO LI * AND XIANGXIONG ZHANG 1

Abstract. We construct a monotone continuous Q! finite element method on the uniform
mesh for the anisotropic diffusion problem with a diagonally dominant diffusion coefficient matrix.
The monotonicity implies the discrete maximum principle. Convergence of the new scheme is rigor-
ously proven. On quadrilateral meshes, the matrix coefficient conditions translate into specific mesh
constraints.

Key words. Inverse positivity, Q! finite element method, monotonicity, discrete maximum
principle, anisotropic diffusion
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1. Introduction.

1.1. Monotonicity and discrete maximum principle. Consider solving the
following elliptic equation on Q = (0,1)? with Dirichlet boundary conditions:

(1) Lu=-V-(aVu)+cu=f on €,
’ u=g on 0J9,

where the diffusion matrix a(x) € R**?, ¢(x), f(x) and g(x) are sufficiently smooth
functions over Q or 9f). We assume that Vx € {2, a(x) is symmetric and uniformly
positive definite on €. In the literature, (1.1) is called a heterogeneous anisotropic
diffusion problem when the eigenvalues of a(x) are unequal and vary over on 2. For
a smooth function u € C?(2) N C(Q), a maximum principle holds [8]:

Lu<0 on Q = maxu<max{0,rrél}%xu}.
Q

In particular,

(1.2) Lu=0in Q = |u(x)| < max lu|, V(x)eQ.

The anisotropic diffusion problem (1.1) arises from various areas of science and
engineering, including plasma physics, Lagrangian hydrodynamics, and image pro-
cessing. To avoid spurious oscillations or non-physical numerical solution, it is de-
sired to have numerical schemes to satisfy (1.2) in the discrete sense. We are in-
terested in a linear approximation to £ which can be represented as a matrix L.
The matrix Ly is called monotone if its inverse only has nonnegative entries, i.e.,
L;l > 0. Monotonicity of the scheme is a sufficient condition for the discrete max-
imum principle and has various applications espeically for parabolic problems, see
[1, 34, 15, 10, 32, 22, 7, 6, 23, 22, 14, 17].
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2 H. LI AND X. ZHANG

1.2. Monotone schemes for anisotropic diffusion equations. Monotone
(or positive-type in some literature) numerical methods for problem (1.1) have received
considerable attention, e.g., see [12, 18, 19, 20, 21, 26, 35, 31, 13, 2, 28]. The major
efforts of studying linear monotone schemes take advantage of M-matrix (see [30] for
the definition), either by showing the coefficient matrix is M-matrix directly or the
coefficient matrix can be factorized into a product of M-matrices. In the following, we
call a numerical scheme satisfying M -matriz property if the corresponding coefficient
matrix is an M-matrix.

By factorizing the stiffness matrix into a product of M-matrices, the monotonocity
can still be ensured. For a nine-point scheme on a two-dimensional quadrilateral grid,
the matrix condition for monotonicity with specific splitting strategy in [29] aligns
with the Lorenz’s condition presented in [24, 15]. The difference is that in [24, 15],
only the existence of the factorization was proved while in [29] the exact matrix
factorization was found explicitly.

In [27], it is proved that a monotone finite difference scheme exists for any lin-
ear second-order elliptic problem on fine enough uniform mesh but a finite difference
method with fixed stencil for all the problems satisfying the M-matrix property does
not exist. With nonnegative directional splittings, [33, 9, 28] propose to construct
finite difference schemes for elliptic operators in the non-divergence form and diver-
gence form. Particularly in [28], it is shown that a monotone scheme satisfying the
M-matrix property can be constructed for continuous diffusion matrix for sufficiently
fine mesh and sufficiently large finite difference stencil.

In [18], for the P! finite elements in two and three dimensions, the author gen-
eralized the well known non-obtuse angle condition for anisotropic diffusion problem
in the sense to have the dihedral angles of all mesh elements, measured in a metric
depending on a(x), be non-obtuse. It reduces to the non-obtuse angle condition for
isotropic diffusion matrices when a(x) = a(x)I, where I is the identity matrix. The
formulation was also utilized in [18] for the construction of the so called M-uniform
meshes on which the numerical scheme is monotone. The approach to show mono-
tonicity in [18] is to write the global matrix as the sum of local contributions. In
[11], the Delaunay condition is extended to anisotropic diffusion problems through a
refined analysis studying the whole stiffness matrix for the two-dimensional situation.
The analysis of [18] was extended to the anisotropic diffusion—convection-reaction
problems in [25].

For the Q' finite elements, research on monotonicity has predominantly been
focused on meshes whose elements are rectangular blocks. For the two-dimensional
Poisson equation, it was noted in [3] that the M-matrix property is violated when the
aspect ratio, i.e. the ratio between the length of the longer edge and the shorter edge
of the element, becomes excessively large. Then the discrete maximum principle is
not guaranteed.

1.3. Contributions and organization of the paper. It is well known that
the second-order accurate linear schemes, such as mixed finite element and multi-
point flux approximation, do not always satisfy monotonicity on distorted meshes or
with high anisotropy ratio. In this paper, we construct a monotone Q" finite element
method for solving the equation (1.1), which is second-order accurate for function
values.

To analyze the monotonicity of the stiffness matrix, we approximate integrals
with a specific quadrature rule, particularly, the linear combination of the trapezoid
rule and midpoint rule. Then we demonstrate that the continuous Q' finite element
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MONOTONE Q! FEM 3

method with the specific quadrature rule, when applied to the anisotropic diffusion
problem on a uniform mesh, ensures monotonicity for the problem with a diagonally
dominant diffusion coefficient matrix. The method is linear and second-order accurate.
The convergence of the function values for this method is rigorously proven. The
coefficient constraints become mesh constraints when this Q' finite element method
is applied on general quadrilateral meshes.

This paper is organized as follows. In Section 2, we introduce the notations and
review some standard quadrature error estimates. In Section 3, we derive the Q!
scheme for anisotropic diffusion equation with Dirichlet boundary condition and the
coefficient constraints for the stiffness matrix to be an M-matrix. In Section 4, the
convergence rate of function values is proved. In Section 5, we discuss the extension
to general quadrilateral meshes. Numerical results are given in Section 6.

2. Preliminaries.

2.1. Notation and tools. We introduce some notation and useful tools as fol-
lows.

e For the problem dimension d, though we only consider the case d = 2, some-
times we keep the general notation d to illustrate how the results are influ-
enced by the dimension.

e For the Q! finite element space, i.e., tensor product of linear polynomials, the
local space is defined on a reference element K, e.g., K = [0,1]2. Then, the
finite element space on a physical mesh element e is given by the reference
map from K to e. The reference element K is as Figure 1.

(0,1) (1,1)

(0,0) (1,0)
F1G. 1. The reference element.

On a reference element K, we have the Lagrangian basis ¢¢,0, ¢0,1, ¢1,1,%1,0
as

(2.1)

¢0,0 = (1—21)(1—22), ¢30,1 = (1—-21)2o, ¢31,1 = 129, <ZA51,0 = &1 (1—29).

e We will use ” for a function to emphasize the function is defined on or trans-
formed to the reference element K from a physical mesh element.
e For a quadrilateral element e, we assume F, = (Fel,FQQ)T is the bilinear

mapping such that F.(K) = e. Let ¢;;, 4,5 = 0,1 be the vertices of the
quadrilateral element e. The mapping F. can be written as

e QUK) = {p(x) = Z;:O Z;leijéi,j(i)7 S K} is the set of Q! polynomi-

als on the reference element K.
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Q(e) = {Uh € H*(e): v, oF, € Ql(f()} is the set of Q! polynomials on an
element e.

Vi = {p(x) € H' (W) : p|, € Q*(e), Ve € Q} denotes the continuous Q*
finite element space on €2y,

V[)h:{vhth:vhzoonaQ}

Let (f,v). denote the inner product in L?(e) and (f,v) denote the inner
product in L*(Q):

(f,v Ef/fvdx (f,v) /fvdX— (f,0)e.

Let (f,v)c,n denote the approximation to (f,v). by the mixed quadrature
defined in (2.6) over element e with some specified quadrature parameter and
(f,v)p denotes the approximation to (f,v) by

<fa v>h = Z<fav>e,h

€

Let E(f) denote the quadrature error for integrating f(x) on element e. Let
E(f) denote the quadrature error for integrating f(%) = f (F.(X)) on the
reference element K. Then E(f) = h*E(f) on uniform rectangular mesh
with mesh size h.

e The norm and semi-norms for W*P(Q) and 1 < p < +oo, with standard
modification for p = 400 :

1/p
e DO AR RIS
i+i<k
1/p
i =| 3 [ 1000t an) x|
i+j=k
1/p
[u]k,p,0 :< u(wy, T2 ‘ dX+/ ’ u(ry, T2 ] dx) .
e In the special case where w = 0, we drop the subscript, i.e. (-,-) := (,")a
and || - [| = || - [|o-

e For any v, € V"1 < p < 400 and k > 1, we will abuse the notation to
denote the broken Sobolev norm and semi-norms by the following symbols

1

lvnlly pa = (Z onlly . e) ;
1
P
‘U’l|k,p,9 = (Z |Uh|£,p,6> ’

e

[”h]k,p,sz = (Z[ h]k D, e) p :

e

e For simplicity, sometimes we may use ||u||x q,|ulxo and [u]x o denote norm
and semi-norms for H*(Q2) = W*2(Q). When there is no confusion, Q may
be dropped in the norm and semi-norms, e.g., ||ullx := ||ul/x o
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Inverse estimates for polynomials: there exists a constant C; > 0, indepen-
dent of h and e, such that for

||vh||k+1 <Crht lonll,, Yo € Vi k> 0.

Elliptic regularity holds for the problem (3.1):
lull2 < C fllo

e Let €y, is a finite element mesh for 2. For each element e € Qj,, we denote
a. = (a¥) as an approximation to the average of a on element e, i.e. a¥ =
m fe a’?dx. Then we define piece-wise constant function a on {2 as

Q|

(x)=a,, forxece.

Define the projection operator IT; : 4 € L' (K) — 114 € Q(K) by

(2.2) /K (ﬁla) wdk = /K abdx, Vi € QY(K).

Observe that all degrees of freedom of 1,4 can be expressed as a linear
combination of [ Gpdx where p(x) takes the forms 1, &1, &2, and Z125. This

implies that the H'(K) (or H2(K)) norm of II,a is dictated by Sz updx.
Utilizing the Cauchy-Schwartz inequality, we deduce:

‘/ apdk| <
i

From which it follows that:

C”“Hoz}(

||H1aH1,2,f< < CH“E‘HO,Q,I%

This establishes that IT; acts as a continuous linear mapping from L?(K) to
HY(K). Similarly, by extending this argument, we can also demonstrate that
I1, is a continuous linear mapping from L?(K) to H2(K).

e We denote all the the vertices of €, inside © by x;, j = 1,..., N;, and all the
the vertices of 0, on 9Q by x;, j = Np+1,..., Ny +N,‘?. The corresponding
Lagrange basis functions in V}, are denoted by ¢;, i =1,... N, + N ;? , which
are continuous in €2, linear polynomials in each element e and

@i (xj) =0i5, 4,j=1,...,Ny+ NP

2.2. Mixed quadrature. To analyze and impose the monotonicity of the stiff-
ness matrix, we will use numerical quadrature rules to approximate integrals. As we
will see, the choice of quadrature rules can significantly affect the monotonicity of the
numerical schemes.

For a one-dimensional integral of function f over the interval [0, 1], we can approx-
imate fol f(&)dz using either the trapezoid rule, given by w, or the midpoint
rule, f (%) Both quadrature offer second-order accuracy. We will use the linear
combination of these two kinds of quadrature as follows:

WO+ () )+f( ) B 1
(2.3) / A R (2>
:wlf(fl) + wgf(fz) + dlsf(él)a
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6 H. LI AND X. ZHANG

where A is a parameter to be determined and

(2.4) @1:%, Wy =1-—\, @3:%, & =0, 52:%, &= 1.
When A = 1, the mixed quadrature recovers the trapezoid rule and when A = 0 the
mixed quadrature recovers the midpoint rule.

To approximate integration on square &', we may use the mixed quadrature (2.3)
with different parameters A\' and A\? for different dimension z; and x» respectively.
By Fubini’s theorem,

/Kf(fc)dfc = /01 /01 f(&1,82)dE1dZo = /01 (/01 f(gﬁl,ig)dQEg) dz,
:/01 (iwif (flfq)) 5= 30 (iaéf (5@&;)) Sy e (6:6)-
g=1 p=1 q=1 p=1g=1

where wf are just w; but replacing A with A in (2.4) fori =1,2,3, j = 1,2.

On the reference element K , for convenience, to denote the above quadrature
for integral approximation with parameter A = (/\1,)\2), we will use the following
notation

3 3
(25) [ Fodkx =3 alair (6.6).
p=1g¢=1

Given the quadrature parameter A, = ( AL )\g)7 the quadrature approximation to
[, f(x)dx is denoted as

(2.6) /f(x)d};\ex::/kfoFe(k)d’}\eX.

Then we define the quadrature approximation over the entire domain 2 as

(2.7) /Q fdox =" [ fdi x,

ecQy, V€

where Aq = ()‘e)eeﬂh can be viewed as a vector-valued piece-wise constant function,
with values A, which differ across different elements.

As a particular instance, fQ fd?x denotes the case A, = (1,0) for all e € Qy, i.e.
the integral on each element are approximated by the trapezoid rule in all directions.

2.3. Quadrature error estimates. The Bramble-Hilbert Lemma for Q* poly-
nomials can be stated as follows, see Exercise 3.1.1 and Theorem 4.1.3 in [5]:

THEOREM 2.1. If a continuous linear mapping I1: H*Y(K) — H"Y(K) satis-
fies 1o = 0 for any © € Q¥(K), then

(2.8) | —Tal, g < Clily g g Vi€ HY(K).
Therefore if I(-) is a continuous linear form on the space HMY(K) satisfying 1(0) =
0, Vi € QF(K), then

@)l < ClUl,y glilyyrz Vi€ HYHEK),

_ is the norm in the dual space of H*(K).

where HlH;chl,K
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By applying Bramble-Hilbert Lemma, we have the following quadrature estimates.

LEMMA 2.2. For a sufficiently smooth function a € H?(e), we have
(2.9) /adx — /adhx =0 (h2+g) [a]2,e = O (h2+d) [a]2,00,e
(2.10) /adx - /Ztedx =0 (h2+g) [a]2,e = O (B*1?) [a]2,00,

e e

Proof. For any f € H Q(K ), since quadrature are represented by point values,
with the Sobolev’s embedding we have

BN < Olflo,,ic < CllFllo o1

Therefore E(-) is a continuous linear form on H2(K) and E(f) = 0 if f € Q'(K).
Then the Bramble-Hilbert lemma implies

|B(a)] = K| E(@)| < Ch¥faly 5 1 = O (*7F) [ala.c = O (h*) [a]2,00.0

LEMMA 2.3. If f € H%(Q), Yo, € V!, we have
(f.on) = (f,vn)y, = O (B2) I fll2 llonll; -
Proof. Applying Theorem 2.1, on element e, with 6 ”" “ vanish, we obtain:
(f”) = th(f@h) < Chd[f@h]z,z,f(
<Ch (1l 10010 0o ¢ + 1 211901 e )
(

<Ch?

|f|2727f(|6h|0,2,1§' + |f‘1,2,f(|ﬁh|1,2,f(>
W2 (| f]2.2,e e+ 1fl2elvnli2e) = O (h®)

By sum the above result over all elements of €, then we conclude with
(f,on) = (fron)y, = O (W) [ f 112wl -
LEMMA 2.4. Ifu € H3(e), fori,j = 1,2, then Yoy,
/uzi (Vn) e, dx — /um (Vn)e, déﬁcx =0 (h2)

Proof. Applying Theorem 2.1, we obtain:

ellvnllye -

E(uwz (Uh)wj) = hd_2E<’ll5“ (ﬁh)ij) < Ch’d_2[ﬁ’ii (/ﬁh)ij]2}27f{
<Chi-2 <|uz

s, 1,2,K|(ﬁh)i1 |1,oo,f( + |am 0,2,R|(@h)ij |2,oo,f(>

2,2,1‘<|(f’h)ij

Schd72

2,2,K|(ﬁh)ij ‘0,2,1% + mrz|12K|(@h)% |1,2,i< + lag, o,2,f(|(ﬁh)ij |2,2,f()

where the second last inequality is implied by the equivalence of norms over Ql(k )

and in the last inequality we use the fact that the third derivative of Q' polynomial
vanish.

/N 7 N

SChd—?

|a|3,2,f< 0
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Therefore,
O
E(ug, (vn)z;) < Ch® (Juls 2,e|vnl12. + [ul22.clvnl2.2.c) = O (B?) [[ulls.c lonll,.. -
LEMMA 2.5. If f € H*(Q) or f € V", Yo, we have
(fsvn) = (fron)y, = O (W) I Fll2 llonll, -
Proof. As in the proof of Lemma 2.3, we have
O

E(fv) =0 (0?) I fllz.c lonll, -

By applying the inverse estimate to polynomial v, we have

E(fv) = O () [ fll2.e llonllo.e -

Summing the previous result across all elements in €, we conclude:
(fson) = (fron)y, = O () [ fll2 lvnllo -

3. The Q' finite element method and its monotonicity. In this section,
we first derive the Q' finite element scheme then pursue its monotonicity.

3.1. Derivation of the scheme. For problem (1.1), assuming there is a func-
tion g € H'(2) as an extension of g so that g|,q, = g, the variational form of (1.1) is
to find @ = u — g € Hg () satisfying

(3.1) A(u,v) = (f,v) — A(g,v), Yve Hé(Q),

where A(u,v) = [,aVu - Vodx + [, cuvdx, (f,v) = [, fvdx.

Let VJ* C H(Q) be the continuous finite element space consisting of piece-wise
Q" polynomials. To have a second-order monotone method, we first approximate the
matrix coefficients a = (a%/(x)) by either its average ﬁs(e) fe adx or its middle point
value on each element e. The approximation is denoted by a.. Then we obtain the
modified bilinear form

fl(um):/ﬁVu-Vvdx—&-/cuvdx,
Q

Q

where 8 = (&c).cq,- In practice, we take & to be the middle point value of a on
element e for smooth enough a and fine enough mesh €2,.

By approximating integrals in A(u,v) with quadrature specified in (2.7), along
with designated quadrature parameter Ag, we derive the following numerical scheme:
find uy, € V{* satisfying

(3.2) Ap(un,vn) = (f,on)n — An(gr,vn), Von € VI,

where the approximated bilinear form is defined as

(3.3) Ah(uh,vh) = /

aVuy, - Vvhdf‘\x + / cuhvhd’fx.
Q

Q
The right hand side is defined as

(34) <f,1}h>h Z:/Qf?)hdillx,

This manuscript is for review purposes only.
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MONOTONE Q! FEM 9

and g; € V" is the piece-wise Q' Lagrangian interpolation polynomial of the following

function: (29) € ( )2
/o if  (xz,y) €(0,1
g, y) = { g(z,y), if (z,y) € .

Then @, = up, + g5 is the numerical solution for the problem (1.1).

Obviously the quadrature parameters A = (A!,A\?) on each element are to be
determined for the quadrature (2.6). It is not obvious that the numerical solution
up, 18 an accurate approximation of the exact solution u as a varies depending on the
mesh.

Let us denote f the vector comsisting of f; = f(x;) for i = 1,...,N, and f

an abstract vector consisting of f; for ¢ = 1,..., N, and the boundary condition
gi = g(x;) at the boundary grid points ¢ = N, +1,..., Nj + N}?. Besides, we denote
U= (u1,...,up, +yo) the vector such that

Nyn+Np

Up = E Ui P
i=1

Then scheme (3.2) can be written as a finite difference scheme [16], with the matrix
vector representation A = Mf where A = (aij)th(Nh—f-N,‘?)’ a;j = An(pj, ¢i), i =
1,...,Np,j=1,...,Np + N;?, and M is the lumped mass matrix. For convenience,
after inverting the lumped mass matrix M, with the boundary conditions, the whole
scheme can be represented in a matrix vector form

(3.5) Ehﬁ = f,
where

(Lot), = (M1 A0), = fi, i=1,...,Np,
=U; = gy, i:Nh-i-l,...,Nh—l—N}?.
3.2. Discrete maximum principle. In this subsection, we review how the

monotonicity implies the discrete maximum principle. For the matrix form (3.5) of
the scheme (3.2), with

T T
T o _
u:(ul,...,uNh) 5 u = (uNh+1,...7uNh+N}?) 5 u:(ul,...,uNthNS) s

we have the finite difference operator £, defined by Ly,

I L, B?\ _ u\ - [(f
= L = f L = = f = .
‘Ch(u) pua ; h ( 0 I ) , U <u8)7 (g)

The discrete maximum principle is

(3.6) Ly(0); <0,1<i< N, = maxu; < max < 0, max Ui p -
? Np+1<i<Np+NpP

The following result was proven in [4]:

THEOREM 3.1. A finite difference operator Ly, satisfies the discrete mazimum
principle (3.6) if L,:l >0 and all row sums of Ly are non-negative.

This manuscript is for review purposes only.
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3.3. Monotonicity of theﬁQ1 finite element. To have the monotonicity, we
are interested in conditions for L; being an M-matrix. Recall a sufficient condition
for M-matrix, see condition Ciq in [30]:

LEMMA 3.2. For a real irreducible square matriz A with positive diagonal entries
and non-positive off-diagonal entries, A is a nonsingular M -matriz if all the row sums
of A are non-negative and at least one row sum is positive.

Then we have the following result on the uniform rectangular mesh. The stiffness
matrix of (3.2) is denoted as A = (a;;) = (An(pj,%i)), 4,7 =1,..., Np.

THEOREM 3.3.

Assume Ve € Qp,, |al?| < min{all,a??}. Then for the Q* scheme

given by (3.2) for the elliptic equation (1.1) on uniform rectangular mesh, the stiffness
matriz and Ly, are M-matrices and the finite difference operator defined by Ly, satisfies
discrete mazimum principle, provided the quadrature parameters for each element e

are chosen as:

(3.7)

=11 =22 ~12

)\1 )\2 c (|ae — Qe ‘ o 2|a |
er e ~11 722 7 ~11 722
Qe + Qe Qe + Qe

When |al?| = min{all,a??}, (3.7) means we take AL, A2 to be the upper bound of the

interval, i.e. 1 — -9 )
interval, i.e. 1 — Zrze .

Proof. First, we consider the following quadrature approximation results on the
reference element K. With quadrature (2.5) and quadrature parameter A, = ()\i, )\5),

we have

(aVo,0, Voo,1)n = (@Ve1,1, Vor,0)n = —i(ﬁ@él +Aal?) + i(ail —az’),
(aVo,0,Vo1,0)n = (@Vo,1, Vor,1)n = —i()\iaél +Aeal?) + i(a? agt),
(@600, Vorahn = =1 (1= X)att + (1 - \a) - Sak,
(@00, Voroh = — (1= N)all + (1 - A)a2) + al”.
zNit;n (3.7) and the assumption |al?| < min{all,a??}, we have
3.8
(aVeo,0, Vdo,1)n = (8Vo11, Vo100 € B (|al?| — a2?) ,i(dél —a?? — |alt

(aVeo,0, Vér,00n =

1
(aVo,1, Vor1)n € { (lat?| —al') 71(552 —alt —lalt —a2?|
1 222 _12 L 190, -12
(aVeo,0, Vor1,1)n € 5(111111{@ a. } —a, ),—5(\% | +a.”)|,

1 L B 1
(aVeo,1, Vdr,00n € (—2(mm{aé17a§2} +a?), - 2(\a12| 12)} 7

which are all non-positive. Again, when |al?| = min{al!,a??}, we will take the above
values as the bound of the closed side of the interval.

Given 4,5 € {1,...,

Np+ N ,‘2}, obviously, if both x; and x; are vertices of the
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same elements e, then we have

ij — Ah(@j? QOZ)
_ Z /av% V@Zd)‘ x+/c<pjgazd1x
eeQy,
(3.9) = Z / ave; - Vids, x+/A éppidix
eeQy,
= Z / ana] thzdk x+f éppidix
i,j€e
where ). _jee means summation over all elements e containing both vertices 4 and j.

Notice that fK éQjpidix vanish if i # j and fK anoJ Vgpldh x aligns with one
of the values in (3.8) depending on their relatlve positions. Therefore for i # j, with

(3.7) and the assumption |al?| < min{al!,a??} we have
(310) zy = Z / aV(p] V(Pzd)\ x <0.
i,j€e
For i =1,..., Ny, we note that
Np+N7 Np+N7)
(3.11) > A= > Aulgjei) = An(l @) = Ce; >0,
=1 j=1

where C is a certain positive number and ¢; = ¢(x;) > 0. If x; has no neighboring

node on the boundary, by Zjvz’l A = Zjvth" A;; and (3.11), the i-th row sum of
A is non-negative. Therefore, we have

Np,
(3.12) Aii > Z |Ai] -

j=1,j#i

If x; has a neighboring node on the boundary, with (3.11) and EN’L A > ZNh'HVh
due to A;; <0 for i # j, we do have (3.12) holds. When x; has two nelghborlng node
on the boundary, based on (3.8), among the two neighboring nodes on the boundary
of x;, there exists nodes x; with I € {N, +1,..., N + N}?} such that A; < 0. Then
we have

Ny Np+N?

A= > Ayj— Ay >0.
j=1 j=1

Therefore, the stiffness matrix A is an M-matrix. Since the lumped mass ma-
trix is diagonal and entry-wise positive, with A;; < 0 and noticing that E;l =
( Lt -L,;'B?
0 1
Theorem 3.1 we obtain the finite difference operator defined by Lj, satisfies discrete

maximum principle. 0

), we conclude Ly is also an M-matrix. Then with (3.11) and
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REMARK 1. For each element e, the choice in (3.7) make A\, \2 > 0, which im-
plies the V" -ellipticity of the bilinear form (3.3) discussed in Section j.2. Therefore,
we can assure of V" -ellipticity and the stiffness matriz being an M-matriz simultane-
ously.

REMARK 2. The constraint on the coefficient, |al?| < min{all,a??}, aligns with
the condition for rendering the stiffness matriz as an M-matriz in the seven-point
stencil control volume method with optimal optimal monotonicity region in the case
of homogeneous medium and uniform mesh in [29]. In [28], the authors show that
a three-by-three stencil can be used to construct monotone finite difference schemes
under the assumption |a*?| < min{a'!, a??}.

REMARK 3. If the domain is not convez, e.g., an L-shaped domain, as long as it
can be partitioned by uniform square meshes satisfying the coefficients constraints or
quadrilateral meshes satisfying the mesh constraints derived in Section 5, the stiffness
matriz s still an M-matriz and the monotonicity holds. But the a priori error esti-
mates in Section 4 might no longer hold due to possible loss of the elliptic reqularity
on a nonconver domain.

REMARK 4. The choice of the quadrature parameters in (3.7) is sharp to enforce
the Ly being an M-matriz but not for monotonicity since M-matrix property is just
a sufficient but not necessary condition for monotonicity.

4. Convergence of the Q' finite element method with mixed quadra-
ture. In this section, we prove the second-order accuracy of the scheme (3.2) on
uniform rectangular mesh. For simplicity we only prove result for the problem with
homogeneous Dirichlet boundary condition, i.e. ¢ = 0. For convenience, in this sec-
tion, we may drop the subscript h in a test function v, € V*. When there is no
confusion, we may also drop dx or dX in a integral.

4.1. Approximation error estimate of bilinear forms. In this subsection,
we estimate the approximation error of Ay (u,v) to A(u,v).

THEOREM 4.1. Assume a',c € W%>(Q) for i,j = 1,2 and u € H3(Q), then
Yo € VP, on element e, we have

(4.1) /(aVu)-Vvdx—/(QEVu)-Vvd};\ex —O()|[ulls.e [0]z.e,
(4.2) /cuvdx - /cuvd}fx =0 (B?) [[ull2,e[[v]|2,e-

Proof. For k,l =1,2 and function a € W%>(e), we have

- h
/auzkvmdx— /aeuzkvmdAEX
e €

(4.3) :/(a — T ) Uz, Vg, dX + T (/ Uy, Vg, dX — /uzkvmd’}\ex>

= /(a — Q) Uy Vg AX + G B (U, V35, ).

€
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MONOTONE Q! FEM 13

For the first term,
/(a — Qe ) Uy, Vg, dX
(44) = /(a — G ) (Ugpy Vg, — Uz Uy )AX + /(a — Q) Uz, Uz, dX

1 _
0,1,e + W /e(a - ae)dx/euxkvmldx.

By Poincare inequality and Cauchy-Schwartz inequality, we have

§||a - ‘_16||070076||uf6kv$1 = Uz, Vg,

la — d€||07007€||uxkvxl — Ug), Vg, ||0,1,e

(4.5)
:O(h2)||a| 1ooe ||V (umkvzz)llo,l,e = O(hg)H“”Ze”UH?,e'

By Lemma 2.2 and Cauchy-Schwartz inequality

1 _
meas(e)/e(a—ae)dx/euxkvxldx

h2+d

:m[a]zw,euum ||0,e||vrz ”076 =0 (h2) [|lu

(4.6)

Lellvll1,e

where in the last equation meas(e) = O(h?) is also used. Therefore, we have the
estimate of the first term of (4.3):

|2,ellv]l2,e-

(47) /m—@mu%@xzom%mmmaw

For the second term of (4.3), by Lemma 2.4, we obtain

@8) [ ondx = [ oo ondhx = 00 alo e lullsc o],
which together with (4.7) imply the estimate of (4.3):
@9 [ x| o ddx = 00 alz ol

Therefore, we have

(4.10) / (a(x)Vu) - Vodx — / (a(x) - Vo) Vod}x = O (h?) |a

e €

2,00,e|[U[3,e[|V][2,e-

Similarly we have

(4.11) /cuvdx _ /cuvd’;x = 0 (1) llellzcoclullz.clo]e. 0

We also have

LEMMA 4.2. Assume a',c € W3>(Q) fori,j =1,2. We have

A (onywn) = Ap (vn, wn) = O(h) l[vally llwnlly,  Von,wr, € V"
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Proof. By Theorem 4.1 and noticing that the third derivative of @' polynomial
vanish, we have

(4.12) / (aVop) - Vopdx — / (8:Von) - Veondl x =O(2)[onll2.cllwn e,

€ €

(4.13) /cvhwhdx - /cvhwhd}fx =0 (h2)

e

By applying the inverse estimate to polynomial zj, we obtain

(4.14) /(aVvh) - Vwpdx — / (a.Vup) - thd}j\ex =0(h)

(4.15) /cvhwhdx — /cvhwhd?x =0 (h) ||lvnll2,ellwnll1,e-
Then by summing over all the elements we obtain prove the Lemma. ]

4.2. V'-ellipticity and the dual problem. In order to prove the convergence
results of the scheme (3.2), we need Ay, satisfies V"-ellipticity:

(4.16) Yo, € VI, Clloalls < An (v, vn) -

By following the proof of Lemma 5.1 in [16], we have

LEMMA 4.3. Assume the eigenvalues of a have a uniform positive lower bound
and a uniform upper bound and c have a upper bound. If there exists lower bound
Xo > 0 such that Ve € Qy, the quadrature parameter A\, A2 > Ao, then there are two
constants C1,Cs > 0 independent of mesh size h such that

Yo, € VI, Cillonllf < An (vh,vn) < Callunll-

_ Proof. For element e, at first we map all the functions to the reference element
K. Let Z,  denote the set of vertices on the reference element K. We notice that

the set Z, ;. is a Ql(K’ )-unisolvent subset. Since the weights of trapezoid rule are
strictly positive, we have

vp e QY( Z/pzl 1% =0= ps =0at Z, z,

where ¢ = 1,2. As a consequence, 23:1 fK pwdlx defines a norm over the quotient

space Q1(K)/Q°(K). Since that | - |, f is also a norm over the same quotient space,
by the equivalence of norms over a finite dimensional space, we have

2
e QUE), Cilplt i<y /K PR < Colpf?
i=1
As the quadrature parameter A\!, A2 > \g > 0, we have

it <0y [ kit < [ (0000 Vindh s [ it < ol .

Mapping these back to the original element e and summing over all elements, by the
equivalence of two norms |- |; and || - ||; for the space H}(Q) D V{*, we obtain the
conclusion. O
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362 In the following part, we assume the assumption of Lemma 4.3 is fulfilled, i.e. the
363 V-ellipticity holds.

364 In order to apply the Aubin-Nitsche duality argument for establishing convergence
365 of function values, we need certain estimates on a proper dual problem.

366 Define 6 := u — uy, and consider the dual problem: find w € H}(Q2) satisfying
367 (4.17) A*(w,v) = (0,v), Yo € H}(Q),

where A*(-,-) is the adjoint bilinear form of A(-,-) such that
A*(u,v) = A(v,u) = (aVv, Vu) + (cv,u).

368 Although here the bilinear form we considered is symmetric i.e. A(-,-) = A*(-,-), we
369  still use A*(+,-) for abstractness.
370 Let wy, € V! be the solution to

71 (418) Az (wh,vh) = (G,vh), Yoy, € Voh.

Notice that the right hand side of (4.18) is different from the right hand side of
the scheme (3.2).
We have the following standard estimates on wy, for the dual problem.

LEMMA 4.4. Assume a,c € W?>°(Q) and u € H3(Q),f € H?(Q). Let w be
defined in (4.17), wy, be defined in (4.18). With elliptic regularity and V"-ellipticity
hold, we have

w w w
3433
s oW N

o ot

w W w
~N 3

\‘j

lw = wall, <Chllwll2
lwnlly <C 161l -

3
o0

(4.19)
Proof. By V" -ellipticity, we have C ||wy, — vh||§ < Aj (wp — vp, wp, — vp). By the
definition of the dual problem (4.17), we have
A5 (wh,wp, —vp) = (0, wp, —vp) = A% (w,wy, —vp,), Yo, € Vi
Therefore Vv, € V', by Lemma 4.2, we have

Ct |lwn — vllT < A (wi — v, wp — v)
=A" (w — vy, wp, — vp) + [AF, (Wh, wp, —vp) — A" (W, wp, — vp)] + [A" (v, wp — vR) — AJ, (U, wWh — V)]
=A" (w — vy, w, — vp) + [A(wn — v, vR) — Ap (W — vp,vp)]

<Cllw —wplly [lwn = vally + Chlonlly [wn = vnlly 5
379  which implies
w0 (420)  Jw—wnll < Jw—only + wn — vall, < Cllw = vally + Chlonll-

381 Now consider IT;w € V' where II; is the piece-wise Q' projection and its defini-
382 tion on each element is defined through (2.2) on the reference element. By Theorem
383 2.1 on the projection error, we have

384 (4.21) |lw—1Lw|, < Chllw|z, |w—ILw|, < CCllwls,
385 which implies

386 (4.22) Mwlly <flwllz + [lw—Thwll, < Cfw]s.
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16 H. LI AND X. ZHANG

By setting v, = IIjw, using (4.20), (4.21) and (4.22), we have
(4.23) lw —wally < Cllw —Thwl; + Ch|hwl|, < Chljwls.

By (4.21) and (4.23), we also have
(4.24) [wn = Thwlly < flw—Thwll; +[lw—whl[; < Chllwlz.

By the inverse estimate on the piece-wise polynomial wj, — II;w, we obtain
(4.25) Jlwnlly < llwn = Mwlly +Mw — wlly +wlls < CA™ [lwp, = Mwl|; +Clw]|2.0
With (4.24), (4.25) and the elliptic regularity ||w|2 < C'||6]|,, we obtain

[wnlly < Cllwlle < 6], -

4.3. Convergence results. In this section, we initially establish the error es-
timate for ||u — uh||1’Q. Subsequently, we demonstrate that the Q' finite element
method, as given by (3.2), achieves second-order accuracy for function values.

We have the estimate of the error [|u — up||,  as follows:

THEOREM 4.5. Assume a”,c € W2>(Q) and u € H*(Q),f € H*(Q). With
elliptic regularity and V"-ellipticity hold, we have

lu = unlly o = O () (Jullza + [ fll2.0) -

Proof. By the First Strang Lemma,
(4.26)

||u—uh|IQ<C’< in‘f/h{Hu—vhHlQ—k sup A(Uh,wh)_Ah(’Uh7wh)|}+
, = :

wpr €V ”wh”LQ

s |<f,wh>h—<f,wh>|>.

wpEVH ”wh”LQ

By Lemma 4.2, we have:

|A (vn, wn) = An (vn, wn)| _ O(R)[|vnll2.flwallre

= = O(h)|lvnll2,0-
HwhHl,Q ”whHLQ
By Lemma 2.3, we have
- O(h?
sup [(fs wn)y, — (f, wn)| _ (P fllz.ellwnll1,0 _ O(h2)Hf||2,ﬂ-

wpEVH ||wh||179 [wh 1,0

By the approximation property of piece-wise Q' polynomials,

[u = unlly o = O)(lullz0 + [fl2.0)-

In the following part we prove the Aubin-Nitsche Lemma up to the quadrature
error for establishing convergence of function values.

THEOREM 4.6. Assume a,c € W2°°(Q) and u(x) € H3(Q), f € H*(Q). As-
sume V" ellipticity holds. Then the numerical solution from scheme (3.2) uy is a
2-th order accurate approximation to the exact solution w:

lu, = ullg g = O (h?) (lull2.0 + [ fll2.0) -
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MONOTONE Q! FEM 17

Proof. With 0 = u — uy, € H}(Q), we have
(4.27) 16]12 = (0,0) = A (6, w) = A(u— up, wp) + A (u — up, w — wy)
For the first term (4.27), by Lemma 4.1, we have
A (u — Up, wh) = [A (u, wh) — Ah (uh, wh)] + [Ah (uh, wh) —A (uh, wh)]
= (f,wn) = (fwn), + O (B?) [lunlls [lwnll,
=0 (1?) Ifll2 lwnlly, + O (h?) llunll2 lwnll,
=0 (1) (Ifl2 + lunll2) 11610,

where in the second last equation Lemma 2.3 and the fact the third derivative of
Q! polynomials vanish are used. As the estimate of ||wy||2 and ||wl||2 in the proof of
Lemma 4.4, we have

(4.28)

l[unlly < llun — ully + [T —ully + Juflz < CA™ Jup — Taul|, + Cllull2
<Ch™ ([lu — Myally + [lu —uply) + Clull2
<Ch™ ! |Ju = upl|;, + Clull2
<C(lJullz2 + 112),

(4.29)

where Theorem 4.5 is used in the last inequality. Therefore, we have
(4.30) A(u —up,wp) = O (B2) (| fll2 + [ull2)6lo-

For the second term (4.27), by continuity of the bilinear form and Lemma 4.4, we
have

Alu —up,w —wp) < Cllu—wuplly [w—=wall, <Chllu—=unl; w2

(4.31) \
<Ch|lu—unl 10lo = O (%) (Ifll2 + lull2)l0]]o-

Therefore, by (4.27), (4.28) and (4.31), we have
(4.32) 161l = O (n?) (Ifll2 + l[ull2). 0

REMARK 5. Similar convergence results for the Q' method on general quasi-
uniform quadrilateral meshes can be established via the same proof procedure in this
section.

5. Extension to general quadrilateral meshes. For a quadrilateral element
e as in Fig. 2, let F, = (F.1, F.2)T be the mapping such that Fe(f() =e.
For ¢ € V{*, by definition ¢ = p|.oF, € Ql(k). According to the chain rule, we
have
VooF, = DFeT*l@gb

T T
where ¢ = poF,, V = (?97;1 , ?9;2 ) , V= (gil , %i_z ) and Jacobian matrix DF, =
OF., 0OF.,
0%,  Ods
OFcs  OFes
0%,  O#a
Therefore, we have

(5.1) / aVuy, - Vopdx = / (DFgléDFeT *1%,1) - Vi, |det(DF,)| dx.
e K

This manuscript is for review purposes only.
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429 In the case of regular meshes with mesh size h, the matrix DF, 'aDFI~! = ;4
130 and det(DF,) = h2.
431 Approximate (5.1) by the mixed quadrature (2.5) with parameter A = (A}, \?),
432 l.e.
133 (5.2) / (aVup) - Vo, dx ~ / (a%h) Vindix

e K

131 where a = (|det(DF.)| DF;'aDFT=1) (3, 4).
As in Fig. 2, denote

C_>O:CO,1_CO,07 C_>1=C10—Cooa C_>2=C1,1—010, 32011—001
435 and
. 11 _ 11
136 a=(,eHT,i=0,1,2,3, DF, =DF,(=,=), a.=aloF.(=,=),
2°2 2°2
437  then we have
1/AA+) A+ 1 cp+ecs =B -
438 DF,=- (1773 9" ™2), DF'=-—re| % ™ o2,
h=3 (c} +ci b+l 2det(DFy,) \—ci —¢5 ) +c§
148
141 and on element e, we have
dll a/12
112 (5.3) a = det(DF,)DF, 'a,DF} ' = (&§2 552) .
e €
443 To have the stiffness matrix an M-matrix, by Theorem 3.3, the following is a
144 sufficient condition:
115 (5.4) |as?| <min{al', a2},
446 where

- 1 0. 0 1.1 (0 =1\ att a2\ /0 1\ [+
" 4[det(DFy,))| (G+B ad+e)ly o )la2 a2)( 1 o) (dyd
147
_ 1 0 Loy (@2 —at? [+
=Taa@ry Ot E @+ e an ) ldid
det(@c) —  \7T__1 /= -
~4[det(DEp)] (co+e3) a.' (g +¢e3),
148 and similarly
det(a,.) T __
~12 e - = 1 (=, =
449 i S
a 4] det(DER)] (co+e5) a;'(ci +e3),
det(a,) T _
~22 e = NT 1=, =
450 =L .
o a A det(DEY)] (c1 + C3) a, (c1 + 03)
452 By Ci+ch—ci—cf= 6>, we note (5.4) is equivalent to
_ T __
e @A) 0 @) e @) 20
’ _ T__
(€ +eh) a t (e +e5) >0, (af+ah) al(el—g) =0
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Ci11

Co,1

C1,0

Co,0

Fic. 2. A quadrilateral element e.

THEOREM 5.1. With a defined in (5.3), if the quadrilateral mesh fulfill the condi-
tion (5.4) or the mesh condition (5.5), then the stiffness matriz of the linear Q' finite
element scheme (3.2) for solving BVP (1.1) is an M-matriz.

REMARK 6. If the diffusion coefficient matriz degenerate to a scalar, i.e. a =
a(x)I, a sufficient condition for (5.5) is that both diagonals of the quadrilateral ele-
ment bisect each angle, resulting in two non-obtuse angles for each vertex.

REMARK 7. By adopting some anisotropic mesh adaptation strateqy where an
anisotropic mesh is generated as an M -uniform mesh or a uniform mesh in the metric
specified by the diffusion matriz a. The method (3.2) for any anistropic problem
possibly can be monotone on that anisotropic mesh.

If we consider rectangular meshes, for simplicity we assume

co,0 =(0,0), ci10=(h1,0), co1=(0,h2), c11=(h1,h2).

Then we have

and (5.4) becomes
h
(5.6) |a12\<m1n{ he g all, L 22}

Recall that y/alla2? > |al?|, taking

h1 all
5.7 b e
( ) hg (_7,52

will guarantee (5.6). Therefore, if the rectangular mesh is deployed with aspect ratio

a22, then the stiffness matrix of the @' method (3.2) is an M-matrix.

Tf the elliptic coefficient a is constant on the whole domain €2, when the rect-
angular mesh are fine enough, there must exist rectangular mesh Wlth aspect ratio

approximatly Z% such that the stiffness matrix of scheme (3.2) solve the BVP (1.1)
is an M-matrix.
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478 REMARK 8. Unfortunately, the technique in this paper cannot be easily extended
479 to the three-dimensional case. For the three-dimensional case, with the basis on the
180 reference element K = [0, 1]

151 (5.8) Gijr = 21— 2) T (1 — 2o) IR — 23) R 0,5, k= 0,1,

482 and the same derivation as in two-dimensional case, we find out
1 1
181 (@Vdo,0,0, Vo1,1,00n = _E(l + A2 [(1 = At + (1 - Ao)a? + 2a.%] + E(l A1 — /\5)5@3-.

185 For the symmetric positive-definite coefficient matriz

1 —1+e€ €
186 a=|[—-1+c¢€ 1 —1+e€
487 € —1 + € 1
188 with $(5 — V17) < € < 3, we obtain
1 1 1
489  (aV ,V = —(Q+2XOL 22 —2e) + —(1=AD(1 = A2) > —(1 —26).
159 (@¥6000, Vorion = 71+ XL+ X2 =20 + (1= A= X2) = = (1 -2
491 Then obviously the stiffness matrix fails to be an M -matriz.
192 6. Numerical experiment.
493 6.1. Numerical experiments on uniform meshes. In this subsection, we
494  show tests verifying the proved order of accuracy and monotonicity of the scheme
195 (3.2) on uniform rectangular meshes. We consider the following two-dimensional
496 elliptic equation with Dirichlet boundary condition:
197 (6.1) ~V-(aVu)+cu=f on [0,7]?
all 12
where a = a a2 ) al' = a2 = a9y =1+ 10x§ + 1z cosTy + X9, a*? =
21
2 + 1022 + 21 cos T2 + x5 and ¢ = x2x2, with an exact solution
u(z1,T2) = —sin® z1 sin 9 cos Ty.
498 When solving this problem with our method, we take the quadrature parameter
12

199 in element e as A\l = \2 =1 — ail‘::aLz.

The errors are reported in Table 1. We observe the desired second-order conver-
gence in the discrete [2-norm and infinity norm for the function values.

(SIS B, B, B |

1

2 The monotonicity is verified by the smallest entries in L,:l and E;l which are

3 listed in Table 2. As we can see, L;l >0 and L;l > 0 are achieved.

4 Then we consider a more anisotropic case in the form of (6.1) with anisotropic-coef
505 (6.2) a' =1, a? =ay =999, @*? =100, c=2iz}

and exact solution
u(xy, o) = — sin? xq sin 25 cos Ts.
506 As stated in (5.7), we set Z—; = \/Z—;; = 10, then we examine the accuracy and
507 monotonicty of the method. When solving this problem with our method, we take
2|a,?|

508 the quadrature parameter in element e as )\i = )\g =1- S50
509 The errors are reported in Table 3. We observe the desired second-order conver-
510 gence in the discrete [>-norm and infinity norm for the function values.

511 The monotonicity is verified by the smallest entries in L;l and Egl which are
5

512 listed in Table 4.
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TABLE 1
A two-dimensional elliptic equation with Dirichlet boundary conditions on uniform meshes.
The first column is the number of elements in a finite element mesh. The second column is the
number of degree of freedoms.

FEM Mesh | DoF [ {2 error order | {® error order
4 x4 32 | 3.56E-1 - 2.70E-2 -
8x8 72 6.41E-2 247 | 4.89E-2 247

16 x 16 152 | 1.49E-3 2.11 | 1.15E-2 2.08
32 x 32 317 | 3.65E-3 2.03 | 2.91E-3 1.99
64 x 64 632 | 9.08E-4 2.01 | 7.25E-4 2.00

TABLE 2
Minimum of entries in [_/}71 and Lgl for elliptic equation (6.1) with smooth coefficients on
uniform meshes.

FEM Mesh | L; " L;"
4x4 0 [ 6.38E-06
8 x 8 0 | 4.26E-10
16 x 16 0 | 2.40E-14
32 x 32 0 | 1.42E-18
64 x 64 0 |9.24E-23

6.2. Numerical experiments on quadrilateral meshes. In this subsection,
we show tests verifying the proved order of accuracy and monotonicity of the scheme
(3.2) on general quadrilateral meshes. We consider the following two-dimensional
Poisson equation with Dirichlet boundary condition:

(6.3) ~V-(aVu) +cu=f on [0,]?

where a = 1+ 1023 + 21 cos 22 + 9 and ¢ = x?23, with an exact solution

2 1 Sin g coS Ta.

u(x1,x2) = —sin

The domain [0,7]? is partitioned into N, x N, elements, where the elements

are forced to adapt to an inner edge. The angle between the inner edge and the
6v/3

r-axis is arctan(®%>) as depicted in Figure 3, where N, = N, = 16. When solving

this problem with our method, we take the quadrature parameter in element e as

A =22 =1- A

The errors are rgported in Table 5. We observe the desired second-order conver-
gence in the discrete [2-norm and infinity norm for the function values.

For the quadrilateral meshes in Figure 3, we can verify that (5.4) are satisfied
on each elements numerically. Then we verify the monotonicity through the smallest
entries in L,:l and E;l which are listed in Table 6. As we can see, L,:l > 0 and

E;l > 0 are achieved.

7. Conclusion. We constructed a linear monotone Q' finite element method
for anistropic diffusion problem (1.1). On uniform meshes, when the diffusion matrix
is diagonally dominant, the M-matrix property is guaranteed thus monotonicity is
achieved. When this Q! finite element method is deployed on a general quadrilateral
mesh, we obtain a local mesh constraint.
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TABLE 3

A two-dimensional elliptic equation with anisotropic coefficients (6.2) and Dirichlet boundary

conditions on anisotropic meshes.

FEM Mesh DoF 1?2 error order | [ error order
40 x 4 39 x 3 1.58E-1 - 1.20E-1 -
80 x 8 T9x7 | 3.59E-2 214 | 2.72E-2 2.14

160 x 16 159 x 15 | 8.76E-3 2.03 | 6.65E-3  2.03
320 x 32 319 x 31 | 2.18E-3 2.01 1.65E-3  2.01
640 x 64 639 x 63 | 5.44E-4 2.00 | 4.13E-4 2.00

TABLE 4

Minimum of entries in E;l and Lgl for elliptic equation (6.1) with anisotropic coefficients

(6.2) on anisotropic meshes.

[11]

[12]

13]

[14]

FEM Mesh | L, ' | L'
40 x 4 0 [0
80 x 8 0 [0

160x16 | 0 | 0

32032 [ 0 [ O

640x64 | 0 | O
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