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Abstract

We compute the ground state u of the Gross—Pitaevskii equation (GPE)
via Wasserstein gradient descent in diffeomorphism space. We represent the
density p = u? as the push-forward of a fixed reference measure through
a parameterized transport map Tj, realized by a boundary-preserving Neu-
ral ODE. The Wasserstein gradient flow on probability densities then lifts
to natural gradient descent in the finite-dimensional parameter space, with
metric tensor given by the pullback of the Wasserstein metric. The method
is entirely mesh-free and preserves the unit-mass constraint without normal-
ization. We present numerical experiments in dimensions d = 1,2,3 and
demonstrate that the parameterized Wasserstein gradient flow (PWGF') out-
put can be used to initialize the H' Sobolev gradient flow, reducing the initial
energy gap by a factor of 7 in 2D and 4.5 in 3D compared to trivial initial
conditions.
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1. Introduction

A standard mathematical model of the equilibrium states in Bose-Einstein
condensation (BEC) is to consider the ground state of the Gross—Pitaevskii
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equation (GPE) on a bounded domain Q2 C R? with homogeneous Dirichlet
conditions, which is the minimizer of the energy

1
E(u) = 3 /Q |Vul? + V|u|* + §|ul4 dx (1)

over the unit sphere S = {u € H}(Q) : ||u|l2 = 1}, with an external trap-
ping potential V' > 0. Equivalently, the ground state satisfies the nonlinear
eigenvalue problem

—Au + Vu+ Blul*u = I, 0, lul|l 2 =1, (2)

ufye, =
where the eigenvalue A is the Lagrange multiplier enforcing the constraint.
Existence, uniqueness, and strict positivity of the ground state for the defo-
cusing regime [ > 0 are classical [16, 17, 23].

The recent review by Henning and Jarlebring [14] organizes the exten-
sive literature on (2) into two complementary paradigms. The algebraic
paradigm [14, Section 4] discretizes first, producing a nonlinear eigenvalue
problem A(v)v = Av in R", then applies nonlinear eigenvalue algorithms
such as Self Consistent Field. The variational paradigm [14, Section 5] works
with the continuous energy, equipping S with a Sobolev inner product, such
as L2, H', or the solution-adapted a,,, to derive gradient flows with progres-
sively stronger convergence guarantees [14, Theorems 5.15, 5.25]. The gradi-
ent flow methods can also be regarded as Riemannian optimization methods
on unit sphere [10]. Convergence rate is often related to the spectral gap
of the differential operator [12]. The two paradigms are connected, e.g., the
J-type Newton method coincides with Rayleigh quotient iteration [14, Sec-
tion 5.6.2]. All methods in both paradigms rely on a spatial discretization
of Q, with representation cost O(n?) in the number of mesh points and per-
step cost dominated by an elliptic solve (for Sobolev flows) or solving linear
systems (for algebraic methods).

In this paper we compute GPE ground state by Wasserstein gradient
descent in diffeomorphism space, extending the parameterized Wasserstein
Hamiltonian flow (PWHF) framework of Liu et al. [19, 18] from the time-
dependent Schrodinger equation to the nonlinear eigenvalue problem (2).

Since the ground state satisfies u > 0, the Madelung transform p = u?
rewrites the GP energy as a functional on probability densities p € P(£):
E(p):%/|Vlogp|2pdx+%/ Vpdm+§/ p? dz, (3)
Q B Q Q B
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where Fp, is the Fisher information (§2.1). The constraint ||u|[z2 = 1 becomes
[ pdx =1, which is automatic for probability densities. The gradient descent
with respect to the 2-Wasserstein metric gives

0:p=V-(pV%]), (4)

a continuity equation that preserves mass by construction, unlike the classical
methods which usually require explicit renormalization.

We represent the density as the push-forward pg = (Tp)sp of a fixed refer-
ence density p through a parameterized diffeomorphism Tj: 2 — 2, realized
by a boundary-preserving Neural ODE (§3). One draws N sample points
z; ~ ju once; at each iteration the particle positions x; = Ty(z;) and den-
sity values pp(z;) = p(z;)/| det VIy(2;)| are obtained by evaluating the map
(§2.4). The method requires neither a spatial mesh nor a basis expansion,
and preserves the unit-mass constraint without normalization.

The Wasserstein metric on P(2) pulls back to the parameter space © C
RM via the metric tensor (§2.5)

G(0) = % YoiL (00To(=)) T (96Ty(24)) € R,
and the Wasserstein gradient descent becomes natural gradient descent [2]:
O+ = 08 — a G(0F) TV E(6F), (5)

where (-)* denotes a regularized pseudoinverse. The parameters 6 evolve
by a geometric flow on the Wasserstein manifold, discretized in parameter
space. The Fisher information Fy is computed via an augmented ODE that
tracks the log-determinant and its spatial derivative analytically, avoiding
second-order automatic differentiation (§2.4). Eigenvalues are recovered from
A =2F + 2Fp.

This work is inspired by the time-dependent PWHF framework of [19, 18]
in which (6, p) evolves as a Hamiltonian system, and p encodes the quantum
phase ®. For the ground state, there is no Hamiltonian, thus we name (5)
as PWGF (parameterized Wasserstein gradient flow).

In this paper, we provide a computational realization of PWGF for GPE
ground states in d = 1,2,3. In PWGF, there is an approximation error
from using neural network parameters ¢ to parametrize the diffeomorphism
Ty. The PWGF (5) also contains an ill conditioned matrix G, which often
causes difficulty for high precision computation. We benchmark against exact



solutions or the finite difference references of [23|, and propose a hybrid
strategy in which PWGF output initializes the H' Sobolev gradient flow,
reducing the initial energy gap by a factor of 4.5-7x compared to trivial
initializations.

For simplicity, we only consider the defocusing case 8 > 0 on bounded do-
mains with Dirichlet conditions. Convergence analysis of the parameterized
Wasserstein gradient flow remains open, and the numerical results presented
here are empirical. Section 2 derives the mathematical framework, Section 3
describes the algorithm, and Section 4 presents numerical experiments and
the warm-start comparison, and concluding remarks are given in Section 5.

2. Mathematical Framework

This section derives the parameterized Wasserstein gradient flow in gen-
eral dimension d. We reformulate the GP energy in density form (§2.1),
compute first variations (§2.2), derive the Wasserstein gradient flow (§2.3),
lift it to diffeomorphism space (§2.4), and reduce to finite dimensions by
Neural ODE parameterization (§2.5).

2.1. Madelung transform: from eigenfunction to density

The ground state w is strictly positive in € for the following reasons. The
energy satisfies E(u) > E(|ul), so the minimizer can be taken nonnegative.
A nonnegative minimizer satisfies (2) with the self-adjoint operator A, =
—A +V + B(u*)?, whose Green’s function is strictly positive by the strong
maximum principle. The Krein—-Rutman theorem then implies u* > 0 on €;
see [16, 17, 23] and, at the discrete level, [23, Theorem 3.4].

Because u > 0, we may write

u=./p, p=u*>0. (6)
The kinetic energy 1 [ |Vul? dz transforms into the Fisher information of p.

Kinetic energy as Fisher information. By writing u = /p and applying the
chain rule, we get

1 1 1
3 [ IVulde =5 [1vatar =g [ [Viogptpds, (0

where F(p) := & [, |V1og p|* pda is the Fisher information.
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By substituting (7) and using |ul* = p, |u|* = p?, we get (3), where Fy
is the Fisher information, Fy the potential energy, and Fr the interaction
energy. The density formulation (3) also appears in Bao and Ruan [4], who
observe that |Vp|?/p in Fg becomes singular as p — 07, a difficulty for any
grid-based method that evaluates p at fixed spatial nodes near 0f).

Remark 1 (Regularization in grid-based density methods). Bao and Ruan [4]
address the singularity in Fg by e-reqularization: replace p by p + € in the
denominator, gqiving the regularized energy

Vo> 1 B,
E(p)= | ———+=Vp+ dz.
(p) /98(p+5) SVo+ P
They prove that E° is convex for B > 0, that the minimizer p; — p, as
e — 0. The convergence rate ||pg — pllL2 = O(y/) was expected from their
analysis, though the asymptotic error O(g) can be observed numerically in

some setup.

Constraint transformation. The L*-normalization ||u|| 2 = 1 becomes [, pdx =
1: the density is automatically a probability measure. The Dirichlet bound-
ary condition u|sq = 0 becomes plgq = 0.

2.2. First variations and eigenvalue recovery

We compute the first variation of each term in (3) with respect to p,
subject to [ pdx = 1.

First variation of Fy. The first variation is

0Fp  1Ayp (8)
sp 2 \p
To verify, write Fi(p) = % JIV/p|* dz and take the Gateaux derivative: for
a perturbation o with [ odz =0,

d%E:OFQ(P—l-ea /V\f V( f)d %Q%%dﬂw(bt-)

after integrating by parts (boundary terms vanish since p|spg = 0). Reading
off the coefficient of o /2 gives (8). The quantity —1A,/p/.\/p is the quantum
potential (Bohm potential), connecting the Madelung and de Broglie-Bohm
pictures.



First variations of Fyy and Fg. The remaining variations are immediate:

SFy 1 5Fr B

T 2" e 2 ®)

Euler—Lagrange equation. At a minimizer of E(p) subject to [ pdz = 1, the
first-order optimality condition with Lagrange multiplier A\ reads

SE 1AYp 1, B A
- 2 gp T2 Ty (10)

Multiplying both sides by 2,/p and writing u = ,/p recovers the GPE (2).

Figenvalue formula. Multiplying the GPE (2) by u and integrating by parts,
A= / (IVul* + Vu? + Bu?) do = 2F + 2Fy + 4Fx. (11)
Q

Since F = Fg + Fy + Fg, we obtain
A =2FE + 2F}. (12)
This is the eigenvalue estimator used in all our numerical experiments.

2.3. The Wasserstein gradient flow

Having reformulated the ground state as the minimizer of E(p) over prob-
ability densities, we now choose a metric on the space of densities to define
the gradient descent. Different metrics for u give different gradient flows,
e.g., the L? metric leads to the normalized gradient flow of Bao and Du [5]
and a Sobolev metric leads to the Sobolev gradient flow [13]. Here we use
the 2-Wasserstein metric from optimal transport for p.

The 2-Wasserstein distance. For two probability densities pg, p1 € P(£2), the
2-Wasserstein distance is

wammmzng/ v~y dn(z,y). (13)
™ JaxQ

where the infimum is over all couplings m with marginals py and p; [22, 3].
The Wasserstein distance metrizes P(2) with a geometry tied to the cost of
transporting mass, rather than to pointwise comparison of densities.
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Wasserstein metric tensor (Otto calculus). Following Otto [20], the tangent
space at p € P(Q) consists of perturbations o satisfying [ odz = 0. Each
such o is associated with a velocity potential ® via the continuity equation
o =—V-(pV®P). The Wasserstein Riemannian metric is

g;)/v(al,@) = / Vo, -V, pdx, where — V- (pV®;) =0;.  (14)
Q

This is an inner product on tangent directions that weights perturbations by
how much mass must be moved.

Wasserstein gradient. The Wasserstein gradient grady, E(p) is the unique
tangent vector satisfying g} (grady, E, o) = dE(p)[o] for all admissible o.
Using (14) and integrating by parts, one finds

grady, E(p) = —V - (wfs—f) . (15)

The gradient flow. Steepest descent 0,p = — grady, E(p) gives

OF
O.p=V- <pV$> . (16)

This PDE preserves mass ([ pdx = 1) automatically because the right-hand
side is a divergence. No normalization step is needed.

The stationary point of (16) satisfies V(0E/dp) = 0, i.e., dE/ép =
const = A/2, recovering the Euler-Lagrange equation (10) and hence the
GPE.

Relation to Sobolev gradient flows. In the H'-gradient flow [23], the gradient
step is d;u = —(—A + a) ' (§F/du), requiring an elliptic solve per step
and explicit normalization. The Wasserstein flow (16) operates on p rather
than wu, preserves mass by construction, and its per-step cost depends on the
parameterization (see §2.5 below) rather than on a mesh-based elliptic solver.

No momentum for the ground state. For the time-dependent Schrodinger
equation, the Madelung system involves both p and a phase ®, leading to
a Wasserstein Hamiltonian flow [19, 18]. For the ground state, ® = 0 (no
phase), and no momentum variable p is needed. This is one particular dif-
ference compared to the time-dependent PWHEF' framework.



2.4. Lifting to diffeomorphism space

Following [19, 18], we lift the gradient flow (16) from P(2) to the space
of diffeomorphisms O = {T : Q@ — Q : T is a diffeomorphism} by represent-
ing each density as the push-forward of a fixed reference density through a
transport map 7. The Wasserstein metric pulls back to the L?(u)-metric on
O (see (18)), and the gradient flow becomes a pointwise ODE (19) whose
trajectory is fully determined by its initial condition. All integrals over p
become sample averages over fixed reference particles z; ~ u [18].

Push-forward map.  Let pu be a fixed reference density on € (chosen to
satisfy p|asq = 0, with the same boundary vanishing as p). An orientation-
preserving diffeomorphism 7' : €2 — € pushes u forward to

1(2)

__HE) geq |
[detvT(z)] € (17)

p="Tu,  p(T(2))
By the change of variables formula, fﬂpdx = fﬂudz = 1, so the push-
forward preserves the probability constraint automatically. Expectations
under p become expectations under pu:

N
1
[ el pta)ds = [ GTE)uE) = 53 elT )
i=1
where 21, ..., 2y ~ p are fixed quadrature particles.

Metric on diffeomorphism space. ~ The Wasserstein metric (14) on P()
induces a metric on the space O = {T : Q — Q diffeo.}. For two tangent
vectors oy, 09 € TrO (vector fields on ), the induced metric is [19]

ar(01,02) = /Q o1(2) T oa(2) () d. (18)

This is simply the L?(u)-inner product on vector fields. This pullback is
exact [19].

Gradient flow on O. The Wasserstein gradient descent (16) pulls back to
oFE
0, T(z) = —Vx%(Tﬁu, ) o T(2). (19)

This is an ODE on the space of diffeomorphisms, driven by the gradient of
dE /0p evaluated along the current map.
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2.5. Finite-dimensional reduction via Neural ODE

We restrict T' to a finite-dimensional family Og = {T : § € © C R},
where Tj is a Neural ODE (details in Section 3.1).

Pullback metric tensor. A tangent vector 0 € RM in parameter space maps
to a tangent vector 0 = (9pTp)0 in diffeomorphism space. Substituting into
the metric (18):

g(él,ég) = /Q[(agTe)gl]T[(ang)eg} MdZ

4T J /Q (OTo(=)) T (B To(2)) (=) d=| bs.

(o)

Here 9yTy(2) € R>M is the Jacobian of Ty(z) with respect to 6, so G(6) €
RM*M g the pullback metric tensor. Approximating the p-integral by Monte
Carlo with the fixed particles z1,..., 2y ~ u:
1 & T
al MxM
G(Q) = N 2(89T9<ZZ)) (89T9(zz)) e RM*M, (20)

=1

Natural gradient descent.  Restricting the gradient flow (19) to Og and
using the pullback metric, the Wasserstein gradient descent in parameter
space becomes

O = 08 — a G(6F)T Vo E(0), (21)

where (-)T denotes a regularized pseudoinverse and « > 0 is the step size.
This is natural gradient descent [2]: the matrix G(6)" rotates and rescales
the Euclidean gradient VyFE to account for the non-Fuclidean geometry of
the parameter-to-density map 6 +— py.

Remark 2 (No regularization needed in PWGF). Unlike grid-based density
methods [4], the push-forward parameterization avoids the singularity in Fg
without any e-reqularization. In PWGF, the density py is never evaluated
at arbitrary grid points; it is evaluated only at the pushed particle locations
x; = Ty(z;), where

p(z:)

Po(%:) = GV T, o

9



This ratio is strictly positive because: (i) the particles z; are sampled from
the interior of Q, where the reference density satisfies p(z;) > 0; and (ii) Ty
is an orientation-preserving diffeomorphism, so det VTy(z;) > 0. The score
O, log pg is computed via the augmented ODE (see Section 3.1), not by nu-
merical differentiation of p, eliminating the |V p|?/p singularity at the discrete
level. The only requirements are that p vanish at 0S) and that sample points
avoid the boundary; both hold when z; are drawn from a Beta distribution on
the open interval.

2.6. Summary of PWGF

We summarize the PWGF approach and compare it with two families of
gradient-flow methods for the GPE ground state.

Conceptual steps of PWGF. For the GPE ground state eigenvalue prob-
lem (2):

(i) Madelung transform. Use u > 0 to write p = u?, converting the energy

E(u) into a functional E(p) = Fg(p) + Fv(p) + Fr(p) on probability
densities (§2.1).

(ii) Wasserstein gradient. Choose the 2-Wasserstein metric on P(Q2) and
derive the gradient flow 0,p =V - (p V(6E/0p)) (§2.3).

(iii) Lift to diffeomorphism space. Represent p = Tyu and pull back the
gradient flow to an ODE on the space of maps: 0,7 = —V.(0E/dp)oT

(§2.4).

(iv) Parameterize and reduce. Restrict T to a Neural ODE family 7p, yield-
ing natural gradient descent 0**! = 6% — o G*V,yE in RM (§2.5).

Steps (iii)—(iv) are the distinctive features of PWGF": the lifting to diffeomor-
phism space replaces the density-space PDE with a sampling-based ODE, and
the Neural ODE parameterization reduces the problem to finite-dimensional
natural gradient descent without spatial discretization.
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Sobolev gradient flows.. The Sobolev gradient flow framework [13, 23] works
directly with the eigenfunction u rather than the density p. Given a Hilbert
space X with inner product (-, -)x, the X-Sobolev gradient V x F(u) is defined
as the Riesz representative of E'(u): (VxE(u), w)x = (E'(u), w) for all
w € X. The gradient flow on the unit sphere S is then 0,u = —P, xVx E(u),
where P, x projects onto the tangent space of S at u. Different choices of X
give different methods:

o [? gradient with (w,z)x = (w,z) (X = L?): V2E(u) = —Au+ Vu +
Bu?, leading to the GFDN scheme(semi-implicit gradient flow) [5];

o H' gradient (X = H} with (w,2)x = (Vw,Vz) + (w, 2)): computing
(—A + I)~! per step, giving the H'-flow [23];

e ay gradient (X = H} with (w,2)x = (Vw, Vz) + (Vw, 2)): computing
(—A + V)1 per step, admits adaptive step sizes [14];

e a, gradient (X = H} with (w,2)x = (Vw, Vz) + (Vw, 2) + f(v*w, 2)):
V., E(u) = wu trivially, reducing the flow to damped inverse itera-
tion [14].

All of these are mesh-based: they require a spatial discretization (finite el-
ement or finite difference) and solve one or two elliptic PDEs per iteration.
They enjoy rigorous convergence guarantees such as global energy decrease
and local exponential convergence with rate governed by the spectral gap of
the differential operator involved. See [14] and references therein.

By contrast, PWGF is mesh-free: it uses N fixed particles and a Neural
ODE with M parameters, and computes the natural gradient direction by
solving an M x M linear system rather than an elliptic PDE. The Wasserstein
metric automatically preserves the mass constraint [ pdz = 1, so no normal-
ization step is needed, whereas all Sobolev flows require explicit projection
back to S.

Direct Wasserstein discretizations. The Wasserstein gradient flow (16) on
P(Q) is the mathematical starting point for PWGF, but discretizing it di-
rectly (e.g., via the JKO scheme [15]) requires a spatial mesh and suffers from
the curse of dimensionality. The PWGF approach differs from such direct
discretizations in two ways:

11



(a) Lifting. Rather than discretizing the density-space PDE (16), PWGF
lifts it to the space of diffeomorphisms O, where the flow becomes a
pointwise ODE (19). This ODE is self-contained: the trajectory of 1" is
fully determined by its initial condition, without solving the continuity
equation separately.

(b) Parameterization. The Neural ODE Tj reduces the infinite-dimensional
ODE on O to a finite-dimensional system in /RM . The pullback of the
Wasserstein metric gives the metric tensor GG, and the flow becomes
natural gradient descent (21).

The price is the difficulty of rigorous convergence guarantees. In PWGF, the
energy is not guaranteed to decrease monotonically since the finite dimen-
sional parameterization introduces approximation error and the linear solver
is only an approximation. A rigorous convergence proof of PWGF is widely
open.

Related work. The parameterized Wasserstein gradient flow framework was
introduced in [24] for classical Wasserstein gradient flows (Fokker—Planck,
porous medium, and aggregation equations), and its Hamiltonian counterpart
was developed in [19] for the time-dependent Schrédinger equation. Neither
paper addresses the GPE ground state (nonlinear eigenvalue) problem, which
is the focus of the present work.

To the best of our knowledge, no prior work applies Wasserstein gradi-
ent flow to the GPE eigenvalue problem. The L? normalized gradient flow
for the GPE ground state has been analyzed extensively (see [5] and the
recent work [27]); Sobolev gradient flows (H', ag, a, metrics) are treated
in [13, 12, 23, 14]. All of these operate in function space and require spatial
discretization. In a different direction, Bao et al. [26] minimize the GP energy
via a normalized deep neural network with standard training; their method is
not based on Wasserstein geometry or push-forward maps. The push-forward
parameterization pg = (Tp)yp is closely related to normalizing flows [28, 29];
the key difference is that PWGF evolves parameters by a geometric ODE
rather than by maximum-likelihood training. Neklyudov et al. [25] use a
Wasserstein gradient flow on the Born distribution space to accelerate quan-
tum variational Monte Carlo for fermionic systems, but work directly in the
space of distributions (without lifting to diffecomorphism space) and target
the many-body Schrodinger equation rather than the mean-field GPE. Pe-
terseim et al. [30] use neural networks to accelerate conventional iterative

12



solvers for nonlinear Schrodinger eigenvalue problems, leveraging knowledge
from prior simulations to predict improved solution trajectories.

3. Algorithm

Implementing the natural gradient descent (21) requires three ingredients:
a parameterization Ty that evaluates the density py and score V log pg (§3.1);
a discretization of E(6) and its gradient (§3.2); and a solver for the M X
M system @f = VyFE (§3.3). The complete algorithm is stated in §3.4;
dimension-specific choices are in §3.5.

3.1. Boundary-preserving Neural ODE

On (—L, L)¢ with Dirichlet conditions, the boundary constraint pg|aq = 0
requires Ty(+L) = £ L. We enforce this by defining the Neural ODE velocity
field (per coordinate) as

fo(w) = (1 — w2/L2) go(w), (22)

where gg : R — R is a tanh network 1— H — H —1 with M, = H> +4H +1
parameters. The factor (1 — w?/L?) vanishes at w = +L, so the ODE
w = fy(w) has fixed points at +L: starting from any w(0) = z € (=L, L),
the trajectory remains in (—L, L) and Tp(£L) = £L for all 6.

Spatial derivatives. The energy computation requires the first and second
derivatives of fy with respect to the spatial variable w:

Filw) = 2 gow) + (1~ w?/12) gy(w), (23)
() = — 25 go(w) — T gylw) + (1 —w?/L) ghlw). (24)

Here g and gj are computed analytically via the chain rule through the tanh
layers.

Augmented ODE. Following [18], we evolve an augmented state (w, £, J, {')
with dynamics

W= ft9(w)7

0= fo(w)

J =exp(f) (updated after each ¢ step),
0= fy(w)-J

13



where ¢ = log |T}(z)] is the log-Jacobian determinant, J = |Tj(z)| = €’ is the
Jacobian determinant itself, and ¢ = 0, log|Ty(z)|. All four components are
evolved per coordinate for each of the N particles, using forward Euler with
Nopg substeps.

Score function. Through the ODE, the augmented state avoids second-order
differentiation, which causes severe numerical instabilities [18]. The score at
xy = Ty, (2x) for coordinate k is

13, (2x) ’

Ox,, log py = (25)

where 0,, log pu. is the score of the reference density (Section 3.5).

3.2. Energy and its gradient

Given N particles z; ~ p and the augmented ODE outputs at x; = Tjy(z;),
the energy terms (3) become sample averages via the change of variables

[ h(@)pde = [ WT(z))pdz:

N d /
1 ) 0z, log pu(2,:) — U
FQ(@) ~ 8_N 12_1: kZ:; Skir  Ski = Jkﬂ,’ ) (26>
1 N
Fyv(0) = 5 > Vi), (27)
=1
6 N
Fi(0) ~ £ > polws), - pals) = e#r074 (28)
=1

where for the product-map ansatz (Section 3.5) the total log-Jacobian de-
terminant factorizes additively as ¢; = Zi:lgk,h and similarly log u(z;) =

1 10g pu(21,0).-
The eigenvalue is estimated from (12): A = 2F + 2F%.

Gradient computation. The gradient VyE is obtained by automatic differen-
tiation through the forward ODE: all N particles are integrated in a single
batched pass, and the computational graph is differentiated in the stan-
dard reverse mode. The metric tensor G, on the other hand, requires the
per-sample Jacobians 9pTp(z;) € R™M | which are computed via a separate
forward pass using functional differentiation (reverse-mode Jacobian compu-
tation vectorized over the N samples), cf. (20).
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3.3. Linear solver for the natural gradient

The natural gradient direction & solves G(6) & = VyE(6), where G is
symmetric positive semi-definite. However, G is highly ill conditioned with
an initial condition number around O(10'Y) and G is often rank deficient in
our experiments. R

We use conjugate gradients (CG) with Tikhonov regularization (G +
el)é = VyE, ¢ = 107%, run for up to ncg iterations (100 for 1D, 200 for
2D, 300 for 3D). The regularization ¢ = 107% is chosen to ensure the CG
iteration converges in a controlled number of steps. After computing the
CG solution ¢, a backtracking safety check evaluates F (6 — af) via a trial
forward pass; if F..w > E + Fi, the step is rejected in favor of a small
normalized gradient descent step. Throughout the iteration, the parameters
achieving the lowest energy (best parameters) are recorded for use in the final
reconstruction.

All steps are followed by norm clipping: & < min(1, C/||£]|)&. Table 1
lists the solver parameters for each problem.

3.4. The complete algorithm
The complete PWGF iteration is as follows.

1. Initialize. Draw z,. .., zy ~ p (fixed throughout) using sign-symmetric
sampling: draw N/2 particles from p| ) and mirror as zy/24j = —2;.
This enforces Ty(—z) = —Ty(z) (bias gradients cancel by symmetry,

keeping gy odd), so py is symmetric about = 0. Initialize §° with
small random weights (zero biases).

2. For k=0,1,..., K —1:
(a) Integrate the augmented Neural ODE (Section 3.1) for all N parti-
cles with forward Euler (Nopg substeps) to obtain {(z;, ¢;, J;, £})}X ;.

(b) Evaluate E(0%) = Fg + Fy + Fr by particle quadrature (Sec-
tion 3.2) and compute its gradient VyE by automatic differentia-
tion through the forward ODE.

(¢c) Assemble G(6%) from the per-sample Jacobians 9yTy(z:), cf. (20).
(d) Solve G(6*) ¢ = V4E(6%) by CG with backtracking (Section 3.3).
(e) Update 6" = 0¥ — o min(1, C/[|€]]) €.
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3. Reconstruct. Using the best parameters 0* (lowest energy seen), eval-
uate Tp- on a uniform grid, compute pg, set u = ,/pg, normalize in L?,
and export.

Since F(6*) is not guaranteed to decrease monotonically (the CG solve is
approximate and the step may overshoot), the best-parameter tracking in
step 3 is used for the final reconstruction.

Remark 3. There are two alternatives in the algorithm. First, one may
use MINRES instead of CG. It avoids using Tikhonov reqularization. The
stopping criteria in MINRES plays the regularization role. Second, there is
no need to form G explicitly. The matrix vector multiplication can be directly
implemented through OyTy.

3.5. Product-map ansatz and dimension-specific choices

The algorithm above is dimension-independent. For d > 1 with an ad-
ditively separable potential V' (x) = ZZ:1 Vi(zx), we adopt a product-map
ansatz:

T@(Z) = (T91(21)7 cey T@d(Zd)),

where each Tj, is an independent copy of the 1D boundary-preserving Neural
ODE with its own parameters 0y € RM1; the total parameter count is M =
d - M;. The metric tensor GG inherits a block-diagonal structure from the
product factorization, though our implementation assembles the full matrix.
In general, the product-map ansatz incurs a representation error since the
true ground-state density p* may not be a product.

Reference densities. The reference density p must vanish at 92 (Remark 2),
and the particle locations z; ~ u should concentrate where the ground-state
density is large. We use three choices:

Problem Domain Reference p

1D (—1,1) Beta(2,2): 3(1 — 2?)

2D (—16,16)*> Gaussian mixture per axis
3D (—8,8)%  Beta(5,5)% C(1—22/L*)*

For the 2D problem, ji;(2) oc (1 — 22/L?) Yy eGP/ with W =
{-12,-8,—4,0,4,8,12}, 0 = 1.5 (Section 4.2).
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4. Numerical Results

In 2D and 3D experiments below, we first run PWGF to obtain an ap-
proximate ground state, and then use it as a warm start for the H' Sobolev
gradient flow [23]. Thus we refer to the PWGF output as the PWGF warm
start throughout. Table 1 collects the hyperparameters used in all three ex-
periments. All three use the same learning rate a = 0.005; the 1D and 2D
experiments use clip C' = 10 while the 3D experiment uses C' = 50. The
2D problem additionally uses 4-fold sign-symmetric sampling (Section 4.2)
to enforce the symmetry of the potential and keep network biases at zero
throughout optimization.

Table 1: Hyperparameters for all three experiments. M; = H?+4H + 1 (parameter count
for a 1-+H—H—1 network); M = d - M; for d-dimensional product maps.

Parameter 1D 2D 3D
N (particles) 3000 3000 6000
K (steps) 400 400 400
a (step size) 0.005 0.005 0.005
H (hidden width) 10 10 10
M (parameters) 141 282 423

Nopg (Euler steps) 10 10 10
nca (CG iterations) 100 200 300
FEio (backtracking) 0.0 0.05 5.0
Clip C 10 10 50

4.1. 1D Test

We solve the stationary GPE on Q = (—1,1) with Dirichlet boundary
conditions:

—u"+V(z)u+BlulPu= I, ze€(-1,1), u(xl)=0, |ullz=1 (29)

The potential and interaction coefficient are

V(z) = ﬁcos%@), B =10.

This problem has the exact ground-state solution

u*(r) = sin(@), A= %2—|— B, E* = ; - % (30)
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Numerically: \* ~ 12.4674, E* ~ 4.3587.

Figure 1 shows the PWGF iterates with the settings in Table 1 (runtime
~ 26s on Macbook Pro with M1 CPU). The energy estimate plateaus at
E =~ 4.187, below E* ~ 4.359, because the particle-based Fisher estima-
tor systematically underestimates F due to tail under-sampling (see Sec-
tion 4.1). The wavefunction error ||u® — u*|| ;2 decreases from 0.20 at step 1
to 0.036 by step 100 and remains stable thereafter.

Energy error (MC bias floor visible) Wavefunction error (converges)
2x107! -~ floor = 0.0360
1071 4
_ 2 10714
i S
! |
w 3
6x1072
1024
4x1072
s W
0 50 100 150 200 250 300 350 400 0 50 100 150 200 250 300 350 400
Step Step
Gradient norm (first-order stationarity) Ground state profile
10! 4 1.0

0.8 1
100 4

0.6

V6 Ex]|
u(x)

1014 044

0.2 1

-2 |
10 h — Exactu” \

0.0 —-=-- PWGF warm-start

0 50 100 150 200 250 300 350 400 -1.00 -0.75 -0.50 -0.25 0.00 0.25 050 0.75 1.00
Step X

Figure 1: 1D PWGF ground-state computation. Top-left: energy error |[E* — E*| (log
scale). Top-right: L? error |[u* — u*||; decreases to the floor ~ 0.036 (Table 2). Bottom-
left: gradient norm ||VyE*||. Bottom-right: reconstructed ug vs. exact u*.

Remark 4 (Energy below E*). The particle estimate Epwar ~ 4.19 falls
below the exact ground-state energy E* ~ 4.36. This does not wviolate the
variational principle: the true energy E(pg) is above E*, but its Monte Carlo
estimate 1s biased downward. All three energy components Fg, Fy, Fr are
estimated by particle quadrature and are subject to bias; the ablation study in
Section 4.1 identifies F (Fisher information) as the dominant source.
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Sensitivity to hyperparameters
To identify the dominant source of the = 3.6% error floor, we vary each
hyperparameter independently while holding the others fixed.

(a) Varying N (b) Varying H (network width) (c) Varying Nope
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uadrature particles N
Q P Parameter count M ODE steps Nooe

Figure 2: Plateau ||u® — u*| > vs. each hyperparameter (baseline: N = 3000, H = 10,
Nopg = 10; dashed line at 0.036). (a) N: non-monotone; N = 3000 is optimal. (b) H:
saturates at H = 10. (¢) Nopg: negligible improvement (0.0364 — 0.0354 for 8x more
compute).

Axis varied Range Plateau range Observations

N (particles) 1000 — 10000 0.036-0.066 non-monotone

H (network width) 5 — 40 0.036-0.049 improves H=5 — 10
Nopr (ODE steps) 10 — 80 0.0354-0.0364 little improvement

Table 2: Error-floor ablations (Figure 2). The bottleneck is MC bias in VyFg from tail
under-sampling.

All three ablations identify the same bottleneck: systematic MC bias in
the Fisher estimator Fi; from tail under-sampling. Increasing /N beyond 3000
does not help because the optimizer converges more tightly to the biased MC
minimum; network capacity saturates at H = 10; and 8x more ODE steps
yield only 2.7% improvement.

4.2. 2D Test
The second test problem is the GPE on (—16,16)* with 3 = 10:
—Au+ V(xy, z0)u+ Blul>u = I, (x1,25) € (—16,16)%, =10, (31)

with potential V (z1,22) = 2sin®(7x;/4) sin®(722/4). No analytical ground
state is known with the reference values £* &~ 0.2171 computed by Sobolev
gradient flows from [23].
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4.2.1. Reference density

The potential vanishes on a 7 x 7 grid at (z1,22) = (47,4k), j,k €
{=3,...,3}, so the ground-state density has 49 bumps. We use a Gaussian-
maxture reference density that already places mass at all seven potential wells
per coordinate:

2

1(2)=C- (1 - z—) - exp(—ﬂ>, W= {12, -8,—4,0,4,8,12},

L? 202
keEW
(32)
where o = 1.5, the boundary factor enforces p;(+L) = 0 and C' is a normal-
ization constant. The 2D reference is p(z) = p1(z1) p1(22), and its score

010z () = 3 (). M 2 (33)

o L? — 22’
kEW

where wy(z) are softmax-normalized Gaussian weights, enters the augmented
ODE for the Fisher estimator.

The symmetry V(—xz1,22) = V(x1, —22) = V(21,22) implies the opti-
mal maps are odd: Ty (—z) = =T} (z). We enforce this analytically via 4-fold
sign-symmetric sampling: draw N/4 base particles (2], z5 ) from the positive
quadrant and include all four sign mirrors (421", £25). Gradient contribu-
tions of each bias parameter cancel identically across opposite pairs, keeping

the network biases at zero throughout the iteration.

4.2.2. Results
With the settings in Table 1, the energy decreases from ~ 0.225 at step 20
to Fpest = 0.2162 by step 400, with the CG step accepted at every iteration.

The 7 x 7 multi-bump structure is reproduced (Figure 3). CPU runtime is
78s on Macbook Pro with M1 CPU.

4.2.8. Warm-start comparison with the H' gradient flow
The PWGF output is bilinearly interpolated onto the n = 200 FD grid
and used to initialize the H' gradient flow:

Initialization Initial FD energy E© |E' — E|
Constant one 0.6495 8 x 1073
Random (|JA(0,1)], seed 42) 29.49 1.5 x 1072
PWGF warm start 0.2327 1.3 x 1073
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At H1 step 1, the PWGF warm start is ~7x closer to E; than constant-

one and ~11x closer than random (Figure 3).

2D GPE Comparison Problem: PWGF Warm Start and H1 Gradient Flow (n=200, =10.0)

N
PWGF Warm Start ug H1 Reference Ground State uj,
Potential V(x1, x2) (E=0.2327, gap 11.5%) 0.06 (Eh' =0.217059) 0.06
s » . e 175 - 15 -
. e . e » 1.50 0.05 10 0.05
. » . »
125 0.04 0.04
. » . e »
1.00 <
. » . H 0.03 0.03
e e H 075 -5
0.02 0.02
. » LI 0.50 -10
. » . H 025 0.01 _15 0.01
0.00 x 0.00
PWGF Energy vs. Step H1 Energy Error vs. Iteration H1 Eigenvalue Error vs. Iteration
--- E’=02171 (continuous) 10-2 —@- Constant One Initial —@- Constant One Initial
E; = 02171 (discrete) ~®- Random Initial S -®- Random Initial
0224 —A—~ PWGF Warm Start Initial 10744 —A— PWGF Warm Start Initial
1073
0.222
Wy = =
> w ~<
> .
] S0t J
& 0.220 [T =
10-°
0.218
\ S
0.216 10
0 100 200 300 400 2 4 6 8 10 2 4 6 10
PWGF step H1 iteration H1 iteration

Figure 3: 2D problem (8 = 10, n = 200). Top: potential V, PWGF warm start ug
(Epp = 0.2327), and H1 reference uj (E} = 0.21706). Bottom left: PWGF energy

history. Bottom center/right: energy and eigenvalue error vs. H1 iteration.

4.8. 3D Test
For the third test we take the GPE on (—8,8)% with 3 = 1600:

—Au+V (2, 29, x3) u+ BlulPu =, x€(=8,8)% B =1600,
with harmonic trap plus optical lattice
4

V(xy, w9, 23) = 22 + 5 + 25 + 1OO<sin2 T 4 sin® ™22 + gin’ ”—“)

Reference values from [23] are E* = 33.80228 and \* = 80.895.
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4.3.1. Reference density
We use a scaled Beta(5,5) reference density on each coordinate interval
(—L, L), concentrated within |z;| < 4 where the potential is low:

3 54
2 315

plz) = CfH(l - Lk?) A (36)

k=1

with score 0, log u = —8z2;,/(L* — 27). The normalization C; = 315/(256L)
follows from [* (1 — #2)*dt = 256/315, obtained by expanding (1 — ¢*)*
and integrating term by term. Quadrature uses N = 6000 particles drawn
with 8-fold sign symmetry (750 base triplets x all (4, £, £) sign patterns),
preserving the sign-symmetry of VyE. All three coordinate networks are
initialized identically with small random weights (scale 0.01) to avoid the
saddle point at zero initialization.

4.8.2. Results

With the settings in Table 1, the energy decreases from E ~ 84 at step 20
t0 Epest &~ 37.25 (within 10% of E*) by step 300-400. The reference solution
has a 3 x 3 x 3 blob structure dictated by the optical lattice (Figure 4). The
PWGEF solution after K = 400 steps shown in Figure 6 is certainly still far
from the true ground state, but it is much better than unimodal Beta(5,5)
shown in Figure 5. In other words, this 3D test does show that PWGF can
recover some interesting structure about the true minimizer of GP energy,
though it is quite difficult to use PWGF to obtain a highly accurate solution.

Despite this qualitative mismatch, the PWGF warm start still provides
a useful initialization for the H1 flow because the total mass is placed in the
correct spatial region (|xy| < 4), even though its fine structure is wrong.
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3D GPE ground state (8=1600, n=199)

PWGF warm-start Reference solution
isosurface (isovalue=0.002) isosurface (isovalue=0.002)

PWGF warm-start Reference solution
slicesz= —4,0, +4 slicesz= -4,0, +4

0.200

0.175

0.150

0.125

0.100

0.075

0.050

0.025

0.000

Figure 4: 3D GPE (8 = 1600, n = 199). (a)—(b) Isosurfaces at level 0.002: PWGF
solution (E = 55.26) and reference solution (E} = 33.794, 3 x 3 x 3 blobs). (c)—(d) Slices
at z = —4,0, +4; peak =~ 0.221.
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Initialization E©  Gap above E* |E' — E*|

Constant-one 108.40 221% 5.57 x 10!
Random (JA(0,1)], seed 42) 150.92 347% 9.42 x 10!
PWGF warm start 55.24 63% 1.24 x 10!

Exact reference: E* = 33.80228, \* = 80.89511. E© is the finite-difference
energy of each initialization on the n=99 grid.

onN & O

-2
-4
-6

Figure 5: 3D Beta(5,5)% density u(z) = C$ szl(l —22/L*)* on (—8,8)3, displayed with
the same isovalue and colorbar as Figure 4. Left: isosurface at level 0.002 — a single
smooth blob centered at the origin, in contrast to the 3 x 3 x 3 multi-blob structure of the
true ground state (Figure 4). Right: slices at z =~ —4,0, +4.

4.8.8. Warm-start comparison with the H* gradient flow

The PWGF output (on a 403 grid) is trilinearly interpolated onto the
n =99 FD grid and used to initialize the H1 gradient flow:

The PWGF warm start enters the H1 flow ~4.5x closer to £* than the
constant-one cold start and ~7.6x closer than the random cold start at
step 1. After 10 H1 steps, the warm start reaches £ = 34.48 (within 2% of
E*), while constant-one reaches 36.04 and random reaches 40.82 (Figure 6).

The advantage is smaller than in 2D (~7-11x) because the PWGF par-
ticle estimate Epwgr ~ 37.25 inflates to Epp = 55.24 on the FD grid (Fisher
MC noise, interpolation error, and product-map representation gap), but the
initial FD energy is still roughly half that of either cold start.

Re-interpolating the 402> PWGF output onto a finer n = 199 grid gives
the same initial energy (E‘(ﬁj‘)rm = 55.26); see Figure 7. The PWGF phase runs
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in ~240s (Macbook Pro with M1 CPU, K=400 steps, M =423 parameters)
for the 3D problem.

3D GPE Comparison: PWGF Warm Start and H1 Gradient Flow (n=99, =1600.0)

Potential V(x1, x2, 0) PWGF Warm Start ug PWGF Warm Start after 10 H1 Steps

(z=0 midplane) (E=55.2381, 63.4\% above E*) (E=34.3140, ref E* = 33.802279005
250
6 0.20 6 0.20
4 200
0.15 0.15
150
B <
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100 -2
-4
50 6 0.05 0.05
- 0 5 0 - 0 5 0.00 0.00
x1 x1
PWGF Energy vs. Step H1 Energy Error vs. Iteration H1 Eigenvalue Error vs. Iteration
—— PWGF energy 102 —@- Constant One -@- Constant One
80 --- E'=33.80227900547 - Random - Random
—&— PWGF Warm Start 102 —A— PWGF Warm Start
70
w b =
> w
2 60 N 10t j 100
& [ =
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40 10°
10°
0 100 200 300 400 2 4 6 8 10 2 4 6 8 10
PWGF step H1 iteration H1 iteration

Figure 6: 3D GPE (8 = 1600, n = 99). Top: potential V' midplane, PWGF warm start
(Epp = 55.2), and warm start after 10 H1 steps (E = 34.48). Bottom left: PWGF energy
history. Bottom center/right: energy and eigenvalue error vs. H1 iteration. Reference:
E* = 33.802, \* = 80.895.
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3D GPE H1 Flow: Three Initializations (n=199, B=1600.0, a=20.0)

Energy Error vs. H1 Iteration Eigenvalue Error vs. H1 Iteration
(discrete ref £, =33.794068) (discrete ref A, =80.885084)

—@- Constant One Initial —@— Constant One Initial

—- Random Initial —#- Random Initial

—A— PWGF Warm Start Initial —A— PWGF Warm Start Initial
10%

10t

B =
-
A
WE=Ar |

10°

10°

2 4 6 8 10 2 4 6 8 10
H1 iteration H1 iteration

Figure 7: 3D GPE on the n = 199 grid (3 = 1600, h = 0.08). Energy error |E* — Ef| and
eigenvalue error |\¥ — A7 | vs. H1 iteration; same three initializations as Figure 6. Discrete
reference: Ej = 33.794, A} = 80.885.

5. Conclusion

We developed PWGF, a mesh-free method that computes the GPE ground
state by natural gradient descent in the parameter space of a boundary-
preserving Neural ODE, with the Fisher information evaluated analytically
via an augmented ODE. Numerical experiments with different reference den-
sities for three different tests in dimension d = 1, 2,3 show energy gaps of
~ 4%, ~ 0.4%, and ~ 10% relative to reference solutions. The PWGF out-
put can be used as an effective initial condition in the H' Sobolev gradient
flow of [23]. Convergence analysis of the parameterized Wasserstein gradient
flow remains open and all results in this paper are empirical.
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