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Abstract. Admissible states in hyperbolic systems and related equations often form a convex
invariant domain. Numerical violations of this domain can lead to loss of hyperbolicity, resulting in ill-
posedness and severe numerical instabilities. It is therefore crucial for numerical schemes to preserve
the invariant domain to ensure both physically meaningful solutions and robust computations. For
complex systems, constructing invariant-domain-preserving (IDP) schemes is highly nontrivial and
particularly challenging for high-order accurate methods. This paper presents a comprehensive survey
of IDP schemes for hyperbolic and related systems, with a focus on the most popular approaches for
constructing provable IDP schemes. We first give a systematic review of the fundamental approaches
for establishing the IDP property in first-order accurate schemes, covering finite difference, finite
volume, finite element, and residual distribution methods. Then we focus on two widely used and
actively developed classes of high order IDP schemes as well as their recent developments, most
of which have emerged in the past decade. The first class of methods seeks an intrinsic weak IDP
property in high-order schemes and then designs polynomial limiters to enforce a strong IDP property
at the points of interest. This generic approach applies to high-order finite volume and discontinuous
Galerkin schemes. The second class is based on the flux limiting approaches, which originated from
the flux-corrected transport method and can be adapted to a broader range of spatial discretizations,
including finite difference and continuous finite element methods. In this survey, we elucidate the
main ideas and underlying principles that guide the construction of IDP schemes, unify several
existing IDP analysis techniques and theories, and provide some new perspectives and insights on
the existing approaches. We also illustrate these approaches through extensive examples, such as
positivity-preserving schemes for the gas dynamics equations, and present numerical experiments
drawn from interdisciplinary applications in gas dynamics and magnetohydrodynamics.
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1. Introduction.

1.1. Motivation. Consider the initial value problem of a time-dependent PDE
system of N equations in d spatial dimensions,

(1.1) Oru+ L(u) =0, u(x,0) =ug(x), =cR? u=u(z,t)cR",

defined in a bounded domain with appropriate boundary conditions, where £ denotes
the spatial differential operator. A set G C R" is called an invariant domain of (1.1)
if well posed solutions to (1.1) satisfy u(z,t) € G for all  and ¢ > 0 as long as
u(zx,0) € G for all . In many problems, G can be represented by the positivity or
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non-negativity of several functions of u:
(1.2) G:{ueRN: gi(w) >0 Viel, g(u)>0 Viei}.

For a given PDE, its invariant domain is not necessarily convex, but the invariant
domain used in stabilizing many interesting and important hyperbolic systems is
often a convex set. In this paper, we only consider convex invariant domains. Such
convex invariant domains are typically found in hyperbolic conservation laws

(1.3) du+V - f(u) =0,

as well as in other time-dependent PDEs, such as convection-diffusion equations [55],
semilinear parabolic equations [73], and reaction-diffusion equations [80, 196], etc.

For example, for gas dynamics equations consisting of conservation of mass, mo-
mentum and total energy, the set of admissible states is defined by positive density
and internal energy (or pressure for many common equations of state). Such a set
of admissible states is needed for not only physically meaningful solutions but also
maintaining the hyperbolicity of the governing equations, which will be reviewed in
Subsection 2.1. More importantly, numerically preserving positivity of density and
pressure is critical for stabilizing computations of challenging problems such as high
speed flows, especially for high order numerical schemes. Preserving an invariant do-
main defined by positivity of density and pressure in a conservative scheme can ensure
L' stability of mass and total energy [174].

For a generic hyperbolic problem, the set of admissible states such as positive
water height in shallow water equations, usually defines a convex invariant domain,
preserving which renders numerical schemes more robust. There are many such ex-
amples in applications including but not limited to weather modeling [168], radiative
transfer [41, 170, 42], kinetic equations [50, 20], neutrino transport in core-collapse
supernovae [165], relativistic hydrodynamics [182, 223, 179, 225, 214, 221], hydraulic
engineering [227], astrophysics [125, 127], chemically reactive flows [161], etc.

1.2. Scalar conservation laws and order barriers. As a simplified model
problem, consider a scalar conservation law dyu 4+ V - f(u) = 0, whose entropy solu-
tion u(x,t) is total-variation-diminishing (TVD) and satisfies the maximum principle
ming u(x, t) < u(z,s) < maxg u(z,t) for any s >t > 0, implying a bound-preserving
property Umin := Mingcq uo(x) < u(x,t) < maxy ug(x) =: Unax. Hence, the scalar
conservation law admits a convex invariant domain G = [Umin, Umax]-

For scalar conservation laws, there is extensive literature on enforcing stronger
properties, such as the TVD property and monotonicity, which go beyond merely
preserving the invariant domain G. Consider the one-dimensional scalar equation
Oy~ 0, f (u) = 0. A numerical scheme of the form u?“ = H(uf_p,ul gy, ufyy)
is called monotone if the function H is monotone increasing (non-decreasing) with re-
spect to each of its arguments. This definition naturally extends to multi-dimensional
problems and to convection—diffusion equations: the numerical solution at the next
time level must be a monotone increasing function of each of its arguments within the
stencil at the current time level.

It is well known that such a monotone scheme is at most first order accurate
[88, 112]. There is a common misconception that a monotone scheme never produces
new extrema. A monotone scheme is also TVD thus monotonicity-preserving:

monotone = TVD =- monotonicity-preserving,
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none of which, however, implies that no new extrema can be generated. The definition
of monotonicity-preserving is that if v ; > u} for all j, then u?_tll > u;H'l for all
j. Thus a monotone scheme cannot generate new extrema on an infinite domain if
the initial condition is a monotone profile. For instance, the Lax-Friedrichs scheme
(a.k.a. Rusanov scheme) is monotone, and one can easily construct a non-monotone
initial condition for which the Lax-Friedrichs scheme produces new extrema [40)].

The order barrier that a monotone scheme can only be first order accurate is also
called Godunov Theorem. There are similar order barriers stated in the literature. For
example, a TVD finite difference scheme satisfying > |u?111 —u?+1| <D luf —ufl
can be at most first order accurate in two dimensions [89]. Similarly, if seeking
maximum principle in the form min; uj < u?'H < max; u} in a finite difference or
finite volume scheme, then such a scheme can be most second order accurate in spatial
truncation error analysis, see [247] for a simple counterexample accredited to Harten.
Central schemes [118, 129] satisfy such maximum principle and achieve second order
accuracy.

To enforce the maximum principle or the TVD property in high order finite volume
and finite difference schemes, various limiters can be designed, which however causes
loss of high order accuracy near extrema due to the above-mentioned order barriers.
Nonetheless, such schemes can still achieve high-order accuracy for smooth solutions
that are monotonically increasing or decreasing, while delivering good resolution of
discontinuities.

1.3. First order schemes for systems. Consider a one-dimensional hyper-
bolic system u; + f(u), = 0 as an example, then a 3-point-stencil first order locally
conservative scheme can be written as

_ At
T Az’

where u} denotes the solution at a grid point z; and n-th time step, f (+,-) denotes
the numerical flux function, and At and Az are the temporal and spatial step-sizes.
Stability properties of scalar equations such as TVD and maximum principle do not
directly extensible to systems of conservation laws. For instance, in a blast wave
solution to gas dynamics equations, both the total variation and upper bound of
density become much larger than their initial values (see Figure 7). Instead, first
order monotone schemes like the Godunov scheme and the Lax-Friedrichs scheme
(a.k.a. Rusanov scheme) for scalar conservation laws can be shown invariant-domain-
preserving (IDP) for hyperbolic systems, which will be reviewed in Section 3.

For a given hyperbolic system, it is usually difficult to show that the exact solution
preserves a given invariant domain from PDE analysis. If numerical solutions to a
locally conservative scheme converge in the sense of bounded variation when refining
the meshes, then the limit must be a weak solution by the Lax-Wendroff Theorem
[142]. Schemes like the Godunov scheme also satisfy the entropy inequality, thus the
converged limit is also an entropy solution. Therefore, numerical solutions of the
first order Godunov scheme can be used to as a numerical evidence for whether the
hyperbolic system should preserve a particular chosen convex domain [113, 114]. If
u} produced by a first order IDP scheme (1.4) converges as mesh refines, then it is a
strong numerical evidence that at least one exact solution to the PDE should preserve
the same invariant domain.

(1.4) Wt = up = (fugug,) - fgg,up)), A

1.4. High order schemes for systems. Although almost all desired stability
properties can be proven for a first-order scheme (1.4) using either the Godunov flux
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or the Lax—Friedrichs flux, their numerical resolution of fine structures is often unsat-
isfactory. High-resolution and high-order schemes are preferred for achieving better
resolution. High-order schemes are typically defined as those that are at least third-
order accurate for smooth solutions. Even though any Eulerian scheme on a uniform
mesh can be at most half-order accurate in the L?-norm for discontinuous solutions
[143, §11.2], high-order schemes such as WENO (weighted essentially non-oscillatory)
schemes [195] or discontinuous Galerkin (DG) methods [56] generally produce bet-
ter resolution than low-order schemes for discontinuities such as shocks, due to the
reduced artificial viscosity present in high-order schemes.

However, popular and practical high order accurate finite difference, finite volume,
and finite element schemes are not robust for very challenging hyperbolic problems
(e.g., high speed flows involving low density and pressure), often due to violation of the
invariant domains (e.g., loss of positivity of density or pressure in compressible flows).
With proper modifications or limiters, high order schemes can be rendered to preserve
the invariant domain of admissible states, which may improve their robustness.

We emphasize that the order barriers such as the Godunov Theorem hold only in
the sense as stated in Section 1.2. Under different definitions of discrete total variation
or maximum, it is possible to avoid these order barriers. For example, if defining the
total variation as the total variation of the piecewise polynomials reconstructed in a
finite volume scheme, a very high order accurate finite volume TVD scheme can be
constructed for scalar equations in one dimension [244]. If seeking a scheme preserving
a simple invariant domain U, < u} < Unax instead of a strict maximum principle
min; ul < u? < max; u; for scalar equations, then in general it is still possible to
achieve high order accuracy for a smooth solution. For a properly defined invariant
domain (1.2), there should be no order barriers for systems.

For the sake of stabilizing high order Eulerian schemes without adding excessive
artificial viscosity, we should consider a method that is high order accurate (at least
for smooth solutions), conservative, and IDP. For a special scheme solving a special
system, there might be many different ways to construct such a method. For general
problems, there are two popular and flexible approaches which are described briefly
as follows.

Take a high order accurate finite volume scheme on an interval I; = [z;_ 1Tyt ]
as an example. With forward Euler time stepping, it can be written as

A

—n+1 _ =n — +
(1.5) =] —)\(f(u Lu ) —f(u = Ay

- +
, C,ul A
J+57 it i=3’ J—%))’

Jt3’ it
are reconstructed values at x; 1 from the left and from the right, respectively. Let

where 11; denotes the cell average, f is a numerical flux function and u

R o . )
f01 = f(ujJr%,ujJr%) denote the numerical flux.
The first popular and easy-to-use approach is to consider a modification or limiting

of the numerical fluxes fji 1 50 that ﬁ?“ is in the invariant domain, and the idea of

flux limiting traces back to the seminal work of the flux corrected transport (FCT)
by Boris and Book [35, 34, 36] and also Zalesak [239)].

The second popular approach is to modify only the reconstructed values u;:i 1

2

so that ﬁ;’“ is in the invariant domain under a suitable time step, and such an
approach has been popularized by Zhang and Shu [246], which builds upon the idea
by Perthame and Shu in [176] and the simple polynomial limiter analyzed in [155]. By
the Godunov Theorem, a high order scheme like (1.5) cannot be monotone for solving
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scalar equations, but it can still be weakly monotone (Theorem 4.1 in Section 4),
which is the key of such an approach.

1.5. Scope and organization of this paper. The preservation of invariant
domain is merely a partial characterization of nonlinear stability, which is not sufficient
for convergence. For convergence to entropy solutions, discrete entropy inequality
should also be considered. Moreover, more properties might also be desired such as
energy stability, and well-balancedness for shallow water equations. It is possible to
combine discussions of other properties with the IDP property. For simplicity, we
focus on only how to preserve a convex invariant domain, and we do not discuss
boundary conditions. We only discuss the numerical scheme in the interior of the
domain, e.g., assuming periodic boundary conditions on a rectangular domain or zero
inflow boundary conditions. For the organization of the rest of this paper, we first
list some representative examples of invariant domains in Section 2. In Section 3, we
discuss how to show IDP in classical first order schemes, on which IDP techniques in
high order schemes depend heavily. In Section 4 and Section 5, we review two popular
approaches for enforcing invariant domain in high order schemes, which can be used
for many hyperbolic systems such as gas dynamics and shallow water equations. In
Section 6, we briefly discuss other approaches and extensions, then survey recent
breakthroughs and developments for the much more challenging MHD systems. The
concluding remarks will be given in Section 7.

2. Examples of invariant domains. For a system d;u + 9,f(u) = 0, it is
hyperbolic if the Jacobian matrix f'(u) has real eigenvalues and a complete set of
eigenvectors, from which usually an invariant domain like (1.2) can be defined. For
nonlinear hyperbolic systems in multiple dimensions, it is in general difficult to prove
that the exact solutions satisfy u(x,t) € G, but violation of such an invariant domain
usually causes blow-ups in numerical computation due to loss of hyperbolicity. Next,
we list some examples of (1.2).

2.1. Gas dynamics equations.

ExaMPLE 2.1 (Positivity density and pressure for ideal gas). Consider the com-
pressible Euler equations, which can be written in the form of (1.3):

P m
(2.1a) O m|+V-|p'meom+pl| =0, zeR? d=1,23
E p~H(E+p)m

where p is the density, m denotes the momentum vector, p is the pressure, and F =
2

pe + % 18 the total energy with e being the specific internal energy. The system

(2.1) is closed with an equation of state (EOS), e.g., the EOS for ideal gas is

(2.1b) p=(y—1)pe,

where v > 1 is the ratio of specific heats. The commonly considered invariant domain
for (2.1) is defined by positive density and positive pressure

(2.2) G= {u(p,m,E)T eR™2: p>0, p=(y-1)(E - |7;Lp|2) >0}.

The pressure function p(u) is concave in u, which can be verified via its Hessian
matriz. Thus p satisfies the Jensen’s inequality

(2.3)  p(Aur+ (1 —ANugz) > Ap(uy) + (1 — A)p(uz) VA e (0,1), Yuj,us € G,
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which implies the convexity of G.

Negative density or pressure leads not only to physically meaningless solutions but
also to loss of hyperbolicity, since the local sound speed , /% becomes imaginary and

the eigenvalues of the Jacobian matrix of system (2.1) become complex. In practice,
negative density or pressure almost always cause significant numerical instabilities
when solving (2.1), for example in simulations of high-speed flows (see Figure 8).
Therefore, the set (2.2) is also known as the set of admissible states.

ExaMPLE 2.2 (Invariant domain with minimum entropy principle). For com-
pressible Euler equations with ideal gas EOS (2.1), one may also consider adding the
minimum entropy principle [201, 12/], S(u) > Spin := ming S(ug(x)), for the spe-
cific entropy S = In p%, which is mot a concave function but instead a quasi-concave
function [248, Lemma 2.1] thus satisfies

(2.4) S(Aug + (1 = Mug) > min{S(uy),S(uz)} VA€ (0,1), Vuy,us €G.

One can obtain another convexr invariant domain:
25 Gs={u=(m BT R p>0 550 5=l x5, f
o

EXAMPLE 2.3 (Invariant domain for any EOS). The pressure function may no

longer be a concave function in a general FEOS, for which the internal energy pe =
2

E - % is always concave for p > 0. The invariant domain defined by positivity

of internal energy can be considered for both compressible Euler and Navier—Stokes
equations [92, 242, 95]:

2
(2.6) G:{u:(p,m,E)TeRd+2: p>0, pe:E—hZ! >O}.

2.2. Single layer shallow water equations. The single layer shallow water
equations with a bottom topography, which has been used to model flows in rivers
and coastal areas for ocean and hydraulic engineering, can be written as

h m o 0 2
(2.7) O (m) +V: (h_1m®m—|— éghI) B (—gth) » TERY

where h is water height, m = h(u,v)" is the momentum, b(x) is the bottom topog-
raphy function, and ¢ is the gravity constant. The eigenvalues of the Jacobian are
related to v/gh, thus the non-negativity of the water height function defines a convex
invariant domain, which is crucial for numerical stability [28, 45, 128].

2.3. Two-layer shallow water equations. Consider the more complicated
two-layer shallow water equations, which are widely used in the study of stratified
flow motions such as salinity-driven exchange flow motions and layered flows. In one
dimension, the equations for conservative variables can be written as

hy hyuy 0
h1u1 hlu% + %gh% o 7gh1(h2 + b)z
(2.8) R o = ; :

haus hou3 + Sgh3 —rgha(h1)z — ghaby
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where the subscripts 1 and 2 denote the upper and the lower layers of the water
respectively, h; is the height of the ith layer, u; denotes the velocity of the ith layer,
b is the bottom topography, and r = p1/p2 € (0,1) is the ratio of density.

By using the expansion-based first order approximation [162], the eigenvalues of
the Jacobian can be given as the external wavespeeds and internal wavespeeds

hiuy +h
(2:9) N~ T g ),

(2.10) A\, =~ ] g =g(1-r)>0.

hiug + hauy <]y hihso {1 (w1 —ug)?
hy + hs hi + ha g'(h1 + h2)

One can first consider an approximated invariant domain defined to ensure the
approximated eigenvalues to be real numbers:

. 2
. = 1, N1U1, N2, N2U2 : 1> 9 2> 7M§g/ 9
2.11 G hi, hiui, ho, hous) "t hy >0, h 0(
hi + ho
(u1—uz)?

which unfortunately is not a convex set because is not a convex function

hi+ha

2
of the conserved variables (hq, hiuq, ha, hgug)T. However, the function (wi—ua)”

hi+ho
convex function of the primitive variables (h1, uy, ho,us) T, which can be easily verified
via its Hessian matrix. Thus we may consider rewriting the two-layer equations in

these variables:

is a

hy hiuy 0
1,2
uy sui +g(hi+ha+0) | _ [0
(2.12) ]+ hon =10l
Us %u% +g(rhy + ha +b) 0

t

and consider the following invariant domain for the same constraints:

_ { T, (u1 — up)? /}
(213) G = (h1,U1,h2,’LL2) thy > 0, ho > 0, ——<g ;.
hi + ho

Although (2.11) and (2.13) describe the same admissible states, the key difference is
that only the set (2.13) is convex, which facilitates the construction of IDP schemes
for the equivalent system (2.12); see [72]. However, the systems (2.8) and (2.12) are
equivalent only for smooth solutions and they may produce different weak solutions.
Moreover, there are some drawbacks of solving a system for non-conservative variables
(2.12), e.g., it is nontrivial to obtain conservation of momentum.

2.4. Ten-moment Gaussian closure model. Gaussian closure models are
alternatives of compressible Euler equations for modeling compressible flows with
nonlocal thermodynamic equilibrium assumed, especially for extremely low pressure
rarefied gas flows. The ten-moment Gaussian closure model [144, 27] in two dimen-
sions are given by dyu + 0,f1(u) + 9,f2(u) = 0 with

p m;
my miv; + p1j
ma mav; + P2y
2.14 = f. = J J =1.2
( ) u E11 ’ J(u) Ellvj +p1j’Ul 9 .7 9 “y
Eis E12vj + 1(p1jv2 + pajur)

E22 Eggvj + D2;V2
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where p denotes the mass density, m = (my, ms) ' is the momentum, and the velocity
vector is given by v = m/p. The symmetric tensor E = (E;;) represents the energy,
and p = (p;;) is the pressure tensor, which is also symmetric and anisotropic in nature.

The system (2.14) is closed by the relation p = 2E — pv ® v. This ensures that
the model remains consistent with physical constraints. The set of admissible states
is characterized by the positivity of both the density and the pressure tensor,

(2.15) G = {u €ERC:p>0,E— MEM s positive—deﬁnite} ,

which is a convex set [163].

2.5. Ideal MHD equations. The system for ideal compressible magnetohydro-
dynamics (MHD) can be reformulated in conservative form as follows:

0 m
m meuv—B®B + ptl _

(2.16) O B +V. voB-Boov =0,
E (E+p+3B]*)v—(v-B)B

where p denotes the mass density, m is the momentum, and the velocity field is com-
puted via v = m/p. The magnetic field is represented by B, satisfying the solenoidal
constraint V - B = 0 if it is satisfied at t = 0. The total energy E includes contribu-
tions from internal, kinetic, and magnetic energy, E = pe + § (p|v|* + [B|?), where e
is the specific internal energy. Physically meaningful states must satisfy positivity of
both the mass density and internal energy. This leads to a convex invariant domain:

_ _ T 2d+2 — m? _ BJ?
(2.17) G=qu=(p,m,B,E) €R :p>0, g(u):=F 5 5 >0p.

The positivity is crucial for stable computations [51, 67, 215].

2.6. Relativistic MHD equations. The relativistic magnetohydrodynamic
(RMHD) system [225, 221] can be expressed in conservative form as follows:

D Dv
m m@uv—-—B® (W*2B+ (’U~B)’U) + protl

(2.18) o|g|+V v2B_Boov 0.
E m

In this formulation, the relativistic mass density D = pW, where p is the rest-mass
density and W = (1 — |v|?)~!/2 is the Lorentz factor. The momentum vector m is
defined as

m = (phW? + [BY)v — (v - B)B,

where & is the specific enthalpy and v is the velocity. The velocity is normalized such
that the speed of light is unity. The total energy is given by

E = phW? = piot + [BI*.

The magnetic field B obeys the divergence-free condition V - B = 0 if it is satisfied at
t =0, as in ideal MHD. The total pressure piot = p + Py is composed of the thermal
component p and the magnetic contribution

1 (W2BJ|* + (v-B)?).

Pm = 2
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To ensure physical admissibility, the solution must lie within the invariant domain
(2.19) G={u=(D,mB,E)" eR*™?:D>0, p(u) >0, [v(u)] <1},

where both v(u) and p(u) are nonlinear functions of the conserved variables and
cannot be explicitly written in closed form. These nonlinear implicit functions are
frequently expressed in terms of another auxiliary function gﬁ(u), which is determined
implicitly. Specifically, the expressions take the form:

2 (6-D 7)), vlu) =

_ m + (m-B)B/qAS.
Z3 (o)

¢+ [BJ2

(2.20) p(u)

Here, é = é(u) is defined as the unique positive root of a nonlinear equation:

_ o L((m-B? BP\ o-1( D ¢ \_
¢ — E+ B 2( 92 *zg(@)+ v (Zu(¢) Zﬁ(ﬂb))o’

where v is the adiabatic index (ratio of specific heats), and Z,(¢) is

—-1/2
Zu() = ¢*(¢ + B]*)* — [¢*Im|* + (2¢ + |BJ*)(m - B)?]
B ¢*(¢ + |B[?)?
3. First order schemes preserving invariant domains. We only consider
schemes with forward Euler time stepping in this section.

3.1. Monotone schemes for 1D scalar conservation laws. We first consider
the simplest example of enforcing bounds in solving scalar conservation laws. Consider
the one-dimensional (1D) version of the scalar conservation law

(3.1) Oru ~+ 0y f (u) = 0.

A 3-point-stencil first order monotone scheme for (3.1) can be written as

(32wt =g = A (F ) - fg ) ) =5 ),

where u7 denotes the numerical solution at the j-th grid point in finite difference or
j-th cell in finite volume at the time level n, A = At/Az with At and Az denoting
the temporal and spatial mesh sizes', and f(u_,u+) is a monotone flux, i.e., it is
non-decreasing in the first argument «~ and non-increasing in its second argument
uT, and satisfies the consistency f(u, u) = f(u).

Under a suitable Courant—Friedrichs—Lewy (CFL) condition, typically of the form:

(3.3) Aa <1 with «a:= m3x|f’(u)|,

the function Hy (-, -, ) is monotonically non-decreasing in all its three arguments. Note
that the consistency of f implies that H)(u,u,u) = u. Therefore, if
Umin S U;'Iflv ’LL;-L, u;}+1 S Umaxa

1Uniform mesh size is assumed here for simplicity in presentation, while all our discussions are
extensible to non-uniform meshes.
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then the monotonicity and consistency imply

+1 _ _
’LL;—L - H)\('U/;Lhu?a ’U/?+1) Z H/\(Umina Umin; Umin) - Umin7

+1 __ _
u;'l - H)\(u;'lflau;‘l; u;'l+1) S H)\(Umaxa Umaxv Umax) - Umax~

Hence, the monotone scheme (3.2) preserves the invariant domain G = [Umin, Umax]
under the CFL condition (3.3). Examples of monotone numerical fluxes include:
e the Lax—Friedrichs, a.k.a. Rusanov flux

4 ) = 5 (F) + ) —atut )

e the Godunov flux

min  f(u) ifu” <ut;
fG (u— u*) _ ) um<ugut
9 . —
max f(u) ifu” >ut;
ut<u<u—

e the Engquist—Osher flux

0 (umu) = 5 <f(u> + f(u) — /

u

ut

If’(u)ldU> :

For instance, the scheme (3.2) with the Lax—Friedrichs flux (3.4), can be reformulated
as

Hy(uf_y,uj,ujyy) = (1 —aduj + §>‘ (aulfyy — f(ufy)) + 5)‘ (auf_y + fuf_y)),

which is non-decreasing with respect to uj_y, uf, ujyy, thus preserves the bounds
under (3.3). Although the monotone scheme is at most first order accurate (by the
Godunov Theorem), it satisfies much stronger stability properties such as L' contrac-
tion and it converges to the unique entropy solution for scalar conservation laws in

multiple dimensions [58].

REMARK 3.1. Although some implicit schemes can be shown to be monotone for
scalar linear problems [16], the extensions to nonlinear equations can be difficult due
to the algebraic nonlinear systems involved.

3.2. Basic assumptions for systems. Many techniques of the first order IDP
methods have been well established since 1980s, e.g., [113, 114, 201, 76, 176, 85]. For
enforcing a convex invariant domain defined as (1.2), we need to make some basic
assumptions about the flux function in (1.3), which are used in almost all classical
IDP methods. We consider a nonlinear system (1.3) and first state basic assumptions
for the 1D version:

(3.5) Opu + 0,f(u) = 0.

Let URP (2, t;uz,ur) be the exact solution of a Riemann problem to (3.5) with
the initial data

uy, ifz <0,
3.6 up(z) =
(3:6) o) {uR, if z > 0.

The exact solution of a Riemann problem is self-similar, i.e., URP (az, at;ur, ug)
= URP(2,t;up,ur) for any constant a > 0. Therefore, we only need to consider
URP(‘T7 1’ ur, UR)-



IDP HIGH ORDER SCHEMES 11

ASSUMPTION 1. The exact solution of the Riemann problem preserves the invari-
ant domain: if up,up € G, then URY (z,t;up,ug) € G for any x € R and t > 0.
And there exists a maximum wave speed amax(ur,ur) > 0 such that

URP (g, t;up,up) =up Yo/t < —dmax,

(3.7) URP (z,t;up,ug) = ug YV /t > amax-

Such an assumption can be verified for most systems of hyperbolic conservation
laws and well studied equations such as scalar conservation laws, shallow water equa-
tions [123], and compressible Euler equations [205]. Assumption 1 does not hold in
certain cases, such as the multidimensional ideal MHD and relativistic MHD systems
with a jump in the normal component of magnetic field [117] or when the divergence-
free constraint of magnetic field is violated [218, 221].

For any & > amax, integrating (3.5) with the initial data (3.6) over [—«, a] x [0, 1]
in space-time domain with the Divergence Theorem yields

URP (z,1;ur,uR)
t=1
ur, ur
t t=0
Tr=—Q =0 r =«
/ URP (z,1;urp,uR) de = uo(z)de — [f(URP (a,1;up,ugr)) + f(UR‘P (—a, L;up,uR)]
—a —a

=a(ug +ug) — f(ug) + f(ug),

where we have used (3.7) in the second step. Dividing this identity by 2« implies

up+ug  f(uy) —flug) 1 [*_ gpp .
5 + 50 =5 _aU (z,1;up,uR) dz.

Thus Assumption 1 implies:

uy, +upr f(uL) 7f(uR)
+
2 2a

(3.8) ur,ugp € G = € G Va > amax(urp,ug).

We state the second assumption without using any exact solutions:

ASSUMPTION 2. There exists a suitable function a(u) > 0 such that
f
(3.9 ueG@ = ui%EG Vo > a(u).

In Assumption 2, a suitable @ should satisfy a(u) < Namax(u) for some constant
17 > 0, where dmax(u) denotes the maximum wave speed at the state u. If this
requirement is removed, then for any open set GG, one could always construct such a
function by selecting sufficiently large values; however, this would lead to arbitrarily
small time steps in an IDP scheme and thus be practically useless.
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REMARK 3.2. For many problems, it often suffices to take a(u) as the mazximum
wave speed to satisfy Assumption 2. For example, for the 1D compressible Euler
equations with the ideal gas EOS (2.1b), the mazimum wave speed is given by the

spectral radius of the Jacobian matrixz £' (1), which is simply |u|+ /’y%. For enforcing
the invariant domain in (2.2), by [242, Lemma 6], to satisfy Assumption 2, one can

2 p
such as entropy stability, the use of the maximum wave speed can be necessary.

take a(u) = |u| + /2522 < |u| + /7E. However, for other stability considerations

Assumption 2 is not a universal property and it may not hold for all convex
invariant domains. For instance, it does not hold for many scalar conservation laws
with the bound-preserving property or for the compressible MHD systems. When the
entropy principle is considered for gas dynamics, e.g., the invariant domain (2.5), the
property Assumption 2 may not hold in general. In the relativistic hydrodynamic
case, if the entropy principle is included in the invariant domain, then Assumption 2
no longer holds, as observed in [216].

When the invariant domain involves highly nonlinear (or even implicit) con-
straints, e.g., (2.19), it is often very challenging to verify the above assumptions.
In [222], Wu and Shu proposed a general approach, termed Geometric Quasi Lin-
earization (GQL), which transforms the nonlinear constraints in (1.2) into equivalent
linear constraints:

(3.10) G*::{uGRN:(u—u*)~n§>-O Vu*eS,;,Vie]IUTI},

where S; := 0GNOG; with 0G; := {u €RY : gi(n) = O}, n} := Vg;(u*) is an inward
normal vector of OG at u*, and the symbol >~ represents > for i € I and > for i € I
Here, u* is independent of u and is referred to as a free auziliary variable in the GQL
framework [222]. These variables are introduced to lift the dimension for linearity.

Under the GQL framework [222], we introduce a more general and weaker as-
sumption than Assumption 2, which is extensible to more equations such as MHD
systems.

ASSUMPTION 3. There exists a suitable function a(u) > 0 and ((u*) such that
(311) ueG = a(u—u")-n;£f(u) -n; > =L£{(v*) Yu*cS;, Va>a(u).

Based on the equivalence G = G*, one can show that Assumption 3 also im-
plies (3.8), with amax(ur,ur) = max{a(ur),a(ug)}. Moreover, Assumption 2 can
be viewed as a special case of Assumption 3 by taking ((u*) = 0. With or without
the entropy principle included in the invariant domain, Assumption 3 holds for the
relativistic hydrodynamic [216]. For MHD systems, where Assumption 1 and As-
sumption 2 are both inapplicable, a variant of Assumption 3 can still be established
by carefully constructing ¢(u*) so that its related terms vanishes under the (discrete)
divergence-free constraint [225, 215, 219, 221].

REMARK 3.3. For special systems and specific invariant domains, it is possible
to construct IDP schemes without employing these assumptions, e.g., kinetic schemes
for compressible Euler equations [174, 175, 81, 203].

In the rest of this section, for simplicity, we only focus on how to use Assump-
tion 1 or Assumption 2 for proving that first order schemes are IDP for systems like gas
dynamics equations. For harder problems like compressible MHD and relativistic hy-
drodynamics equations, Assumption 3 applies and will be reviewed in Subsections 6.7
and 6.8.
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3.3. First order schemes for 1D hyperbolic systems. The monotonicity
technique in Section 3.1 is useful for maximum principles, but it does not apply to
system of hyperbolic conservation laws. Next we demonstrate three techniques based
on the above assumptions, for provable IDP schemes in the form (1.4) for solving 1D
hyperbolic system (3.5).

DEFINITION 3.1 (IDP numerical flux). Let A = £L. A numerical fluz f(.,-) is
said to be IDP, if the corresponding 1D three-point first order scheme (1.4) is IDP,

u?ﬂ = u?—)\(f(u ujyg) — f(u? uj_j,u )) €G Vuj_j,uj,uj, €G,
under a suitable CFL condition Aa < cg, where a denote the estimated mazimum
wavespeed and cq is the IDP CFL number.

For compressible Euler equations with ideal gas EOS (2.1), the Lax—Friedrichs
flux (a.k.a. Rusanov flux) can be shown IDP for G in (2.2) with ¢y = 1 [202] and the
Godunov and HLLE fluxes are IDP with ¢y = 3; see [76]. See [174, 81, 203] for the
CFL of kinetic schemes to be IDP. Next, we demonstrate how the three assumptions
can be used to show IDP in first order schemes by a few examples.

3.3.1. Method 1 using Assumption 1. This technique is a traditional ap-
proach and has been widely used; e.g., [76, 176]. Based on Assumption 1, we can
investigate the IDP property of several numerical fluxes defined as exact or approx-
imate Riemann solvers, such as the Godunov scheme, Lax—Friedrichs scheme, and
HLL type schemes.

EXAMPLE 3.1 (Godunov scheme). Let the self similar solution to the Riemann
problem be denoted by URY (&;urp,ug) with € := x/t. Then the Godunov fluz is
f(u=,ut) = f(URP(0;u,u™)).

Consider the scheme (1.4) using the Godunov flux with u’ denoting the cell average
on the interval I; = [x %,ijr%]. Let amax = max; amax(u ,u?y ) be the mazimum
wavespeed.

j7

n—+1
uj

tn+1

n
j—1 J Wit t
n

i-3 i-3 Ti+sg Ti+3

By integrating (3.5) over a space-time rectangle I; x [t", "] with the Divergence
Theorem as shown in the figure above, we obtain

n+1

Aix flj u(z, ") do = Ax f[ (z,t") ftn j+%7t)) - f(u(xj—%vt))] dt,

in which a(x, ") is piecewise constant uj, the interface value u(x;, 1,t) is equal to
the self similar exact solution URY(0; uj,u? ) for any t € [t t" Y], if the local
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Riemann problems do not intersect, ensured by the CFL ﬁ—fcamax < % as shown in the
figure. Thus in the Godunov scheme

utt = uf — A[f(u}, uf ) — f(uf_,u})],

1 s exactly the average of the exact solution to two non-

the numerical solution u?
intersecting Riemann problems under the CFL %amax < % The integral operator

% flv - dx preserves a convex invariant domain, thus Assumption 1 implies u?“ eq.
J

EXAMPLE 3.2 (Global Lax-Friedrichs flux). For the Laz—Friedrichs flux (3.4)

with a global estimate of the wavespeed o at time t™, the scheme (1.4) can be rewritten
as a convex combination:

J

u?_, +u” f(u” ;) — f(u®
(3.12) u ! Z(l—Aa)u?—&-)\a( 71 5 Jtt (] 1)2 ( g+1)>
a

under the CFL condition Aa < 1. By (3.8) and the convezity of G, we have u;“'l eaqG,

if a in the Laz—Friedrichs fluz (3.4) satisfies & > max; amax(u}_;,u}).

ExAMPLE 3.3 (Local Lax—Friedrichs flux). Consider the scheme (1.4) with a
local Lax—Friedrichs flux defined by
(3.13)
1

Bl ) = S[F(u),) + £(u)) — ol

J 2 (u? o 11?71)}, a;‘i% = amax(uj; u]-,l).

1
2

Then the first order local Lax—Friedrichs scheme is

n+1l __
uj = llj

n [f(U?)Jrf(U?H)—a;;é (ufy,—uf) f(u?—l)"’_f(u;‘l)_a:_% (U?—uyl)]
2 2 )

which is equivalent to

u'tl = (1 -’ - )\0/.’_1) u? + Ao’ .
J+2 2 2

ufy gy f(u) - f(ug+1)>
J

(3.14) + Ao

3
/
[=1
<3
+
[=1
=3
L
=
=
73
|
=
[=1
<3
N—————

<
|
Vol

For compressible Euler equations with ideal gas EOS (2.1) and the invariant domain
Gg including the minimum entropy principle (2.5), by (3.8), we have

uj +u} N f(u?_;) — f(u})

2 2"
e

u?,u” 1€GS —— € Gg.

J0 )

Therefore, by the convezity of Gg, we get u;”'l € Gg because the scheme (3.14) is a
convex combination under the CFL condition

(3.15) Amaxa”, ; < 2

n
j J+

=

which is the same CFL derived as in [176, Appendiz] by a different yet essentially
equivalent approach.
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We remark that an estimate of a rigorous yet explicit upper bound a,.x is needed
for the maximum wave speed in the Riemann problem in Method 1. A naive estimate
based on the largest eigenvalues is not always adequate when fast shocks arise in the
Riemann problem; see, e.g., [101] for a discussion in the context of the Euler equations.
On the other hand, the eigenvalue-based estimate can be overly restrictive in some
cases, for example, when simulating the Sod shock tube problem.

3.3.2. Method 2 using Assumption 2. This approach is more flexible, which
will be frequently used in this paper. The basic idea is to decompose a scheme into a
convex combination of several simpler functions of the form u and u= f(u)/«a, which
preserve the invariant domain G, then the convexity of G implies that the target
scheme is IDP.

EXAMPLE 3.4 (Local Lax-Friedrichs flux). For solving (2.1), the first order the
local Laz-Friedrichs scheme can also be rewritten as

(3.16)
2—-Xa” | —Aa” Aa” n Ao’ n
i = B S S <u?1+ fgij_ll)> i <u?+1 B fgiﬁll)).
-3 its
For the invariant domain G in (2.2), by taking
a” 1 = max [f'(ul')|= max |v;|+ Wiy,
J=3 i=j,7—1 i=7,5—1 i
ifuj € G, then uj} + i(,?") € G for all j, see [2/6, Remark 2.4]. Therefore, by the

it3
convexity of G, the schemz (3.16) preserves the invariant domain G under the CFL
condition A max; a}ﬁr% < 1, which allows a larger time step than (3.15) in Method 1.

Example 3.3 and Example 3.4 are two different approaches on the same scheme.
By comparing these two examples, we can see that each method has its own advan-
tages. Although Method 2 allows a larger time step for provable positivity-preserving
property for density and pressure for the local Lax-Friedrichs scheme, it cannot be
used for enforcing the minimum entropy principle since Assumption 2 may not hold
for Gg in (2.5). On the other hand, for gas dynamics equations such as compressible
Navier—Stokes equations with a generic EOS and G in (2.6), Method 2 is very flexible
to use.

Note that Assumption 2 is commonly used to construct IDP schemes with Lax—
Friedrichs type fluxes. However, for IDP schemes employing other numerical fluxes,

it may not directly apply and must be appropriately adapted.

3.4. Basic assumptions in multiple dimensions. For a multi-dimensional
system (1.3) and any given unit vector n € R¢ let URF(z,#;n,uz,ug) be the exact
solution of a Riemann problem to one dimensional equation u; + 9;[f(u) - n] = 0 with
the initial data

if x <0
(3.17) up(z) = HLs 1 r="
ug, ifz>0.

ASSUMPTION 4 (Assumption 1 in multiple dimensions).  The ezact solution
of the Riemann problem preserves the invariant domain, namely, up,ur € G =
URP(z,t;n,up,ug) € G for any * € R and t > 0. There exists a mazimum wave
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speed amax(n,up,ugr) > 0 such that

UR? (‘T7 tin,ur, uR) =ur V'T/t < —Gmax,

URP (z,t;n,up,ug) = ug YV /t > amax.

Similar to the derivation of (3.8), this assumption yields

uy + ug n f(ur) n—f(ug) n

5 °a cG Va> amax(“v uLauR)'

u,,up e ¢ —
ASSUMPTION 5 (Assumption 2 in multiple dimensions). There ezists a suitable
function a(u,n) >0 such thatu e G = u+t flwn o @ o > d(u,n).

e
Assumption 5 does hold for many interesting systems and commonly considered
convex invariant domains such as the Euler and ten-moment Gaussian closure systems
without considering minimum entropy principle. For instance, the following result
implies that this assumption holds for compressible Euler and also Navier—Stokes
equations, with the invariant domain defined in (2.6).

LEMMA 3.2 (Lemma 6 in [242]). Consider any u = (p,m,E)T, and

m 0
fl(u)= [ p'meom+pl |, fiu) = T ,
pH(E+p)m p~tm-T—q

where p, T, and q are not necessarily dependent on u. Let e = p~'E — %p’2|m|2.
For any unit vector n, letv=p~'m-n,q=q-n and 7 =n- 7. Then we have the
following for G={u:p>0,e=p 'E—1p~2?lm[* > 0},
(a) u+a fu) -ne G if and only if a« > |v]| +
(b) u=£ B71(f%(u) — fi(u)) -n € G if and only if

P2
2p2e’

1
B> ||+ 2% (\/p2q2 + 2p%e|[T — pn|? +p\ql> :

REMARK 3.4. For the compressible Navier—Stokes equations, we can write it as
if it were a formal convection system Oyu + V - f(u) = 0 where f = f* — f* and
fo £ are given in Lemma 3.2. Then 3 in Lemma 3.2 (b) gives one way to satisfy
Assumption 2 for such a formal system. However, here B is not any approximation
to wave speeds, but instead merely a quantity designed to satisfy Assumption 2. After
all, the concept of wavespeed is not well defined for a convection diffusion system like
the Navier—Stokes equations.

ASSUMPTION 6 (Assumption 3 in multiple dimensions). There exists a suitable
function a(u,n) > 0 and a vector function {(u*) such that, for any o > a(u,n),

(318) ueG = a(u—u*)-nf+£(f(u) -n) n;>=x{(u) n Yu*es,

where 0 is an inward normal vector of G at u*; see (3.10).

Assumption 5 can be regarded as a special case of Assumption 6 with {(u*) = 0.
Hence, Assumption 6 is generally weaker than Assumption 5. The application of using
Assumption 6 will be reviewed in Subsections 4.6.3, 6.7 and 6.8.
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3.5. Finite volume scheme in multiple dimensions. For simplicity, consider
the two dimensional system (1.3) and a polygonal mesh as shown in the following
figure.

T3

7 \ 12

Ty

Let T be a polygonal cell with edges E; (i = 1,--- ,Tg) and T; be the adjacent
cell which shares the edge E; with T'. Let |E;| denote the length of the edge F;. For
solving (1.3), consider a first order finite volume scheme on the cell T,

n o At
uT_‘—1 =ur — |T| Z |E |f n(uTauT)

with the Lax-Friedrichs or Rusanov flux defined by

A 1

f-n(uz,ur,) = 5 [f(ug) 0+ f(uf) 0 —oi(ug, —up)],
where u?. is the approximation to the average of u on 7' at time level n, n; is the
unit vector normal to the edge E; pointing outward of T', and «; is a positive number
dependent on uy and up,. With the assumption u,uz. € G, we want to find a

n+1

proper «; and a CFL condition so that u7™ € G. A simple fact for any polygon T is

T
(3.19) > ni|E;| =o0.
i=1

EXAMPLE 3.5 (Method 1). By (3.19), we obtain Zsz1 f(u?}) -n;|E;| =0, thus the
right hand side of the first order Lax-Friedrichs scheme can be rewritten as

At LA o
uT |T‘ Z |E |f I'I(U.T, u'T m Z f(u’%) . nZ|E2|
=1

o f(uz) -n; — f(ug,) -n; + ai(ug, —uz)

uy, +uy f(u’Tl)~niff(u%)~ni
( |TZ|E|a1>uT+|T|Z|E|a1< - 5o :

?

which is a convex combination under the CFL constraint

(3.20) At@ max a; < 1,

7|

with |0T| = ZZle |E;|. Now Method 1 can be applied whenever Assumption 4 holds.
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EXAMPLE 3.6 (Method 2). With (3.19), the first order Laz-Friedrichs or Rusanov
finite volume scheme can be rewritten as

1At 1 At
21) utl = _775 775 —a 't ‘n;].

For gas dynamics equations with a generic EOS and G in (2.6), by Lemma 3.2, we
have uy. — a;lf(u%) -n; € G if we use any viscosity parameter

o; > max |p_1m-ni|+ >
upuy, 20%¢
Notice that (3.21) is a convex combination of w}. and up, —ozi_lf(u%) ‘n; thus it €

G, under the CFL constraint At ‘laﬁl max; ; < 2, which twice of the CFL as in (3.20).

3.6. Continuous finite element method. We consider a first order accurate
IDP continuous finite element method for hyperbolic problems [102]. Such a scheme is
also known as the group finite element method [84, 192, 193, 24]. As an example, we
consider solving (1.3) on a triangular mesh in two dimensions, and it can be extended
to a mesh consisting of tetrahedra, parallelepipeds, and triangular prisms in three
dimensions.

3.6.1. Definition of the scheme. Let Q be the two dimensional domain and 7,
be a triangular mesh. Let V" be the continuous piecewise linear polynomial space on
Tr. Let p;(x) € V" be the Lagrangian basis at i-th vertex z; (i = 1,--- , N) of the tri-
angular mesh, then Zfil p; = 1. Define M as the mass matrix and M* as the lumped
mass matrix, i.e., M = [M;;] with M;; = [[, ¢i( x)dx, and M* is a diagonal
matrix with the diagonal entries m; = [, p;i(x ) Z M;;. Define N; = {j :
wi(x)p;(x) is not constant zero}, i.e., N; = {i}U{j : x; is connected x; by an edge},
as shown in the Figure 1.

Fig. 1: Notation for continuous finite element method. Left: N; = {4, j1, j2, J3, j4, J5}-

REMARK 3.5. Mass lumping is used not only in finite element methods for enforc-
ing positivity [158] and but also used in the Petrov—Galerkin formulation of residual
distribution approach to recover a monotone residual distribution scheme, see [10,
Section 2. For the Lagrange basis of piecewise linear polynomials, such a row-sum
lumped mass matriz is also equal to approximating integrals fo wi(x)p;(x) de by the
simple quadrature using only the Lagrange basis points, e.g., using the quadrature of
only three vertices on each triangle in a triangular mesh for approximating the integral

Jlgeix x) dx.
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Let u} denote the finite element solution at time step n on a mesh of size h, and
u? = uj(x;), then

wi@) = Y urale). [ wi@de =3 ulm

By the group finite element approximation f(uj;) ~ >_, f(u})g;(z), we have

//QV f(up)pi(x) de = Z f(u})-cij, iy = //Q iV de,

JEN;
then one version of IDP continuous finite element method with forward Euler time
stepping can be given as

ut —un

(3.22a) mi—t— o+ > Ifu)) - ey — dful] =0,

JEN;
where d}'; is the artificial viscosity coefficients designed to ensure stability including
the IDP properties. Let D™ = [d%] be a sparse matrix with entries dj; = 0 for
j & N;. Then D" should be a symmetric matrix with zero row sum and non-negative
off-diagonal entries,

(3.22b) dfy >0, dfy=dj;, Vi#j Y di=0.
JEN;
It is possible to discuss more properties for a first order scheme like (3.22) by choosing

suitable d;; or adding suitable viscosity terms, e.g., [100, 102]. Here we only review
viscosity coefficients to achieve the IDP properties.

3.6.2. Examples of artificial viscosity. We first give two examples of (3.22D).

ExAMPLE 3.7 (Discrete Laplacian for Artificial Viscosity). Note that the condi-
tions in (3.22b) are met by the discrete Laplacian matrices of the linear finite element
method on a simplicial mesh under some mild mesh constraints. On a 2D triangular
mesh, for the edge connecting two interior vertices x;,x;, there are two angles 91-1]- and
9% as shown in Figure 1. Let S with Si; = [[, ViV da be the stiffness matriz in
the continuous finite element method of Lagrange P! basis on a triangular mesh for
solving Laplace equation —Au = 0 in two dimensions, then S is a sparse symmetric
matriz with zero row sums:

0, J ¢ N,
1 2
Sij = |~ e NG £,
=2 Sij J=1.

Since the necessary and sufficient condition for cot ng + cot ij >0 s 91'13‘ + 0% <m,
for satisfying (3.22b) up to a sign, it suffices to have H}j + Q?j < m, which can be
achieved in a Delaunay triangulation in two dimensions. See [232, Section 2] for
similar formulae of simplicial meshes in higher dimensions. Then one choice of D™
is to set D™ = —&S, which is an approzimation to eA for some parameter ¢ > 0. With
such a choice of dj;, we can see that the scheme (3.22) is a first order approzimation
to dyu + V - f(u) = 0 but a formally second order accurate approximation to the
modified equation with extra artificial viscosity Opu+V -f(u) = eAu. Such a modified
equation approach is a standard tool for analyzing classical first order finite difference

and finite volume schemes for conservation laws [1/3, Chapter 11].
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The discrete Laplacian added here is essentially a multi-dimensional version of the
Lax-Friedrichs type numerical dissipation, e.g., see the Lax-Friedrichs type scheme on
unstructured grids in [2, Section 2.3.1.2].

ExaMPLE 3.8 (Graph Laplacian for Artificial Viscosity). In the previous exam-
ple, mesh constraints such as Delaunay triangulation are necessary in two dimensions,
and such a mesh constraint will become more stringent in higher dimensions [232]. To
remove mesh constraints for satisfying (3.22b), a graph Laplacian can be considered
[96]; see also [2, Section 2.8.1.2] and [192, 141, 133]. For a given triangular mesh
with nodes x; and edges E;; connecting nodes x; and x;, we regard it as a weighted
graph by defining the weight for E;; as

ar|T|
(323) Wi = Z T,
T3E;;

which is the weighted average of areas of two triangles sharing the edge E;; with ar
denoting a viscosity constant for each cell T. Let j ~ i denote that x; is connected
to x; by an edge. Then the graph Laplacian matriz L for such a weighted undirected

graph can be given as
—w;, i~

djen; Wi, J=1
That is, L is a symmetric sparse matrix with zero row sums, positive diagonal entries,
and non-positive off-diagonal entries. The advantage of using graph Laplacian is the
easiness to satisfy (3.22b) on any meshes, although graph Laplacian is a less accurate
approzimation to Laplacian compared to S;;.

T T
ng,
Ty T
T
T L

Fig. 2: An illustration of notations for computing ciTj and c;;.

The viscosity here renders the scheme only first order accurate. See [103] for
better viscosity constructed by the FCT method [141]. The residual distribution
(RD) methods [2, 12, 16] can also provide improved viscosity constructions, see the
next section for the connection between RD and the group finite element method.

3.6.3. Explicit expressions of the scheme. Next, we give more explicit ex-
pressions of the scheme. Let ciTj =/ fT ¢; Vo, dx, where T' is one triangle containing
the edge E;; connecting two nodes x; and ;. Then

Cij :// iVp;de = Z // ©;Vpjda = Z ch=cll+c2 j#i,
Q ST TSE;;

where T1 and T are two triangles sharing the edge E;; as shown in Figure 2 (Left). Let
T be a triangle with vertices x;, ¢}, Ty, and let ng,; be unit normal vector to the edge
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E;i. outward to the triangle T, as shown in Figure 2 (Right). Then straightforward
calculation (see [193, 135, 133]) gives

T_ . .
ZTami c; =0, =7

1
CRYS I S 1 =i
! 6 ! ZTBE-;J' Cg; = —Cji, ? # j

JEN,G#i JEN; JEN;

Using (3.24Db), the finite element scheme (3.22) can equivalently rewritten in a flux
form as

uflJrl — ll? n n n(..n n
(3.25) mi’T + Z [(f(u}) +£(u})) - cij — df5(uf —ui')] =0,
JEN;
and also rewritten as
uTL'H —u?
(3.26) mi—— -+ > (f(u}) = f(uf)) - ey — diy(u) —uf)] =0.
JEN;

Below are a few special cases of the finite element scheme (3.22).

EXAMPLE 3.9 (Linear Advection). Consider a linear scalar PDE, i.e., u = u is
a scalar and f(u) = uv with a constant vector v, then (3.26) reduces to

umtt —yn

m; L Atil = Z eij(u;l—u;l), €ij =: d;lj—V'Cij,

JEN;

which is a monotone scheme [141, 2] if e;; is non-negative for j # i, under the CFL
condition % > eij < 1. The non-negativity of e;; (j # i) can be achieved by

JEN,j#i
taking

d?j =max{0,v-c;;,v-c;i}, J#1,

which gives an upwind feature [130, 60, 138]. Such a scheme is a popular choice
in algebraic flux correction (AFC) method for linear advection, which is naturally
connected with a convection diffusion problem [22]. The condition e;; > 0, j # @
is also used in local extremum diminishing schemes [116] and residual distribution

schemes [2]. A truly multidimensional upwind method is the N scheme [186, 66, 65].

EXAMPLE 3.10 (1D Problem). For the finite element scheme (3.22) with a graph
Laplacian viscosity as in Frample 3.8, we can consider a uniform mesh of intervals
for a 1D problem with the viscosity coefficients Qi1 = ﬁaﬂ_% for the interval IZ-+% =
[, Tit1], then the graph Laplacian is a tridiagonal matriz

Lij=q 301, J=i-1,

N[

oy tagyl j=i
and (3.25) becomes a first order finite difference or finite volume scheme with a local
Laz—Friedrichs fluz:

f(U?)+f(U?+1)—af+% (i —ui)  f(ui ) +f(ud)—-al 1 (u—ui’ )

n __ At i—
U, — Ag p) 2

n+1 __
u, =
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Similarly, the finite element scheme (3.22) on a uniform mesh of intervals for a
1D problem with viscosity defined in Example 3.7 reduces to the first order scheme
(3.12).

3.6.4. Basic properties of the scheme. We discuss some basic properties of
(3.22). ~

Global conservation. Let f = > . f(u})yp;(z) € V" then by summing i in
(3.22), we obtain conservation in the following sense:

Jfoui ™ dz — [[; up dw // z j{ = j{ =
=— V. -fdx =-— f -nds=-— f nds,
At ; T ; aT; o9

where we have used the fact that f - n is continuous across each edge of triangles.

Local conservation. It is not very obvious in what sense (3.22) is locally con-
servative. As a matter of fact, it is proven in [192, 193] that the group finite element
method (3.22) can be written as a finite volume scheme on the median dual mesh
shown in Figure 3, see [193, Section 6], thus the general version of Lax-Wendroff
Theorem in [194] can be applied to show the convergence to weak solutions. In the
next subsection, we will also show that (3.22) is exactly the first order Lax-Friedrichs
scheme defined on unstructured grids via a definition of residual distribution scheme
[2, Section 2.3.1.2], thus a Lax—Wendroff Theorem for residual distribution schemes
can also be used [18, 5, 14].  Another proof of Lax-Wendroff Theorem for the con-
tinuous finite element method was given in [136].

N

xr

) L

b
)

Fig. 3: The shaded polygon is the median dual cell C; constructed by connecting
triangle centroids to edges containing ;.

Invariant domain. Since we may regard the finite element scheme (3.22) as
a Lax-Friedrichs type scheme on unstructured grids [2, Section 2.3.1.2], it is not a
surprise that discussions in Example 3.3 and Example 3.4 can be applied here.

EXAMPLE 3.11 (Method 1). Since c;; = 0, the scheme (3.26) can be rewritten
as

u’7’+1 —u?
it Y [(F(u)) — £(uf) - ey — dfy(u] — uf)] =0,
JEN;
i
Sinc@ E]GN,L d:bj = O = d;ll = _EJGN'L d%7 we ha/Ue
J#i

Sodiuptuy) =Y dh(uy )+ diuy =Y df(a) +ul) —2u) Y dy,
JEN; JEN; j=i JEN; JEN;
j#i j#i j#i
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thus the scheme can now be written as a convex combination,

2Atd™ 2Atd},

u;LJrl _ u? 1— § : ] + § : uZJrl7

h my; : m;

JEN; JEN;

j#i Jj#i

1 c;; ur4+ul  [f(u?)—f(ud)] n;

—n+1 __ iy g 7 ] 7 J
G = e+ ul) — () — £ g = S - P

where n;; = ﬁ and a;j = d7}; [|cijl.

For Assumption 4 to hold for compressible Euler equation (2.1) and invariant
domain Gs in (2.5), we can take d}’;/|c;j| = cij with a good estimate of the mazimum
wave speed ;. One convenient estimate is

aij:ma‘X“f/(ui) nu‘ |f/ n1J|} J#i,

where £'(u) - n denotes the Jacobian matriz of the flux along a given unit direction
n and |f'(u) - n| denotes its spectral radius. However, such an estimate may not
ensure the IDP property in certain cases, see [101] for a way to rigorously estimate
the mazimum wave speed for compressible Euler equations. And the scheme is IDP
since it is a convex combination of states in Gg under the CFL

At At
dn _ Z d” < 2

m;
z ]EJ\/
J#i

EXAMPLE 3.12 (Method 2). By (3.24b) and the fact c;; = 0, the scheme (3.22)
can also be rewritten as

n+1

weow > (] ey — diy(u} —ul)] =0,
JEN;
J#i
which is equivalent to
Atd? Atd?
Wit =l 1= Y | D g - ag () -y,

jENi v ]EM t
Jj#i J#i

where n;; = |z”‘ and oij = dj;/|cij].
Therefore, to have ul € G = u"+1 € G for compressible Euler equations with

invariant domain (2.6), by Lemma 3. ) it suffices to take

At _ At di; 2

—(—dy) E diy <1, —% > max lp~'m - ny;| + p—Q .

m,; mi e lei| — iy 2p%e
J#i

3.7. A special residual distribution scheme: the Lax—Friedrichs scheme
on unstructured grids. The concept of residual distribution schemes traces back to
early work in 1980s [169], see also [199, 66, 65]. Many schemes such as the streamline



24 K. WU, X. ZHANG, AND C.-W. SHU

diffusion method, the streamline upwind Petrov-Galerkin finite element methods and
the cell vertex finite volume methods, as well as discontinuous Galerkin methods,
can be rewritten as residual distribution schemes [5]. See [12, 183] for higher order
accurate residual distribution schemes, [18, 2] for non-oscillatory residual distribution
schemes and [17, 4] for entropy satisfying residual distribution schemes. Extensions to
systems can be found in [8, 9, 3, 184]. Convergence including Lax-Wendroff Theorem
for residual distribution schemes was discussed [18, 5, 14]. See [19] for higher order
polynomial basis. In most references of residual distribution schemes, monotonicity
for linear problems has been well studied, with which IDP can also be achieved using
the methods reviewed in this section. As an example of illustrating the main ideas,
we demonstrate how to construct P! continuous finite element method (3.22) as a
residual distribution scheme on a triangular mesh.

We use the same notation from the previous subsection. Let uj’ be the numerical
solution value at each node x; at time step n. The dual cell in Figure 3 is constructed
by connecting centroids of triangles to edges centers, which is also called median dual
cell [192, 193]. Let |Cy| be the area of the dual cell volume of C; around x;, then its
area coincides with mass lumping in FEM:

Cl=3 S 171= [[ eila)do = m.

T>x;

A residual distribution scheme is of the form

u?tl — g
2 = T

Tox;

where T' 5 x; refers to summation over all triangles containing the given vertex x;,
and ¢! is the residual at x; for the triangle T satisfying

(3.28) Z ¢ = — f-nds~— f(u) - nds,
g oT aT

—

where f - n is some numerical flux. In [5], it is shown that any scheme satisfying
the local conservation relation (3.28) can be rewritten in flux form (algebraically
equivalent), and the flux can be explicitly computed.

3.7.1. The Lax-Friedrichs scheme on unstructured grids. There are many
methods to construct the residual for the same dual cell, e.g., see [1] for a finite volume
approach. Here we give one special construction of ¢ to recover exactly the same
scheme as (3.22). By the Lax-Friedrichs scheme on unstructured grids in [2, Section
2.3.1.2], with the edge weight (3.23), We define the following residual

‘ 3 2
1 [f(uf) +f(u?)
2

1 [f(u}) + f(up ar|T|, ., .
o7 = {()(k).n;fkwm_gl(uk_ui)}

ar|T| 1f(u?})+£f(u})
i) - gy - ap)| - 3 T




IDP HIGH ORDER SCHEMES 25

Here, (i, 7, k) are the indices of the vertices of the triangle T" as depicted in the right
panel of Figure 2. Summing over all three vertices of a given triangle, we have
of = o
x, €T
f(ui') + f(uy)

e A

:-74 ﬂdsz—j{ f(u) - nds,
oT oT

where the flux is

f(u?) +f(u})
2

f(u}) + f(up)

‘0| Byl — 5

: nJTk|Ejk|

fon

1 n n
B = () + ()] 0.

By (3.24), in a triangle T' with vertices @;,x;, xr, we have cz; = —%nik|Eik|.
With (3.19), we have ¢ + ¢}, + ¢f; = 0, thus ¢/; = —c}, —cf.
The residual can be rewritten as

n

T T
of = g —upy + Ty

‘ 6 ‘ 6
+ [f(ui’) + £(up)] - ciy + [F(uf’) + £(uj)] - cin + [f(uf) + £(ui)] - cis
_ar|T| ar|T| (0 — u)

6 6 J !
+IF () + £ (up)] - (e — eip) + [f(u!) + £(uf)] - (—eij — i) + [f(u]) + F(up)] - iy
CLT|T| aT|T|

6 6

= [£(u}) + £(ui)] - cip — [F(ul') +£(uf)] - e + 2£(uf) - cis.

(up —u) +

(uj —ui)

(up —uif) +

Summing over all triangles T' containing x;, with ¢;; = 0, by (3.24), we have

S = | S )] e - 2p) e - ST ()

T>x; T3x; \ ;€T x; €T
J#i
= ) () +fu)] ey —2f(uf) i — Y wii(u) —ul)
JEN; JEN;
JFi J#i
= Y () )] ey — Y db(a) —uf) = Y [F(uf) - ey — diyuy],
JEN; JEN; JEN;

where w;; is defined in (3.23) and dj’; is the same graph Laplacian in Example 3.8.
The residual distribution scheme (3.27) with such a residual is exactly the finite
element scheme (3.22) with d;; in Example 3.8. The Lax-Wendroff type Theorem can
be proven to show convergence to weak solutions for residual distribution schemes
[18, 5, 14, 15, 7]. Since an IDP finite element method (FEM) like (3.22) can be
derived as a residual distribution scheme, the Lax—Wendroff Theorem for residual
distribution schemes can be applied now to show its convergence to weak solutions.
See also [136] for another proof of the Lax—Wendroff Theorem for FEM.

4. Polynomial limiters for high order finite volume and DG schemes.
The Zhang—Shu approach introduced in [245, 246, 250] is a flexible IDP approach
which can be easily applied to finite volume (FV) type and discontinuous Galerkin
(DG) high order schemes. In this section, we review this approach and some recent
related advances, e.g., [61, 62, 68].
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4.1. The main idea of the Zhang-Shu approach. We demonstrate the basic
idea for 1D problems. In a high order accurate finite volume (FV) scheme with forward
Euler time stepping (1.5), the algorithmic structure follows these steps:

1. Given the cell averages 0} on intervals I;.

J
2. Reconstruct a piecewise polynomial function u}(z) such that its cell average

on I; is uj.
3. Evaluate the piecewise polynomial uj(x) at the cell ends 1 to obtain
uji 1, using which (1.5) gives the cell averages at next time step 1’1;»”'1.
2

A high order DG scheme follows a similar algorithmic structure:
1. Given a piecewise polynomial solution uj(z) with cell averages equal to u’.

2. Evolve the solution using a time discretization method to obtain u}*'(z)
with the cell averages equal to ﬁ?“. In particular, with forward Euler time
stepping, the cell average updates satisfy the same scheme (1.5).

For a given convex invariant domain G, instead of seeking u}*'(z) € G for all
x, the Zhang—Shu approach seeks to enforce the following IDP property in a finite

volume or DG scheme IDP,
(4.1) ul(z) €G VreS;,Vj = ultl'(z)e G Vz €S,V

where S; C I; is a set of points for each cell I; to be specified later. A flowchart
for achieving (4.1) in a high order IDP finite volume or discontinuous Galerkin (DG)
scheme follows three steps:

1. Start with u}(z), which is high order accurate and satisfies

u; € G Vj, up(x) € G Vres;.
2. Evolve the solution forward in time to ensure
(4.2) wte@ Vi

This guarantees that the updated cell averages remain IDP, referred to as the
weak IDP property. In general, such a step is nontrivial to achieve, which
will be reviewed in this section.

3. Given the weak IDP condition (4.2), modify u}*'(z) without losing high
order accuracy to enforce the pointwise IDP at finitely many points:

utl(z) e G VxS,

which often can be enforced by a simple scaling limiter of polynomials.

Most importantly, it can be proven that uy (z) € G Va € S; is a sufficient condition
to ensure (4.2), which holds for any high order finite volume scheme and DG scheme
with an IDP numerical flux on any polygonal mesh in any dimension for a convex set
G. This fact implies that any high order finite volume scheme and DG scheme with
an IDP numerical flux using SSP time discretizations can be rendered IDP in the
sense of (4.1), by adding a simple limiter to limit solution polynomials at some points
within each cell, which allows not only easy implementation but also easy justification
of the accuracy.

4.2. One dimensional scalar conservation law. We first demonstrate the
method for solving 1D scalar conservation laws u; + f(u), = 0. For convenience, we
will first focus on the forward Euler time discretization, while high order time stepping
methods will be discussed later in Subsection 4.2.4.
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4.2.1. Loss of monotonicity in high order schemes. Let p;(x) be a poly-
nomial of degree k either evolved in a DG scheme or reconstructed in a F'V method
onacell [; =[z;_ 1Ty ] with its cell average @?. The evolution equation of the cell
averages in a high order FV or DG scheme can be written in a unified form as
(4.3)

—n+l _ -n £lo— + _ fl— + — T =N, — + — +
urtt = uj )\(f(uﬁ_%,uj_i_%) flus ,uj_%)) .HA(u],uj+%,uj+%,uj_l,u. 1),

=pj(T;_1), U= pj(x;1) are shown in the figure below.

pi() ik

ut
U]‘//ﬁ'\

Assume the numerical flux f(-,-) is monotone as defined Subsection 3.1, so that
the corresponding first order scheme (3.2) is monotone under the CFL condition
(3.3). By order barriers in Subsection 1.2, the high order scheme (4.3) is in general
not monotone In particular, the function H, is rnonotonically non-decreasing w.r.t.
uj and ut i+l ,u. L but non-increasing w.r.t. u’ JTERL Y . This induces one challenge
for achlevmg (4 2) which is explained by the followmg simple example.

EXAMPLE 4.1. For the linear advection equation u; + u, = 0, the high order
scheme (4.3) with the upwind fluz reduces to

—-n+1l _ -n _ — o
(4.4) u;tt =uy — A (uj+% uj_%> ,

which is decreasing w.r.t. uj . Assume G = [m, M| = [0,1], 4} =u; , =0, and
2

u;+l =1, then ﬂ?“ =-A< 0 for any time step At > 0.
2

4.2.2. Weak monotonicity of high order schemes. From Example 4.1, we
can see that the loss of monotonicity in the high order scheme (4.3) implies that the
scheme (4.3) may fail to preserve the bounds for any positive time step At > 0 even

if u JU 4L ;_+1 U1 u;'_l are within the desired bounds.
2

In other Words7 since the scheme (4.3) has the property ﬂ?“ = H, T4,
requiring all of its input values to be in G = [m, M] is not enough to achieve ﬂ?“ €q.
Even though a”“ = H, (T LT i) is not a monotone function w.r.t. independent

degree of freedoms uy 1, the key observation by Zhang and Shu
2

ut ut
+ 1 7 + 1 7 - 1 I ]_
in [245] is that (43) can still be rewrltten as a monotone function w.r.t. some point
values, which might be dependent degree of freedoms in general.

Notice that Hy is decreasing only w.r.t. u 1 + ~ 1, which are degree of freedoms
within the cell I; thus can be controlled by uf if the cell average ﬁ” is decomposed

+1, . Such a de-

composition can be achieved via L-point Gauss—Lobatto quadrature Wthh is exact
for integrating polynomials of degree k with positive quadrature weights if L > %

into a convex combination of several point values including
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This implies

(49) 5 = 3 [ nohte = 3 ) = o) ] ey
p=2
where w, > 0 are the Gauss—Lobatto quadrature weights for the interval [75, %]

satisfying -, w, = 1 with w1 = wy, = m7 and {xg-”)} are the quadrature nodes

for I; with xg.l) =r; 1 and ac;L) =Ty Then the high order scheme (4.3) using the

cell average decomposition (4.5) can be rewritten as follows,

(4.6)
—n+1 u - A (f - + £t -
Zwﬂpﬂ Jtwn vy - o (f(“j+%’”j+%) - f(uj—%’uj-&-%))
A /A R
v (w1 = 2 (PO 0) =T y0r )

— () + + + -
—ZprJ(xj )+wLHﬁ uysugsulo ) FerHo (e el )

which is a convex combination of

(1) + - + - + -

pi(x;), Hﬁ (ujf%’ujJr%’ujJr%)’ Hﬁ (Uj,yw ’uj+§>‘

Recall that H,(:,-, ), defined in the first order scheme (3.2), is monotonically non-
decreasing in all its three arguments under the CFL condition (3.3). Thus, H » and

H . are monotonically non-decreasing under a reduced CFL condition
“L

1

. <w:= = = —.
(4.7) A <w:i=w =uwp II=1)

+1

Therefore, 12;1 is a monotonically non-decreasing function of

u i), 1<p<N.

- +
i-3 Yi+p
It can be stated as the following theorem, as a sufficient condition for achieving (4.2).
THEOREM 4.1 (Weak monotonicity of high order schemes). For a finite volume
scheme or the scheme satisfied by the cell averages of the DG method with forward

Euler time discretization (4.3) using a monotone flux f, let pj(x) be the reconstructed
or DG solution polynomial of degree k satisfying

1
0= — , + .
YT A /ppj(x)dx’ Yi-3 TP (‘Tf—%) and u;\y =p; (Ij+%>'
J

Then under the CFL condition (4.7), 12;-”'1 is monotone w.r.t.

uy_ s = pi-1(T

j )a uj:i-% :pj+1(xj+%)u pj<x§l“))7 B = 17 aL

1
2

Therefore, with (4.7), a sufficient condition for ﬂ?“ € G :=[m, M] for all j is

(4.8) pia¥) G, 1<u<N Vi
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Theorem 4.1 can be regarded as a complementary result to the classical Godunov
Theorem. In a high order accurate linear finite volume scheme (4.3), ﬁ?“ is not
an+1

J

monotone w.r.t. a7, but can still be a monotone function w.r.t. some quadrature

point values.

REMARK 4.1 (Optimality of Gauss—Lobatto quadrature). The cell average decom-
position (4.5) based on the Gauss—Lobatto quadrature plays a critical role in revealing
the weak monotonicity. In fact, any quadrature rule with positive weights and nodes
including the two endpoints:

) + UJNP(%aL%)

1
2

N—-1
1 "
(49) A5 [ P = 3 wnlal) +orpta;

p=2

is applicable, as long as it is exact for integrating polynomials of degree k. Different
feasible quadrature rules would lead to different IDP CFL conditions, for example,
(4.9) leads to Aa < min{wy,wn}. It is highly desirable to choose the optimal feasible
quadrature to mazimize the CFL number min{w1,wy}. The Gauss—Lobatto quadrature
was proven to the optimal one in the sense of the largest CFL in 1D [62].

REMARK 4.2. For high order DG methods, the CFL condition (4.7) is close to
the CFL condition needed for linear stability. For high order FV schemes, the CFL
condition (4.7) is usually smaller than the commonly used ones, e.g., for FV WENO
schemes. On the other hand, (4.7) is only a convenient sufficient condition but not a
necessary condition for achieving (4.2).

4.2.3. A simple scaling limiter for enforcing pointwise bounds. The weak
monotonicity in Theorem 4.1 indicates that a high order conservative finite volume
or DG scheme (4.3) preserves ﬂ?“ € [m, M] if the approximation polynomials p;(x)
satisfy (4.8), which can be enforced by the following simple limiter for a polynomial
with cell average }} € [m, M]:

(4.10a) pj(x) = 0(p;(z) — uf) + af,
) M —au? m—u’ .
(4.10b) Hmm{‘Mj_uJ? : |mj—ujg : 1},M,»xeagi_cpj(r),mjgéggpj(x).

The limiter is a simplified version of those used in [25, 155], and it satisfies the
following properties.

Conservation. Since p;(z) is a convex combination of p;(x) with its own cell
average, p;(z) has the same cell average u} on I;.

Bounds at Sj. By the definition of 6 in (4.10), p;(z) satisfies (4.8), if the cell
average is within the bounds u} € [m, M].

Easiness of implementation. This limiter is local to each cell and only requires
point values at S;, thus its implementation is easy and friendly for parallel computing.

High order accuracy. This limiter does not destroy the high order approximation

accuracy of p;(x) under suitable assumptions.
THEOREM 4.2 (Accuracy of Zhang—Shu limiter).  Assume the cell average of

pj(x) is u} € [m, M], then for any function u(x) € [m, M], the limiter (4.10) for

polynomials of degree k satisfies
Ip;(2) = P;(2)] < Cp max|p;(z) — u(z)],
el

where C is a constant that depends only on the polynomial degree k.
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REMARK 4.3. If replacing M; and m; in (4.10) by the mazimum and minimum
of pj(x) in the cell I;, then it a more restrictive thus less accurate limiter. For such a
more restrictive limiter on a reference cell of any shape in any dimension, the same
result holds with Cy depending only on the polynomial degree k and the reference cell.

Proof. We review the key arguments of the proof here. Without loss of generality,

. . M—a’ .
we only need to discuss the case that p;(x) is not a constant and 6 = Mifﬁ with
)

M; > M. For convenience, let p; = a7, then p;(z) — p;(z) = (M — M)p’(x);].

First, |[M — M;| < max Ipj(z) — u(z)| because maxpj( )=M; > M > u(a:), see
zel; T€S;

[234]. Thus we only need to prove . Define ¢(§) = p; (fo + l‘j—%) —

with & € [0,1], then § = fo q(¢ f = 0, 521[%?%](1(6) = gcrlez%pj(x) — P, and

p;(= )
MJ

bj
min ¢(§) = JI}éi}l_pj(I) —Dp;. We have
J

£€l0,1]
@) -p|_ la@)l <o)
M, —p, | = =
i —D; Jnax, q(£) nax, q(&)
max_[q(€)]|

Thus we only need to prove RG] < C} for any polynomial of degree k satisfying

£e€(0,1]
fol q(§)d¢ = 0. For quadratic polynomials in one dimension, Cy = 3 was proven
by explicit calculations in [155]. For higher order polynomials in one dimension,
Ci < (k> +k —1)Ar41[0, 1], where Aj1[0,1] is the Lebesgue constant on the interval
[0,1], see [242, Lemma 7]. For general k and higher dimensions, the existence of the
constant C, can be established by an abstract proof similar to proving the equivalence
of two norms in a finite-dimensional Banach space [242, Lemma 8], which can be used
to prove the multi-dimensional case as mentioned Remark 4.3. ]

4.2.4. The bound-preserving algorithm flowchart. Assuming u} € [m, M],
then using the simple limiter (4.10) at time step n can achieve the sufficient condition
in Theorem 4.1 to ensure u;l'H [m, M], with which the simple limiter (4.10) can
again enforce bounds at time step n + 1.

Such a method can be easily extended from forward Euler to high order strong
stability preserving (SSP) explicit Runge—Kutta or multistep methods [91, 90], which
are convex combinations of forward Euler steps. For a semi-discrete scheme %uh =
L(up), e.g., L denotes high order spatial discretization, the classic third order explicit
SSP Runge-Kutta method is

up”™ = up + AtL(u),

(4.11) up™t = Zuﬁ + i (up™ + ALL (up™)),
UZ—H — éu;z_'_%( n**+Atﬁ( n**))7

and the explicit SSP third order multistep method is

16 11 . 12
uptt = 57 (Ui, + 3AtL(up)) + o <u23+HAtﬁ(uz3)>7

where uj, represents the numerical solution at the n-th time step.
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To construct a high order accurate bound-preserving scheme, we can use SSP
high order time discretizations with high order FV or DG methods in space with a
monotone numerical flux, with the limiter (4.10) applied in each time step in a SSP
multistep methods or each time stage in a SSP RK method. Then under suitable CFL
conditions, Theorem 4.1 and Theorem 4.2 imply that the full scheme is conservative,
bound-preserving and high order accurate.

The main advantages of such a method include easy extensions to systems and
higher dimensions, easy implementation and easy justification of accuracy, which is
due to not only Theorem 4.2 but also, more importantly, the fact that this approach
is built upon an intrinsic weak monotonicity property of the high order spatial dis-
cretization (4.3).

On the other hand, although the weak monotonicity can be established for FV and
DG schemes, in general it does not hold for high order finite difference (FD) schemes.
For special compact FD schemes, weak monotonicity may hold and bound-preserving
schemes can be constructed [145].

4.2.5. A simplified weak monotonicity and limiter. The limiter (4.10) in-
volves the polynomial p; () which is not available in ENO (essentially non-oscillatory)
and WENO (weighted ENO) finite volume reconstructions. One way is to use interpo-
lation to construct an approximation polynomial p;(z) in ENO and WENO schemes
to apply (4.10). An easier alternative provided in [247] is to avoid explicitly using

point values p;(z (”)) for y = 2,--- N — 1. Since Zu 2 Toaspi(x (”)) is a convex

combination of point values p;(; o )) for p =2,--- , N — 1, by the Mean Value The-

orem, there exists some point z; € I; such that Z# 9 T ;wlp]( (”)) = pj(x}). We
can rewrite (4.6) as

7‘?4_1 (1 - 2(4)1)])]( ) +W1Hﬁ (U+ 1 )+W1H A (

J7§ ]+17 wq Jj— %

thus in Theorem 4.1 we can use the following weaker sufficient condition to replace

(4.8),
(4.12)
't — + - N-1
Uz Wi . Wi, 1
+ + J J—3 Jts Wy N0 N
U1y T = 2 71—24»1%(% ) = pj(x}) € [m, M].

A simplified limiter to enforce (4.12) in ENO and WENO finite volume schemes
is

M -7 m—Dp;
4.13a pi(x) =0 (p;j(x) —p;) + D, 9=min{1, | J },
(1130) (@) =0 (py(x) = ;) +F; .| |m =,
(4.13b)

uy —wlu;' 1 _Wlu;r;

. . . — j . . *) — 2 2
M; = (1>m?1\)1() P (@), m _z<v1)ril(‘111vl> m*‘p](a:), P;(j) 1— 2w
Ty Ty T J A A

Theorem 4.2 still applies to (4.13) since it is a more relaxed limiter than (4.10).

at—aut

REMARK 4.4. If (4.12) is replaced by requiring ujii%,uji%, Jﬁ%%a”% €
[m, M] with a € (0, %), then this still provides a sufficient condition for ensuring

a?“ € [m, M], as first proven in [176]. However, it is difficult to justify the accuracy
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uy'fauJ‘ll 7au_7+l
of enforcing Jl_za =2 ¢ [m, M), unless a corresponds to a quadrature weight
u;‘—au;r_l —aujf_*_l
such that ——2——= =p; (x;‘), which allows one to invoke Theorem 4.2.

4.3. One dimensional hyperbolic systems. We now discuss the extension
to 1D systems of the form (3.5) with a convex invariant domain G defined in (1.2).
Consider the evolution equation of the cell averages for a high order finite volume or
DG scheme for the system (3.5), which can be written as (1.5) with a numerical flux
f'(-, -). Assume f is IDP as defined in Definition 3.1 under a CFL condition A\« < ¢g.

4.3.1. The weak IDP property of high order schemes. The monotonicity
is no longer directly applicable for hyperbolic systems. Instead, we can use either the
convex decomposition technique [245, 246] or the GQL approach [222]. In particular,
let p;(x) be the approximation polynomial in I;, then (4.6) implies that a high order
scheme (1.5) is a convex combination of two formal first order IDP schemes:

Sntl (1) - 7& £~ + _ f (Tt -
v, *ZZW#I’J(%‘ )+ (uj+é wr, (f(ujJr%’ujJr%) f(ujé’uﬂé)))
IJ/Z
+ w1y u’ fi(f“(u*' u. )ff"(u_ u’ ))
i w i—3’ its -3 iz
L—1
(») - + + -
= 3 wupsla) oy (o ur ) FenHy (a0 ul g, ),
pn=2
Since H is a first order scheme thus is IDP under suitable CFL, e.g.,
uf Ju ,,uf ,eG=H., (uf ,u ,,u’ e ifioz<c
=37y i+ EANE A ShEAS S ’ wp o

thus Theorem 4.1 can be extended as follows.

THEOREM 4.3 (Weak IDP property). For a finite volume scheme or the scheme
satisfied by the cell averages of the DG method in the form (1.5) using an IDP fluz f,
with an approzimation polynomial vector p;j(x) of degree k satisfying

1
=N + _ — _
uj = E/I p;(x)dz, ul =P (xj_%) and u =P (:cj+%) ,
J
then ﬁ?“ € G under the CFL condition Aa < wecy with w = ﬁ, if

(414)  pja(e_y) =u s Pialmyey) =i, pi(e) e, 1<pu<L

1
2 J—3

4.3.2. A simple scaling limiter. Similar to the scalar case, given p;(z) with
a cell average u} € G, for enforcing (4.14), on each cell I; a simple scaling limiter can
be designed as follows:

(4.15) pj(z) = 0(p;(z) —uj) +a},

if p;(z¥) ea,

L,
o (1) : (1) _ S
Gfml}n{ﬂj 1 with 0;" = |u. . otherwise,
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where u, is the intersection point of G and the line segment that connects u} € G
and p;(z\") ¢ G.

In many cases, the computation of 0§-“) is cumbersome and may require a root-
finding procedure. If the invariant domain can be reformulated such that all the
functions g;(u) in (1.2) are linear or concave with respect to u, then a different but
easier alternative of # can be considered,

2

where the small number ; > 0 is introduced to mitigate the effect of round-off errors.
Jensen inequality for concave functions g;(u) implies p;(z) € G Vr € §;, e.g., see
[246, 247, 248, 213, 242] for compressible Euler equations and [227] for shallow water
equations. Such a limiter does not increase entropy for compressible Euler equations
[46, 147].

A simplified limiter for finite volume schemes without directly using reconstruc-
tion polynomial p;(z) can also be constructed, similar to Subsection 4.2.5, see [247,
Section 5] for details.

In practice, one may want to preserve the invariant domain of the numerical
solution at more points, such as Gauss quadrature points used in DG methods. It
can be easily enforced by the same limiter (4.15) at these points.

6 = min{6;}, with 6; = min {

9:(0}) — &
(#)))

gi(a}) — miny, g;(p;(z;

4.3.3. Robust and efficient implementations. The full algorithm flowchart
follows similarly as in Subsection 4.2.4. Since the exact solutions to scalar conservation
laws satisfy the maximum principle, it is not difficult to estimate the maximum wave
speed a in Definition 3.1 for scalar conservation laws. However, for a hyperbolic
system, the maximum wave speed may grow in time. It is nontrivial to enforce the
CFL needed for Theorem 4.3 in each time stage of a SSP Runge-Kutta method by
computing a time step At based only on information of u™.

On the other hand, the CFL condition in Theorem 4.3 is only a sufficient but
not a necessary condition for achieving ﬁ?‘"l € G thus one convenient and efficient
implementation is described by the following two steps.

First, use a SSP Runge-Kutta method with a high order finite volume or DG
method in space using an IDP numerical flux, e.g., the Lax-Friedrichs flux

A 1
Bluy,yug ) = gy ) (a1 )—ayy g (uf, —ug,

f(ur, )|

2

), o1 = max

Second, use any commonly used time step in a SSP Runge-Kutta method to
evolve from time step n to step n + 1, with the simple limiter (4.15) used on each
time stage. If 1_1;”1 ¢ G happens at time step n 4+ 1 or any inner time step of the
Runge-Kutta method, then it means that the CFL condition in Theorem 4.3 is not
met at that time stage or time step, thus go back to time step n to recompute with
halved time step. See [213, 242] for more details.

Notice that the implementation of recomputing with halved time step whenever
invariant domain is violated can be used for any numerical scheme, which however
may result in an infinite loop of recomputing, e.g., a high order with any positive time
step can violate bounds in Example 4.1. Only when the simple limiter (4.15) is added
to control point values at the proper locations, this is not an infinite loop because
Theorem 4.3 ensures ﬁ?“ € (G when time step is small enough.
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REMARK 4.5. The Zhang-Shu approach can be used with any finite volume and
DG methods to construct high order IDP schemes. For finite difference schemes, this
approach can still be used if the FD scheme is defined via a pseudo finite volume
scheme. For example, the classical Jiang-Shu FD WENO scheme can be rendered
positivity-preserving by this approach [249, 82].

4.4. Multi-dimensional extensions. We summarize the two key and essential
ingredients for extending from 1D results above to multiple dimensions:

A first order IDP fluz or scheme. It is available in multiple dimensions as reviewed
in Section 3.

A decomposition of a cell average into a convexr combination of point values in-
cluding point values on the cell boundary. In one dimension, the cell boundary values
are simply uj.t+ 1 In multiple dimensions, these cell boundary values should be the

quadrature point values used for computing numerical flux along cell boundaries.
With these two ingredients, it is possible to extend Theorem 4.3 to multiple di-
mensions, which will be reviewed in the next two subsections, and the point values can
be controlled and corrected by a similar simple limiter like (4.15). The desired decom-
position of a cell average into point values is achieved by Gauss—Lobatto quadrature in
1D. In multiple dimensions, it can be done by a quadrature with positive quadrature
weights. On a given cell, such a quadrature may or may not exist. On a polygonal
cell, such a quadrature can be constructed and is not unique. In [250, 160, 46], differ-
ent choices of such quadrature rules were constructed on triangles and simplices, by
from which specialized quadrature rules on polygons can be obtained by partitioning
the polygon into a union of triangles [212]. Quadrature rules on polygons with fewer
points can be found in [197]. See [77] for the curvilinear elements. Figure 4 shows
the special quadrature in two dimensions used in [246, 250], which is however not
an optimal choice. In Figure 4, such a special quadrature consists of unnecessarily

[ J [ ] [ J
Y y' o Py P P
@ @ @

Fig. 4: One example of the special quadrature for quadratic polynomials. Left: 1D
cell. Middle: 2D rectangle. Right: 2D triangle. For 1D, it is simply 3-point Gauss-
Lobatto quadrature. The points in cyan color are the Gauss quadrature points for
computing numerical flux integrals in high order schemes, and red points and cyan
points together form a special quadrature that is exact for quadratic polynomials with
positive weight.

too many points for integrating quadratic polynomials. We emphasize that such a
quadrature is not used for computing any integrals, and we only need the following
from this special quadrature:

e We need its existence to establish weak IDP properties like Theorem 4.3.

e We need the quadrature points and weights for defining and implementing
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the limiter (4.15).
e The smallest weight on the cyan color points along the boundary also gives
the CFL number in Theorem 4.3, which will be discussed later in this section.

REMARK 4.6. If implementing the Zhang—Shu method using the simplified limiter
as stated in Subsection 4.2.5, then evaluation of DG or FV polynomials at the highly
redundant red points in Figure 4 can be avoided. Similar to Theorem 4.3, only quad-
rature weights of the cyan points are needed to state a weak IDP theorem and define
a simplified limiter.

4.5. 2D hyperbolic systems on rectangular meshes. We now review the
Zhang—Shu approach for 2D hyperbolic system

(4.16) O+ 0. f1 (u) + 0yfa(u) =0

on rectangular meshes [246], and some recent advances [61, 62] on seeking optimal
quadrature for IDP high order schemes.

We first review how to establish the weak IDP property for the updated cell
averages. For (4.16) with the forward Euler time discretization on a rectangular cell
Lij o= lo;_y @ 01] ¥ [y;-1,9;4 1], a finite volume scheme or the cell average of DG
scheme can be formulated as

25

il _ on At ZQ = T8 (u- + f (- +
Wi =W T Ay 2% l(uﬂ-l q’ui+%,q) - 1(ui—%7q’ui—%q)
q=1

(4.17)
At Q ~ f _ + o —
T Ay Z;w‘l [ 2(uq,j+%’uq,j+%) - Q(Uqa‘f%’uq ],5)}
—
with
u;t%yq = pij(xi—%’iléq))’ uz‘_+%,q - pij(x”%’gj(’q))’
+ _ ~(q) - _ ~(9)
woo =Py Y s =Py ),

where p;;(x,y) is the approximate solution polynomial vector (reconstructed in finite
volume methods or evolved in DG methods) on I;; at time level n and its cell average

over I;; equals u;. Here, {%Eq)}?zl and {gjj(-q)}qul denote the nodes of a Q-point

(]
Gauss quadrature of sufficiently high order accuracy in the intervals [z;_ 1, %1 ] and
[yj_%,yj +%], respectively, with the normalized weights {&,} satisfying ZqQ:1 wy = 1.
We use tildes to distinguish this Gauss quadrature from the Gauss-Lobatto quadra-
ture introduced earlier; both rules will be employed below.

4.5.1. Weak IDP property. In order to obtain an IDP scheme, the numerical
fluxes f; and f in (4.17) are taken as IDP fluxes, with which the corresponding 1D
three-point first order schemes are IDP, i.e., for any uj, us,us € G it holds that

At g4 . At /- .
up — A (fl(uz,u:s) - fl(ulau2)> €G, uy-— Ay (fz(UQ,u:s) - fz(ul,uz)) €eG
under a suitable CFL condition max{a; At/Ax, asAt/Ay} < ¢y, where oy and s
denote the maximum characteristic speeds in the x- and y-directions, and cgy is the
maximum allowable CFL number for the 1D first order schemes.
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Similar to the role of the Gauss—Lobatto quadrature in the 1D case, in order to
decompose the cell average uj; into a convex combination of some point values of p;;,
we need a special quadrature on the cell I;; of the form

Q
1 W . ~
AzAy /I Pl y)dedy =D &, [T Py 57) + e Pl 517)
(4.18) * a=1

S
g p@D ) e p@E ypp)] + D win(al ),
s=1

which should satisfy three requirements:
(i) The quadrature (4.18) is exact for all polynomials p € V, where V is the
approximate solution space, e.g., P* or QF;
(ii) The weights {wT,ws,w*} are positive and they sum to one;
(iii) The internal node set Zg = {(:r’s‘,y;‘)}le C 1.
With such a quadrature, Theorem 4.3 can be easily extended to rectangular cells
[245, 246, 250, 61, 62]. We state one version of such an extension in [61] as follows.

THEOREM 4.4 (Weak IDP property on 2D rectangular mesh). If the solution
polynomials {p,;} satisfy

(4.19) pij(z,y) €G V(z,y) € Sij, Vi, ],

where S;; denotes the set of all the quadrature points in (4.18), then the high order
scheme (4.17) preserves ﬁ?jH € G under the CFL condition

— + - +
wy Az wi Az wy Ay wy Ay
(651 (651 (65) ’ (65)

(4.20) At < co min { ; )

4.5.2. Quadrature and CFL. The special 2D quadrature of the form (4.18)
plays a critical role in constructing above 2D high order IDP schemes. Such quadra-
ture rules are not unique. Below are several examples.

EXAMPLE 4.2 (Zhang-Shu quadrature [245, 246]). Based on the tensor product
of the L-point Gauss—Lobatto quadrature (with L = [%]) and the Q-point Gauss
quadrature, Zhang and Shu [245, 246] proposed the following quadrature:

(4.21)

Q
1
, daedy = ~ [ ) 7~(Q) . ”"("1)
Kany J, Pl ey > Gnanp(ai 3.7+ manp(a 3 557
+ o p(@ 0y, ) + rawnp @y )]
L-1 Q
i Z Zwuqu {mp (mgu)’%q)> ¥ Kop (5EQ)»y§’L)>} ’
pn=2qg=1

where {xE”)}ﬁzl and {yj(-“)}ﬁ:1 denote the nodes of the L-point Gauss-Lobatto quadra-
ture in the intervals [z;_1, @, 1] and [y;_1,y; 1], respectively, with the weights {w,}

satisfying Zﬁ:l wy =1, and
ar/Az as /Ay

Kli=————+— Ko 1=

ar/Az + ay/Ay’ 2T a1/Azn 4+ an/Ay’
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(a) Zhang-Shu quadrature (4.21) for P? (b) Zhang-Shu quadrature (4.21) for P?
. . . ' . . -
® *
* ®
® 3 ® °
® ®
' ®
® '
(c) Optimal quadrature (4.24) for P? (d) Optimal quadrature (4.24) for P

Fig. 5: Boundary nodes (black) and internal nodes (red) of the special 2D quadrature

on a rectangular cell I;;, for the P2- and P3-based methods, in the case of i—f = %’.

The set of quadrature nodes in the quadrature rule (4.21) can be expressed as
725 _ [z o QY Qz Yy
s% = (st oS! u (Sresy),

where gf = {55'1)}?:1, gz’ = {ﬂ;fl)}q@:l, S? = {xE”)}ﬁzl, and SY := {ylgu)}ﬁzl are the
Gauss quadrature nodes for flux integration and the Gauss—Lobatto quadrature nodes
for convex decomposition of cell averages, respectively. The quadrature nodes of the
Zhang-Shu quadrature (4.21) are illustrated in Figure 5 for P2 and P? based methods.

As a corollary of Theorem 4.4, we have the following result.

THEOREM 4.5 (Weak IDP via Zhang—Shu quadrature). If the solution polynomi-

als {pi;} satisfy (4.19) with Sy = SZ¥, then the high order scheme (4.17) preserves

ﬁ%ﬂ € G under the CFL condition

(422) (al + CVQ) At S W1 €y =
xT

. k+3
A Ay with L = {-‘

__Cf
L(L—1) 2

REMARK 4.7. A similar quadrature was used by Jiang and Liu in [119]. The only
difference from the Zhang—Shu quadrature is that k1 = ko = % In this case, the CFL
condition for the weak IDP property becomes

QaQ

(6
(4.23) 2maX{A;,Ay}At < wico,
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which is more restrictive than (4.22).

Since such special quadrature rules are not unique, it is natural to seek the optimal
quadrature such that the resulting IDP CFL condition (4.20) is the mildest. It was
proven in [62] that the Zhang—Shu quadrature (4.21) is optimal for high order schemes
based on the QF space with any positive integer k. However, for the P*-based methods,
the quadrature (4.21) is generally not optimal [61]. The optimal 2D quadrature rules
for P*-based methods were systematically studied in [61, 62].

EXAMPLE 4.3 (Optimal quadrature [61, 62]). For the P2- and P3-based methods,
the optimal quadrature for weak IDP property is given by

1 ~(a) ~(a)
A%Ay/ p(z,y)dedy = —~ qu[ Ti_1,9;) +p(Tig1, Y )}

2

U2 ~ ~ * * %
+3qu[p<xgq>, ) @D )]+t > pe v
qg=1

s=1

(4.24)

with the internal nodes

(wiws £ 25/ 252) . i 612 0n,

(4.25) {al,yse, = /7
T ( iQA\/x’ ¢17yj)7 Zf¢1 <¢27
where
a1 92 e
¢l - A$, ¢2 - Ay, ¢ maX{¢1,¢2},

é1 P2 .« O

0 H2 = —=, .

(g Y G

There are only two internal nodes, which merge to a single node (x;,y;) in case of
¢1 = ¢2. The quadrature nodes of the optimal quadrature (4.24) are illustrated in

Figure 5 for P2- and P3-based methods. For the optimal quadrature for the P*-based
methods with higher k > 4, we refer the readers to [62].

THEOREM 4.6 (Weak IDP via optimal quadrature [61, 62]). If the solution poly-
nomials {pi;} are in the space P? or P® and satisfy (4.19) with S;; being the set of all
the nodes in (4.24), then the high order scheme (4.17) preserves u”Jr € G under the
CFL condition

V=14 P2 +20%, 1=

o] «
(4.26) (233 25t 4max{A AZ}) At < cq.

Table 1 lists a comparison of the IDP CFL conditions and the internal nodes for
different 2D special quadrature rules.
The simple limiter (4.15) can be easily extended to multiple dimensions as follows

pij(z,y) = 0(pi;(z,y) — j}) +ujj,

where 6§ is computed via either point values in the special quadrature S;; or only the
boundary quadrature point values in a simplified fashion as in Subsection 4.2.5. See
[246, 250] for details.
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Table 1: IDP CFL conditions and the numbers of internal nodes of different 2D
quadrature for the P2- and P3-based methods.

IDP CFL IDP CFL # Nodes # Nodes

general case %f = % =h P? P3

Optimal [61] (4.26) At<2h  1~2 12
Zhang-Shu [246] (4.22) At < &h 5 8
Jiang-Liu [119] (4.23) At < @h 5 8

4.6. Extensions to unstructured triangular meshes. For simplicity, we fo-
cus only on the special quadrature and extensions of Theorem 4.3.

4.6.1. The special quadrature for convex decompositions of the cell
average. Let K denote an arbitrary triangular cell with edge length denoted by l%)
(i =1,2,3). Let (z37,y%") be the gth node of the Q-point Gauss quadrature on the

ith edge e&? and w, be the weight. The first task is to find a special 2D quadrature

on K:

\KI// p:y) dxdy_zzu/m plz.y) d”pr 2%,9%)
_Zzwwqp ’q +Z("Jsp says

=1 g¢=1

(4.27)

such that
(i) The quadrature (4.27) holds exactly for all p(z,y) € P¥;
(ii) The edge wc1ghts {wz} ', and the internal node welghts {wk}o_; are all pos-
itive, and 27 12 1wzwq+z _wi =1,
(iii) The internal node set Zx = {(= svi‘/s)}521 C K.

EXAMPLE 4.4 (Zhang—Xia—Shu quadrature [250]). Zhang, Xia, and Shu proposed
in [250] the following quadrature for the P* space on a triangular cell K :

5788
2(4)1
|K| // ’y dxdyizgl /() 7y dS+ZwZXSp Exs’yg)(S)’
=1
(428 2w Szxs
722 1 q zq +szxsp Exs’y?{s)’
=1 g=1

where wy; = L(Ll Ty s the first Gauss—Lobatto quadrature weight with L = (k—;“ﬂ,

{(27%,y?%5)} denote the coordinates of S™5 = 3[E-1](k+1) internal nodes (see [250]
for more details). This quadrature was constructed by the average of three different
mappings from the Zhang—Shu quadrature (4.21) on a rectangular cell to the triangular
cell K. In practice, one may want to use different Gauss quadrature for each edge in
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Fig. 6: Two special quadratures for P? on an equilateral triangle with area 1. Left
is Zhang-Xia—Shu quadrature, with weights for three cyan points of each edge being
(125 155, 123)- Right is Chen—Shu quadrature [46, Tale C.2 (b)] which is much less
redundant, with weights for three cyan points of each edge being (2 1> 110, 214)

the high order schemes. For instance, see Figure 4 for the Zhang—Xia—Shu quadrature
for P? with 3-point Gauss quadrature for each edge, which is in general enough for the
P2 DG method [250]. In [226], Zhang-Xia-Shu special quadrature (4.28) with 4-point
Gauss quadrature for each edge of a triangle is used for the P> DG method in order
to achieve well-balanced property for shallow water equations.

EXAMPLE 4.5 (Chen—-Shu quadrature). In [46], Chen and Shu used another se-
ries of quadrature rules on triangular cells for entropy-stable DG methods, constructed
by the quadrature method [241], which was also used in [160]. These quadrature rules
are also qualified for designing P*-based IDP schemes on triangular cells; see [}6, Ap-
pendix C] for further details on these quadrature rules, which is much less redundant
than Zhang—Xia—Shu quadrature, as shown in Figure 6.

REMARK 4.8. Neither Zhang—Xia—Shu quadrature nor Chen—Shu quadrature is
optimal for IDP studies in general, as demonstrated in [68], where the optimal quad-
rature rules for P'- and P?-based IDP schemes were found. We emphasize that the
interior nodes (red nodes in Figure 6) in the special quadrature can be avoided in the
final implementation, similar to Subsection 4.2.5; see [247].

4.6.2. The weak IDP property on triangular meshes. The cell average
scheme of a high order finite volume or DG scheme with forward Euler time dis-
cretization on a triangular cell K is given by

3 Q
(429) ﬁTIL{Jrl 7;( - 2‘K| Z Z 11,1(57 ze’,)t(]tv an)a

where |K| is the area of K, l%) stands for the length of edge eg? (the i-th edge of

,1 (1)

element K), nf. = (nK ,nK) is the outward unit normal vector of the edge e}/, and

int . ..n ] ext .__ ..n
;4 = uh(xKayK”Ka ., = uh(xKayK |K7,
are approximations to edge values from interior and exterior of K respectlvely, with

K denoting the neighboring cell that shares the edge e(K) with K, (a:K ,y') being

the gth node of the Q-point Gauss quadrature on eEK , and u} denoting the piecewise

polynomial solution either reconstructed in finite volume or evolved in DG methods.
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Using the Zhang—Xia-Shu quadrature (4.28), one obtains the following convex
decomposition for the cell averages:

SZXS

3 Q
(4.30) . = Z % Z wint ‘ot Z 28 (78S
i=1 qg=1

Substituting (4.30) into (4.29), one can reformulate the scheme (4.29) as follows
(cf. [250]):

SZXS Q
2
(4.31) it =) WSS ;Jl > @, (Hl,q + I, + Hg,q),
s=1 q=1

where

int 3At
H1 q = u2 qa 2w1|K|

3AL /.. in ex in in
[f(ul’fl, uj ,;, nK)l<1) + f(ul fl, us fl, an)l(D]

(B, with, mie) ) + By, s, mio)nd + F(ud, wity, noi?)]

I __ . int
2, = Ui,q — 2w | K|

3At

I — int
3,9 Us,q 2w |K|

(a1 + Flut a2
As an example, consider the Lax—Friedrichs flux:
A . 1
(ulrt ugy nie) = 5 (E(ul’) - nj + F(uf) - mi + aulth — aufy),
which is IDP if the CFL number is less than or equal to one and

(4.32) ot = max a(up(x),nk)
:EEeK ,i€{1,2,3},K€Ty

Note that II; , is formally a first order IDP scheme on the triangular cell K under
the CFL condition

4.
(4.33) |K‘ ZlK < 3@1,

and Il , and II3 ; are formally one-dimensional IDP schemes under the CFL condi-

tions 23A|;(|l(1) <1 and 3A|§(|l(3) < 1. Therefore, if

mt € @G, uext eG Vi,gq,

then I, ; € G for all ¢ and ¢ under the CFL condition (4.33).
As observed from (4.31), @%™! is a convex combination of u?® and I, ,. Thanks
to the convexity of G, we obtain the following theorem [250].

THEOREM 4.7 (IDP via Zhang-Xia—Shu quadrature). If uj(z,y) € G ¥(z,y) €
SZ8. VK, where S35 denotes the set of quadrature nodes on cell K in (4.28), then
the scheme (4.29) preserves aly'' € G under the CFL condition (4.33).

With the weak IDP property, a simple limiter similar to the one presented in
Subsection 4.2.3 can be designed, and the extension of Theorem 4.2 to triangles or
any cells is straightforward using [242, Lemma §].
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4.6.3. IDP with larger CFL via optimal quadrature and GQL. This
subsection introduces the improvements of the theoretical IDP CFL condition by
seeking an optimal quadrature [68] and the GQL approach [222] under Assumption 6,
which is weaker than Assumption 5

In order to precisely define the optimality of the special quadrature, we first show
the IDP result [68] with an arbitrarily feasible quadrature (4.27).

THEOREM 4.8 (IDP via general feasible quadrature). If the solution uj satisfies
(4.34) up (z,y) € G Y(z,y) € Sk, VK,

where Sy denotes the set of all the nodes in the quadrature (4.27) on a triangle K,
then the scheme (4.29) preserves u}’j‘l € G under the CFL condition

At . Jwr w2 ws
(435) K < CIDP min m, W’ @ .
K] e 121
K K K

Proof. Using the equivalent linear GQL representation (3.10) of G, we derive for
any u* € §; and j € TUI that

(ﬁ"+1—u*)~n;‘-
(4. 27) %) Wy alt 1nt * * At mt i *
el o
(%) aAt ext *\ o * At ext % L n*
-y z Rt ) n - o (E(u) i)
S
+> Wl (up(al,y;) —ut) - nj
s=1

’ (%) < _ | At int * * At int i *
> ZlK qu m(um —u*) -nj - K] (f(u}"y) - ni) - nj
3 Q
i | aAt « At . )
L [zm(“et W) m gy (FO) - mic) '“ﬂ
. =
o 9 At 193G ) - i
ZKZWQM[ -0 +Z Z q2|K\ )'nK]
3.19) At
Dni | O27 2 ¢ 0 =0. 0
=t (Z ) 2]

As shown in Theorem 4.8, the CFL condition (4.35) depends on Crpp, which is
determined by a chosen quadrature (4.27). It is therefore natural to seek the optimal
quadrature of the form (4.27) that maximizes Cipp, thereby yielding the most lenient
IDP CFL condition. This allows for larger stable time step sizes and improves the
efficiency of high-order IDP schemes.

Such optimal quadrature rules were recently discovered in [68] for P!- and P2-
based IDP schemes on arbitrary triangular meshes. For convenience we consider an
arbitrary triangular cell K and rearrange the indices of its edges {e ¥ ti—1 and vertices

{V(z)} '_, such that l(l) > 1(2) > 1(3)
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EXAMPLE 4.6 (Optimal quadrature [68] for P!). The optimal quadrature of the
form (4.27) for Pl-based IDP schemes on any triangular cell K is given by

21"

(4.36) - K
315 + 318

1=1,2,3,

with at most one internal node (S < 1), whose weight and location are given by:

1+ 182 — 2

1 3 1 2 3 2
(437w K = G BV + @ i) VY

(@) =
. 10 +12

3 + 31

Note that if the cell K is equilateral, i.e., lg) = lg) = lg?), then the weight wi becomes
zero, and the optimal quadrature contains no internal node (S =0).

EXAMPLE 4.7 (Optimal quadrature [68] for P?). The optimal quadrature of the
form (4.27) for P2-based IDP schemes on any triangular cell K has the boundary
weights

21

Wy = ———=—, i:1,2,3,
9k + 3k

and two internal nodes with weights and coordinates

I +1 ; UM, ilg +2cilk
w::ﬂ (.’IJ* ZBS@V%7 /BS’L: Kt2c s=1,2

ER S ) Y

6l + 25 Pt 18(Ix + I ) (12 + i)

where L == (19 19 1IN T o= (10 +12 +19)/3, and

- 2
e om0+ ()" + ()" = S (8002 + 200+ (210),
The positive coefficients cs; and the positive definite matrices M ; are given by

crn =350 + 312 +v3ID — VB, ey =318 + 31 VB — v3ID)
Cl2 = 6[&? + \/>l(‘3 \/>l(1) C22 = 61;?) + \/glg) — \/gl(fg),
crs =312 +310 1 VBIY —VBIQD, s =312 + 3180 + V3D — V31D,

[ 6 1 -2 (6 1 -2
Mii=|1 2V3+6 —V3-2], My, =|1 6-2V/3 V3-2],
-2 —V3-2 6 -2 V3-2 6
[ 6 —V3-2 -2 [ 6 V3 =2 -2
M= |-V3-2 12 V3 -2 My = |/3-2 12 —V3-2
-2 V3-2 6 -2 —V3-2 6
6 V3—-2 =2 6 —3-2 -2
Miz=|[V/3-2 6-2V/3 1], Ms=|-v3-2 2V/3+6 1.
| 2 1 6 ) 1 6

If the above optimal quadrature is used for cell average decomposition, we have
the following results, as a corollary of Theorem 4.8.
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THEOREM 4.9 (IDP via optimal quadrature [68] for P! and P?). Assume l%) >
1(2) > l . If a P™-based (m =1 or 2) solution uj satisfy

(4.38) up(z,y) € G V(z,y) € SEY,, VK,

where S]}gwl and S]}g"é denote the set of all the nodes in the optimal quadrature in
Example 1.6 and Euzmple 4.7, respectively, proposed by Ding, Cui, and Wu [68], then
the scheme (4.29) preserves u"K+ € G under the CFL condition

A
|K| < Cxm VK €T,

4.39

o = i O
oY 41y S Ol + 3l

which is optimal for using any quadrature of the form (4.27).

4.6.4. Comparison of different quadrature rules for IDP.

REMARK 4.9 (IDP via Chen—Shu quadrature in [46]). As a direct consequence of
Theorem 4.8, if the Chen—Shu quadrature in [46, Table C.2] is used for cell average
decomposition, then we obtain a P™-based (m = 1,2,3,4) high-order IDP scheme
under the CFL condition:

At o [11 1 o
(440) am Swm mln{l(l),l(z)7l(3)} =: CK,m VKEIY-}L,
K K K

where w$® = 1, w§® = 2w ~ 0.086812, and w§® ~ 0.05572449.

REMARK 4.10 (Improved IDP via Zhang—Xia—Shu quadrature (4.28)). Applying
Theorem 4.8 to the case of using Zhang-Xia—Shu quadrature (4.28), we can improve
the IDP CFL condition (4.33) to the following more relaxed one:

At _2 11 1 s
K K K

where wy = ﬁ is the first weight of the L-point Gauss—Lobatto quadrature with
L= [md9],

REMARK 4.11 (Lv-Thme approach). A different decomposition for cell averages
was proposed by Lv and Ihme in [160]. The idea is to begin with any quadrature
rule that has positive weights and sufficiently high accuracy, and then solve an opti-
mization problem to increase the decomposition weights at the boundary Gauss points.
The primary advantage of this approach is its applicability to arbitrary polygonal or
polyhedral cells. However, it requires solving computationally expensive optimization
problems tailored to each specific cell geometry. Moreover, on triangular meshes, the
resulting IDP CFL number is generally smaller than those obtained using the quadra-
ture rules discussed above.

Table 2 presents a comparison of the IDP CFL condition a% < Crpp obtained

using different quadrature rules for P!- and P2-based schemes on two representative
triangular cells. As expected, Cipp derived using the optimal quadrature proposed in
[68] is the largest among all the cases.
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Table 2: Comparison of the IDP CFL condition alAftl < Cipp and the number of
internal nodes for various quadrature rules on two example triangular cells. (Note:
The information in [68, Table 1] for the Chen—Shu quadrature was incorrect, and the

corrected version is presented here.)

1 =v2
example cell K W=
10 =1 12 =1
drat internal internal
duadrature Croe nodes Croe nodes
Optimal [68] % ~ 0.333 0 % ~ 0.333 1
1 o 1 ~
pl ZXS [250] 5 ~0.111 0 s@va) 0.0976 0
1~ 1
ZXS (4.41) 5 ~0.333 0 Wk 0.236 0
1 . 1~
Chen—Shu [46] 5 ~0.333 0 55~ 0.236 0
i L~o. 2 ~ 0.
Optimal [68] | & ~ 0.167 1 W IR T 0.144 2
1 1 ~
P2 ZXS [250] 5= ~ 0.037 9 v 0.0325 9
1 . 1~
ZXS (4.41) 5 ~0.111 9 o3~ 0.0786 9
3 3~
Chen—Shu [46] 56 = 0.15 1 008~ 0.106 1

4.7. Numerical examples of high order DG schemes for gas dynamics
equations. We list a few benchmark tests in gas dynamics for verifying robustness
of high order accurate schemes solving low density or low pressure problems, all of
which are challenging tests for high order accurate DG schemes. Below are numerical
results of high order DG schemes with the third order SSP Runge-Kutta method with
only the simple limiter (4.15) for enforcing positivity of density and pressure.

ExaMPLE 4.8 (Sedov blast wave). The blast wave generates low density and pres-
sure. Figure 7 shows an IDP Q% DG method on a rectangular mesh for compressible
Navier—Stokes equations. The parameters are chosen so that, at the final time, the
shock front is a circle of radius 1. See [246, 242] for the problem setup, and the exact
solution in Sedov’s monograph [191].

ExaMPLE 4.9 (High speed astrophysical jets). The extremely high speed renders
small internal energy in the computation, which is a tough test even for many second
order schemes, e.g., even a second order MUSCL scheme may blow up if positivity
is not preserved. Figure 8 shows an IDP Q* DG method on a rectangular mesh for
compressible Euler equations for a Mach 2000 jet with background pressure 0.4127, see
[246] for the problem set up. Figure 9 shows an IDP Q% DG method on a rectangular
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mesh for compressible Navier—Stokes equations for a Mach 2000 jet with background
pressure 1076, see [20/, 149] for the initial conditions.

ExAMPLE 4.10 (Mach 10 shock passing a sharp corner). In this test, a Mach 10
shock is first reflected, generating Kelvin-Helmholtz instability, exactly the same as
those in the classical double Mach reflection test. Then the shock is diffracted at a
sharp corner, which induces low density and low pressure, causing numerical instabili-
ties in high order DG schemes. This test involves strong shocks, low density/pressure,
as well as fine structures such as roll-ups from Kelvin-Helmholtz instability, which are
often used as an indicator whether excessive artificial viscosity is added in numerical
schemes for stabilization. Figure 9 shows results of IDP high order DG methods for
solving compressible Navier—Stokes equations. Figure 9 (a) and (b) show results of
P” DG on unstructured triangular meshes for a 60 degree corner, see [2/2] for the
problem set up. Figure 9 (c) and (d) show results of Q° DG on rectangular meshes
for a 90 degree corner, see [83, 149] for the problem setup. Limiters for enforcing

non-oscillations can be added to reduce oscillations.
\ ‘ o
\\ <

(a) Density. (b) Density. (c) Pressure. (d) Pressure.

soec0 1 20001

Densty

Fig. 7: 2D Sedov blast wave. Numerical results of a positivity-preserving high order
DG method with Q° basis on a rectangular mesh of size % for compressible Navier—
Stokes with Reynolds number 1000. Only positivity-preserving limiter is used and no

other limiters are used.

5. Flux correction limiters and convex limiting for high order schemes.
Invoke flux correction limiters is also a very popular approach to enforce convex in-
variant domains in high order schemes of many spatial discretizations, including con-
tinuous finite element methods. The methodology of flux correction limiters for IDP
is build upon the ideas of FCT by Boris and Book [35, 34, 36] and Zalesak [239]. We
refer to [171, 141, 240, 135, 133] and references therein for histories and developments
as well as comprehensive reviews of FCT methods. FCT type flux limiters can be
considered for higher order PDEs and used to enforce more properties than a convex
invariant domain. We mainly focus on the flux correction based methods for enforcing
a convex invariant domain for systems of conservation laws, most of which emerged
in the past 15 years.

Flux correction limiters can be designed for many different time discretizations.
For the sake of simplicity, we focus on a high order accurate strong stability preserving
(SSP) Runge-Kutta (RK) method (4.11), which is convex combination of forward
Euler steps. Thus we only need to consider how to achieve IDP for the forward Euler
step since a convex combination preserves a convex invariant domain.

5.1. The main idea of flux corrections. Consider a high order finite differ-
ence (or finite volume) spatial discretization with forward Euler time discretization
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Fig. 8 Mach 2000 jet with background pressure 0.4127. Numerical results of a
positivity-preserving high order DG method with Q* basis on a rectangular mesh
of size ﬁ for compressible Euler equations. Only positivity-preserving limiter is

used and no other limiters are used.
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(b) Pressure.

1

Fig. 9: Mach 2000 jet with background pressure 10~5. Numerical results of a positivity-
preserving high order DG method with Q° basis on a rectangular mesh of size ﬁ for
compressible Navier—-Stokes with Reynolds number 1000. Only positivity-preserving
limiter is used and no other limiters are used.

as an example,

nt1,H _  n fH fH

(5.1) wth = —/\(fj+% —fj_%>,

which is in general not IDP. Assume that there is a first order IDP scheme,
n+l,L _ 7 #L

which is provably IDP under a CFL condition amyaxAt/Ax < ¢g as in Section 3. The
idea of flux correction for constructing IDP high order schemes is to seek suitable
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with a mesh size g5- with a mesh size 155.

Fig. 10: Mach 10 shock reflection and diffraction. Numerical results of positivity-
preserving high order DG methods for solving Compressible Navier—Stokes with
Reynolds number 1000. Plot of Density. Only positivity-preserving limiter is used
and no other limiters are used.

parameters 6,1 € [0,1] such that the scheme using a modified numerical flux is IDP,

(5.3a) u?“ =uj — )\(fj+% - fj_%>,
f 6H _ pL L
(5.3b) fir1 =041 (fj-i-% - fj+%) +

Since f; 41 is a convex combination of £ | and fX ,,
E Jt3 Jts

is a consistent and locally conservative flux, thus the scheme (5.3) is still a consistent
and locally conservative scheme. In order to maintain the high order accuracy, 6, 41 €
[0,1] should be as large as possible under the IDP constraint.

It is nontrivial to determine such parameters {0, 1 }, as they are coupled. For
example, the IDP goal for preserving g(u) > 0 requires {6‘j +1 } to satisfy the globally
coupled inequalities for all j:

the corrected numerical flux fj 41

(5.4)
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Defining §;, 1 := fﬁ_; —ff+; and using the notation in (5.2), the IDP inequalities
2 2
(5.4) can be equivalently expressed as

We list a simple fact implied by the Jensen’s inequality:

LEMMA 5.1. If g(u) is a concave or a quasi-concave function of u € R%, and
{9j+%7j =1,2,---,n} satisfies (5.5), then g (u?H’L) > 0 implies that {a9j+%7j =
1,2,---,n} satisfies (5.5) for any a € [0,1].

Proof. Since u;-H'l = u;H'l’L -
bination,

(9j+%5j+% - Hj_%ﬁj_%), we have a convex com-

—ab._10;

n+1,L _
u; A(a9j+%6- i-39%-%

: i+ ) =(1- a)uﬂH’L + au}”l7

J

If g(u) is concave, the Jensen’s inequality gives

g (u;-”rl’L — Al 18,11 — anf%(ij%)) =(1—-a)g (u?H’L) +ag (uf*) > 0.

If g(u) is quasi-concave, the same argument applies using the inequality (2.4). d

For the method (5.3), the largest 6,1 € [0,1] satisfying (5.5) would give the
most accurate scheme, and they can be found by maximizing 0, 1€ [0, 1] under the
constraints (5.5), which is a globally coupled constrained optimization thus expensive
to solve. As pointed out in [148], the flux correction approach can be regarded as
seeking easier alternatives for parameters ¢, 1, to avoid solving the constrained global
optimization problem. There are several different ways to efficiently compute limiting
parameters 6 1 to satisfy (5.5), resulting in different flux-correction limiters and IDP
schemes. In the following subsections, we will review several popular methods.

REMARK 5.1. To improve accuracy in the flux corrected scheme (5.3), one method
is to upgrade the low order IDP flux £¥ in (5.3) by any higher order accurate IDP
fluz. The iterative FC'T method [190] is such a simple approach, by replacing the low
order IDP fluz £¥ in (5.3) by the IDP fluz f in (5.3b) recursively as follows. With a
given first order IDP fluz £¥, define £70 = ¥, and find 6™ such that
eLom+1 _ am cH eL.m eL.m
Bt =or (B - B) + 5
is an IDP flux, for m = 0,1,2,--- , M, then u;L'H =uj — )\(fﬂ_% - fj_%> with
2 o pL,M+1
fj+% = f.+%
computational cost.

gives a more accurate IDP scheme than (5.3), but with a higher

5.2. Zalesak’s FCT limiter for scalar conservation laws. This method
was originally proposed in [239] for preserving local maximum principle of scalar
conservation laws. A detailed description of design principles behind FCT algorithms
for structured grids can be found in Zalesak’s book chapter [240]. See [135, 239, 139]
for the general version for multidimensional problems and unstructured meshes . As
mentioned in Section 1.2, if enforcing a maximum principle like min; v} < u}”l <
max; u, then it would be at most second order accurate for smooth solutions. Thus
for higher order accuracy, we consider enforcing the bound-preserving property, i.e.,
the invariant domain is a simple interval G = [m, M| with m and M being the lower
and upper bounds of the initial condition.
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5.2.1. The original version of Zalesak’s FCT limiter. Zalesak’s [239] clas-
sical FCT algorithm determines the parameter 6; 1 as follows:

e Define
PjJr =max {0, —6;41/2} + max {0,8;_1/2},
P =min {0, =0;41/5} +min {0,5;1/5} -
e Compute
+ 1 _,n+1,L - l _ ,nt1,L
(5.6) Qj—/\(M u; ), Qj—)\(m u) )

e Calculate

+ -
R;r:min LQ—ﬂr , R;:min I,Q—i .
Pj Pj

e Obtain the IDP limiting parameter

in{RT R} ifd; >0,
(5.7) Oj+1/2 = m?n{ It i} Atz
min {Rj+1,Rj } if 94172 <O.

The formula (5.7) can be derived from enforcing constraints, e.g., see [148, Section
3]. Thus (5.3) with (5.7) gives the bound-preserving property u}”l € [m, M].

5.2.2. Parametrized flux limiters. In order to have a better understanding
of the Zalesak’s algorithm for computing 6, 1, we first consider an alternative way
to find ;1 in (5.5). It is possible to decouple the constraints of {f;, 1} in (5.5)
by a parametrized method, proposed in [120, 233]. Specifically, the parametrized
method seeks a group of locally defined parameters A, 1 such that the IDP property

is maintained for any 9j+% € [0, Aj+%]. Then for the sake of minimal correction to
maintain high order accuracy, one should simply take 6, 1= Ay 1.

For a finite difference scheme (5.1) at a grid point z;, define an interval I; =
[, 1,2, 1]. Parameters A_1 ; and A, 1 ; will be constructed such that
J—3 J+2 2947 +2’ J

(5.8) 0,01 € [O,A%Jj} N [O,A_%Jjﬂ} :

is sufficient for the scheme (5.3) to preserve the desired bounds. In (5.8), 6;,1 at
z;41 satisfies some constraints in I; = [z;_1,2; 1] and also Ij41 = [z;1, 2, 5]
The subscripts +4 and —% in A 17, can be understood as a shift from the cell center

of I;, e.g., both A+%’Ij and A*%yljJrl correspond to the grid point Tip1
Define
M __ n AL ;L m __ n ;L AL
(5.9) TN =M -wp+n(fh, - fF), T =mewr+a(fh - R ).

The IDP property of a first order monotone scheme yields
(5.10) ri>o0, ry<o.

To maintain u}”l € [m, M], 6;, 1 must satisfy (5.5) with g(u) = M —u and g(u) =
u — m, respectively, i.e.,

(5.11) LM(Gj_%,aj_i_%) ::/\Qj_%éj_% — /\ej_,’_% i 7F§w <0,
(5.12) Lm(9j7%,9j+%) ::/\9j7%5j7% - )‘9j+%§j+é - F;—n > 0.

The parameters Afl ;. and AT, | are constructed as follows:
PREN] 277
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Upper Bound Preservation. The parameters AM

(a) If d;—1 <0and 6j+% > 0, define (A
(b) If ;1 <0 and 041 <0, define

r¥
M — ' L R
(5.13) ( 117A+2, )-(1,m1n{1 ST e})

(c) If §; ~1>0and d;;1 >0, define

M
G (M) = (m{1/\5+}1> |

(d) If 6;_1 > 0and §;,1 <O

Y11, are defined to satisfy (5.11).

II,AM ):(1,1).

W= N

™
@w)@%IAﬂ%):mmmy M:mm%u%_%ﬂrw}.

1
2

Here, € is a small positive parameter, which is slightly above machine zero, to prevent
division by zero. For convenience, they can also be equivalently written as

(5.16a) AM i u 020
. a 17 = T

+35,15 ; J ; ’

2 mln{l, )\max{O,éjl}—)\5j+1+e} y if 6j+% <0

2 2

(5.16D) N u 0y =0

. 7%[]- - . Fj if s 0 .
z min {1, A(Sj_lf)\min{o,éj+l}+e 1 i—% >
2 2

The first fact is that any smaller 6,1 than AjE also satisfy (5.11). Notice that

I
Lemma 5.1 does not imply this result.

LEMMA 5.2. The upper bound (5.11) is satisfied for 9j7% € {O,Afﬂ I} and
PR

M
60y € (042 1]

Proof. Regard Hj_% and 6, 1as unknowns and consider a line equation

(5.17) Ly(0._ 1,0, 1) =0,

i—375+% i=3Y%-

M
d; %—)\9]+15]+2 ry" =0.

Then we discuss it case by case. For case (a), Ly is a decreasing function, thus
La(0;-1,0;41) < La(0,0) = T} <0.
Q.

it3 onr% 9.7'+%
A 'y y

/\Ml ,AMl (AJXIL ],.7AML ],.)
/ (-_571]‘ +§7Ij) (0,1) ,7 +3.1; A]XI%,IJ’AT%,IJ)

(1’0) 9: / 9: 1 0.
_ -1 _
/ ; / i 7

Nf=
=
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The cases (b), (c) and (d) are illustrated in the figures, in which the blue line (5.17) is
the zero line, i.e., Ly (0; 9J+§) = 0. Since Ly;(0,0) < 0 and the green rectangle is

1

i=3’
on the same side as ( 0) w.r.t. the zero line, any (6;_1,6;,1) in the green rectangle
) <

achieves Ly (0;_ i1 0. The proof is concluded. d
Lower Bound Preservation. Similarly, the parameters A" Ty g, are defined to satisfy
(5.12).
() I8, 3 >0,4;,1 <0, define (A’_”l_IA,ATl_I) = (1,1).

m . F;n'
(b) Iféj_%ZO 6 %>O deﬁne( 1I’A+2, ):(1,m1n{1,w})

m m 1 F;ﬂ
(C) If6 % <0, 5]+1 <O define (A 1 Ij’A-‘r%,Ij) = (mln{l,w},l) .
() 108,y < 0, 8,y > 0, define (A7, A7, ) = (Ao, | with Ay =

' pm
mingl, —34+——>.
{ ’)‘5.7’—§)‘6.7‘+;6}

Similar to Lemma 5.2, any smaller § would also enforce the lower bound, i.e.,
6, 1€ [O,AT%JJ and 0, 1 € [O,AT%JJ satisty (5.12).
The final limiting parameter combines upper and lower bounds

(518) Ay =min{AY AT b Ay = min{AY AT

Implied by Lemma 5.2, we have

THEOREM 5.2. Let Aj 1 :=min{A 1 ;A 1} then O, 1 € [0,A), 1] satisfy
both (5.11) and (5.12). In particular, the modified flux (5.3b) with O =AM is
IDP for G = [m, M].

5.2.3. Equivalence of Zalesak’s FCT limiter and the parametrized flux
limiter. Although the parametrized flux limiter has a different formula, its final result
for 0, 1 is actually equivalent to the Zalesak’s FCT limiter for enforcing bounds.

THEOREM 5.3. The parameterized limiter is equivalent to Zalesak’s FCT limiter,
i.e., (5.7) is equal to Ay x =min{A 1 ;A1 )

Proof. Without loss of generality, we only consider the preservation of the upper
bound u < M. For considering only the upper bound, the limiting parameter 6, 41
given by Zalesak’s FCT limiter becomes

J’» .
(5.19) 0112 = Ri .y, if 04102 >0,
’ R;r’ if §;41/2 <0,

.
where R; = min {1, %*} ,Q;L =4 (M - u?“’L) , and
J

P]Jr =max {0, —8;41/2} + max {0,8;_1/2} .



IDP HIGH ORDER SCHEMES 53
First, Fé‘/f defined in (5.9) simply Fé‘/f = )\Qj, with which (5.16) gives

M
AM Fj-‘rl

—mind1
-1 mm{ ’)\5j+% —)\min{O,(SjJrg}—i-e}

Q'
— mi 1 J — R+ if 5. >0
mm{ ’ 041+ max{0, —(5j+g} J+13 i i1 >

thus
: M M _ p+
i {A*‘%JJ’A—% j+1} = Bjy
which implies the equivalence between the parameterized limiter and Zalesak’s FCT
limiter for the case d;, 1 > 0. Similarly, (5.16) gives

rM
AM = i 1 :
too, =i e

=min< 1 9 =RI, if 6,1<0
amaX{O,éjf%}—6j+% 3o i+3
M _ .
A_%, = 1, if 6j+% <0,
thus min {Afl I AM, I } = R7, which implies the equivalence between the param-
2457~ i+ J

eterized limiter and Zalesak’s FCT limiter when 4, 1< 0. The proof is completed.O

5.2.4. High order accuracy. By Theorem 5.2, the scheme (5.3) with the Zale-
sak’s FCT flux correction for scalar equations preserves G = [m, M]. In practice, such
a flux correction can be applied to many high order schemes such as finite difference,
finite volume and discontinuous Galerkin (DG) schemes, and high order accuracy can
be observed numerically for sufficiently small time steps. For finite volume schemes
solving 1D linear equation, the truncation error of the flux correction in this subsec-
tion can be shown high order accurate for smooth solutions under a reasonable time
step constraint [233].

For high order finite difference schemes with SSP Runge-Kutta methods, if ap-
plying the flux correction to each time stage in Runge-Kutta methods, then high
order accuracy can be maintained only under extremely small time steps such as
At = O(Az!9), see [233]. To recover high order accuracy under a reasonable time
step, one simple remedy is to apply the flux correction only at the final time stage of
a Runge-Kutta method, with which third order accuracy of a finite difference scheme
can be proven for solving 1D linear equation with a practical time step [228]. Such
a flux correction can be applied to any high order time discretization such as Lax-
Wendroff time stepping, and can also be extended to explicit time stepping for a
convection dominated diffusion equation [229].

5.3. Parametrized flux limiters for hyperbolic systems. The parametrized
flux limiting method can be extended to several hyperbolic systems. As an example,
we review how it can be applied to a finite difference scheme for the compressible Euler
equations [230], which is one kind of extension of Zalesak’s FCT limiter to systems.
See also [156] and references therein for another extension of Zalesak’s FCT limiter to
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systems. For simplicity, we only consider the one dimensional case since the multiple
dimensional scheme can be defined similarly in a dimension by dimension fashion for
a finite difference scheme.

For the positivity of density p and pressure p in the Euler equations, introduce

two threshold parameters: €, = minj(p;”’l’L, 10713) and ¢, = minj(p?"’l’f“, 10713),
where p}”l’L and p;-lH’L denote density and pressure computed by a first order IDP

scheme. Let (f”7L, fm’L, fE’L)T represent the components of the first order IDP flux
fL. Similarly, 7 = (fp’H,fm’H,fE’H)T denotes a high order numerical flux in a
finite difference scheme, e.g., finite difference WENO scheme. Let f= ( f” , fm, fE )T
be the corrected flux. The method proceeds in two steps:

First, follow the scalar case to determine the limiting parameters 6, 1 to enforce
the positivity of density, i.e. to maintain

+1 _ £p £p
Py _p?_A< i+l _fa‘—%> 2 €

Obtain (A” , , ,A?, ) and define a rectangular box region:
=207 43l
(5.20) Sp={(0,3.0,41) 00, <A, 00, <AL
Let A1 = (0,A”, ), A2= (A",  ,0),and 4> = (A", ,A”, ) denote vertices of
+27IJ _2717 _27IJ +27IJ
S,, as shown in Figure 11.
9j+%u
.................................... -.(17 ]_)
3
Al@=mmmcmmmmmecaccceaeaas d4 !
S e :
Bl @uaszaziziil ol :
Ay A )| &+ 0
Ryp ' | '
(0,0)e o tl i >
B?  A? 0

Fig. 11: An illustration of the parameters for enforcing positivity of both density
and pressure: the first step is to find a box region S, (cyan color rectangle bounded
by dashed lines) with four vertices (0,0), A, A%, A3, the second step is to find B =
rA®* with r € [0,1] such that p(B?) > ¢, for each i. The convex hull of vertices
(0,0), B, B2, B3 is the green polygon S, C S, ,, and the largest rectangle inside S,
with two sides along axes is the red rectangle R, , C S, .
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The second step is to enforce pressure positivity without losing positivity of den-
sity. For the scheme with corrected flux (5.3), its numerical solution u;”'l can be

regarded as a function of 6, 1 For the ideal gas EOS (2.1b), the pressure function is

concave w.r.t. u = (p m E)T, thus the proof of Lemma 5.1 implies the following
set is a convex set,

(5.21)

+1 +1 (mj*h)?
Spp = (aj—%v j+%)ESP:p;'L (9]-7%79%%):(7—1) B _W Z € (-
J

Next, a box region R, in the plane of two variables (6,_1,0;,1) for enforcing
’ 2 2
positivity of both density and pressure is constructed as follows and also illustrated
in Figure 11:
1. For each vertex A, find B® = r A’ with r € [0,1] such that p(BY) > ¢,. The
convex hull of (0,0) and B* forms S, C S, .

2. Define the rectangle R, ), = [0, A_%Jj] X [O, A+%,1,-] , with limiting parame-
ters:

(5.22) (A1, Ap 1) = (min(Bf, BY), min(By, B)) .

The construction above and convexity of S, , ensure that R,, C S,,. Finally,

the limiting parameter is given by 6, +1 = min (A A 41 Ij), and such 6, 41 is

31410
inside all R, , constructed thus IDP is achieved in (5.3).
Such a flux limiting method can be extended to other schemes such as DG methods

[229] and finite volume schemes on unstructured meshes [53].

5.4. A simple flux limiting based on Assumption 2. In the literature,
there are other simpler decoupling methods to find sufficient conditions for satisfying
(5.4). We first review a simple flux limiting method introduced by Hu, Adams and
Shu in [115] for compressible Euler equations, which can be extended to hyperbolic
systems with G satisfying Assumption 2 (and Assumption 5 in multiple dimensions).
It should be noted that scalar conservation laws with G = [Upin, Umax] do not satisfy
Assumption 2 in general.

For the compressible Euler equations, Assumption 2 holds, implied by Lemma 3.2.
In the Hu-Adams—Shu method [115], the low order IDP flux is chosen as the first order
Lax—Friedrichs flux, e.g.,

1 n n n n
(5.23) f]-LJr% = i[f(uj) + f(uf) — a(u},, —uj)).

The first order Lax—Friedrichs scheme can be written as

1 1 .
n+1,L _ L,+ L,— L+ . _ n L
u; = §uj + §uj , u;Ti=uy T 2)\fji%.
Under the CFL condition aX < % and the assumption uj,uj,; € G, Assumption 2
implies

f(u? f(u”
(5.24)  ul™ = (1-2aM)uf +a) <u7 T (';f)> +a\ (uyil T (“;ﬂ)> €aq.
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In order to decouple the constraints of {6#; 1} in (5.5), the Hu-Adams-Shu
method decomposes the original high order scheme (5.1) into two parts:
1 “ 1 A 1 1
n+1,H _ H " . H,— H,+
(5.25) u; = i(u?—i—Q)\fj_%) +§(u?—2)\fj+%) =ou ot
Then the scheme (5.3) can be written as

1 1
n+1 L,— H,— 7+
(5.26) uj™* =5 [(1—9j,%)uj +0;_1u; }+§ [(1—%2) +9j+ ,

and the basic idea of the Hu—Adams—Shu method is to use u] * € G to limit uJ
For simplicity, assume G in (1.2) is defined by concave functions g;(u) > 0,i =

, N, thus g; satisfies the Jensen inequality (2.3), such as the positivity of density
or pressure in the compressible Euler equations. Define

- i i . i+ -
(5.272) Oy =mindl,,, 0, =mm{9 +;’93+2}
, 1 if g;(u) >
(5.27b) o0t =< 7 - . if g (u%H) ze
i+3 Solution to (1 — Q)g(uj’ ) + Gg(uj ’ ) =¢ ifgi(u;"") <e
L, if gi(u)7) > e

(5.27¢) 9;};% = {

Solution to (1 — H)g(ufjr_l) + Hg(uf{g) =e, if gi(uﬁf) <e
Then (5.3) with 6;, 1 in (5.27) is IDP because of the following facts.

LEMMA 5.4. Let ul,uff be two given wectors satzsfymg g(u L) > € >0 fora
concave function g. Let 9 € [0,1] be a solution to (1 — )g(ul) + fg(u?) = e, then

g[(1 —0)u* +0u] =€, Vo€ [0,6].
Proof. Let a = 0/6, then a € [0,1], thus Jensen’s inequality from concavity gives
g[(1 = 0)u” +6u] = g[(1 — a)u’ +a(1 - §)u’ + ahu”]
>(1—a)g(u®) +a(l - 0)g(u”) + abg(u”) > e. 0

LEMMA 5.5. If 9;+; is obtained from Equation (5.27), then (5.3) with any non-
: 2
negative 9j+% < 9;-+; satisfies g;(u"*1) > 0 for a concave function g;.
2
Proof. Lemma 5.4 implies

gi[(l 9]+) —|—0J+;uj ]>0, gi[(l—ijé)uf’f—i—Gj uf }>0.

With (5.26), Jensen’s inequality gives g(u "'H) > 0. O

5.5. The convex limiting based on Assumption 1. The convex limiting
by Guermond, Popov and Tomas in [108] is another flux limiting approach adapted
from the convex limiting technique for the continuous finite element method [103,
98], and applies to the DG, finite volume and finite difference schemes [108] solving
general hyperbolic systems satisfying Assumption 1 (and Assumption 4 in multiple
dimensions). See also [57, 137] for using flux limiters for conservation laws. In [131],
Kuzmin introduced the monolithic convex limiting which can be applied to a semi-
discrete scheme. As an example, we briefly review how these convex limiting methods
apply to finite difference and continuous finite element methods.



IDP HIGH ORDER SCHEMES 57

5.5.1. Finite difference schemes with monolithic convex limiting. We
describe the monolithic convex limiting approach in [131] which can be used with any
IDP flux [133, Section 2.5.6.2]. By adding and subtracting Af(u?), the original high
order scheme (5.1) can be rewritten as

1 P 1 P 1 1
W 5 (u? +2M(£L, —f(u?))) +5 (u;-’ —2M(£71, —f(u?))) = 2uj’ + Eufw.
This can be regarded as a decomposition of the high order scheme (5.1) into residuals
as in the residual distribution schemes [2, 5], which is however different from the
decomposition in the Hu-Adam-Shu approach.

Now consider any first order IDP scheme (5.2) with ijJr; = f'(u?,u;‘_H) and f is
any consistent IDP flux including Lax—Friedrichs, Godunovfand HLLE fluxes. Then
it can be also rewritten as

1 A 1 P 1 1
n+1,L _ n L n n L n _. L,— L+
e = §(uj AL, —f(u))) +§(uj —2A(EL —f(u))) = ul T+ sul
If the first order scheme (5.2) is IDP under CFL condition A maxy |[f'(u)| < ag, then
the following holds under halved CFL condition,

n o n 1
(5.28) uf’i = uj :FZ)\(iji% —f(u})) € G, )\ml?x|f’(u)\ < Z40-

To see why (5.28) is true, we focus on uf’_. Notice that it can be written as another
first order scheme

(5.29) up T =uf 4 2M(f s —f(u)) = uf = 2A(E(u},uf) — (), u})),

n

which is implied by fL 1= = f(u» uj_;,u}) and the consistency of the flux function

f(uj ,ur) = f(u?). Smce (5.29) is in the same form as (1.4) but with doubled time

step, it is also IDP under halved CFL.
Then the scheme (5.3) can be written as

(5.30) uj*tt == |(1-9,

i=3

1
Jul T+ 0, suf” }+§[(170j+ yuj "+ 60, ul

J i-3

N

and we can use uL * € G to correct uf’i in the same way as in the Hu-Adam-
Shu approach. For simplicity, assume G in (1.2) is defined by concave functions

gi(u) >0,i=1,--- ,N. Then (5.3) with 6,1 in (5.27) is IDP due to Lemma 5.5

REMARK 5.3. The limiting approaches in Subsection 5.4 and Subsection 5.5.1 are
defined via quantities of u; without involving u"Jr1 L, and such limiting methods are
called monolithic [111, 131]. See [110, 188, 167] for more monolithic convex limiting
techniques. Similar flux limiters were proposed in [93, 86] for the five-equation model.

5.5.2. Finite difference schemes with convex limiting of FCT type. For
a high order finite difference scheme (5.3), the convex limiting method in [98, 103, 108]
provides a simpler sufficient solution for enforcing (5.4). The main idea is to rewrite
the scheme (5.3) in the following form

)] e (1 -1))

1
n+1 n+1L
5[ — 20, ( S

J
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For a given concave function g(u) > 0, the idea is to find 6;, 1 such that
(5.31)

L 2T (fg+1 £, )} Z 6 g[ nHLJrQwJ"(fH i 2)] =

Such 6;, 1 can be found in a way similar to (5.27), see [103, 108]. In such a

convex limiting approach, one seeks to use u?“ L e @ to correct i2)\<f }i —f f:F 1 ),
2 2

which is different from the previous approaches. As a comparison, the approaches in
Subsection 5.4 and Subsection 5.5.1 use uf’i € G to correct uf’i, and they satisfy

H, L, P az H,— L,— ~ ~
uwlt —ut = o ANEL —2fh ), wT —upT = 2)\(fﬁ% —ij_%).

5.5.3. Convex limiting for continuous finite element methods. Since
u?“’L is needed in (5.31), the convex limiting method (5.31) is different from a
monolithic approach. On the other hand, such a method offers easiness for schemes
on unstructured meshes in multiple dimensions. We briefly review the main idea in
[98] for applying convex limiting to continuous finite element methods.

With the same notation as in Subsection 3.6, we consider the group finite element
method with P! basis defined on unstructured triangular meshes. Recall the first
order continuous finite element method with mass lumping (3.22) can be written in

the flux form (3.25). For convenience, we denote (3.25) as

un+1 L
m;—————— —|— Z Z))-cij—dfj(uy—u?)]:(),
JEN;

where diLj is the artificial viscosity coefficient in the first order IDP scheme.
A second order in space finite element scheme without mass lumping with forward
Euler time discretization can be written as

n+1 H n

(532) > My Wy S [(f(u)) + £(u) - e — dff (uf —uf)] =0,
JEN; JEN;

with smaller artificial viscosity coefficients dg satisfying the same symmetry and zero
sum constraints (3.22b). We refer to [99, 103, 131] and references therein for how to

compute dfT. Let d;; be the Kronecker delta, then > jen; (Mij — 6;5m;) = 0, thus
n+1 H n
—u? m Mes — 8simms
Z Mzg J z(up-i-l JH u?) + Z (%] 1] z(u;_z+1,H _ u?)
At _ At
JEN; JEN;
e Mes — 8simms
:ﬁ(u?—i_LH - uZL) + Z i Atzy 4 (u;H_LH _ u? _ u?—H’H + u?)
JEN;

Together with properties of ¢;;, (5.32) can be rewritten as
my; +1,H pH
K;(u? - u?) + Z fz] =
JEN

where j € N denotes j € N;,j # i, and the numerical flux is

. M.
£ =/ (i — = ) (F(u]) +£(ul)) - ey — dl () —u).
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The first order IDP scheme can be written in a similar form:

m; +1,L F3
X;(u? 7u?)+zfz =

JEN}

fi? = (f(u}) +£(ui)) - ci; — db(u? — u?).

1) ] (2

The flux corrected scheme can be written as

At p -
uTH_l = uﬁ+17L - Z oij (le;l - fz?) ) 0ij € [07 1]

) )
ms;
% JENT

As an easy approach to find 6;; to enforce convex invariant domains, the convex
limiting method in [103, 98, 108] proposes to consider rewrite it as

At
N {U?H,L S pd (T fé)} . 0i; € [0,1],

m;a;
JEN} v

where a; > 0 are any convex combination coefficients such that > . a; = 1. We
refer to [108] for how to find 6;; ensuring

At ey s
g [H?H,L — 61— (fj;f - f@)} >0,

il

which is sufficient for ensuring g(u ”H) > 0 for a concave constraint function g.

REMARK 5.4. The convez limiting becomes more diffusive with higher order poly-
nomial basis, see [97, Figure 4]. Instead, a better way is to miz a high order finite
element method with an invariant-domain preserving low order method on the closest
neighbor stencil. Such continuous finite element methods with P? and P? bases on
simplicial meshes were constructed in [97]. See also [157, 132, 111] for limiters on
higher order finite element method.

5.5.4. Monolithic limiter via GQL representation. A monolithic limiting
method via GQL representation was presented in [11] for the Point- Average-Moment-
PolynomiAl-interpreted (PAMPA) scheme [10]. For simplicity, we review the main
idea of this method on a finite difference scheme, for which we write an alternative
wave-speed-based convex decomposition of (5.3):

n+1l _ P P
u; —u?—)\(fj+%— j,%)-‘r)\( %) )\(aj %+aj+%)u?

|
—~
—_

|
>

Q

. jiéff(Uj)Jra]_%(sj_% L 6]-,%
u;, =u; + =u +0,_1 ,
J J Q1 J I72 g
J—3 J—3
ol .

f+1 f(uj)+9]+%6]+% I 6]+;

u =u” =t -0,

jT g g Jjts
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with 5j , = fH A fL 1. Similar to the previous discussion for (5.28), with suf-
2 ]+§ J+§
~L,+

ficiently large Qjy1, we have u;"> € G. Then there exist blending parameters

0,11 € [0,1] such that uji € G. Consequently, u?“ € G under the CFL condi-
tion )\(af% + ajJr%) <1.

The key feature of the method in [11] and its extension to polygonal meshes in
[13] is a strategy to design effective blending parameters 0+ 1 for systems. We briefly
review the idea for the 1D Euler equations. Based on the GQL framework [222], the
invariant domain (2.2) for the 1D Euler system can be written equivalently as

1 v2/2
G*={ueR’:u-n*>0 Vn* e N}, N = 0| U —v, | ;v €R
0 1

To enforce u;-t € G (equivalently G*), it suffices to require u;t -n* > 0 for all n* € NV,
for which a convenient choice of blending parameter is

~L+
u. .

) — . — —+ . F — . ) .
QH_% m1n{9j+%,9j+%} with Gji% minqg 1, a1 nIPEH./{f‘(S

jey
An explicit closed-form expression for the minimizer is given in [11].

5.6. Numerical results. We implement and test the fifth order finite difference
WENO scheme solving compressible Euler equations with ideal gas EOS (2.1) with
three flux correction methods for enforcing invariant domains:

1. The parametrized limiter in Subsection 5.3
2. The Hu—Adams—Shu simple flux limiting in Subsection 5.4
3. The monolithic convex limiting in Subsection 5.5.1.

EXAMPLE 5.1 (Leblanc shock tube). This test is a 1D shock tube with v = 1.4,
the initial condition

(p.o.p) = 4 20107, <0,
p,V1,P) = (0001,07 ]_0*12)7 othGT?U’ise,

and outflow boundary conditions on the domain [—10,10]. See Figure 12 for the plots
of density and pressure.

EXAMPLE 5.2 (Double rarefaction with low density and pressure). This test is
a 1D double rarefaction problem with v = 1.4 and the initial condition

(7,-100,0.01), ifx < 0.5,

(p,v1,p) = {(7, 100,0.01),  otherwise.

The exact solution contains perfect vacuum for which high order schemes can easily
produce negative density and pressure. The computational domain is [0, 1] divided into
a quite coarse mesh of only 100 uniform cells. The outflow condition is applied on left
and right boundaries. Figure 13 displays the density and velocity at t = 0.003 obtained
by the fifth order FD WENO scheme with IDP flux limiters on 100 grid points.

EXAMPLE 5.3 (Shock vortex interaction). This example simulates the interaction
of shock and vortex, which involves very low density and low pressure, which was
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10 —\

107t Lo
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Fig. 12: Example 5.1. Leblanc shock tube: density (left) and pressure (right) at
t = 0.001 of the fifth order FD WENO scheme with IDP flux limiters on 4000 grid
points. Red dashed line: the parametrized limiter; Blue dash-dot line: the Hu-
Adams—Shu limiter; Green dotted line: the monolithic convex limiting.
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Fig. 13: Example 5.2. Double rarefaction: density (left) and velocity (right) at ¢ =
0.003 of the fifth order FD WENO scheme with IDP flux limiters on 100 grid points.
Red dashed line: the parametrized limiter; Blue dash-dot line: the Hu—Adams—Shu
limiter; Green dotted line: the monolithic convex limiting.

proposed in [62]. The computational domain is taken as [0, 2] x [0, 1], which is divided
into 450 x 225 uniform cells. Figure 14 shows the contours of the density and pressure
obtained by the fifth order IDP finite difference WENO scheme using Hu—Adams—Shu
limiter, convex limiting, and the parametrized limiter, respectively.

EXAMPLE 5.4 (Relativistic axisymmetric jet). In this example, we simulate a
very challenging astrophysical jet problem by solving the axisymmetric version of the
relativistic hydrodynamic equations (6.1). The adiabatic index is taken as v = 5/3.
The computational domain is set as [0,15] x [0,75], which is divided into 300 x 1500
uniform cells. Initially, the domain is full of the static uniform medium with

(p,u,v,p) = (1.0,0.0, 0.0, 5.988006089640541 x 10~11).
A high-speed relativistic jet with state
(Pb, V1,5, V2,5, Pp) = (0.01,0.0,0.999, 5.988006089640541 X 10711
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Fig. 14: Example 5.3 The contour plots of density (top) and pressure (bottom) at
t = 0.6 of the fifth order FD WENO scheme with IDP flux limiters. 50 contour
lines: from 1.03 to 1.39. Left: the parametrized limiter, middle: the Hu—Adams—Shu
limiter, right: the monolithic convex limiting.

is injected in z-direction through nozzle (r < 1) of the bottom boundary (z = 0). In
other words, the fized inflow condition (py,v1p,V2,p, D) @5 applied on {r <1,z = 0}
of the bottom boundary. The symmetrical condition is specified on the left boundary
r = 0, outflow conditions are applied on other boundaries. For this jet, the classical
Mach number is 10,000, and the relativistic Mach number is about 223, 662.719, which
is extremely high. Figure 15 displays the contours of rest-mass density logarithm at
t = 100 obtained by the fifth order IDP finite difference WENQO scheme using Hu—
Adams—Shu limiter, convex limiting, and the parametrized limiter, respectively.

6. Extensions and other approaches. In this section, we review some ex-
tensions and generalizations of the approaches mentioned above, as well as other
approaches to enforce invariant domains. In particular, for compressible MHD equa-
tions, the IDP method is more complicated due to the effect of the extra divergence
free constraint of the magnetic field on the IDP property, which will be reviewed in
Subsection 6.8 with numerical examples shown in Subsection 6.9.

6.1. Other time discretizations. The Zhang-Shu approach in Section 4 can
be used for any explicit SSP time discretizations. In order to use it in other time
discretizations, one needs the weak monotonicity, which can be difficult to establish.
The weak monotonicity of backward Euler time stepping for DG methods solving a
linear advection was proven in [178]. See [236] for scalar convection-diffusion equa-
tions. For DG methods, Lax-Wendroff time stepping was also considered in [166]. For
the flux limiters in Section 5, it can be applied to the last time stage of any explicit
Runge-Kutta method.
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Fig. 15: (Example 5.4) The contour plots of rest mass density logarithm at ¢ = 100 of

the fifth order FD WENO scheme with three IDP flux limiters. Left: the parametrized
limiter, middle: the Hu—Adams—Shu limiter, right: the monolithic convex limiting.
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On the other hand, flux limiters are more flexible to use and in general they can be
applied to any explicit Runge-Kutta method, e.g., [228, 140]. In [78], every explicit
Runge-Kutta method can be made IDP by limiting each stage by a forward Euler
time step with IDP low order spatial discretization, e.g., the first order schemes in
Section 3. Such a method can also be extended to IMEX (implicit-explicit) schemes
[79], which can be used for convection diffusion equations if the first IMEX is IDP.
See also [181] for the Diagonally Implicit Runge-Kutta method. In general, it can
be quite difficult to establish an IDP result in an implicit scheme. For compressible
Navier—Stokes equations, a few implicit and semi-implicit IDP schemes have been
constructed in the literature, see e.g., the second order schemes [92, 95], and [152]
with fourth order spatial accuracy.

6.2. Lagrangian schemes. All the schemes mentioned above are for Eulerian
schemes defined on a given fixed mesh. The techniques and methods in Section 4 and
Section 5 can be extended to Lagrangian type schemes including the semi-Lagrangian
and arbitrary Lagrangian-Eulerian schemes, e.g., [180, 187, 231, 49, 211, 37, 106, 38,
107, 104, 122, 105].

6.3. Subcell limiting methods. For a finite volume scheme and DG scheme, a
subcell limiting is to correct a bad cell solution violating given criteria such as invariant
domain, by a first order IDP scheme on subcells of the bad cell. With enough number
of subcells in one bad cell, such an IDP method gives a high order accurate correction.
The subcell limiter in general can be used to preserve more properties such as entropy
consideration. See [75, 74, 164, 208, 173, 110, 109, 210, 209] for subcell limiters for
DG and FV methods.
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6.4. IDP reformation for point values in PAMPA scheme. The PAMPA
method [6] combines conservative and non-conservative formulations of hyperbolic
conservation laws to evolve both cell averages and point values. By taking advantage
of this flexibility, in [10] an automatic IDP reformulation of the non-conservative
part was proposed, inspired by Softplus and clipped ReLLU mappings from machine
learning. This yields an unconditionally limiter-free IDP scheme for the point values.
In this approach, the Zhang—Shu IDP limiter is still required but solely for the cell
midpoint value so that the resulting PAMPA scheme is provably IDP for the updated
cell averages.

6.5. Weak monotonicity for convection-diffusion equations. For preserv-
ing bounds or positivity in a scalar equation, the flux limiters in Section 5 can be
easily extended from convection to convection-diffusion equations. For the Zhang-Shu
method Section 4, extensions to convection-diffusion equations would require a weak
monotonicity result for diffusion equations, which is in general not true for arbitrarily
high order DG and FV schemes. For special high order schemes, weak monotonicity
can still be proven for diffusion equations, including third order direct DG methods
[48, 153], some high order compact finite difference schemes [145], and a nonstandard
finite volume scheme using double cell averages [243], all of which are linear schemes,
i.e., the scheme is linear when the equation is linear. Arbitrarily high order nonlinear
DG schemes [200, 198] can be constructed to be weakly monotone so that the bound-
preserving method in Section 4 still applies. All these schemes are explicit in time
and can be applied to preserve bounds in nonlinear parabolic equations.

Such weak monotonicity for nonlinear parabolic equations is quite different from
the discrete maximum principle finite element methods for linear elliptic and para-
bolic equations. For solving a Poisson equation —Au = f, let —A}, denote the discrete
Laplacian. If (—=Ap) ! is a matrix with positive entries, then we say a scheme is mono-
tone which implies discrete maximum principle. Although high order finite element
method is known to violate maximum principle on unstructured meshes, continuous
finite element method with quadratic and cubic polynomial bases on uniform meshes
can still be monotone for Laplacian, see [159, 146, 59] and references therein. We re-
fer to [23, 21] for a recent comprehensive review for finite element methods satisfying
discrete maximum principle for linear convection diffusion equations.

6.6. Optimization based approaches for enforcing bounds. In the liter-
ature, bound-preserving limiters and methods can be implemented or formulated as
a constrained minimization problem, e.g., optimization based limiters for each cell
[185, 26]. See also [32] and references therein. There is a natural connection between
FCT methods and optimization based method for enforcing bounds and constraints
[148]. In [32, Section 4.3], it was proven that Zalesak’s original formula (5.7) is the
minimizer to a global optimization with a modified cost function under box con-
straints.

There are advantages of optimization based approaches such as easy treatment
for implicit time stepping [207], flexibility for spatial discretizations [237], and easy
generalizations to higher order PDEs [151]. For preserving bounds of a scalar variable,
this has been well studied, e.g., the remap problem in arbitrary Lagrangian—Eulerian
schemes [31, 30]. In particular, an efficient algorithm was used in [33] to find the min-
imizer in /2-norm and a direct and cheap construction of one particular minimizer to
the £!-norm was given in [39]. Optimization based postprocessing was also considered
by quadratic programming [94, 29, 235, 177] as well as first order splitting methods
[151]. Gradient descent was used in [238]. In [189], Newton’s method was used to
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solve a global optimization problem to find the optimal flux correction in the FCT
method for enforcing bounds. A bound-preserving limiter for total energy was used
to enforce positivity of pressure in [149]. See also [126, 121] for enforcing bounds in fi-
nite element methods via optimization or variational inequalities for scalar convection
diffusion problems. On the other hand, for a general system, it is usually difficult
to have an efficient optimization based approach with all desired properties enforced.
See [150] for an optimization based limiter for enforcing the invariant domain set in
gas dynamics and global conservation.

6.7. Extensions to relativistic hydrodynamics. Due to the strong nonlin-
earity and the effects of curved spacetime in general relativity, the design of IDP
schemes encounters several unique challenges. The governing equations of special rel-
ativistic hydrodynamics, also known as the relativistic Euler equations, can be written
in the form of (1.3):

D Dv
(6.1) | |m|+V-[meuvtpl| =0, =xecR?
E m

where d = 1,2,3 denotes the spatial dimension. The relativistic mass density is
D = pW, with p being the rest-mass density and W = (1 — |v|?)~!/2 the Lorentz
factor. The momentum vector is m = phW?wv, where h is the specific enthalpy, and
the velocity is normalized such that the speed of light is unity. The total energy is
given by E = phW? — p.

An invariant domain of (6.1) is

(6.2) G={u=(DmE) :D>0, pu) >0, [v(u)|<1}.

Here, both v(u) and p(u) are nonlinear functions of the conserved variables and lack
closed-form expressions, making the design and analysis of IDP schemes nontrivial.
To address this difficulty, an equivalent characterization of the set (6.2) was proposed
in [223]:

(6.3) G={u= (D,m,E)" : D >0, q(u) > 0},

where g(u) := E — /D? + |m/|? is concave in u, implying the convexity of G. Based
on this finding, Assumption 2 was rigorously proven in [223] for the relativistic Euler
equations (6.1), and high-order finite difference IDP schemes were developed. Other
extensions include high-order IDP (central) DG and finite volume schemes [179, 224,
47]. See Example 5.4 for IDP simulations of a challenging relativistic jet.

Similar to the non-relativistic case discussed in Example 2.2, it was shown in
[216, 63] that the relativistic system (6.1) also satisfies the minimum entropy principle.
Incorporating this leads to another invariant domain (see [63] for the general EOS
case):

(64) GS = {u (Dam7E)T : D> Oa q(u) > Oa S=1n (;) Z Smin}7

where S(u) is not concave, but it was shown in [216] that D(S — Smin) is concave in
u, hence Gg remains convex. However, Assumption 2 (or Assumption 5 in 2D) does
not hold for Gg, and verifying Assumption 1 (or Assumption 4) is highly nontrivial
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due to the implicit form of S(u). To overcome this difficulty, the GQL approach can
be used to derive an equivalent linear representation of Gg:
(6.5)

5= {u = (D,m,E)": D>0, u-n*+ Spinp} >0 VYp, > 0,Vo* € Bl(O)} ,

. -1 T
where n* := (—\/1 — |v*]2 (1 + %) ,—v*, 1) is the inward normal vector to

0Gg, and B1(0) denotes the unit ball in R?. Thanks to the GQL technique, Assump-
tion 3 (Assumption 6 in 2D) was rigorously proven in [216, Theorem 3.9], implying
(3.8) and its multidimensional counterparts without using any assumptions on the
exact Riemann solutions. Consequently, high-order numerical schemes preserving the
invariant domain Gg in (6.4) were successfully developed in [216].

In general relativity, new challenges arise because the invariant domain depends
on the spacetime metric and therefore varies across space, to which standard convex
combination techniques do not directly apply. To address this issue, a new formulation
(W-form) of the general relativistic hydrodynamic equations was introduced in [214],
enabling the generalization of high-order IDP schemes to curved spacetimes [214, 44].

6.8. Extensions to compressible MHD. The MHD equations presents a non-
linear coupling of fluid dynamics with Maxwell’s equations; see (2.16) for the classical
MHD system and (2.18) for the relativistic version. These systems involve two key
structures: a divergence-free constraint on the magnetic field, and IDP constraints on
fluid variables (positivity of density/pressure, subluminal velocity). While divergence-
free schemes are well-established, constructing provably IDP methods—especially in
multiple dimensions—has been an open problem. In the non-relativistic setting, IDP
schemes are also called positivity-preserving schemes. Although many techniques and
limiters (e.g., [51, 54, 52]) were adapted to enforce positivity in ideal MHD, few of the
resulting schemes were rigorously and completely proven to be IDP in theory, even
for the first-order schemes, especially in multiple dimensions [54].

The development of IDP schemes for MHD systems encounters unique challenges
that do not typically arise in other hyperbolic systems. A fundamental difficulty
lies in the lack of understanding of the intrinsic connection—if any—between the IDP
property and the divergence-free constraint on the magnetic field. Do such connections
exist? If so, how are they expressed mathematically, and how can they be established?
These central questions remained open, until the work in [225, 215]. Identifying this
connection is crucial, as it may provide the foundation for designing provably IDP
methods for MHD. Notably, the IDP constraints are pointwise algebraic structure,
whereas the divergence-free constraint is a differential structure in nature, making it
inherently difficult to bridge the two.

This connection was first theoretically revealed in [225, 215] for cartesian meshes,
in [219] for general unstructured meshes, and in [217] for central DG schemes on
overlapping meshes. It was shown that a discrete divergence-free condition is essential
for ensuring the IDP property. Even minor violations of this condition may lead
to the loss of the IDP property. Moreover, because of the discrete divergence-free
constraint, states at different quadrature points become strongly coupled, rendering
classical convex decomposition techniques (decomposing multidimensional schemes
into a convex combination of formally first-order schemes), such as (4.31), ineffective.
Additionally, none of Assumptions 1-6 hold for multidimensional MHD when there is
a discontinuity in the normal component of the magnetic field.

This difficulty was ultimately overcome using the GQL approach, yielding the
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following representation of G:
(6.6) G*:{u€R2d+2:p>0, (u—u")-n">0 Vu'},

where u* € 0G corresponds to an arbitrary state with thermal pressure p* = 0, and
n* is an inward normal vector to G at u*; see [215] for ideal MHD and [225] for
relativistic MHD. GQL enables precise mathematical formulation of the relationship
between the IDP property and the divergence-free condition [225, 215, 219, 217]. In
particular, it was shown that a modified version of Assumption 3 holds:

THEOREM 6.1 (Validity of a modified Assumption 3 in relativistic MHD). If
setting ((u*) = —v}pr,, where vy and p}, are respectively the £th component of velocity
vector v* and the magnetic pressure at the state u*, then we have

(6.7) ueG@ = a(u—u")-n*+fp(u)-n* > +£{(v*)+By(v*-B*) Vu*,Va>1,

where £y is the Lth component of the flux £ = (f1,...,f4), £=1,...,d.

The additional term +By(v* - B*) in (6.7) is essential; without it, the inequality
reduces to the original Assumption 3, which does not hold in general in the MHD
case. This term captures the fundamental influence of the divergence-free condition
on the IDP property.

ExXAMPLE 6.1. To illustrate the basic idea, consider the 1D case, where the diver-

gence free condition simplifies to By = const. Assume urp,ugr € G, then it follows
from (6.7) that

a(up —u*) -n* +fi(ug) -n* > ((u*) + By p(v* - BY),
alugp —u*) -n*—fi(uy) -n* > —¢(u*) — By g(v* - B)

If we further assume B1, 1 = B1 Rr, averaging the two inequalities yields

1
a(@—u*) -n* > 5(317L — By r)(v*-B*) =0,

where W = “LE88 4 fl("L);afl(uR). By the GQL representation (6.6), we conclude

ur +up i fi(ur) — fi(ug)

6.8 , €G, By, =B =
(6.8) uz,ur 1,L LR ) %0

eG VYa>1.
This shows that (3.8) holds for relativistic MHD, but only under the additional
discrete divergence-free constraint By = B g. See [215] for the non-relativistic
counterpart. While this discrete divergence-free condition is trivial in 1D, it becomes
significantly more complex in multiple dimensions [219, 221]. For instance, a 2D
version of (6.8) for first-order IDP schemes is given as follows:
THEOREM 6.2. If up,ur,up,uy € G and the 2D discrete divergence-free con-

straint Bl’RA_wBl*L + Q*UA_szD =0 holds, then

1

oz (ugp+ug n fi(ur) — fi(ug)
Az 2 200,

ay

Qg Qy
Ax+Ay

Qy <“D tuy | H(up) — fr(uy)

Vo, ay > 1.
Ay 5 20, )] €G Vag,ay
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It is worth noting that the GQL auxiliary variables in the additional term + By (v*- B*)
play a critical role in linking the IDP and discrete divergence-free properties.

We refer interested readers to [219, 221] for the multidimensional and higher-
order versions of Theorems 6.1 and 6.2 and the corresponding discrete divergence-
free constraints on general meshes. Notably, in multiple dimensions, these discrete
divergence-free conditions are strongly coupled, involving information from neighbor-
ing cells. While global divergence-free discretizations can ensure these constraints, the
use of local scaling IDP limiters, such as the Zhang—Shu limiter, typically destroys the
global divergence-free property of the magnetic field. Consequently, it is nontrivial
to construct high-order strictly conservative schemes that are both IDP and globally
divergence-free.

Interestingly, at the continuous level, Wu and Shu discovered that the IDP prop-
erty of the exact solution is also tightly linked to the divergence-free condition. In
[218, 221], it was shown that if the magnetic field is not divergence-free, even the exact
solution of the MHD system may violate pressure positivity. This implies that the set
(2.17), and its relativistic counterpart (2.19), is no longer an invariant domain of the
PDE. Therefore, when the numerical magnetic field fails to satisfy the divergence-free
condition, even an exact PDE solver (assuming it were available) cannot guarantee
IDP, highlighting the inherent complexity of constructing genuinely IDP schemes for
multidimensional MHD.

Moreover, in [219], Wu and Shu observed that the symmetrizable modified for-
mulation of the ideal MHD system—originally introduced by Godunov [87]—always
admits the set (2.17) as an invariant domain, regardless of whether the magnetic field
is divergence-free. For the relativistic system, the symmetrizable modified formulation
enjoyed the same feature was recently shown in [220]. Motivated by this observation,
Wu and Shu [218, 219, 221] proved that the IDP property of numerical schemes based
on these symmetrizable modified formulations only depends on a (discrete) locally
divergence-free constraint. Crucially, this local constraint is compatible with local
scaling IDP limiters, such as the Zhang—Shu limiter. Based on these findings, a series
of structure-preserving frameworks, provably IDP and locally divergence-free, have
been systematically developed in [218, 219, 221, 217, 69, 70, 154, 71, 43] for compress-
ible MHD systems using the symmetrizable modified formulation.

REMARK 6.1. A localized element-based positivity-preserving FCT approach with
divergence cleaning was proposed for continuous finite element discretization of the
MHD system in [13}]. A second-order structure-preserving finite element method
for ideal MHD was recently proposed in [6]]. This method combines convex limiting
with a novel operator splitting technique. A constrained transport method provably
preserving positiwity and divergence-free constraint was further introduced for MHD
in [172].

6.9. Numerical results for ideal MHD and relativistic MHD equations.

ExXAMPLE 6.2 (Shock cloud interaction). In this example, we solve the ideal
MHD equations to simulate the interaction of a strong shock wave and a high density
cloud with the adiabatic index v = 5/3. The computational domain is chosen to be
[0,1)%, as in [218, 219, 217]. The problem is simulated up to t = 0.06 with 400 x 400
uniform cells. Figure 16 presents the contours of the density, the thermal pressure,
and the magnitude of magnetic field obtained by the third order IDP DG method
and fifth order IDP finite volume method. It is worth noting that the schemes would
produce nonphysical solutions without using the IDP limiter.



IDP HIGH ORDER SCHEMES 69

1.0
1.0

10 1.0

08 | 08 |

06 | / 06t

3|

04t . 04t

02} 02}

00 . . . . 00 . . . .

0.0 02 0.4 0.6 08 1.0 0.0 02 0.4 0.6 08 1.0

Fig. 16: (Example 6.2) The density logarithm (top), thermal pressure (middle), and
magnitude of magnetic field (bottom). Left: third order IDP DG scheme. Right: fifth

order IDP finite volume scheme.
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EXAMPLE 6.3 (Astrophysical MHD jet with huge Mach number). The high-speed
MHD jets are proposed and first simulated in [218, 219, 221]. This test simulates an
extremely high Mach number jet problem in a strong magnetic field. The adiabatic
index is set to be v = 1.4. Initially, the domain [—0.5,0.5] x [0,1.5] is full of the
ambient plasma with (p,v,B,p) = (0.17,0,0,0,0,2 x 10°,0,1). A high-speed jet ini-
tially locates at x € [—0.05,0.05] and y = 0, it is injected in y-direction of the bottom
boundary with the inflow jet condition (p,v,B,p) = (v,0,10°,0,0,2x10%,0,1). In our
test, the computational domain is taken as [0,0.5] x [0, 1.5] and divided into 200 x 600
cells. For the left boundary x = 0, the reflecting boundary condition is imposed. The
outflow conditions are applied on other boundaries. The final time is t = 1.8 x 1076,
Figure 17 shows the schlieren images of density logarithm log p obtained by the third
order IDP DG method and fifth order IDP finite volume method.

EXAMPLE 6.4 (Orszag—Tang problem). We simulates the 2D Orszag—Tang prob-
lem of the relativistic MHD equations, following the setup in [2006, 221]. In this prob-
lem, the initial maximum velocity reaches 0.99, close to the speed of light. Figure 18
presents the numerical results, obtained by the third order IDP DG method and fifth
order IDP finite volume method with 600 x 600 uniform cells in the domain [0, 27]?, for
the logarithm of the rest-mass density log p at t = 2.818127 and 6.8558. As time pro-
gresses, complex wave structures are generated and correctly captured by our method.
The results agree with those reported in [221, 206].

ExAMPLE 6.5 (Relativistic MHD blast problem). Relativistic MHD blast wave
problems [225, 221] are widely used to test the robustness of numerical schemes, as
nonphysical solutions can easily be produced in numerical simulations. In this paper,
we follow the setup in [221] and consider the blast problem with a huge strength of
magnetic field 2000 in the x-direction. Figure 19 displays the rest-mass density loga-
rithm, and magnitude of the magnetic field at t = 4 obtained by the third order IDP
DG method and fifth order IDP finite volume method with 400 x 400 uniform cells in
the domain ) = [—6,6]2.

7. Concluding remarks. We have presented a comprehensive survey of numer-
ical schemes which are invariant-domain-preserving (IDP) for hyperbolic systems and
related equations. We have unified existing techniques and theories for establishing
IDP properties in first-order accurate schemes, and given a systematical review of
two popular approaches for constructing high-order IDP schemes, along with recent
developments in the field. The Zhang—Shu approach leverages the intrinsic weak IDP
property of high-order schemes, enabling the design of polynomial limiters that enforce
a strong IDP property at point values for high-order finite volume and discontinuous
Galerkin methods. The flux limiting approaches apply to a broader range of spa-
tial discretizations, including finite difference and continuous finite element methods.
In addition, we also discussed recent breakthroughs in constructing IDP schemes for
more challenging systems, such as the magnetohydrodynamics equations, where main-
taining the invariant domain is more delicate due to the complication from discrete
divergence-free constraints. Throughout the paper, we have provided new perspectives
and insights about existing IDP approaches. Extensive examples, including positivity-
preserving schemes for gas dynamics and numerical experiments from gas dynamics
and magnetohydrodynamics, were presented to illustrate the practical performance
and importance of IDP schemes. In general, preserving the invariant domain remains
a cornerstone for developing reliable and physically meaningful numerical methods
for hyperbolic systems and related equations. The approaches surveyed in this paper
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Fig. 17: (Example 6.3) Density logarithm (top) and the magnitude of magnetic field
(bottom) at 1.8 x 1076, Left: third order IDP DG method, right: fifth order IDP
finite volume method.
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Fig. 18: (Example 6.4) Density logarithm logp at ¢t = 2.818127 (top) and 6.8558
(bottom). Left: third order IDP DG method. Right: fifth order IDP finite volume
method.

are useful for future research, particularly in the design of high-order, robust, and
efficient solvers for more complex applications.
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