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Abstract

We introduce effective splitting methods for implementing optimization-based limiters to enforce the in-
variant domain in gas dynamics in high order accurate numerical schemes. The key ingredients include
an easy and efficient explicit formulation of the projection onto the invariant domain set, and also proper
applications of the classical Douglas-Rachford splitting and its more recent extension Davis-Yin splitting.
Such an optimization-based approach can be applied to many numerical schemes to construct high order
accurate, globally conservative, and invariant-domain-preserving schemes for compressible flow equations.
As a demonstration, we apply it to high order discontinuous Galerkin schemes and test it on demanding
benchmarks to validate the robustness and performance of both £!-norm minimization limiter and £?-norm
minimization limiter.
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1. Introduction

1.1. Background and motivation

The compressible Euler and Navier-Stokes (NS) equations are fundamental models in gas dynamics, with
broad applications in aeronautics, astronautics, and astrophysics. When solving gas dynamics equations,
it is necessary for numerical methods to preserve positivity of density and internal energy, not only to
produce physically meaningful solutions, but more importantly to achieve nonlinear stability, especially for
demanding applications involving low density and pressure such as very high speed shocks and blast waves
[21, 40].

The conserved variables in the gas dynamics equations are density, momentum, and total energy denoted

1 lm|?

by p,m,E. Then the internal energy can be written as pe = E — , and for ideal gas the pressure is

p = (y —1)pe with a constant y > 1. Let m be a column vector, then the set of admissible states of positive
density and positivity internal energy (or pressure) can be written as

]T

N ol
= =[p,m ,E] : p>0, pe(U)=E- 2 >0;. (1)

Since the function pe(U) is concave with respect to U, by Jensen’s inequality, the set G is convex. In the
literature, numerical schemes with solutions staying in the convex set G are positivity-preserving schemes
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[12, 46], and such schemes are also called invariant-domain-preserving schemes [18] since well-posed solutions
should stay in this invariant domain set G. For numerical implementation, a numerical admissible set or
invariant domain G¥¢ is often considered with a small ¢ > 0:

2
G£={U=[p,mT,E]T: p=e, pe(U)=E—%Z€}, (2)

which is a convex and closed set.

For enforcing bounds or positivity, there are quite a few approaches developed in the past 15 years
for high order accurate schemes, most of which use fully explicit time discretizations [45, 20, 24]. For the
compressible NS equations, the fully explicit method [44] typically suffers from restrictive time step size
constraints like At = O(Re Ax?), which is suitable only for large Reynolds numbers Re > 1. To use larger
time step sizes like At = O(Ax), semi-implicit [18, 31] and the fully implicit method [16] can be considered,
but extensions of such positivity-preserving schemes to arbitrarily high order accuracy are in general quite
difficult. For a more detailed review, see [31, Section 1.2].

For avoiding small time steps and easy extensions to arbitrarily high order accuracy, one approach is
the optimization-based method [17, 39, 38, 29]. A minimization is solved to seek minimal modification
of the given numerical solution while enforcing the conservation and positivity or bounds as constraints.
In this paper, we focus on how to design such an optimization-based method with the invariant domain
G¢ as a constraint, which has not been well studied in previous efforts of designing optimization-based
positivity-preserving limiters in the literature.

1.2. Optimization-based invariant-domain-preserving limiters

An optimization-based limiter can be applied to any numerical schemes. In this paper, we focus on
discontinuous Galerkin (DG) methods as an example, and the generalization to other popular schemes such
as finite difference, finite volume, and continuous finite element method is straightforward. For simplicity, we
only consider DG on uniform meshes. For reducing computational cost, we only apply optimization-based
limiters to post process the cell averages of DG solutions so that cell averages are ensured to stay in the
invariant domain G*, after which the simple scaling limiter in [46] can be applied to each DG polynomial in
each cell to further ensure quadrature point values to be in the invariant domain G*. Another alternative
is to apply optimization-based limiters to all the quadrature point values of the DG solution, to which the
efficient operator splitting methods in this paper can also be used.

Given a DG solution Uy, define the piecewise constant functionE as the cell average of Uy in each
cell K, that is, Uy|x = ﬁ fK U;. If there exists a bad cell K with Uy|x ¢ G¢, then we seek a piecewise

constant Xj, which minimizes the distance to U, under a chosen norm with the constraints of preserving
global conservation and invariant domain:

H}l{in”Xh —Uy|| subject to /Xh = / U, and Xy, € G for any cell K;. (3)
h Q Q

One can certainly add more constraints to the minimization above for enforcing more desired physical prop-
erties. On the other hand, one major computational challenge is how to efficiently solve such a constrained
minimization, which is a limiter to be applied to each time step of high order schemes solving a time de-
pendent problem. As will be shown in this paper, the two constraints in (3) can be efficiently handled by
splitting methods.

Let W), denote the minimizer to (3). Then after applying the optimization-based limiter (3), the post-
processed DG polynomial can be written as

u, = (U, - U,) + W, (4)

and it preserves global conservation fQ ﬁh = /Q U, and flh has cell averages WhIK,. e G&.
The modification (4) does not destroy the approximation order [29, 27, 28]. In particular, let U denote
the cell average of the exact solution, and assume the numerical solution has the same integral as the exact
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solution, then U satisfies both constraints in (3), thus the minimizer Wy, to (3) satisfies | Wy, —Uy|| < |U-Uy]l,
and

Wy, — U] < [|Wy — Ul + 1 U - U|| < 2|, - U] (5)
This simple argument shows that the limiter (3) does not destroy the order of accuracy w.r.t. the chosen
norm in (3). As will be shown in Theorem 1 in Section 3, we can get a better accuracy result than (5) if
L2-norm is used, i.e., taking || - || = || - ||rz in (3),

Wi, = Ullr2 < U, = U2 (6)

Once the DG polynomial cell averages are in the invariant domain G¢, the simple scaling limiter in
[45, 46] can be applied to further enforce quadrature point values to be in G®. In the literature, such a
limiter is sometimes called Zhang-Shu limiter, which does not affect accuracy either [44].

1.8. Operator splitting methods in convexr optimization

In (3), we still need to specify a norm, and a popular choice is to employ the L? norm, i.e. taking
II-Il = - llz=. Meanwhile, the L' norm || - || = || - ||z: has also been often considered in the literature. As
will be shown in our numerical tests, L' norm limiter may be more desirable for certain problems, such as
the astrophysical jet. In the convex optimization literature, the indicator function for a closed convex A is

defined as:
0, X €A,
X) = 7

We remark that +oo must be used in the definition of the indicator function, instead of a large enough
positive number, so that t5(X) can be a proper convex function, see |7, Section 3.2]. With respect to the
L? and L' norms, the optimization problem (3) can be equivalently written as the following two models,
respectively,

(L* model) : H)l(i,PHXh = Upll7s + ta, (Xn) + ta,(X1), (8)
(L' model) : min | X, = Uplle + ea, (Xn) + ta, (Xn), (9)

where the two closed convex sets
M= [ Xio= [, = (XXl € G4 Vi), (10)

are associated to conservation and invariant-domain-preserving constraints.

For solving (8) and (9), which are a composite of a few convex closed proper functions, the scalability
of first order operator splitting methods suits well for large problems. For two operator splitting convex
optimization scheme, the most robust splitting is the Douglas-Rachford splitting (DRS), which was first
introduced in 1950s for solving heat equations in two dimensions [33, 11]. In 1979, Lions and Mercier
extended DRS to composite convex optimization [26]. It has been well known that quite a few popular
splitting methods such as the alternating direction method of multipliers (ADMM) and the dual split
Bregman method can be exactly equivalent to DRS under proper choices of parameters. See [10, 15] and
references therein for the exact equivalent relation. In [35, 36], it was shown that DRS and forward-backward
splitting can be integrated, followed by its extension in [6]. Such a method was proven convergent by Davis
and Yin [9], and such a three operator splitting is also referred to as Davis-Yin splitting (DYS).

We emphasize that it is critical to design solvers to efficiently solve (3), which is needed in each time step
for solving a time-dependent PDE. The DRS in [26] has been shown to be efficient for solving optimization-
based limiters for enforcing global conservation and bounds of scalar variables in high order DG schemes
solving challenging PDEs including Cahn-Hilliard-Navier-Stokes system [29], compressible Navier-Stokes
[27], and highly anisotropic diffusion [28]. In the rest of the paper, we focus on how to construct splitting
methods to solve (8) and (9) for invariant-domain-preserving of a vector variable U, which is a more difficult
problem than the simpler problem of enforcing bounds or positivity for a scalar variable in [29, 27, 28].
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Two-operator Douglas-Rachford splitting. Let dg and dh be the subdifferentials of convex functions
g and h. Let I denote an identity operator. The proximal operator with a parameter y > 0 for the convex
function g is defined as

- . 1
proxg(X) = I+ ydg) H(X) = argming g(Z) + EHZ - X||2, (11)

and pron is defined similarly. To find a minimizer X* of g(X) + h(X), the generalized DRS iteration with
a step size ¥ > 0 and a relaxation parameter A € (0,2) is given by:

YH* = Aprox) (2XF - YF) + YK - AXK,

12
Xk+1 — Pron(ka)[ ( )

(DRS) {

in which Y is only an auxiliary variable, and X* will converge to the minimizer for any fixed Y > 0 and
A € (0,2) if the two functions g and h are convex closed proper, e.g., L' function and indicator functions
of a closed convex set. If one of the functions is also strongly convex, then (12) also converges for A = 2,
and the special case A = 2 is also called Peaceman-Rachford splitting. For using DRS for solving (8) for
enforcing bounds of a scalar variable, in [29] the asymptotic linear convergence of (12) has been analyzed,
from which a simple formula for selecting optimal parameters y and A is derived, but neither the analysis
nor the parameter formula in [29] can be extended to the vector variable case for the invariant domain (2).

Three-operator Davis-Yin splitting. For solving a problem of the form minyx f(X)+ g(X)+ h(X), DYS
in [9] is given by:

Xkt1/2 = proxg(Zk),
(DYS) Xk+1 — prox; (2Xk+1/2 _ Zk _ )/Vh(XkH/z)), (13>
Zk+1 - Zk + Xk+1 _ Xk+1/2.

For proper closed convex functions f, g, and h, where Vh is Lipschitz continuous with the Lipschitz constant
L, iteration (13) converges for any constant step size y € (0,2/L). We remark that three-block ADMM
methods can also be used here, but in practice DYS y = % performs much better than all other alternatives,
see a numerical comparison for solving (8) for enforcing bounds of a scalar variable in [1].

1.4. The main results of this paper

For solving (8), both DRS (12) and DYS (13) can be used, if all the proximal operators are available. For
the indicator function tq for a closed convex set (), its proximal operator is simply the Euclidean projection
to the set Q). To implement DRS and DYS, the only nontrivial operator is the projection onto the invariant
domain. Even though the definition of the set G¢ in (2) seems simple, its projection formula is no longer
straightforward. The first key result of this paper is to derive an efficient explicit projection formula for
convex set G in (2), with which both DRS (12) and DYS (13) can be easily implemented for solving (8). We
are able to derive the projection formula as a cubic root. For the ease of presentation, we list the projection
algorithms in Appendix B.2 and Appendix C.2.

For solving (9), neither DRS (12) nor DYS (13) can be directly used. As will be shown in this paper, (8)
can be regarded as a subproblem in DRS solving (9), and this subproblem can be solved efficiently by DY'S
(13). In other words, we propose to use DRS nested with DYS for solving (9), which is an efficient way for
solving L'-norm optimization-based invariant-domain-preserving limiter.

Our numerical results indicate that the Ll-norm limiter (9) is not better than the L?-norm limiter (8)
in terms of sparsity of the minimizer, unlike ¢!-norm minimizations in many other applications. Moreover,
the L2-norm limiter (8) is cheaper to solve, and it improves the accuracy of the DG solution, as shown in
Theorem 1 in Section 3. On the other hand, as will be shown in our numerical tests, for certain important
time dependent problems, the L'-norm limiter (9) may be more desirable. For instance, as shown in Figure
5 for the high speed astrophyscial jet problem, the optimization-based limiter is triggered less during the
time evolution if using L'-norm limiter (9), compared to using L?-norm limiter (8).
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1.5. Related work

In the past 15 years, there have been active research on constructing invariant-domain-preserving limiters
for high order schemes solving hyperbolic and related systems. One popular approach introduced by Zhang
and Shu [45, 46] is to only modify the approximation polynomial by a simple scaling limiter to eliminate
overshoots and undershoots at certain quadrature points, with which DG and finite volume type schemes
using strong stability preserving (SSP) time discretizations can ensure the cell averages to be invariant-
domain-preserving. See also [44, Appendix C] for the accuracy proof of this limiter. Another widely used
approach is the flux corrected transport (FCT) type method [43], which is to modify the high order numerical
flux by a convex combination with a low order flux [20, 19, 23, 22]. The FCT is flexible and applicable to
a broad range of spatial discretizations. Recent developments include convex limiting and subcell convex
limiting [22, 32, 37, 25], etc. It is in general difficult to establish rigorous accuracy proof for FCT type
methods, though the accuracy for the 1D linear scalar case can be proven [41]. All these approaches rely on
existence of a low order invariant-domain-preserving numerical flux, which is however not always available
for complicated systems, e.g., higher order PDEs like phase-field equations [29].

As a more flexible alternative to the traditional methods above, optimization-based limiters like (3) can
be considered, and it is mostly studied for a scalar variable, for which the admissible set G = [m, M] means
bound-preserving, or G = [0, +o0] means positivity-preserving. The same or similar optimization-based
limiters for scalar quantities have been considered under different contexts, e.g., [17, 3, 5, 42, 2, 34]. See also
[39, 38| for different optimization-based approaches for enforcing bounds. In [29, 27, 28], the optimization-
based limiter was considered for some challenging equations and systems but the limiter was only applied
to scalar variables.

To the best of our knowledge, all these existing optimization-based approaches consider the treatment of
a scalar variable, rather than directly tackling the invariant domain set G¢ defined in (2). On the other hand,
if X is a scalar variable in (3), it has been proven in [5] that the unique minimizer to the L? minimization
(8) is one of the minimizers to the L' minimization (8), and an explicit cheap construction to one of the L*
minimizers to (9) was given in [5], which will be reviewed in Section 2. In other words, for a scalar variable
X in L! minimization (9), the best solution is the explicit construction of one particular minimizer in 5],
which is however not a minimizer to (8), and one gets the accuracy justification in (5) under L'-norm. For
using L? minimization (8) for a scalar variable X, in the literature there are many efficient solvers that were
used, for which however the computational complexity is usually not quantified. For solving L? minimization
(8) for a scalar variable X, when using the optimal parameters given in [29], DRS has a complexity around
80N, if the bad cell ratio is small, which is the case for many good schemes solving many practical problems.

Among all the efficient solvers considered and used for (8) for a scalar variable, only the operator splitting
methods can be easily extended to enforcing the invariant domain for a vector variable. For example, it was
shown in [4] that (8) for scalar variables can be efficiently solved by the solver in [8], which was designed for
enforcing bounds rather than an invariant domain like (2).

1.6. Contributions and organization of the paper

In this paper, we provide a simplified explicit formula for projecting a point onto the admissible set (2)
for gas dynamics equations such as compressible Euler and NS equations. We further use this projection
to construct efficient operator splitting schemes for solving optimization-based post-processing limiters (8)
and (9). To the best of our knowledge, this is the first study on constructing optimization-based limiters
for directly enforcing the invariant domain (2), and this is also the first time to use in this context a three-
operator splitting scheme like DYS, which performs quite well numerically for solving L2-norm limiter (8).
The proposed invariant-domain-preserving limiter also works in enforcing positivity of cell averages in DG
methods, even if the time discretization is not SSP type, as will be shown in our numerical tests.

The rest of this paper is organized as follows. In Section 2, we review some existing results then explain
how to design splitting methods for solving the L? and L' optimization-based limiter for scalar variables.
In Section 3, we describe the designed splitting methods for optimization-based limiters for the enforcing
invariant domain. DYS method is used for solving the L2-norm invariant-domain-preserving limiter, and
DRS nested with DYS can be used for the L'-norm invariant-domain-preserving limiter. Both limiters

5
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involve the projection to the invariant domain, and formulae are given in the Appendix. Numerical tests
are shown in Section 4. Concluding remarks are given in Section 5.

2. Bound-preserving limiters for scalar conservation laws

In this section, we first review the result in [5], then discuss splitting methods for preserving bounds of
scalar variable, i.e., the invariant domain is G = [m, M], where m and M are the lower and upper bounds
satisfied by the exact or physical solutions.

2.1. The problem setup and existsing results for the scalar case

For a scalar-valued function u in solving a scalar equation, a DG scheme may violate the bound-preserving
property with cell averages out of the interval G = [m, M], which may occur when using a high order scheme
with a large time step size or a high order accurate implicit scheme. The L? model (8) enforces global
conservation and bounds without compromising high order accuracy, see [28§].

We introduce a vector u € RN to represent cell averages of the scalar-valued DG polynomial solution Uy,
that is, the i-th entry of u equals Uy|k, = ﬁ fKi Uy. Define a matrix A=[11 --- 1] € R™N and b = Au.
Then, the limiter (8) is equivalent to the following problem with a parameter @ > 0 in matrix-vector form:

1 )
—xXx—-u + 1t X)+1t X
min ol = ully + o, () + 04, (x),

where A; = {x € RN : Ax = b}, (14)
and Ag={xeRN:x;e[m M], Vi=1,---,N}.

Notice that we have a freedom to choose a different a > 0, which may affect performance of solvers for (14).
Similarly, the L! model (9) for a scalar variable with G = [m, M] is equivalent to

min ||x —ull1 + ta, (x) + 14, (%),
x€RN

where Ay = {x e RN : Ax = b} (15)
and Ag={xeRN:x;e[m M], Vi=1,---,N}.

By |5, Proposition 4.1], the unique minimizer to the strongly convex £? problem (14) also minimizes the ¢!
problem (15), which however has multiple minimizers. Moreover, it is proven in [5] that one particular ¢!
minimizer can be constructed explicitly by ClipAndAssuredSum ([5, Algorithm 3.1]):

clip(u) = min (max (u, m), M), (16a)
TR, i 1- clip(u) - b <0,

d=10, if1-clip(u)—-b=0, (16Db)
T, if 1 clip(u) = b > 0,

x* = clip(u) — (1-clip(u)—b)d. (16¢)

If one wants an ¢! minimizer, the ClipAndAssuredSum is the best solution because of its low cost. On the
other hand, the x* in (16) is not necessarily an 2 minimizer. Moreover, it seems quite difficult to extend
the proof and results in [5] to solving (9) in the context of the invariant domain (2).

We emphasize that the minimizers to (15) are usually not sparse, unlike many other ¢! minimization
problems in other applications. In terms of sparsity, the minimizers to £! minimization (15) are often only
marginally better than the minimizer to £? minimization (14).
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Remark 1. The objective function of the {1 minimization problem (15) is convex but not strongly convez,
which implies the non-uniqueness of the minimizer. To see this, let us consider the following simple example
with four variables:

min IX1—1|+|.X2—1|+|X3—2|+|X4—2.1| (17&)
X1,X2,X3,X4
subject to x1 + X + x3+ x4 =6.1 and x; € [1,2] for i =1,--- ,4. (17b)

The vector [Xl,XQ,X3,X4]T =[1,1.1,2, 2]T s a minimizer, which yields the objective function value 0.2.
And [1.05,1.05,2, Q]T achieves the same objective value, i.e., it is also a minimizer. When interpreting
the values [1,1,2,2.1]" in (17a) as cell averages, the first minimizer [1,1.1,2, 21" modifies fewer cells (two
cells) than the second minimizer [1.05,1.05,2, 2%, which modifies three. In this simple ezample (17), both
ClipAndAssuredSum and splitting methods listed in this section produce the second minimizer, which is not
the “sparsest solution” in the sense of modifying the fewest number of cells.

2.2. Dawvis-Yin splitting for €2 minimization

Both sets Ay and Ay in (14) are convex and closed, which implies the objective function of (14) is a
proper closed strongly convex function and thus has a unique minimizer. In [28], DRS (12) was used to
solve (14) with optimal parameters. Here we provide an easier alternative approach based on DYS method,
which serves as an important component in constructing the splitting method for L' model in this paper.
To apply DYS (13), we choose

) =0, g0 = 1,0, end h(x) = 5-llx - ulld (18)

Let A* = AT(AAT)™! denote the pseudo inverse of the matrix A. The proximal operator for the function f
defined in (18) is given by

prox;(x) =A*(b - Ax) + x. (19)

The proximal operator of an indicator of a set is the Euclidean projection onto that set. Thus, the proxg
projects each point x;, i =1,--- , N, onto the admissible set [m, M], i.e., it is the cut-off operation:

[proxg(x)],- = min (max (x;, m),M), Vi=1,---,N. (20)
Here, the subscript i denotes the i-th component in corresponding vector. In addition, we have

X+ 4
Yy +a Yy +a

Vh = é(x —u) and pron(x) = u (21)

Substituting (19)-(21) into (13) and taking the step size y = { = @, where L = 1 is the Lipschitz constant
of Vh, we obtain:

X512 = min (max (2, m), M), (22a)
YR = xR gk g (22b)
X = A (b — AYFHY) 4 YR (22¢)
Zkl _ gk ekl xk+1/2. (22d)

In (22a), the min and max denote entrywise operation. We initialize the algorithm above by setting Z° = u.
To terminate the iteration, we can choose a small positive tolerance € near machine zero and employ the
stopping criterion || Z**! — ZK||4), < €, where norm || - [|2n = h%/?|| - ||2.

A practical advantage of the DYS (22) is that it does not require any parameter tuning. Although an
optimal parameter selection guideline exists for DRS in the scalar cases [29], no established principle is

7
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currently known for choosing parameters in a DRS when applied to an invariant domain (2). In such cases,
a parameter-free DYS is preferable. In practice, DYS with the step size y = % is empirically quite efficient,
often converges to machine zero accuracy within a few iterations. See a numerical comparison of DYS with
other similar methods for solving (14) in [1]. Thus, for compressible Euler equations, we propose using the
DYS method to solve the L? minimization problem (8), as will be shown in Section 3.

2.3. Douglas-Rachford splitting for €1 minimization only for scalar variables

We first consider the DRS method (12) to solve ¢! minimization (15), with functions ¢ and h chosen as
follows:

g@) = llx —ull +1a,(x) and  h(x) = 1a, (2). (23)

The proximal of i above is the same as (19). As shown in Appendix A, the proximal operator of g is,

[prox}(x)]; = max{min{u; + S, (x; — u;), M}, m}, (24a)
Sy(a) = sgn(a) max{|a| —y,0}. (24b)

The DRS method can easily be written out with these explicit formulae of proximal operators, and it
converges with any positive step size y > 0 and any relaxation parameter A € (0, 2).

However, when extending from G = [m, M] to (2) for systems of conservation laws such as the Euler
equations, the formula above and its derivation no longer hold, and there is no simple analytical expression
for the proximal operator when combining the ¢! norm with an invariant-domain-preserving constraint (2).

2.4. Douglas-Rachford splitting combined with Davis-Yin splitting for for £* minimization

We now consider the DRS method (12) to solve ¢! minimization (15), with functions ¢ and h chosen as
follows:

gx)=llx—ully and h(x) =1, (%) + 1a,(x). (25)

Define a shrinkage operator S,(x) = sgn(x)max{|x| — y,0}. Associated with the function g above, the
proximal is given by

[proxy(x)]; = ui + Sy (xi — u;) = u; + sgn(x; — u;) max{|x; —u;| -y, 0}, (26)

where the subscript i denotes the i-th component in corresponding vector. The proximal of the function h
in (25) lacks a tractable analytical form. To overcome this difficulty, we design a nested approach, where the
inner DYS iteration computes pron numerically. Notice that we have the following relation by definition

of a proximal operator,
% : 1 2
prox) (x) = argmin cgn EHZ —x||5 4 ta,(2) + 1a,(2), (27)

which is nothing but the problem (14). Therefore, to implement the proximal operator (27), it can be solved
numerically by applying DYS (22). After obtaining pron, we use the DRS (12) to compute a minimizer of
(15). We initialize the algorithm above by setting Y° = u and X° = proxg(Yo). To terminate the iteration,
we choose a small positive tolerance € and employ the stopping criterion || Y5+ — Y¥||4, < €.

In other words, this is a nested method with DRS as an outer loop and DYS as the inner loop for the
subproblem (27). This approach can be easily extended to the invariant domain (2).
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3. An efficient implementation of invariant-domain-preserving limiters by splitting methods

As an example, consider solving compressible Euler equations in a bounded spatial domain Q ¢ R? over
the time interval f € [0, T]. Let U = [p, mT,E]T denote the conservative variables for density, momentum,
and total energy. The compressible Euler equations are

m
U +V-F*U)=0, where F*=|;m®@m+pl| (28)
(E+p)T
P
2
The total energy is E = pe + ”72"22, where e denotes the internal energy. For the ideal gas, the equation of

state is p = (y — 1)pe, where y > 1 is a constant, e.g., ¥ = 1.4 for air. When vacuum does not occur, a
physically meaningful solution to (28) should have positive density and positive internal energy, namely it
should stay in the admissible set G. We will discuss optimization-based limiters for enforcing a numerical
invariant domain G in (2).

3.1. An £% minimization invariant-domain-preserving limiter for cell averages

High order explicit schemes with large time steps, as well as implicit schemes, may produce negative
cell averages. We propose the optimization-based approach that incorporates preserving global conservation
and invariant domain as constraints to postprocess the cell averages in DG solution.

In limiter (8), the vector-valued piecewise constant polynomial Xj, minimizes the L? distance to the cell

average of the DG polynomial Uy, = [py, my; ", Eh]T. We introduce a matrix U € RNV*2+) ¢ represent cell
averages of the DG polynomial Uy, that is, the i-th row of U equals

—T 1 1 T 1
u, |x = —/ h —/ my —/ Ep
NS [|1<i| PRy Kl Jx

Then, model (8) is equivalent to the following unconstrained minimization problem in matrix-vector form:

. (29)

. 1 =9
Xeﬂr{rgg(lm)ﬁllx = Uz + ta, (X) + 14, (X),
where A; = {X: AX =bT} (30)

and A, = {X: the i-th row X;T € G¢, Vi}.

Here, || - |[F is the matrix Frobenius norm. On a uniform mesh, we have A = [1,1,---,1] € R™N and
bT = AU. The closed convex sets A; and A, represent global conservation and invariant-domain-preserving
constraints, respectively. The functions 15, and tp, are convex, indicating that (30) is a strongly convex
minimization problem. Therefore, the solution of (30) is unique.

The limiter (30) improves the accuracy of the DG solution in the following sense:

Theorem 1. Let X* denote the minimizer of (30) and let Uexact ¢ RNXC+) pe ¢ matriz storing the cell
averages of an eract solution. If the DG solution has the same integrals over the whole domain as the
exact solution, and the DG cell averages violate the invariant domain (i.e., U & As), then the minimizer X*
improves the accuracy:

IX* = Ueact][p < ||U — Uesact| . (31)

Proof. For two matrices B = [b];; and C = [c];; of same sizes, define the inner product B : C = Zi]- bijcij.

The sets A; and Ay are convex and closed, thus A; N Ag is a convex closed set. Thus, Ue*act and X* belongs
to A1 N Ag, which implies

qUesaet 4 (1— )X € Aj N Ay, Vne[0,1]. (32)
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Define

P(1) = [|U — (nUexact + (1 — n)X")||2 = p?||Uexact — X2 — 2n(U — X*) : (Uexact — X*) +||U - X|Z. (33)

If [[Usxact —X*|| g = 0, then ||Uexact —X*||r = 0 < [|Uexact —U||, because Uexact £ U due to U ¢ A,. Otherwise,
it is obvious that ¢(n) is a quadratic function with respect to 1. From (30), we know X* minimizes ||U - X||2
for all X € A; N Ag. Thus, ¢(n) achieves its minimum at 1 = 0, which implies (X* — U) : (Uexact — X*) > 0.
Therefore, we have

”Uexact _U”% — ”Uexact — X"+ X* _U”%
= [|Uexact — X¥||2 4+ 2(X* — U) : (Uexact — X*) +[|X* = U||Z > [|Uexact — X*||2. (34)

[m]

Finally, we present an equivalent reformulation of problem (30) to facilitate the design of splitting
methods. Partition columns in the matrix X = [p, my, -+ ,mg, E] such that, the first column p contains
the cell averages of density, the next d columns m; to my represent the cell averages of the momentum
components, and the last column E corresponds to the cell averages of total energy. Similarly, we define the
matrix U = [u,vq, -+ ,vq, w] and let bT = [bp, b, s+, bmy, bE]. Then, the minimization problem (30) is
equivalent to

d
1
Hl)én %(“P‘u”g +;”mi _villg + ||E—W||§) + LA1(prmlr"' /mdrE) + lAQ(melr"' lmdrE)/
where Ay = {X: Ap=b,, Amy =by,, ---, Amg =by,, AE = bg} (35)

and Ag = {X: [p;, my;, -, ma;, Ei]" € G¥, Vi}.

Remark 2. We emphasize that the work in [29, 27, 28] focuses solely on a scalar variable and is therefore
applicable only to compressible NS equations with Strang splitting [31, 27], but not for Euler equations. The
proposed limiter in this section is much more general than the method in [27]. In contrast, the invariant-
domain-preserving limiter (30) directly preserves the convex invariant domain thus is more broadly applicable
in compressible flow simulations.

3.2. Splitting methods for €2 minimization limiter

An efficient implementation of splitting methods to solve (35) requires computing proximal operators
easily and efficiently. We split the objective function in a manner that facilitates the derivation of explicit
formulae.

e To apply DRS method (12), we choose

d
1
g = o (llp = ull3+ Y llmi = oll3 +1E = wll3) + a, (o, ms, -+, ma, E), (36a)
i=1

h(X) = LAQ(p/ my, - /mdrE)' (36b)

e To apply DYS method (13), we choose

f(x) = LAl(P/ my, - /md/E)/ (37&)
§(X) = ta,(p,my, -+ ,my,E), (37b)
d
— 1 2 . 12 2
) = 5 (Ip =l + 3 lm = o1 + 1 - wl). (37¢)
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Let us derive the proximal associated with function g in (36a). The proximal associated with function f in
(37a) can be derived similarly or simply set & = +0co. By definition of the proximal operator, for any given
X=[p,my, - ,my, E], we need to find Z = [§,n1,- -+, 14, ¢] to minimize the following function:

d
Y
L (11e - w3 + 2=l + 12 —wll3) + yia,E e 10,0)

d
1 1 1
el DI mil + G-I (39

By definition of the indicator function t,,, minimizing (38) is equivalent to solving the following decoupled
constraint optimization problems:

.Y 1 .

min 16 —ulls + 5lIE—pll3 subject to A& =D, (39a)
. 1 . )

qI,-rel]lng %llr]i - vi||§ + §||r]i - mi||§ subject to An; =by,, fori=1,---,d, (39b)
.Y 1 .

min e —wl3+SIC—Ell5 subject to AC = be. (39c)

Let us start with (39a). Define a Lagrange multiplier as follows:

1
L= llE=ullf + 515 = pll3 + AAE=by). (40)
Notice, the matrix A =[1 1 --- 1] € RPN, Take partial derivatives, we get
oL (v Y T _
5 _(a+1)§ Lu—p+aAT =0, (41a)
oL
L Agb, =0 (41h)

Left multiply A on both side of (41a), from the constraints A§ = b, and Au = b,, we have
bp—Ap+AAAT =0 = A =(AAT)'(Ap-b)). (42)

Substituting the expression for A above into (41a) and recalling the pseudo inverse of the matrix A is given
by At = AT(AAT)"!. We obtain

o
oy +a

3 (A*(bp — Ap) +p) + (43)

u
y+a

The (39b) and (39c) can be addressed similarly. Therefore, associated with the function g in (36a), the
proximal proxg maps

o o

p - o+ a(A (b, —Ap)+p) + o+ S (44a)

m; — » i a(A+(bmi - Am;) + mi) + > 7; avi’ fori=1,---,d, (44b)
a o )4

E — =" a(A (bg —AE)+E) + T (44c¢)

Notice, the proximal of an indicator of a set is the Euclidean projection onto that set. To this end, we need
the projection point onto the numerical admissible set G¥, i.e., computing the proximal for & in (36b) an g
in (37b). Such a projection is by no means trivial. For the ease of presentation, the projection formula to
G¢ and its derivation are given in the Appendix.
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3.8. An £' invariant-domain-preserving cell average limiter
Consider cell averages U = [u,v1,--- ,v4, w] of a DG polynomial. For compressible Euler equations, the
L! limiter (9) is equivalent to the following non-constraint optimization problem in matrix-vector form:
d
Hl)gl’l ||P - u”l + Z ”ml - z)illl + ”E - w”l + LAl(p/mlr' t Imd!E) + LA2(p/m1/' o rmdrE)l
i=1

where Ay = {X: Ap =b,, Amy =by,, ---, Amg =by,, AE = bg} (45)
and Ay = {X [pi/ mii,- - , Mg, Ei]T € Ge/ VZ}

The objective function of (45) is convex but not strongly convex, which implies the non-uniqueness of the
minimizer. We consider the DRS method (12) to solve above minimization problem, where functions g and
h are chosen as follows:

d
g(X)=IIP—ulll+lemi—vill1+llE—WI|1 (46a)

i=1
h(X) = ta,(p, m1, -+ ,mgq,E) + 1p,(p,m1,--- ,my, E). (46D)

Let us derive the proximal associated with function ¢ in (46a). By definition of the proximal operator, for
any given X = [p,my, -+ ,my, E], we need to find Z = [&,ny,- - ,n4, ¢] to minimize the following function:

d d
p(1&-ully + 25wl +12 - wl) + 5 (€ - pl3+ 25 = mil ¢ -El3). @n)
Minimizing the function above is equivalent to solving the following decoupled optimization problems:
min Y& - ull + 51€ - pl3, (18a)
iyl =il + gl =l fori =1, d, (48)
min Y12 = wi + 312 I3, (480)

for which solutions were established in Section 2, see (25) and (26). Recall the shrinkage operator S, (x) =
sgn(x) max{|x| —y,0}. Associated with the function g in (46a), the proximal prox;’ maps

pi = ui +S,(pi — ui), (49a)
my; = v +Sy(my; —v;), -, mg — 0 +8,(my; —v;), (49b)
Ei — w; + S)(E; — w;), (49¢)

where the subscript i denotes the i-th component in corresponding vector. The proximal of the function h

in (48b) lacks a tractable analytical form. To overcome this difficulty, we design a nested approach, where

the inner DYS iteration computes prox;: numerically. By definition of a proximal operator, the pron gives

the solution to the following minimization problem: given X € RN+ find Z € RN*(2+9) that
1
in —I|Z = X||2 +ta,(Z) + 1a,(Z).
min o 17+ ta,(Z) + 1a,(2) (50)

Notice, problem (50) is exactly (30) with parameter @ = y. Therefore, it can be solved by applying DYS
method. After obtaining proxz, we utilize the DRS (12) to compute a minimizer of (45). To start the

algorithm, we set Y° = [u, v, -+ ,v4, w] and X° = pron(YO). To terminate the iteration, we choose the
stopping criterion ||Y¥*! — Y*||,, < € with a small positive tolerance e.

12
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4. Numerical experiments

In this section, we show results of applying the optimization-based limiters to a series of representative
tests. These include studies of using one-dimensional manufactured data and two-dimensional simulations
of demanding gas dynamic benchmarks for testing robustness of positivity-preserving schemes.

For solving £2-norm minimizations (14) and (35) in all the numerical tests in this paper, we use DYS
with a fixed step size y = %, where the Lipschitz constant is L = é,

For the ¢! minimizations (15) and (45), we use DRS. In each iteration of DRS, the proximal operator for
summation of two indicator functions, such as (50), is numerically solved by DYS. The step size in the DYS
is still % where L is the Lipschitz constant for the ¢2 term. The parameters in DRS are taken as follows.
We use a relaxation parameter A = 1 and a step size y > 0 obtained from tuning on a few data sets. For
instance, for using the optimization based ¢!-norm limiter in each time step in a time dependent problem,
we first run DRS with a different choices of y > 0 at a few time steps when the limiter is invoked, then
choose the best value of y in the sense of the fastest convergence of DRS for all future time steps.

We remark that optimal parameters of A and y in DRS for solving (14) are given in [29], which was
derived from convergence rate analysis. Unfortunately, neither the analysis nor the same parameter formulae
can be extended to the invariant domain (2).

4.1. Synthetic tests in one dimension

In this part, our primary objective is to examine the optimization methods through simple tests, including
linear advection governed traveling waves and manufactured perturbation of Lax shock tube data for Euler
equations. We generate out-of-bound data by the baseline DG scheme without any limiters, then apply the
limiters to data, without integrating optimization limiters into baseline PDE simulators, so that we only
study the performance of optimizers here.

In all one-dimensional tests, we chose ¢ = 107!® for numerical admissible set G¢. In addition, the
convergence tolerance for both DYS and DRS methods is set to € = 10713,

Example 5.1 (Traveling triangle and square waves). The linear advection equation d;u + dyu = 0
enjoys the maximum principle: if initial data is in [m, M], then so is the solution belongs at any later time
t > 0. The computational domain is Q = [0,3]. We initialize right-moving triangle and square waves as
follows and evolve to time T = 1.

4x, if x € (0.25,0.5],
—4x +4, if x € (0.5,0.
40— x+4, 1 x € (0.5,0.75], (51)
2, if x € (1.25,1.75],
1, otherwise.

Thus, the exact solution u(x,t) € [1,2] for any x € Q and t € [0,T]. To generate out-of-bound data, we
solve the equation on a uniform mesh consisting of 300 cells. We employ a fourth-order Runge-Kutta (RK)
DG method without any limiter. The time step size is set to 0.001, resulting in 1000 out-of-bound data sets
for postprocessing.

We apply DYS method to solve the £2 model (14) and apply direct method (ClipAndAssuredSum)
(16) and DRS method to solve the ¢! model (15), respectively. After postprocessing, all cell averages are
enforced within the bounds, see Figure 1. Notice that £' minimizers are not necessarily unique, and it has
been proven that £? minimizer is one of ¢! minimizers [5]. In general, the ¢! minimizers found by either
ClipAndAssuredSum or different splitting methods may be different from one another, and also different
from ¢2? minimizer. Nonetheless, for this particular test, up to €, there is no difference in the three results
in Figure 1.

In terms of performance of these optimization solvers, for the ¢2 model, DYS method converges within
60 iterations on all data sets at different time steps. In contrast, the £! model requires more DRS iterations,
i.e., converges within 200 iterations on all data sets at different time steps. Hereinafter, we use the number of
projection to admissible set to denote the total count of computations of the proximal operator for indicator
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406

function tp,(x). The total number of projections to the admissible set [1,2] is significantly higher for the
' model because of its inner DYS iterations, see Figure 2. We use step size y = 107!° in DRS for the
¢! model. When the iteration sequences are sufficiently close to the fixed point, both the DYS and DRS
methods exhibit asymptotic linear convergence, as illustrated in Figure 2.

Figure 1: Top left: out-of-bound cell averages of data set 1000 (generated in time step 1000).
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Top right: the postprocessed

result from the £2 limiter with DYS method. Bottom: the postprocessed results from the ¢! limiter with direct method
(ClipAndAssuredSum) and DRS method. There is no difference between ¢2 limited result and two £' limited results up to €.
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Figure 2: Top row: DYS method solving £2 model. Bottom row: DRS method nested with DYS of solving ¢! model. From left
to right: number of iterations for data at different time steps, number of projections, and the convergence error in processing
one particular data set at time step 1000. Minimizers and fixed points, denoted by superscript star, are computed numerically
by using sufficiently many iterations of splitting methods.
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Example 5.2 (Perturbation of Lax shock tube data). We uniformly partition the computational
domain Q = [-5, 5] into 400 cells. To generate data violating the invariant domain, we compute cell averages
of the exact solution at time t = 1.3 to the Lax shock tube problem for compressible Euler equations [44,
Example 2| and apply perturbations near the shock location. Specifically, we perturb 5% of the cells, i.e.,
20 cells in total. For the 10 cells in pre-shock region, we subtract the following random values sampled from
a uniform distribution: on each cell K, we modify the cell average by

. 0.1max|p| &p o
U’K — (0.0l max|m| &y |, where &,,Em, EE "< Uniform[1, 2]. (52)
0.1 max|E| &

To ensure conservation, we add the same values back to the 10 cells in the post-shock region. In this way, we
obtain one out-of-bound data set. To test our optimization solvers, we repeat and create 1000 manufactured
data set.

We apply DYS method to solve the £2 model (35) and DRS method with y = 107 to solve the ¢! model
(45), respectively. After postprocessing, all cell averages are enforced within the bounds. For the £? model,
DYS method converges within 20 iterations on all data sets. Compared to the number of iterations in solving
the £2 model, the ¢! model takes more DRS iterations and converges within 200 iterations on all data sets.
But, when compared with the total number of projections to the admissible set G¢, the required projection
numbers are significantly higher for the ¢! model due to its inner DYS iterations, see Figure 3. We observe
asymptotic linear convergence for both DYS and DRS methods, when iteration sequences are sufficiently
close to the fixed point. See Figure 3 for an illustration.
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Figure 3: Top row: DYS method solving £2 model. Bottom row: DRS method nested with DYS of solving ¢! model. From left
to right: number of iterations for data at different time steps, total number of projections to admissible set, and the convergence
error in processing the data set at time step 1000. Minimizers and fixed points, denoted by superscript star, are computed
numerically by taking sufficiently many iterations.

4.2. Benchmark tests in two dimension

In this part, we apply limiters to DG schemes solving demanding test cases, including the Sedov blast wave
and a high speed astrophysical jet. Our optimization-based postprocessing procedure preserves invariant
domains effectively while producing high-quality solutions for challenging practical applications.

In all two-dimensional simulations, we apply the optimization-based cell average limiter after each stage
of RK method, whenever there is a cell average out of the admissible set. Only when the cell averages are in
the invariant domain, the Zhang-Shu limiter [46] can be further used to ensure quadrature points are also in
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G. For all test cases except the astrophysical jet, we choose ¢ = 10713 in G¢ and the convergence tolerance
€ = 107'3 for DYS and DRS methods. For the astrophysical jet, we use ¢ = 10™® and € = 1078 due to its
extremely high speed. For solving the ¢! limiter, DRS method with a step size y = 1077 is used in all two
dimensional examples.

Example 5.3 (Convergence study). We utilize the manufactured solution method on domain Q = [0, 1]?
with end time T = 0.1 to study the spatial convergence rate of solving Euler equations. The prescribed non-
polynomial solutions are:

p=sin'®n(x +y-2t)+107", (53a)

# = H , (53D)
-13

o= ! (53¢)

T (-1 sin'®r(x+y-2t)+ 1018

The right-hand side functions and the initial and boundary conditions are defined by the manufactured
solutions. The domain Q is uniformly partitioned into square cells. For spatial discretization, we employ
Pk (k = 2 and 3) DG methods, where the bases are constructed by orthonormal Legendre polynomials. The
numerical integrations are evaluated by (k + 1)?-point Gauss quadrature.

Let errp, denote the error on a grid associated with mesh resolution Ax. The discrete Lfl and L%l errors
of density are computed by

2
’

Lj emror:— llpji = p(")lIFs = Ax* ) > | 3 ol @iav) = p(t", ) (54a)
1 v ]

, (54b)

Ly error:  [lpf = p(t")lls = Ax? 3" 3" wu| Y ol i) = plt", 32
i v j

where @;; denotes the j-th basis on cell i, and w, and g, are quadrature weights and points. The er-
rors for momentum and total energy are measured similarly. Then, the convergence rate is defined by
In(erray/erray/s)/In(2).

To evaluate convergence rates, we successively refine mesh of Ax = 1/25,1/50,1/100 and employ a
fourth-order RK method with fixed time step size At = 5x 1074, The time step size is small enough, which
guarantees that the spatial error is dominated. We apply ¢? limiter (35) when measuring the convergence
rates with respect to Lfl norm; and apply ¢! limiter (45) when measuring the convergence rates with respect
to L}l norm, see Table 1 and Table 2. The optimization-based cell average limiters are triggered and optimal
convergence rates are obtained.

‘ P? basis ‘ P? basis
Ax \ Iy - u()l2 rate \ Iy - u()l2 rate
1/25 3.116 x 1073 — 6.514 x 1073 —
1/50 3.534 x 1074 3.141 4.846 x 1075 7.071
1/100 4.400 x 1075 3.006 1.302 x 1076 5.218

Table 1: The discrete Lﬁ errors and convergence rates for IP2 and IP3 spaces. The ¢2 limiter is solved by DYS method.

Example 5.4 (Sedov blast wave). This test describes a strong shock expanding from a point-source
explosion in a uniform medium and involves a strong shock and low density, which makes it of great utility
as a verification test for the robustness of a simulator for compressible Euler equations [30].
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‘ P2 basis ‘ P? basis

Ax \ I, = U ()l rate \ Iy = u()| rate
1/25 3.687 x 1073 — 5.040 X 1073 —
1/50 3.455 x 1074 3.416 3.710 x 107° 7.086
1/100 4.248 x 107° 3.024 1.177x 1076 4.979

Table 2: The discrete Li errors and convergence rates for P2 and P3 spaces. The ¢! limiter is solved by DRS method with
parameter y = 1073

We consider the following configuration on computational domain Q = [0, 1.1]? with the simulation end
time T = 1. Uniformly partition the domain Q into square cells with mesh resolution Ax = 1.1/160. The
initials are defined as piecewise constants: the density p° = 1, the momentum m® = (0, O)T, and the total
energy EY is set to 107'2 everywhere, except in the cell located at the lower left corner, where 0.244816/Ax? is
used. Reflective boundary conditions are imposed on the left and bottom boundaries, and outflow boundary
conditions are imposed on the right and top boundaries.

Our optimization-based limiters can enforce invariant domain for SSP RKDG schemes with large time
step sizes. Compared to the Zhang-Shu method for enforcing positivity [46], the advantage of integrating
this optimization-based limiter with SSP RKDG methods is that the restrictive CFL from weak positivity in
Zhang-Shu method [44] is no longer needed thus implementation is simplified. In this example, we employ a
three-stage third-order SSP RK method in conjunction with P2 modal DG to solve the compressible Euler
equation (28). Our time marching scheme is as follows:

u(2) — un _ AtV . Fa(uﬂ), (55&)
, 1
u® = ;un + 2 [u® - v ), (55b)
12 :
= st [u(3> _ AV Fa(u<3))]. (55¢)

We use the Lax—Friedrichs flux [46, 44]. The P? basis functions are constructed using orthogonal Legendre
polynomials. Numerical integrations are evaluated by the tensor product of 3-point Gauss quadrature.

When combining a DG method of k-th degree basis with a (k + 1)-th order explicit RK scheme, the
following expression provides an estimate of the effective CFL number for linear stability.

CFL for P¥ or QF scheme. (56)

1
S 2k+ 17
Here, we use CFL = 0.2 for P? scheme, which permits greater time step sizes than required for weak
positivity, that is, negative cell averages are produced during the simulation. After each stage in (55),
if out-of-bound cell averages appear, we apply our optimization-based postprocessing to modify the DG
polynomial.

An ad-hoc strategy to improve efficiency and robustness of the optimization-based limiters is to avoid
modifying regions of the computational domain which is not reached by the shock wave. Following the
approach in [27, Remark 5], we define a subset of domain Q as follows:

‘ _ , — 1 lmnl k)12
Qlim = {cell K;: either Up|k, € G° or Eylk, — 3 % > 10_10}. (57)

In this example, the optimization-based postprocessing is applied only to the cells in QU™ thereby avoiding
the redistribution of mass or energy into regions where the shock wave has not yet propagated to.

Figure 4 shows snapshot of the density at time T = 1. Our scheme preserves global conservation and
the invariant domain. The shock location is correctly captured. The optimization cell average limiter is
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triggered only at one time step during time evaluation, and the performance of the spitting methods solving
the minimizations is shown in Figure 4. Besides the optimization based cell average limiter and Zhang-Shu
limiter [46] for correcting quadrature point values, no additional limiters are used to remove oscillations.

Remark 3. We can see that the £' limiter is much more expensive to compute than the €2 limiter for 2D
Sedov blast wave test. However, we will see that €' limiter may not always be so expensive in the next
example of Mach 2000 astrophysical jet.
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Figure 4: Sedov blast wave. Left: snapshot of density at T = 1. Plot of density: 50 exponentially distributed contour lines of
density from 0.001 to 6. Right: number of DYS and DRS iterations in processing out-of-bound data of ¢2 and ¢! model in
the second RK stage at time step 74669, which is the only time step (during the whole time evolution) where the cell averages
violate the invariant domain.

Example 5.5 (High Mach number astrophysical jet). The numerical replication of gas flows and shock
wave patterns observed in Hubble Space Telescope images presents a demanding benchmark for computa-
tional methods, particularly when extreme Mach numbers are involved [14, 46]. We validate the robustness
of our method by simulating Mach 2000 astrophysical jets governed by compressible Euler equations without
radiative cooling.

Let us consider a high Mach number astrophysical jet configuration on the computational domain Q =
[0,1] X [-0.5,0.5]. We set the simulation end time T = 0.001. We take the ideal gas constant y = 5/3.
The initial density p® = 0.5, momentum m° = 0, and pressure p° = 0.4127. The left edge of domain Q is
prescribed with the following inflow boundary condition:

[5, 4000, 0, 0.4127]" if x = 0 and |y| < 0.05,

58
[0.5,0,0,0.4127]"  if x =0 and |y| > 0.05, (58)

[pr mJC/ myrp]T =

while the top, right, and bottom edges of domain Q are treated as outflow boundaries.
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One advantage of our optimization-based invariant-domain-preserving approach is its applicability to
numerical schemes without strong stability preserving (SSP) properties. In this example, we employ the
classical four-stage fourth-order RK (RK4) method, which is not a SSP RK method, in conjunction with
the Q3 DG spectral element method (SEM) to discretize the Euler equations (28).

u®=u"- %V CFAUM), (59a)
u® = ur - %V FU®), (59b)
u® =ur - Atv - FAu®), (59¢)
urt =y — At[év PN U + %V FPU®) + %V CF(U®) + év ) Fa(U(4))], (59d)

We uniformly partition domain Q into square cells with mesh resolution Ax = 1/640. For spatial discretiza-
tion, we employ the Lax-Friedrichs flux. The Lagrange bases of Q2 DG SEM are constructed via the tensor
product of 4-point Gauss-Lobatto point and numerical integrations are evaluated by the tensor product of
4-point Gauss-Lobatto rule.

The fourth-order RK method is not SSP, and when combined with @ DG SEM, the resulting discretiza-
tion lacks weak positivity (see [44] for its definition), i.e., negative cell averages may appear during the
simulation. To enforce invariant domain without losing conservation and high order accuracy, we apply our
optimization-based postprocessing to modify the DG polynomial with a CFL number % as determined by
(56) after each stage in (59) whenever any out-of-bound cell average is produced. The optimization-based
limiters are applied to the whole computational domain for this test.

Figure 5 shows snapshots of the density field at time T = 0.001. Compared to the DYS method in ¢2
limiter, it requires more number of projections to admissible set for DRS method to solve the minimization
problem in ¢' limiter. When combined with Zhang-Shu limiter, both optimization-based cell average lim-
iter (£2 and ¢!) robustly produce simulation results with correct shock location without other limiters for
reducing oscillations. These computational results are consistent with high order DG methods stabilized by
conventional non-optimization based limiters, see [31].

Remark 4. For the astrophysical jet problem as shown in Figure 5, the computational cost of solving the
01 limiter (45) is still higher than the €% limiter (35) whenever they are triggered. However, we can see that
the cell average limiter is triggered less if using the €' limiter, even though the €' minimizer is not sparse
as explained in previous sections. In other words, the total cost of the €1 limiter does not seem significantly
higher than the €2 limiter in this test, and more importantly the ' limiter is triggered less during the time
evolution, which is more desirable.

5. Concluding remarks

In this paper, we have developed effective splitting methods for implementing ¢'-norm and ¢?-norm
optimization based limiters for enforcing the invariant domain in gas dynamics. The proposed postprocessing
for high order DG schemes consists of first applying an optimization-based limiter to cell averages then by
the Zhang-Shu limiter to modify quadrature point values. It is broadly applicable to DG methods with
various time-marching schemes, e.g., non-SSP Runge-Kutta methods. Even though the optimization-based
cell average limiters only preserve global conservation but not local conservation, the numerical tests suggest
that it does not produce wrong shock locations for demanding problems such as blast waves and high speed
flows. In practice, the £!-norm limiter produces almost the same result as the £2-norm limiter. In general,
¢2-norm limiter is cheaper to implement since it can be solved efficiently by the DYS method. On the other
hand, for the astrophysical jet problem, we observe that the ¢'-norm limiter is triggered less during time
evolution, thus the ¢'-norm limiter seems a better choice for this kind of problems.
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Figure 5: The Mach 2000 astrophysical jet. Top row: £2-norm limiter solved by with DYS. Bottom row: ¢!-norm limiter solved
by DRS nested with DYS. Left: snapshot of density at T = 0.001 with logarithmic color scale. Right: number of projections
to admissible set is number of computations of proximal operators to the indicator function ta,(X) in the optimization solvers
during each step of the fourth-order RK time marching, which is a fair way to compare computational cost between two
optimization-based limiters.
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Appendix A. Computing proximal operator in £! scalar model

Lemma 1. For any given numbers y > 0 and a € R, define Sy(a) = sgn(a) max{|a| — y,0}. Let f(z) =
ylz| + 3(z — a)®. We have: if z > Sy(a), then f(z) is strictly increasing; if z < S,(a), then f(z) is strictly
decreasing.

Proof. 1If z > S, (a), we have the following scenarios:

e Case 1: 4 > 0 and |a| > y.
Then, we have z >a -y >0 = f(z) = yz+ 3(z —a)?, namely f'(z) =z +y —a > 0.

e Case 2: a4 >0 and |a] < y.
Then, we have z >0 = f(z) = yz + 5(z — a)?, namely f'(z) =z+y—a>0.

e Case 3: a <0 and |a| > y. Then, we have z > a +y. We discuss this in two sub-cases
— Sub-case 1: 2> 0 = f(z) = yz+3(z—a)? namely f'(z) =z+y—a>0.
— Sub-case 2: a+y <z<0= f(z)=-yz+3(z—a)? namely f(z)=z-y—a>0.

e Case 4: a <0 and |a| < y.
Then, we have z >0 = f(z) = yz + 2(z —a)?, namely f'(z) =z+y —a > 0.

Above. all, when z > S,(a), the function f(z) is increasing. Similarly, if z < S,(a), we have the following
scenarios:

e Case 1: a > 0 and |a| > y.
Then, we have z < a — . We discuss this in two sub-cases

— Sub-case 1: z< 0 = f(z) = —yz+ 2(z —a)?, namely f/(z) =z—y—a <0.
— Sub-case 2: 0<z<a—-y= f(z)=yz+3(z—a)? namely f(z)=z+y—a<0.

o Case 2: 4 > 0 and |a| < y.
Then, we have z <0 = f(z) = —yz + 2(z — a)?, namely f/(z) =z—y —a <0.

e Case 3: a <0 and |a| > y.
Then, we have z <a+7y <0 = f(z) = —yz+ 1(z —a)? namely f'(z) =z—-y —a <0.

e Case 4: a <0 and |a| < y.
Then, we have z <0 = f(z) = —yz + 3(z — a)?, namely f'(z) =z -y —a <0.

Above all, when z < S, (a), the function f(z) is decreasing. |

Lemma 2. For scalar conservation laws, recall the set Ay = {x € RN: x; € [m,M], Vi=1,--- ,N} and in
(23) the function g(x) =||x —u||1 + ta,(x). We have

[proxy (x)]; = max{min{u; + S, (x; — u;), M}, m}, (A1)
where the subscript i denotes the i-th component in corresponding vector.

Proof. By definition
y : 1 2
prox] (x) = argmin {yllz = ull1 + ¥tz mezsn) + 512 - ¥1l3
z
. 1 2
= argmin {/l1z = ully + 31z == (¢ = I3+ Vt(zmuszuemom ]
z

i 1 2
= -+ angmin {1zl + 512 = 6 = 0l3 + Ytz uzzemu |
z

n

. 1
= u + argmin Z ()/|Zi| + §|ZZ‘ - (x; - Mi)|2 + VL{zi:m—uiSzisM—ui})- (A.2)

z i=1
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ses  Therefore, we have
. 1
[proxy(x)]; = u; + argmin {7/|Zi| + §|Zi = (xi —u)|* + yl{zi:m—lliSZiSM—lli}}' (A.3)
zi

ss« The following result is known, see [10, page 209 soft-thresholding operator].

. 1
argmin {)/|z,-| + 52— (i - u,»)|2} =S, (x; - uy). (A4)
zi

sss Therefore, we have
586 o If Sy(x; —u;)€[m —uj, M — u;], namely u; +S,(x; — u;)€[m, M], then [proxg(x)]i = u; + Sy (x; — u;).
587 o If Sy (x; —u;) < m —u;, namely u; +S,(x; —u;) < m, then by Lemma 1, we know that the function
588 f(z) = ylzl + 4|z = (x; — u;)|? is strictly increasing when z > S, (x; — u;). Notice Sy (x; — u;) < m —u; <
589 M — u;, we have [proxg(x)]i =u;+(m—u;) =m.
590 o If Sy (x; —u;) > M — u;, namely u; + Sy (x; —u;) > M, then by Lemma 1, we know that the function
501 f(z) = ylzl + 4|z — (x; — u;)|? is strictly decreasing when z < Sy (x; — u;). Notice m —u; < M —u; <
502 Sy(xi —u;). We have [proxg(x)]i =uj+(M-u;) =M.
ss Above all, we conclude the proof. O

s Appendix B. Projection to numerical admissible set in one dimension

s Appendiz B.1. Derivation from KKT conditions

5

©

596 Let [u, v, w]T denote an out-of-bound cell average produced by a simulation in one-dimensional domain.
sv  For a small prescribed € > 0, the set G* in (2) becomes

2
GSZ{Uz[p,m,E]T: p=>e, pe(U):E—Z—pZS}. (B.1)
ses  Since the set G¢ is closed and convex, the projection is unique. To find the projection of [u, v, w]T on set
s GY, we need to solve the following minimization problem: find [p, m, E]* that
1
min =(|p—u|*+|m—-0|*+|E —w|?)
pmE 2
m2
subject to: ¢-p <0 and ¢—-E+ Z <0. (B.2)
600 The exact solution can be derived from the Lagrangian
1 2 2 2 m?
L(p,m,E, A, u) = §(|p—u| +|m=-v]* +|E-w|?) + A(e —p)+ u(e —E + 5),
s and its KKT conditions:
602 e Stationarity condition
2
m
p—u—-A—u-— =0, (B.3a)
2p?
m—v+y% =0, (B.3Db)
E-w-pu=0. (B.3c)
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614

615

616

617

618

619

620

621

622

623

e Complementary slackness

Ale—p)=0, (B.3d)
>
—E+ ) =0, B.
y(e + 20 (B.3e)
e Primal feasibility
e-p<0, (B.3f)
2
¢e—E+— <0. (B.3g)
e Dual feasibility
A2>0, (B.3h)
u=0. (B.3i)

From the dual feasibility, depending on whether A and u are zero or positive, there are four cases:

Case 1 (u =0 and A > 0). When yu is zero, the (B.3a)-(B.3c) gives p =u + A, m = v, and E = w. When
A >0, (B.3d) implies p = €. From (B.3a), we get A = ¢ —u. Thus, if [e,v,w]" is a solution of (B.3), the
constraints ¢ > u and (B.3g) need to be satisfied.

Case 2 (u =0and A =0). When both y and A are zero, the (B.3a)-(B.3c) gives: p =u, m =v, and E = w.
Thus, if [u,v,w]" is a solution of (B.3), the given point should belong to the set G, i.e., the projection
point is itself.

Case 3 (1 >0 and A > 0). When both y and A are positive, the (B.3d) gives p = ¢ and (B.3e) becomes

1
E= %nﬂ +e€. (B.4)

If v =0, by (B.3b), we have m = 0, which further implies E = €. From (B.3c), we get y = ¢ —w and from
(B.3a), we get A = ¢ —u. Thus, if [¢,0,¢]" is a solution of (B.3), the constraints ¢ > u and € > w need to
be satisfied.

If v # 0, then m # 0. Otherwise, (B.3b) gives v = 0, which leads to a contradiction. Substituting p = ¢
into (B.3b) to solve p, and further substituting the result into (B.3a), we have

v 1
M_E(E_l) and /\—e—u—2—€m(v—m). (B.5)
Combine (B.3c) with (B.4) and (B.5), we obtain

1 5 v
HeM te E=u+w s(m )+w (B.6)

Multiplying 2em on both sides above, we get a cubic equation with respect to m as follows.
m3 + (4e? — 2ew)m — 2¢v = 0. (B.7)

After getting all the real roots of using the method in Appendix D, we compute E from (B.4), and u, A from
(B.5). Thus, if the result here is a solution of (B.3), the constraints u > 0 and A > 0 for (B.5) need to be
satisfied.
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Case 4 (u >0 and A =0). When yu is positive and A is zero, the KKT condition (B.3) simplify to p > ¢
and

m
—U—u— =0, (B.8a)
p “2p2
m-uv+ y% =0, (B.8b)
E-w-u=0, (B.8c)
2
s—E+T2n—p=O. (B.8d)

If v =0, by (B.8b), we have m = 0. By (B.8a) and (B.8d), we get p = 1 and E = ¢. From (B.8c), we get
p=¢&—w. Thus, if [u,0, ¢]" is a solution of (B.3), the constraints ¢ > w and ¢ < u need to be satisfied.

If v # 0, then m # 0. Otherwise, (B.8b) gives v = 0, which leads to a contradiction. Substituting into
(B.8b) and (B.8a), we have

p_u_%(H%):O = %(v—m)zQ(p—u), (B.9)

which is a quadratic equation with respect to m, namely m?—vm+2p%—2up = 0. Thus, let A = —8p?+8up+0v?
denote the discriminant. We have

v 1 v 1
m—§—§A or m—§+§\/& (BlO)
From (B.8c) and (B.8d), we get

2
E=¢+ m—, (B.11)

2p

m2
=+ —-w. B.12
pEet oo mw (B.12)

Therefore, once we compute p, the (B.8) is solved. Substitute (B.12) into (B.8b). After multiplying 2p?, we
end up with a quadratic equation with respect to p, as follows. Notice that v # 0 implies m # v.

2(m —v)p? +2(e — w)ymp + m* = 0. (B.13)

To solve p, let us first substitute m = 3 — % A into above. The other root in (B.10) can be addressed in the
same manner. We get

VAB0? + A+ 8(e — w)p + 8p?) = v° + 3vA + 8(¢ — w)vp — 8vp>. (B.14)

Recall the discriminant A = —8p? + 8up + v?. Square both sides above and after some simplification, we
obtain

4(20% + (e +u —w)?)p? —4u(20% + (e + u — w)?)p + 2uv*(w — ) —v* = 0. (B.15)

The two roots of above quadratic equation are:

1 Vu2(202 + (e + u — w)2) — 2uv2(w — &) + v4
V202 + (e + u — w)?
Vu2(202 + (e + u — w)?) - 2uv?(w — ) + v

1
2 V202 + (e + u — w)?

+

, (B.16a)

B
1l
o=

N |

(B.16b)

o
]
e
1l
o=

For the second root in (B.10), substitute m = % + VA into (B.13). After simplification, we end up with
exactly the same equation as (B.15), namely the expressions in (B.16) are still the roots. Thus, if the result
here is a solution of (B.3), the constraints p > 0 for (B.12) and p > ¢ for (B.16) need to be satisfied.
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Appendiz B.2. Algorithm of projection onto the invariant domain set

Given [x,y,z]T ¢ G¢, find the projection of [x,y,z]T on set G*.
Step 1. Compute candidate points from KKT conditions.

o The point [p, m,E]" = [e,y,z]T is a candidate, if x < ¢ and z — y - > ¢
e The point [p,m,E]T =[¢,0,¢]" is a candidate, if x < ¢, y=0,and z < ¢.

o If y # 0, solve cubic equation m?3 + (4¢2 — 2ez)m — 22y = 0 to obtain all real roots. Examine each real
2
root individually. Let m, denote a real root and let E, = r;—; + ¢. The point [p,m,E]T =[e,m,, E]*
is a candidate, if miy > 1 and 2ex + m,(y —m,) < 22

o The point [p, m,E]T =[x,0,¢]" is a candidate, if x > ¢, y=0,and z < ¢.

e Compute p; and ps using the following formulas only if they are real.

x 122y + (e +x—2)2) - 2xy2(z — &) + Y4
pr=75+5 :

22 V22 + (e + x — z)?

x 122y + (e +x—2)2) - 2xy2(z — &) + Y4
P=5"3 :

V22 + (e + x — z)?

For real values of p; and pg, compute m; and my using the following formulas only if they are real.

mi(p) = %y - %\/—8‘02 +8xp+y? and ma(p) = %y + %1/_8p2 +8xp + 2.

Then, for real point:

— The point [p,m, E]" = [p1, mi(p1), € + ml(pl) ] is a candidate, if p; > € and € + %‘TV > z.
— The point [p, m,E]" = [py, m1(p2), € + ml(pZ) ] is a candidate, if p2 > ¢ and € + %’?2 > z.
— The point [p,m, El" = [p1, ma(p1), € + mz(gl) ] is a candidate, if p; > € and ¢ + %’Oi)z > z.
— The point [p, m, E]" = [py, ma(p2), € + %] is a candidate, if p > ¢ and € + %’?2 >z,

Step 2. Substitute all candidate points into the objective function
lp — x|? +|m —y|*> +|E - z|.
Pick the point [p, m, E]T from the candidate points such that minimizes the value of the objective function,
which gives the projection point.
Appendix C. Projection to numerical admissible set in two dimensions

Appendiz C.1. Derivation from KKT conditions

Let [u,vl,vz,w]T denote an out-of-bound cell average produced by a simulation in two-dimensional
domain. For a small prescribed ¢ > 0, the numerical admissible set G* in (2) becomes

2+ 2
G*‘={u=[p,m1,m2,E]T: p=e, pE(U)=E—m12—pmzze}- (C1)
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The projection point on the closed convex set G¢ is unique. To find the projection of [M,Ul,UQ,ZU]T, we
need to solve the following minimization problem: find [p, my, ma, E]T that

. 1
min = (lp —ul® +|my —v1]|* + |my — vs|* + |E — w|?)
p,my,my,E 2
. m? +m3
subject to: e—=p<0 and e-E+ T <0. (C.2)
We derive an exact solution using the following KKT conditions:
e Stationarity condition
m? + m3
p—u—)\—yz—p2:0, (C.3a)
my —01 + ‘U% =0, (C3b)
Mo — Vg + y% =0, (C.3¢)
E-w-u=0. (C.3d)
e Complementary slackness
Ale—p)=0, (C.3e)
(e-E —mf+m§) 0 C.3t
ple 2 (C.3f)
e Primal feasibility
e—p<o, (C.3g)
mi + m3
e—E+——=<0 (C.3h)
2p
e Dual feasibility
>0, (C.3i)
u=0. (C.3))

From the dual feasibility, depending on A and p are zero or positive, we have four different scenarios. Let

us discuss case by case.

Case 1 (¢ =0 and A > 0). When u is zero, the (C.3a)-(C.3d) gives p = u + A, m; = vy, my = vy, and
E =w. When A > 0, the (C.3e) implies p = ¢. From (C.3a), we get A = ¢ —u. Thus, if [s,vl,vz,w]T is a
solution of (C.3), the constraints ¢ > # and (C.3h) need to be satisfied.

Case 2 (u =0 and A =0). When both p and A are zero, the (C.3a)-(C.3d) gives p = u, my = vy, My = Va,
and E = w. Thus, if [, 01,02, w]" is a solution of (C.3), the given point already belongs to the set G¢, i.e.,

the projection point is itself.
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Case 3 (>0 and A > 0). When both y and A are positive, the (C.3e) gives p = ¢ and (C.3f) becomes

E= %(mf +m3) + e. (C4)

If v; =0 and v3 = 0, by (C.3b) and (C.3c), we have my = 0 and ms = 0, which further implies E = €. From
(C.3d), we get p = ¢ —w and from (C.3a), we get A = & —u. Thus, if [¢,0,0, e]" is a solution of (C.3), the
constraints € > u and & > w need to be satisfied.

If v; = 0 and vy # 0, then (C.3b) gives m; = 0 and (C.3c) gives my # 0. Therefore, (C.3a)-(C.3d) become

w—A-plz _g (C.50)

—u-A-u—=2=0, .5a,

p H2p2

Mo — Vg + ‘u% =0, (C.5Db)
E-w-u=0. (C.5¢)

Furthermore, the KKT condition (C.3) degenerates to the associated one-dimensional case, which can be
solved by using the method in Section Appendix B Case 3.
If v1 # 0, multiply (C.3b) by v5 and multiply (C.3c) by vy, respectively. We have

(1 + E)mlvg = 0102
p _ _ 02

i = mi09 = MoV = Mmoo = —Mmjq. (06)

(1 + E)mgvl = 0102 U1

When vy # 0, it implies m; # 0. Otherwise, (C.3b) gives v; = 0, which leads to a contradiction. Let
a =1+02/v?. Substituting p = ¢ into (C.3b) to solve y, and further substituting the result into (C.3a), we
have

v a
y:e(m—ll—l) and A= e—u—2—€m1(01—m1). (C.7)
By substituting (C.6) into (C.4) and combining the result with (C.3d) and (C.7), we obtain
Q%mf+8:E:y+w:£(:;—11—l)+w. (C.8)

Multiplying 2em; on both sides above, we get a cubic equation with respect to m; as follows.
am? + (4e? — 2ew)m; — 2e%v; = 0.

After getting all the real roots of using the method in Appendix D, we compute ms form (C.6), E from
(C.8), and p, A from (C.7). Thus, if the result here is a solution of (C.3), the constraints y > 0 and A > 0
for (C.7) need to be satisfied.

Case 4 (u >0 and A =0). When yu is positive and A is zero, the KKT condition (C.3) simplify to p > ¢
and

m? +m3 0 (C.99)
— 1/[ — — T ’ . at
p # 2p2
mp — v + p% =0, (C.9b)
Mo — Vg + y% =0, (C.9¢)
E-w—-u=0, (C.9d)
m? + m3
e—E+—==0. (C.9)
2p
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If v; = 0 and vy = 0, we have my = 0 and mz = 0. By (C.9a) and (C.9¢), we get p = 1 and E = ¢. From
(C.9d), we get u = ¢ —w. Thus, if [u,0,0, ¢]" is a solution of (C.3), the constraints ¢ > w and ¢ < u need
to be satisfied.

If v1 = 0 and vy # 0, then (C.9b) gives m; = 0 and (C.9¢) gives my # 0. Thus, (C.9a)-(C.9¢) become

" g (C.10a)
—Uu — — =0, . a
p [‘l2p2
ma
Mo — Vg + ‘UF =0, (ClOb)
E_w—‘u:(), (C.lOC)
m;
e—E+—=2=0, (C.10d)
2p

which can be solved by using the method in Section Appendix B Case 4.
If v1 # 0, recall @ = 1+ v3/v? and mavy = M1V, by eliminating ms in (C.9a) and substituting (C.9b)
into (C.9a), we have

my nmy my
p—u—a—( —):O = a— (v —m)=2(p—u),
2pVp p
which is a quadratic equation with respect to m;, namely am% —avymy + 2p? = 2up = 0. Thus, let A =
—8ap? + 8aup + a?v? denote the discriminant. We have

U 1 U1 1
my = 5 2a\/z or mjp = D) + 211\/& (Cl].)
Similarly, using my = m1v2/v1 to eliminate ms in (C.9¢) and adding (C.10c¢) and (C.9¢) together, we have
my
E=¢+a—, (C.12)
2p
M (C.13)
pu=¢e+a 2 w. .

Therefore, once we compute p, the (C.9) is solved. Substitute (C.13) into (C.9b). After multiplying 2p?, we
end up with a quadratic equation with respect to p, as follows. Notice that v, # 0 implies m; # v;.
2(mq — 01)p2 +2(e —w)mip + am? = 0. (C.14)

To solve p, let us first substitute m; = %1 - % A into above. The other root in (C.11) can be addressed in

the same manner. We get

A 8 3
\/K(?)Uf t ot 8(e - w)g + EPQ) = av’ + ;le +8(e —w)vip — 8v1p%. (C.15)
Recall the discriminant A = —8ap? + 8aup + aZUf. Square both sides above and after some simplification,
we obtain
1 1
4(20% + E(E +u-— w)z)p2 —4u (20% + E(e +u-— w)Z)p +2uv(w — €) —avi = 0. (C.16)

The two roots of above quadratic equation are:

1 \/MQ(ZUf + (e +u—-w)?) - 2uvi(w - ¢) +avy

p=g+2 , (C.17a)
\/2v§ +1(e+u—w)?
v 1 \/u2(20f + e+ u—-w)?) - 2uvi(w - ¢) + av}
or = 5 - 5 (Cl7b)

\/2vf +1(e+u—w)?
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For the second root in (C.11), substitute m; = % + 5= VA into (C.14). After simplification, we end up with
exactly the same equation as (C.16), namely the expressions in (C.17) are still the roots. Thus, if the result
here is a solution of (C.3), the constraints u > 0 for (C.13) and p > ¢ for (C.17) need to be satisfied.

Finally, among all the points listed above, we pick the point [p, ml,mg,E]T which gives the smallest
value of the objective function, and it is the projection point.

Appendiz C.2. Algorithm of projection onto the invariant domain set
Given [x,yl,yg,z]T ¢ G°, find the projection [p, m1, mz,E]T on set G¢.
Step 1. Compute candidate points from KKT conditions.

e The point [p,ml,mz,E]T = [e,yl,yg,z] is a candidate, if x < € and z — —(yl + y%) > €.
e The point [p,ml,mg,E]T =[e,0, O,g]T is a candidate, if x < ¢, y1 =0, y2 =0, and z < «.

o If 1, y2 # 0, solve the cubic equation am? + (4¢? — 2ez)m; — 2e?y; = 0 with a = 1+ y2/y? to obtain
all real roots. Examine each real root individually. Let my, denote a real root. Then the point

T T Y2 a
[p/mllmQIE] = [glmlr/mQT/EV] 7 Where Moy = y_mlr a'nd ET = %mi’ + &,
1

is a candidate, 1f > 1 and 2ex + amy, (y1 — m,) < 262

e The point [p,ml,mg,E]T =[x,0,0, e]T is a candidate, if x > ¢, 1 =0, y2 =0, and z < ¢.

e Compute p; and ps using the following formulas only if they are real.

1 \/x2(2yf + (e +x—2)%) = 2xy3(z — &) + ay]

x
PI:_+_ ’
202 \/ny+%(5+3(—2)2
X 1\/362(2yf+%(e+x—z)2)—Qxyf(z—e)+a]/i1
=573 -

\/ny +1(e+x—2)?

For real values of p; and pz, compute my, and mig using the following formulas only if they are real.

1 1 1 1
mia(p) = Y- %\/—861;)2 +8axp +a?y? and myg(p) = i + %\/_SQPZ +8axp + a2y?>.

Then, for real points:

Th . T _ Y2 mla(Pl)2 T . . .
— e point [p, m1, ma, E]™ = [p1, m1a(p1), y_lmla(Pl)/ &+ T] is a candidate, if p; > € and
c+ mla(Pl) > 7.
T
— The point [p,ml,mg,E] [pg,mla(pg) mla(pg) &£+ %p;)z] is a candidate, if ps > ¢ and
2
e+ —mlg(pf) >z
2 T
— The point [p,ml,mg,E] = [p1, mip(p1), ylmlﬁ(pl) e+ 2 (P ) ] is a candidate, if p; > € and
2
e+ —mlg(ppll) >z,
— The point [p,ml,mg,E] [pz,mlﬁ(pg), " Zmip(p2), € + mlgi)pz) ] is a candidate, if ps > € and
&+ mippa)® zZ.
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Step 2. Substitute all candidate points into the objective function

|p—x|2 +|my —]/1|2 +[my —}/2|2 +|E - z|2

Pick the point [p,ml,mQ,E]T from the candidate points such that minimizes the value of the objective
function, which gives the projection point.

Appendix D. Real roots of depressed cubic equation

We list the following formulae to compute all the real roots of a depressed cubic equation in the form of

x3 +px + g =0, where p, g € R. For more details, see [13] and [47, Appendix A].

1. If p = g = 0, then the equation has a triple real root.

X1 =2%x0 =x3=0. (D.1)
. If 4p3 + 27¢2 > 0, then the equation only has one real root.
v = -5 (% + ). (D2)
Here Y; = (9 + VIZPTTST7) and Y = 3(9q — TIpT T 510,

. If4p3+274% = 0 (but p # 0 or g # 0), then the equation has three real roots, one of which is a double
root.

3
n=a (D.3a)
p
39
=X3=——. D.3b
X9 X3 2p ( 3 )
. If 4p3 + 27¢2 < 0 (this implies p < 0), then the equation has three unequal real roots.
2-3p 6
Xy = - sy, (D.4a)
V-3 0 0
X2 = p(cos 3 + V3sin 5), (D.4b)
V-3 0 0
X3 = 3 P (COS g — V3sin 5) (D4C)
Here, the 6 = arccos ( - ;;:f_ip)

The advantage of using the formulae above is that it allows us to only use real number operations to obtain
real roots. Eliminating the need for complex number operations simplifies implementation.
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