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Abstract8

We introduce effective splitting methods for implementing optimization-based limiters to enforce the in-
variant domain in gas dynamics in high order accurate numerical schemes. The key ingredients include
an easy and efficient explicit formulation of the projection onto the invariant domain set, and also proper
applications of the classical Douglas-Rachford splitting and its more recent extension Davis-Yin splitting.
Such an optimization-based approach can be applied to many numerical schemes to construct high order
accurate, globally conservative, and invariant-domain-preserving schemes for compressible flow equations.
As a demonstration, we apply it to high order discontinuous Galerkin schemes and test it on demanding
benchmarks to validate the robustness and performance of both ℓ1-norm minimization limiter and ℓ2-norm
minimization limiter.
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1. Introduction12

1.1. Background and motivation13

The compressible Euler and Navier-Stokes (NS) equations are fundamental models in gas dynamics, with14

broad applications in aeronautics, astronautics, and astrophysics. When solving gas dynamics equations,15

it is necessary for numerical methods to preserve positivity of density and internal energy, not only to16

produce physically meaningful solutions, but more importantly to achieve nonlinear stability, especially for17

demanding applications involving low density and pressure such as very high speed shocks and blast waves18

[21, 40].19

The conserved variables in the gas dynamics equations are density, momentum, and total energy denoted20

by 𝜌,𝒎 , 𝐸. Then the internal energy can be written as 𝜌𝑒 = 𝐸 − 1
2
∥𝒎∥2
𝜌 , and for ideal gas the pressure is21

𝑝 = (𝛾 − 1)𝜌𝑒 with a constant 𝛾 > 1. Let 𝒎 be a column vector, then the set of admissible states of positive22

density and positivity internal energy (or pressure) can be written as23

𝐺 =

{
𝑼 = [𝜌,𝒎T , 𝐸]T : 𝜌 > 0, 𝜌𝑒(𝑼 ) = 𝐸 − ∥𝒎∥2

2𝜌
> 0

}
. (1)

Since the function 𝜌𝑒(𝑼 ) is concave with respect to 𝑼 , by Jensen’s inequality, the set 𝐺 is convex. In the24

literature, numerical schemes with solutions staying in the convex set 𝐺 are positivity-preserving schemes25
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[12, 46], and such schemes are also called invariant-domain-preserving schemes [18] since well-posed solutions26

should stay in this invariant domain set 𝐺. For numerical implementation, a numerical admissible set or27

invariant domain 𝐺𝜀 is often considered with a small 𝜀 > 0:28

𝐺𝜀 =

{
𝑼 = [𝜌,𝒎T , 𝐸]T : 𝜌 ≥ 𝜀, 𝜌𝑒(𝑼 ) = 𝐸 −

∥𝒎∥22
2𝜌

≥ 𝜀

}
, (2)

which is a convex and closed set.29

For enforcing bounds or positivity, there are quite a few approaches developed in the past 15 years30

for high order accurate schemes, most of which use fully explicit time discretizations [45, 20, 24]. For the31

compressible NS equations, the fully explicit method [44] typically suffers from restrictive time step size32

constraints like Δ𝑡 = 𝒪(ReΔ𝑥2), which is suitable only for large Reynolds numbers Re ≫ 1. To use larger33

time step sizes like Δ𝑡 = 𝒪(Δ𝑥), semi-implicit [18, 31] and the fully implicit method [16] can be considered,34

but extensions of such positivity-preserving schemes to arbitrarily high order accuracy are in general quite35

difficult. For a more detailed review, see [31, Section 1.2].36

For avoiding small time steps and easy extensions to arbitrarily high order accuracy, one approach is37

the optimization-based method [17, 39, 38, 29]. A minimization is solved to seek minimal modification38

of the given numerical solution while enforcing the conservation and positivity or bounds as constraints.39

In this paper, we focus on how to design such an optimization-based method with the invariant domain40

𝐺𝜀 as a constraint, which has not been well studied in previous efforts of designing optimization-based41

positivity-preserving limiters in the literature.42

1.2. Optimization-based invariant-domain-preserving limiters43

An optimization-based limiter can be applied to any numerical schemes. In this paper, we focus on44

discontinuous Galerkin (DG) methods as an example, and the generalization to other popular schemes such45

as finite difference, finite volume, and continuous finite element method is straightforward. For simplicity, we46

only consider DG on uniform meshes. For reducing computational cost, we only apply optimization-based47

limiters to post process the cell averages of DG solutions so that cell averages are ensured to stay in the48

invariant domain 𝐺𝜀, after which the simple scaling limiter in [46] can be applied to each DG polynomial in49

each cell to further ensure quadrature point values to be in the invariant domain 𝐺𝜀. Another alternative50

is to apply optimization-based limiters to all the quadrature point values of the DG solution, to which the51

efficient operator splitting methods in this paper can also be used.52

Given a DG solution 𝑼ℎ , define the piecewise constant function 𝑼ℎ as the cell average of 𝑼ℎ in each53

cell 𝐾, that is, 𝑼ℎ|𝐾 = 1
|𝐾|

∫
𝐾
𝑼ℎ . If there exists a bad cell 𝐾 with 𝑼ℎ|𝐾 ∉ 𝐺𝜀, then we seek a piecewise54

constant 𝑿ℎ which minimizes the distance to 𝑼ℎ under a chosen norm with the constraints of preserving55

global conservation and invariant domain:56

min
𝑿ℎ

∥𝑿ℎ −𝑼ℎ∥ subject to
∫
Ω

𝑿ℎ =

∫
Ω

𝑼ℎ and 𝑿ℎ|𝐾𝑖 ∈ 𝐺
𝜀 for any cell 𝐾𝑖 . (3)

One can certainly add more constraints to the minimization above for enforcing more desired physical prop-57

erties. On the other hand, one major computational challenge is how to efficiently solve such a constrained58

minimization, which is a limiter to be applied to each time step of high order schemes solving a time de-59

pendent problem. As will be shown in this paper, the two constraints in (3) can be efficiently handled by60

splitting methods.61

Let 𝑾ℎ denote the minimizer to (3). Then after applying the optimization-based limiter (3), the post-62

processed DG polynomial can be written as63

𝑼ℎ = (𝑼ℎ −𝑼ℎ) +𝑾ℎ , (4)

and it preserves global conservation
∫
Ω
𝑼ℎ =

∫
Ω
𝑼ℎ and 𝑼ℎ has cell averages 𝑾ℎ|𝐾𝑖 ∈ 𝐺𝜀.64

The modification (4) does not destroy the approximation order [29, 27, 28]. In particular, let 𝑼 denote65

the cell average of the exact solution, and assume the numerical solution has the same integral as the exact66

2



solution, then𝑼 satisfies both constraints in (3), thus the minimizer𝑾ℎ to (3) satisfies ∥𝑾ℎ−𝑼ℎ∥ ≤ ∥𝑼−𝑼ℎ∥,67

and68

∥𝑾ℎ −𝑼∥ ≤ ∥𝑾ℎ −𝑼ℎ∥ + ∥𝑼ℎ −𝑼∥ ≤ 2∥𝑼ℎ −𝑼∥. (5)

This simple argument shows that the limiter (3) does not destroy the order of accuracy w.r.t. the chosen69

norm in (3). As will be shown in Theorem 1 in Section 3, we can get a better accuracy result than (5) if70

𝐿2-norm is used, i.e., taking ∥ · ∥ = ∥ · ∥𝐿2 in (3),71

∥𝑾ℎ −𝑼∥𝐿2 < ∥𝑼ℎ −𝑼∥𝐿2 . (6)

Once the DG polynomial cell averages are in the invariant domain 𝐺𝜀, the simple scaling limiter in72

[45, 46] can be applied to further enforce quadrature point values to be in 𝐺𝜀. In the literature, such a73

limiter is sometimes called Zhang-Shu limiter, which does not affect accuracy either [44].74

1.3. Operator splitting methods in convex optimization75

In (3), we still need to specify a norm, and a popular choice is to employ the 𝐿2 norm, i.e. taking76

∥ · ∥ = ∥ · ∥𝐿2 . Meanwhile, the 𝐿1 norm ∥ · ∥ = ∥ · ∥𝐿1 has also been often considered in the literature. As77

will be shown in our numerical tests, 𝐿1 norm limiter may be more desirable for certain problems, such as78

the astrophysical jet. In the convex optimization literature, the indicator function for a closed convex Λ is79

defined as:80

𝜄Λ(𝑿 ) =
{
0, 𝑿 ∈ Λ,

+∞, 𝑿 ∉ Λ.
(7)

We remark that +∞ must be used in the definition of the indicator function, instead of a large enough81

positive number, so that 𝜄Λ(𝑿 ) can be a proper convex function, see [7, Section 3.2]. With respect to the82

𝐿2 and 𝐿1 norms, the optimization problem (3) can be equivalently written as the following two models,83

respectively,84

(𝐿2 model) : min
𝑿ℎ

∥𝑿ℎ −𝑼ℎ∥2𝐿2 + 𝜄Λ1
(𝑿ℎ) + 𝜄Λ2

(𝑿ℎ), (8)

(𝐿1 model) : min
𝑿ℎ

∥𝑿ℎ −𝑼ℎ∥𝐿1 + 𝜄Λ1
(𝑿ℎ) + 𝜄Λ2

(𝑿ℎ), (9)

where the two closed convex sets85

Λ1 = {𝑿ℎ :

∫
Ω

𝑿ℎ =

∫
Ω

𝑼ℎ}, Λ2 = {𝑿ℎ : 𝑿ℎ|𝐾𝑖 ∈ 𝐺𝜀 , ∀ 𝑖}, (10)

are associated to conservation and invariant-domain-preserving constraints.86

For solving (8) and (9), which are a composite of a few convex closed proper functions, the scalability87

of first order operator splitting methods suits well for large problems. For two operator splitting convex88

optimization scheme, the most robust splitting is the Douglas-Rachford splitting (DRS), which was first89

introduced in 1950s for solving heat equations in two dimensions [33, 11]. In 1979, Lions and Mercier90

extended DRS to composite convex optimization [26]. It has been well known that quite a few popular91

splitting methods such as the alternating direction method of multipliers (ADMM) and the dual split92

Bregman method can be exactly equivalent to DRS under proper choices of parameters. See [10, 15] and93

references therein for the exact equivalent relation. In [35, 36], it was shown that DRS and forward-backward94

splitting can be integrated, followed by its extension in [6]. Such a method was proven convergent by Davis95

and Yin [9], and such a three operator splitting is also referred to as Davis-Yin splitting (DYS).96

We emphasize that it is critical to design solvers to efficiently solve (3), which is needed in each time step97

for solving a time-dependent PDE. The DRS in [26] has been shown to be efficient for solving optimization-98

based limiters for enforcing global conservation and bounds of scalar variables in high order DG schemes99

solving challenging PDEs including Cahn-Hilliard-Navier-Stokes system [29], compressible Navier-Stokes100

[27], and highly anisotropic diffusion [28]. In the rest of the paper, we focus on how to construct splitting101

methods to solve (8) and (9) for invariant-domain-preserving of a vector variable 𝑼 , which is a more difficult102

problem than the simpler problem of enforcing bounds or positivity for a scalar variable in [29, 27, 28].103
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Two-operator Douglas-Rachford splitting. Let 𝜕𝑔 and 𝜕ℎ be the subdifferentials of convex functions104

𝑔 and ℎ. Let I denote an identity operator. The proximal operator with a parameter 𝛾 > 0 for the convex105

function 𝑔 is defined as106

prox𝛾𝑔(𝑿 ) = (I + 𝛾𝜕𝑔)−1(𝑿 ) = argmin𝒁 𝑔(𝒁) +
1

2𝛾
∥𝒁 − 𝑿∥22 , (11)

and prox𝛾
ℎ

is defined similarly. To find a minimizer 𝑿 ∗ of 𝑔(𝑿 ) + ℎ(𝑿 ), the generalized DRS iteration with107

a step size 𝛾 > 0 and a relaxation parameter 𝜆 ∈ (0, 2) is given by:108

(DRS)

{
𝒀 𝑘+1 = 𝜆 prox𝛾𝑔(2𝑿 𝑘 − 𝒀 𝑘) + 𝒀 𝑘 − 𝜆𝑿 𝑘 ,

𝑿 𝑘+1 = prox𝛾
ℎ
(𝒀 𝑘+1), (12)

in which 𝒀 is only an auxiliary variable, and 𝑿 𝑘 will converge to the minimizer for any fixed 𝛾 > 0 and109

𝜆 ∈ (0, 2) if the two functions 𝑔 and ℎ are convex closed proper, e.g., 𝐿1 function and indicator functions110

of a closed convex set. If one of the functions is also strongly convex, then (12) also converges for 𝜆 = 2,111

and the special case 𝜆 = 2 is also called Peaceman-Rachford splitting. For using DRS for solving (8) for112

enforcing bounds of a scalar variable, in [29] the asymptotic linear convergence of (12) has been analyzed,113

from which a simple formula for selecting optimal parameters 𝛾 and 𝜆 is derived, but neither the analysis114

nor the parameter formula in [29] can be extended to the vector variable case for the invariant domain (2).115

Three-operator Davis-Yin splitting. For solving a problem of the form min𝑿 𝑓 (𝑿 )+ 𝑔(𝑿 )+ ℎ(𝑿 ), DYS116

in [9] is given by:117

(DYS)


𝑿 𝑘+1/2 = prox𝛾𝑔(𝒁𝑘),
𝑿 𝑘+1 = prox𝛾

𝑓

(
2𝑿 𝑘+1/2 − 𝒁𝑘 − 𝛾∇ℎ(𝑿 𝑘+1/2)

)
,

𝒁𝑘+1 = 𝒁𝑘 + 𝑿 𝑘+1 − 𝑿 𝑘+1/2.

(13)

For proper closed convex functions 𝑓 , 𝑔, and ℎ, where ∇ℎ is Lipschitz continuous with the Lipschitz constant118

𝐿, iteration (13) converges for any constant step size 𝛾 ∈ (0, 2/𝐿). We remark that three-block ADMM119

methods can also be used here, but in practice DYS 𝛾 = 1
𝐿 performs much better than all other alternatives,120

see a numerical comparison for solving (8) for enforcing bounds of a scalar variable in [1].121

1.4. The main results of this paper122

For solving (8), both DRS (12) and DYS (13) can be used, if all the proximal operators are available. For123

the indicator function 𝜄Ω for a closed convex set Ω, its proximal operator is simply the Euclidean projection124

to the set Ω. To implement DRS and DYS, the only nontrivial operator is the projection onto the invariant125

domain. Even though the definition of the set 𝐺𝜀 in (2) seems simple, its projection formula is no longer126

straightforward. The first key result of this paper is to derive an efficient explicit projection formula for127

convex set 𝐺𝜀 in (2), with which both DRS (12) and DYS (13) can be easily implemented for solving (8). We128

are able to derive the projection formula as a cubic root. For the ease of presentation, we list the projection129

algorithms in Appendix B.2 and Appendix C.2.130

For solving (9), neither DRS (12) nor DYS (13) can be directly used. As will be shown in this paper, (8)131

can be regarded as a subproblem in DRS solving (9), and this subproblem can be solved efficiently by DYS132

(13). In other words, we propose to use DRS nested with DYS for solving (9), which is an efficient way for133

solving 𝐿1-norm optimization-based invariant-domain-preserving limiter.134

Our numerical results indicate that the 𝐿1-norm limiter (9) is not better than the 𝐿2-norm limiter (8)135

in terms of sparsity of the minimizer, unlike ℓ1-norm minimizations in many other applications. Moreover,136

the 𝐿2-norm limiter (8) is cheaper to solve, and it improves the accuracy of the DG solution, as shown in137

Theorem 1 in Section 3. On the other hand, as will be shown in our numerical tests, for certain important138

time dependent problems, the 𝐿1-norm limiter (9) may be more desirable. For instance, as shown in Figure139

5 for the high speed astrophyscial jet problem, the optimization-based limiter is triggered less during the140

time evolution if using 𝐿1-norm limiter (9), compared to using 𝐿2-norm limiter (8).141
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1.5. Related work142

In the past 15 years, there have been active research on constructing invariant-domain-preserving limiters143

for high order schemes solving hyperbolic and related systems. One popular approach introduced by Zhang144

and Shu [45, 46] is to only modify the approximation polynomial by a simple scaling limiter to eliminate145

overshoots and undershoots at certain quadrature points, with which DG and finite volume type schemes146

using strong stability preserving (SSP) time discretizations can ensure the cell averages to be invariant-147

domain-preserving. See also [44, Appendix C] for the accuracy proof of this limiter. Another widely used148

approach is the flux corrected transport (FCT) type method [43], which is to modify the high order numerical149

flux by a convex combination with a low order flux [20, 19, 23, 22]. The FCT is flexible and applicable to150

a broad range of spatial discretizations. Recent developments include convex limiting and subcell convex151

limiting [22, 32, 37, 25], etc. It is in general difficult to establish rigorous accuracy proof for FCT type152

methods, though the accuracy for the 1D linear scalar case can be proven [41]. All these approaches rely on153

existence of a low order invariant-domain-preserving numerical flux, which is however not always available154

for complicated systems, e.g., higher order PDEs like phase-field equations [29].155

As a more flexible alternative to the traditional methods above, optimization-based limiters like (3) can156

be considered, and it is mostly studied for a scalar variable, for which the admissible set 𝐺 = [𝑚, 𝑀] means157

bound-preserving, or 𝐺 = [0,+∞] means positivity-preserving. The same or similar optimization-based158

limiters for scalar quantities have been considered under different contexts, e.g., [17, 3, 5, 42, 2, 34]. See also159

[39, 38] for different optimization-based approaches for enforcing bounds. In [29, 27, 28], the optimization-160

based limiter was considered for some challenging equations and systems but the limiter was only applied161

to scalar variables.162

To the best of our knowledge, all these existing optimization-based approaches consider the treatment of163

a scalar variable, rather than directly tackling the invariant domain set 𝐺𝜀 defined in (2). On the other hand,164

if 𝑿 is a scalar variable in (3), it has been proven in [5] that the unique minimizer to the 𝐿2 minimization165

(8) is one of the minimizers to the 𝐿1 minimization (8), and an explicit cheap construction to one of the 𝐿1166

minimizers to (9) was given in [5], which will be reviewed in Section 2. In other words, for a scalar variable167

𝑿 in 𝐿1 minimization (9), the best solution is the explicit construction of one particular minimizer in [5],168

which is however not a minimizer to (8), and one gets the accuracy justification in (5) under 𝐿1-norm. For169

using 𝐿2 minimization (8) for a scalar variable 𝑿 , in the literature there are many efficient solvers that were170

used, for which however the computational complexity is usually not quantified. For solving 𝐿2 minimization171

(8) for a scalar variable 𝑿 , when using the optimal parameters given in [29], DRS has a complexity around172

80𝑁 , if the bad cell ratio is small, which is the case for many good schemes solving many practical problems.173

Among all the efficient solvers considered and used for (8) for a scalar variable, only the operator splitting174

methods can be easily extended to enforcing the invariant domain for a vector variable. For example, it was175

shown in [4] that (8) for scalar variables can be efficiently solved by the solver in [8], which was designed for176

enforcing bounds rather than an invariant domain like (2).177

1.6. Contributions and organization of the paper178

In this paper, we provide a simplified explicit formula for projecting a point onto the admissible set (2)179

for gas dynamics equations such as compressible Euler and NS equations. We further use this projection180

to construct efficient operator splitting schemes for solving optimization-based post-processing limiters (8)181

and (9). To the best of our knowledge, this is the first study on constructing optimization-based limiters182

for directly enforcing the invariant domain (2), and this is also the first time to use in this context a three-183

operator splitting scheme like DYS, which performs quite well numerically for solving 𝐿2-norm limiter (8).184

The proposed invariant-domain-preserving limiter also works in enforcing positivity of cell averages in DG185

methods, even if the time discretization is not SSP type, as will be shown in our numerical tests.186

The rest of this paper is organized as follows. In Section 2, we review some existing results then explain187

how to design splitting methods for solving the 𝐿2 and 𝐿1 optimization-based limiter for scalar variables.188

In Section 3, we describe the designed splitting methods for optimization-based limiters for the enforcing189

invariant domain. DYS method is used for solving the 𝐿2-norm invariant-domain-preserving limiter, and190

DRS nested with DYS can be used for the 𝐿1-norm invariant-domain-preserving limiter. Both limiters191
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involve the projection to the invariant domain, and formulae are given in the Appendix. Numerical tests192

are shown in Section 4. Concluding remarks are given in Section 5.193

2. Bound-preserving limiters for scalar conservation laws194

In this section, we first review the result in [5], then discuss splitting methods for preserving bounds of195

scalar variable, i.e., the invariant domain is 𝐺 = [𝑚, 𝑀], where 𝑚 and 𝑀 are the lower and upper bounds196

satisfied by the exact or physical solutions.197

2.1. The problem setup and existsing results for the scalar case198

For a scalar-valued function 𝑢 in solving a scalar equation, a DG scheme may violate the bound-preserving199

property with cell averages out of the interval 𝐺 = [𝑚, 𝑀], which may occur when using a high order scheme200

with a large time step size or a high order accurate implicit scheme. The 𝐿2 model (8) enforces global201

conservation and bounds without compromising high order accuracy, see [28].202

We introduce a vector 𝒖 ∈ R𝑁 to represent cell averages of the scalar-valued DG polynomial solution 𝑈ℎ ,203

that is, the 𝑖-th entry of 𝒖 equals 𝑈ℎ|𝐾𝑖 = 1
|𝐾𝑖 |

∫
𝐾𝑖
𝑈ℎ . Define a matrix A = [1 1 · · · 1] ∈ R1×𝑁 and 𝑏 = A𝒖.204

Then, the limiter (8) is equivalent to the following problem with a parameter 𝛼 > 0 in matrix-vector form:205

min
𝒙∈R𝑁

1

2𝛼
∥𝒙 − 𝒖∥22 + 𝜄Λ1

(𝒙) + 𝜄Λ2
(𝒙),

where Λ1 = {𝒙 ∈ R𝑁 : A𝒙 = 𝑏}, (14)

and Λ2 = {𝒙 ∈ R𝑁 : 𝑥𝑖 ∈ [𝑚, 𝑀], ∀𝑖 = 1, · · · , 𝑁}.

Notice that we have a freedom to choose a different 𝛼 > 0, which may affect performance of solvers for (14).206

Similarly, the 𝐿1 model (9) for a scalar variable with 𝐺 = [𝑚, 𝑀] is equivalent to207

min
𝒙∈R𝑁

∥𝒙 − 𝒖∥1 + 𝜄Λ1
(𝒙) + 𝜄Λ2

(𝒙),

where Λ1 = {𝒙 ∈ R𝑁 : A𝒙 = 𝑏} (15)

and Λ2 = {𝒙 ∈ R𝑁 : 𝑥𝑖 ∈ [𝑚, 𝑀], ∀𝑖 = 1, · · · , 𝑁}.

By [5, Proposition 4.1], the unique minimizer to the strongly convex ℓ2 problem (14) also minimizes the ℓ1208

problem (15), which however has multiple minimizers. Moreover, it is proven in [5] that one particular ℓ1209

minimizer can be constructed explicitly by ClipAndAssuredSum ([5, Algorithm 3.1]):210

clip(𝒖) = min (max (𝒖 , 𝑚), 𝑀), (16a)

𝒅 =


𝑀1−clip(𝒖)
𝑀𝑁−1·clip(𝒖) , if 1 · clip(𝒖) − 𝑏 < 0,

0, if 1 · clip(𝒖) − 𝑏 = 0,
clip(𝒖)−𝑚1

1·clip(𝒖)−𝑚𝑁 , if 1 · clip(𝒖) − 𝑏 > 0,

(16b)

𝒙∗ = clip(𝒖) − (1 · clip(𝒖) − 𝑏)𝒅. (16c)

If one wants an ℓ1 minimizer, the ClipAndAssuredSum is the best solution because of its low cost. On the211

other hand, the 𝒙∗ in (16) is not necessarily an ℓ2 minimizer. Moreover, it seems quite difficult to extend212

the proof and results in [5] to solving (9) in the context of the invariant domain (2).213

We emphasize that the minimizers to (15) are usually not sparse, unlike many other ℓ1 minimization214

problems in other applications. In terms of sparsity, the minimizers to ℓ1 minimization (15) are often only215

marginally better than the minimizer to ℓ2 minimization (14).216
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Remark 1. The objective function of the ℓ1 minimization problem (15) is convex but not strongly convex,217

which implies the non-uniqueness of the minimizer. To see this, let us consider the following simple example218

with four variables:219

min
𝑥1 ,𝑥2 ,𝑥3 ,𝑥4

|𝑥1 − 1| + |𝑥2 − 1| + |𝑥3 − 2| + |𝑥4 − 2.1| (17a)

subject to 𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 = 6.1 and 𝑥𝑖 ∈ [1, 2] for 𝑖 = 1, · · · , 4. (17b)

The vector [𝑥1 , 𝑥2 , 𝑥3 , 𝑥4]T = [1, 1.1, 2, 2]T is a minimizer, which yields the objective function value 0.2.220

And [1.05, 1.05, 2, 2]T achieves the same objective value, i.e., it is also a minimizer. When interpreting221

the values [1, 1, 2, 2.1]T in (17a) as cell averages, the first minimizer [1, 1.1, 2, 2]T modifies fewer cells (two222

cells) than the second minimizer [1.05, 1.05, 2, 2]T, which modifies three. In this simple example (17), both223

ClipAndAssuredSum and splitting methods listed in this section produce the second minimizer, which is not224

the “sparsest solution” in the sense of modifying the fewest number of cells.225

2.2. Davis-Yin splitting for ℓ2 minimization226

Both sets Λ1 and Λ2 in (14) are convex and closed, which implies the objective function of (14) is a227

proper closed strongly convex function and thus has a unique minimizer. In [28], DRS (12) was used to228

solve (14) with optimal parameters. Here we provide an easier alternative approach based on DYS method,229

which serves as an important component in constructing the splitting method for 𝐿1 model in this paper.230

To apply DYS (13), we choose231

𝑓 (𝒙) = 𝜄Λ1
(𝒙), 𝑔(𝒙) = 𝜄Λ2

(𝒙), and ℎ(𝒙) = 1

2𝛼
∥𝒙 − 𝒖∥22. (18)

Let A+ = AT(AAT)−1 denote the pseudo inverse of the matrix A. The proximal operator for the function 𝑓232

defined in (18) is given by233

prox𝛾
𝑓
(𝒙) = A+(𝑏 − A𝒙) + 𝒙. (19)

The proximal operator of an indicator of a set is the Euclidean projection onto that set. Thus, the prox𝛾𝑔234

projects each point 𝑥𝑖 , 𝑖 = 1, · · · , 𝑁 , onto the admissible set [𝑚, 𝑀], i.e., it is the cut-off operation:235

[prox𝛾𝑔(𝒙)]𝑖 = min (max (𝑥𝑖 , 𝑚), 𝑀), ∀𝑖 = 1, · · · , 𝑁. (20)

Here, the subscript 𝑖 denotes the 𝑖-th component in corresponding vector. In addition, we have236

∇ℎ =
1

𝛼
(𝒙 − 𝒖) and prox𝛾

ℎ
(𝒙) = 𝛼

𝛾 + 𝛼
𝒙 + 𝛾

𝛾 + 𝛼
𝒖 (21)

Substituting (19)-(21) into (13) and taking the step size 𝛾 = 1
𝐿 = 𝛼, where 𝐿 = 1

𝛼 is the Lipschitz constant237

of ∇ℎ, we obtain:238

𝑿 𝑘+1/2 = min (max (𝒁𝑘 , 𝑚), 𝑀), (22a)

𝒀 𝑘+1 = 𝑿 𝑘+1/2 − 𝒁𝑘 + 𝒖 , (22b)

𝑿 𝑘+1 = A+(𝑏 − A𝒀 𝑘+1) + 𝒀 𝑘+1 , (22c)

𝒁𝑘+1 = 𝒁𝑘 + 𝑿 𝑘+1 − 𝑿 𝑘+1/2. (22d)

In (22a), the min and max denote entrywise operation. We initialize the algorithm above by setting 𝒁0 = 𝒖.239

To terminate the iteration, we can choose a small positive tolerance 𝜖 near machine zero and employ the240

stopping criterion ∥𝒁𝑘+1 − 𝒁𝑘∥2ℎ < 𝜖, where norm ∥ · ∥2ℎ = ℎ𝑑/2∥ · ∥2.241

A practical advantage of the DYS (22) is that it does not require any parameter tuning. Although an242

optimal parameter selection guideline exists for DRS in the scalar cases [29], no established principle is243
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currently known for choosing parameters in a DRS when applied to an invariant domain (2). In such cases,244

a parameter-free DYS is preferable. In practice, DYS with the step size 𝛾 = 1
𝐿 is empirically quite efficient,245

often converges to machine zero accuracy within a few iterations. See a numerical comparison of DYS with246

other similar methods for solving (14) in [1]. Thus, for compressible Euler equations, we propose using the247

DYS method to solve the 𝐿2 minimization problem (8), as will be shown in Section 3.248

2.3. Douglas-Rachford splitting for ℓ1 minimization only for scalar variables249

We first consider the DRS method (12) to solve ℓ1 minimization (15), with functions 𝑔 and ℎ chosen as250

follows:251

𝑔(𝒙) = ∥𝒙 − 𝒖∥1 + 𝜄Λ2
(𝒙) and ℎ(𝒙) = 𝜄Λ1

(𝒙). (23)

The proximal of ℎ above is the same as (19). As shown in Appendix A, the proximal operator of 𝑔 is,252

[prox𝛾𝑔(𝒙)]𝑖 = max{min{𝑢𝑖 + S𝛾(𝑥𝑖 − 𝑢𝑖), 𝑀}, 𝑚}, (24a)

S𝛾(𝑎) = sgn(𝑎)max{|𝑎| − 𝛾, 0}. (24b)

The DRS method can easily be written out with these explicit formulae of proximal operators, and it253

converges with any positive step size 𝛾 > 0 and any relaxation parameter 𝜆 ∈ (0, 2).254

However, when extending from 𝐺 = [𝑚, 𝑀] to (2) for systems of conservation laws such as the Euler255

equations, the formula above and its derivation no longer hold, and there is no simple analytical expression256

for the proximal operator when combining the ℓ1 norm with an invariant-domain-preserving constraint (2).257

2.4. Douglas-Rachford splitting combined with Davis-Yin splitting for for ℓ1 minimization258

We now consider the DRS method (12) to solve ℓ1 minimization (15), with functions 𝑔 and ℎ chosen as259

follows:260

𝑔(𝒙) = ∥𝒙 − 𝒖∥1 and ℎ(𝒙) = 𝜄Λ1
(𝒙) + 𝜄Λ2

(𝒙). (25)

Define a shrinkage operator S𝛾(𝑥) = sgn(𝑥)max{|𝑥| − 𝛾, 0}. Associated with the function 𝑔 above, the261

proximal is given by262

[prox𝛾𝑔(𝒙)]𝑖 = 𝑢𝑖 + S𝛾(𝑥𝑖 − 𝑢𝑖) = 𝑢𝑖 + sgn(𝑥𝑖 − 𝑢𝑖)max{|𝑥𝑖 − 𝑢𝑖| − 𝛾, 0}, (26)

where the subscript 𝑖 denotes the 𝑖-th component in corresponding vector. The proximal of the function ℎ263

in (25) lacks a tractable analytical form. To overcome this difficulty, we design a nested approach, where the264

inner DYS iteration computes prox𝛾
ℎ

numerically. Notice that we have the following relation by definition265

of a proximal operator,266

prox𝛾
ℎ
(𝒙) = argmin𝒛∈R𝑁

1

2𝛾
∥𝒛 − 𝒙∥22 + 𝜄Λ1

(𝒛) + 𝜄Λ2
(𝒛), (27)

which is nothing but the problem (14). Therefore, to implement the proximal operator (27), it can be solved267

numerically by applying DYS (22). After obtaining prox𝛾
ℎ
, we use the DRS (12) to compute a minimizer of268

(15). We initialize the algorithm above by setting 𝒀0 = 𝒖 and 𝑿0 = prox𝛾𝑔(𝒀0). To terminate the iteration,269

we choose a small positive tolerance 𝜖 and employ the stopping criterion ∥𝒀 𝑘+1 − 𝒀 𝑘∥2ℎ < 𝜖.270

In other words, this is a nested method with DRS as an outer loop and DYS as the inner loop for the271

subproblem (27). This approach can be easily extended to the invariant domain (2).272
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3. An efficient implementation of invariant-domain-preserving limiters by splitting methods273

As an example, consider solving compressible Euler equations in a bounded spatial domain Ω ⊂ R𝑑 over274

the time interval 𝑡 ∈ [0, 𝑇]. Let 𝑼 = [𝜌,𝒎T , 𝐸]T denote the conservative variables for density, momentum,275

and total energy. The compressible Euler equations are276

𝜕𝑡𝑼 + ∇ · 𝑭a(𝑼 ) = 0, where 𝑭a =


𝒎

1
𝜌𝒎 ⊗ 𝒎 + 𝑝I
(𝐸 + 𝑝)𝒎𝜌

 . (28)

The total energy is 𝐸 = 𝜌𝑒 + ∥𝒎∥22
2𝜌 , where 𝑒 denotes the internal energy. For the ideal gas, the equation of277

state is 𝑝 = (𝛾 − 1)𝜌𝑒, where 𝛾 > 1 is a constant, e.g., 𝛾 = 1.4 for air. When vacuum does not occur, a278

physically meaningful solution to (28) should have positive density and positive internal energy, namely it279

should stay in the admissible set 𝐺. We will discuss optimization-based limiters for enforcing a numerical280

invariant domain 𝐺𝜀 in (2).281

3.1. An ℓ2 minimization invariant-domain-preserving limiter for cell averages282

High order explicit schemes with large time steps, as well as implicit schemes, may produce negative283

cell averages. We propose the optimization-based approach that incorporates preserving global conservation284

and invariant domain as constraints to postprocess the cell averages in DG solution.285

In limiter (8), the vector-valued piecewise constant polynomial 𝑿ℎ minimizes the 𝐿2 distance to the cell286

average of the DG polynomial 𝑼ℎ = [𝜌ℎ ,𝒎ℎ
T , 𝐸ℎ]T. We introduce a matrix U ∈ R𝑁×(2+𝑑) to represent cell287

averages of the DG polynomial 𝑼ℎ , that is, the 𝑖-th row of U equals288

𝑼ℎ
T|𝐾𝑖 =

[
1

|𝐾𝑖|

∫
𝐾𝑖

𝜌ℎ
1

|𝐾𝑖|

∫
𝐾𝑖

𝒎ℎ
T 1

|𝐾𝑖|

∫
𝐾𝑖

𝐸ℎ

]
. (29)

Then, model (8) is equivalent to the following unconstrained minimization problem in matrix-vector form:289

min
X∈R𝑁×(2+𝑑)

1

2𝛼
∥X − U∥2𝐹 + 𝜄Λ1

(X) + 𝜄Λ2
(X),

where Λ1 = {X : AX = 𝒃T} (30)

and Λ2 = {X : the 𝑖-th row X𝑖
T ∈ 𝐺𝜀 , ∀𝑖}.

Here, ∥ · ∥𝐹 is the matrix Frobenius norm. On a uniform mesh, we have A = [1, 1, · · · , 1] ∈ R1×𝑁 and290

𝒃T = AU. The closed convex sets Λ1 and Λ2 represent global conservation and invariant-domain-preserving291

constraints, respectively. The functions 𝜄Λ1
and 𝜄Λ2

are convex, indicating that (30) is a strongly convex292

minimization problem. Therefore, the solution of (30) is unique.293

The limiter (30) improves the accuracy of the DG solution in the following sense:294

Theorem 1. Let X∗ denote the minimizer of (30) and let Uexact ∈ R𝑁×(2+𝑑) be a matrix storing the cell295

averages of an exact solution. If the DG solution has the same integrals over the whole domain as the296

exact solution, and the DG cell averages violate the invariant domain (i.e., U ∉ Λ2), then the minimizer X∗
297

improves the accuracy:298

∥X∗ − Uexact∥𝐹 < ∥U − Uexact∥𝐹 . (31)

Proof. For two matrices B = [𝑏]𝑖 𝑗 and C = [𝑐]𝑖 𝑗 of same sizes, define the inner product B : C =
∑
𝑖 𝑗 𝑏𝑖 𝑗𝑐𝑖 𝑗 .299

The sets Λ1 and Λ2 are convex and closed, thus Λ1∩Λ2 is a convex closed set. Thus, Uexact and X∗ belongs300

to Λ1 ∩Λ2, which implies301

𝜂Uexact + (1 − 𝜂)X∗ ∈ Λ1 ∩Λ2 , ∀𝜂 ∈ [0, 1]. (32)
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Define302

𝜙(𝜂) := ∥U − (𝜂Uexact + (1 − 𝜂)X∗)∥2𝐹 = 𝜂2∥Uexact − X∗∥2𝐹 − 2𝜂(U − X∗) : (Uexact − X∗) + ∥U − X∗∥2𝐹 . (33)

If ∥Uexact−X∗∥𝐹 = 0, then ∥Uexact−X∗∥𝐹 = 0 < ∥Uexact−U∥𝐹, because Uexact ≠ U due to U ∉ Λ2. Otherwise,303

it is obvious that 𝜙(𝜂) is a quadratic function with respect to 𝜂. From (30), we know X∗ minimizes ∥U−X∥2
𝐹

304

for all X ∈ Λ1 ∩ Λ2. Thus, 𝜙(𝜂) achieves its minimum at 𝜂 = 0, which implies (X∗ − U) : (Uexact − X∗) ≥ 0.305

Therefore, we have306

∥Uexact − U∥2𝐹 = ∥Uexact − X∗ + X∗ − U∥2𝐹
= ∥Uexact − X∗∥2𝐹 + 2(X∗ − U) : (Uexact − X∗) + ∥X∗ − U∥2𝐹 > ∥Uexact − X∗∥2𝐹 . (34)

□307

Finally, we present an equivalent reformulation of problem (30) to facilitate the design of splitting308

methods. Partition columns in the matrix X = [𝝆,𝒎1 , · · · ,𝒎𝑑 , 𝑬] such that, the first column 𝝆 contains309

the cell averages of density, the next 𝑑 columns 𝒎1 to 𝒎𝑑 represent the cell averages of the momentum310

components, and the last column 𝑬 corresponds to the cell averages of total energy. Similarly, we define the311

matrix U = [𝒖 , 𝒗1 , · · · , 𝒗𝑑 ,𝒘] and let 𝒃T = [𝑏𝜌 , 𝑏𝑚1
, · · · , 𝑏𝑚𝑑

, 𝑏𝐸]. Then, the minimization problem (30) is312

equivalent to313

min
X

1

2𝛼

(
∥𝝆 − 𝒖∥22 +

𝑑∑
𝑖=1

∥𝒎𝑖 − 𝒗𝑖∥22 + ∥𝑬 −𝒘∥22
)
+ 𝜄Λ1

(𝝆,𝒎1 , · · · ,𝒎𝑑 , 𝑬) + 𝜄Λ2
(𝝆,𝒎1 , · · · ,𝒎𝑑 , 𝑬),

where Λ1 = {X : A𝝆 = 𝑏𝜌 , A𝒎1 = 𝑏𝑚1
, · · · , A𝒎𝑑 = 𝑏𝑚𝑑

, A𝑬 = 𝑏𝐸} (35)

and Λ2 = {X : [𝜌𝑖 , 𝑚1𝑖 , · · · , 𝑚𝑑𝑖 , 𝐸𝑖]T ∈ 𝐺𝜀 , ∀𝑖}.

Remark 2. We emphasize that the work in [29, 27, 28] focuses solely on a scalar variable and is therefore314

applicable only to compressible NS equations with Strang splitting [31, 27], but not for Euler equations. The315

proposed limiter in this section is much more general than the method in [27]. In contrast, the invariant-316

domain-preserving limiter (30) directly preserves the convex invariant domain thus is more broadly applicable317

in compressible flow simulations.318

3.2. Splitting methods for ℓ2 minimization limiter319

An efficient implementation of splitting methods to solve (35) requires computing proximal operators320

easily and efficiently. We split the objective function in a manner that facilitates the derivation of explicit321

formulae.322

• To apply DRS method (12), we choose323

𝑔(X) = 1

2𝛼

(
∥𝝆 − 𝒖∥22 +

𝑑∑
𝑖=1

∥𝒎𝑖 − 𝒗𝑖∥22 + ∥𝑬 −𝒘∥22
)
+ 𝜄Λ1

(𝝆,𝒎1 , · · · ,𝒎𝑑 , 𝑬), (36a)

ℎ(X) = 𝜄Λ2
(𝝆,𝒎1 , · · · ,𝒎𝑑 , 𝑬). (36b)

• To apply DYS method (13), we choose324

𝑓 (X) = 𝜄Λ1
(𝝆,𝒎1 , · · · ,𝒎𝑑 , 𝑬), (37a)

𝑔(X) = 𝜄Λ2
(𝝆,𝒎1 , · · · ,𝒎𝑑 , 𝑬), (37b)

ℎ(X) = 1

2𝛼

(
∥𝝆 − 𝒖∥22 +

𝑑∑
𝑖=1

∥𝒎𝑖 − 𝒗𝑖∥22 + ∥𝑬 −𝒘∥22
)
. (37c)

10



Let us derive the proximal associated with function 𝑔 in (36a). The proximal associated with function 𝑓 in325

(37a) can be derived similarly or simply set 𝛼 = +∞. By definition of the proximal operator, for any given326

X = [𝝆,𝒎1 , · · · ,𝒎𝑑 , 𝑬], we need to find Z = [𝝃, 𝜼1 , · · · , 𝜼𝑑 , 𝜻] to minimize the following function:327

𝛾

2𝛼

(
∥𝝃 − 𝒖∥22 +

𝑑∑
𝑖=1

∥𝜼𝑖 − 𝒗𝑖∥22 + ∥𝜻 −𝒘∥22
)
+ 𝛾𝜄Λ1

(𝝃, 𝜼1 , · · · , 𝜼𝑑 , 𝜻)

+ 1

2
∥𝝃 − 𝝆∥22 +

1

2

𝑑∑
𝑖=1

∥𝜼𝑖 −𝒎𝑖∥22 +
1

2
∥𝜻 − 𝑬∥22. (38)

By definition of the indicator function 𝜄Λ1
, minimizing (38) is equivalent to solving the following decoupled328

constraint optimization problems:329

min
𝝃∈R𝑁

𝛾

2𝛼
∥𝝃 − 𝒖∥22 +

1

2
∥𝝃 − 𝝆∥22 subject to A𝝃 = 𝑏𝜌 , (39a)

min
𝜼𝑖∈R𝑁

𝛾

2𝛼
∥𝜼𝑖 − 𝒗𝑖∥22 +

1

2
∥𝜼𝑖 −𝒎𝑖∥22 subject to A𝜼𝑖 = 𝑏𝑚𝑖 , for 𝑖 = 1, · · · , 𝑑, (39b)

min
𝜻∈R𝑁

𝛾

2𝛼
∥𝜻 −𝒘∥22 +

1

2
∥𝜻 − 𝑬∥22 subject to A𝜻 = 𝑏𝐸 . (39c)

Let us start with (39a). Define a Lagrange multiplier as follows:330

ℒ =
𝛾

2𝛼
∥𝝃 − 𝒖∥22 +

1

2
∥𝝃 − 𝝆∥22 + 𝜆(A𝝃 − 𝑏𝜌). (40)

Notice, the matrix A = [1 1 · · · 1] ∈ R1×𝑁 . Take partial derivatives, we get331

𝜕ℒ
𝜕𝝃

=

( 𝛾
𝛼
+ 1

)
𝝃 − 𝛾

𝛼
𝒖 − 𝝆 + 𝜆AT = 0, (41a)

𝜕ℒ
𝜕𝜆

= A𝝃 − 𝑏𝜌 = 0. (41b)

Left multiply A on both side of (41a), from the constraints A𝝃 = 𝑏𝜌 and A𝒖 = 𝑏𝜌, we have332

𝑏𝜌 − A𝝆 + 𝜆AAT = 0 ⇒ 𝜆 = (AAT)−1(A𝝆 − 𝑏𝜌). (42)

Substituting the expression for 𝜆 above into (41a) and recalling the pseudo inverse of the matrix A is given333

by A+ = AT(AAT)−1. We obtain334

𝝃 =
𝛼

𝛾 + 𝛼

(
A+(𝑏𝜌 − A𝝆) + 𝝆

)
+ 𝛾

𝛾 + 𝛼
𝒖. (43)

The (39b) and (39c) can be addressed similarly. Therefore, associated with the function 𝑔 in (36a), the335

proximal prox𝛾𝑔 maps336

𝝆 → 𝛼
𝛾 + 𝛼

(
A+(𝑏𝜌 − A𝝆) + 𝝆

)
+ 𝛾

𝛾 + 𝛼
𝒖 , (44a)

𝒎𝑖 → 𝛼
𝛾 + 𝛼

(
A+(𝑏𝑚𝑖 − A𝒎𝑖) +𝒎𝑖

)
+ 𝛾

𝛾 + 𝛼
𝒗𝑖 , for 𝑖 = 1, · · · , 𝑑, (44b)

𝑬 → 𝛼
𝛾 + 𝛼

(
A+(𝑏𝐸 − A𝑬) + 𝑬

)
+ 𝛾

𝛾 + 𝛼
𝒘. (44c)

Notice, the proximal of an indicator of a set is the Euclidean projection onto that set. To this end, we need337

the projection point onto the numerical admissible set 𝐺𝜀, i.e., computing the proximal for ℎ in (36b) an 𝑔338

in (37b). Such a projection is by no means trivial. For the ease of presentation, the projection formula to339

𝐺𝜀 and its derivation are given in the Appendix.340
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3.3. An ℓ1 invariant-domain-preserving cell average limiter341

Consider cell averages U = [𝒖 , 𝒗1 , · · · , 𝒗𝑑 ,𝒘] of a DG polynomial. For compressible Euler equations, the342

𝐿1 limiter (9) is equivalent to the following non-constraint optimization problem in matrix-vector form:343

min
X

∥𝝆 − 𝒖∥1 +
𝑑∑
𝑖=1

∥𝒎𝑖 − 𝒗𝑖∥1 + ∥𝑬 −𝒘∥1 + 𝜄Λ1
(𝝆,𝒎1 , · · · ,𝒎𝑑 , 𝑬) + 𝜄Λ2

(𝝆,𝒎1 , · · · ,𝒎𝑑 , 𝑬),

where Λ1 = {X : A𝝆 = 𝑏𝜌 , A𝒎1 = 𝑏𝑚1
, · · · , A𝒎𝑑 = 𝑏𝑚𝑑

, A𝑬 = 𝑏𝐸} (45)

and Λ2 = {X : [𝜌𝑖 , 𝑚1𝑖 , · · · , 𝑚𝑑𝑖 , 𝐸𝑖]T ∈ 𝐺𝜀 , ∀𝑖}.

The objective function of (45) is convex but not strongly convex, which implies the non-uniqueness of the344

minimizer. We consider the DRS method (12) to solve above minimization problem, where functions 𝑔 and345

ℎ are chosen as follows:346

𝑔(X) = ∥𝝆 − 𝒖∥1 +
𝑑∑
𝑖=1

∥𝒎𝑖 − 𝒗𝑖∥1 + ∥𝑬 −𝒘∥1 (46a)

ℎ(X) = 𝜄Λ1
(𝝆,𝒎1 , · · · ,𝒎𝑑 , 𝑬) + 𝜄Λ2

(𝝆,𝒎1 , · · · ,𝒎𝑑 , 𝑬). (46b)

Let us derive the proximal associated with function 𝑔 in (46a). By definition of the proximal operator, for347

any given X = [𝝆,𝒎1 , · · · ,𝒎𝑑 , 𝑬], we need to find Z = [𝝃, 𝜼1 , · · · , 𝜼𝑑 , 𝜻] to minimize the following function:348

𝛾
(
∥𝝃 − 𝒖∥1 +

𝑑∑
𝑖=1

∥𝜼𝑖 − 𝒗𝑖∥1 + ∥𝜻 −𝒘∥1
)
+ 1

2

(
∥𝝃 − 𝝆∥22 +

𝑑∑
𝑖=1

∥𝜼𝑖 −𝒎𝑖∥22 + ∥𝜻 − 𝑬∥22
)
. (47)

Minimizing the function above is equivalent to solving the following decoupled optimization problems:349

min
𝝃∈R𝑁

𝛾∥𝝃 − 𝒖∥1 +
1

2
∥𝝃 − 𝝆∥22 , (48a)

min
𝜼𝑖∈R𝑁

𝛾∥𝜼𝑖 − 𝒗𝑖∥1 +
1

2
∥𝜼𝑖 −𝒎𝑖∥22 , for 𝑖 = 1, · · · , 𝑑, (48b)

min
𝜻∈R𝑁

𝛾∥𝜻 −𝒘∥1 +
1

2
∥𝜻 − 𝑬∥22 , (48c)

for which solutions were established in Section 2, see (25) and (26). Recall the shrinkage operator S𝛾(𝑥) =350

sgn(𝑥)max{|𝑥| − 𝛾, 0}. Associated with the function 𝑔 in (46a), the proximal prox𝛾𝑔 maps351

𝜌𝑖 → 𝑢𝑖 + S𝛾(𝜌𝑖 − 𝑢𝑖), (49a)
𝑚1𝑖 → 𝑣𝑖 + S𝛾(𝑚1𝑖 − 𝑣𝑖), · · · , 𝑚𝑑𝑖 → 𝑣𝑖 + S𝛾(𝑚1𝑖 − 𝑣𝑖), (49b)
𝐸𝑖 → 𝑤𝑖 + S𝛾(𝐸𝑖 − 𝑤𝑖), (49c)

where the subscript 𝑖 denotes the 𝑖-th component in corresponding vector. The proximal of the function ℎ352

in (48b) lacks a tractable analytical form. To overcome this difficulty, we design a nested approach, where353

the inner DYS iteration computes prox𝛾
ℎ

numerically. By definition of a proximal operator, the prox𝛾
ℎ

gives354

the solution to the following minimization problem: given X ∈ R𝑁×(2+𝑑), find Z ∈ R𝑁×(2+𝑑) that355

min
Z∈R𝑁

1

2𝛾
∥Z − X∥2𝐹 + 𝜄Λ1

(Z) + 𝜄Λ2
(Z). (50)

Notice, problem (50) is exactly (30) with parameter 𝛼 = 𝛾. Therefore, it can be solved by applying DYS356

method. After obtaining prox𝛾
ℎ
, we utilize the DRS (12) to compute a minimizer of (45). To start the357

algorithm, we set 𝒀0 = [𝒖 , 𝒗1 , · · · , 𝒗𝑑 ,𝒘] and 𝑿0 = prox𝛾
ℎ
(𝒀0). To terminate the iteration, we choose the358

stopping criterion ∥𝒀 𝑘+1 − 𝒀 𝑘∥2ℎ < 𝜖 with a small positive tolerance 𝜖.359
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4. Numerical experiments360

In this section, we show results of applying the optimization-based limiters to a series of representative361

tests. These include studies of using one-dimensional manufactured data and two-dimensional simulations362

of demanding gas dynamic benchmarks for testing robustness of positivity-preserving schemes.363

For solving ℓ2-norm minimizations (14) and (35) in all the numerical tests in this paper, we use DYS364

with a fixed step size 𝛾 = 1
𝐿 , where the Lipschitz constant is 𝐿 = 1

𝛼 ,365

For the ℓ1 minimizations (15) and (45), we use DRS. In each iteration of DRS, the proximal operator for366

summation of two indicator functions, such as (50), is numerically solved by DYS. The step size in the DYS367

is still 1
𝐿 where 𝐿 is the Lipschitz constant for the ℓ2 term. The parameters in DRS are taken as follows.368

We use a relaxation parameter 𝜆 = 1 and a step size 𝛾 > 0 obtained from tuning on a few data sets. For369

instance, for using the optimization based ℓ1-norm limiter in each time step in a time dependent problem,370

we first run DRS with a different choices of 𝛾 > 0 at a few time steps when the limiter is invoked, then371

choose the best value of 𝛾 in the sense of the fastest convergence of DRS for all future time steps.372

We remark that optimal parameters of 𝜆 and 𝛾 in DRS for solving (14) are given in [29], which was373

derived from convergence rate analysis. Unfortunately, neither the analysis nor the same parameter formulae374

can be extended to the invariant domain (2).375

4.1. Synthetic tests in one dimension376

In this part, our primary objective is to examine the optimization methods through simple tests, including377

linear advection governed traveling waves and manufactured perturbation of Lax shock tube data for Euler378

equations. We generate out-of-bound data by the baseline DG scheme without any limiters, then apply the379

limiters to data, without integrating optimization limiters into baseline PDE simulators, so that we only380

study the performance of optimizers here.381

In all one-dimensional tests, we chose 𝜀 = 10−13 for numerical admissible set 𝐺𝜀. In addition, the382

convergence tolerance for both DYS and DRS methods is set to 𝜖 = 10−13.383

Example 5.1 (Traveling triangle and square waves). The linear advection equation 𝜕𝑡𝑢 + 𝜕𝑥𝑢 = 0384

enjoys the maximum principle: if initial data is in [𝑚, 𝑀], then so is the solution belongs at any later time385

𝑡 > 0. The computational domain is Ω = [0, 3]. We initialize right-moving triangle and square waves as386

follows and evolve to time 𝑇 = 1.387

𝑢0 =


4𝑥, if 𝑥 ∈ (0.25, 0.5],
−4𝑥 + 4, if 𝑥 ∈ (0.5, 0.75],
2, if 𝑥 ∈ (1.25, 1.75],
1, otherwise.

(51)

Thus, the exact solution 𝑢(𝑥, 𝑡) ∈ [1, 2] for any 𝑥 ∈ Ω and 𝑡 ∈ [0, 𝑇]. To generate out-of-bound data, we388

solve the equation on a uniform mesh consisting of 300 cells. We employ a fourth-order Runge-Kutta (RK)389

DG method without any limiter. The time step size is set to 0.001, resulting in 1000 out-of-bound data sets390

for postprocessing.391

We apply DYS method to solve the ℓ2 model (14) and apply direct method (ClipAndAssuredSum)392

(16) and DRS method to solve the ℓ1 model (15), respectively. After postprocessing, all cell averages are393

enforced within the bounds, see Figure 1. Notice that ℓ1 minimizers are not necessarily unique, and it has394

been proven that ℓ2 minimizer is one of ℓ1 minimizers [5]. In general, the ℓ1 minimizers found by either395

ClipAndAssuredSum or different splitting methods may be different from one another, and also different396

from ℓ2 minimizer. Nonetheless, for this particular test, up to 𝜖, there is no difference in the three results397

in Figure 1.398

In terms of performance of these optimization solvers, for the ℓ2 model, DYS method converges within399

60 iterations on all data sets at different time steps. In contrast, the ℓ1 model requires more DRS iterations,400

i.e., converges within 200 iterations on all data sets at different time steps. Hereinafter, we use the number of401

projection to admissible set to denote the total count of computations of the proximal operator for indicator402
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function 𝜄Λ2
(𝒙). The total number of projections to the admissible set [1, 2] is significantly higher for the403

ℓ1 model because of its inner DYS iterations, see Figure 2. We use step size 𝛾 = 10−10 in DRS for the404

ℓ1 model. When the iteration sequences are sufficiently close to the fixed point, both the DYS and DRS405

methods exhibit asymptotic linear convergence, as illustrated in Figure 2.

Figure 1: Top left: out-of-bound cell averages of data set 1000 (generated in time step 1000). Top right: the postprocessed
result from the ℓ2 limiter with DYS method. Bottom: the postprocessed results from the ℓ1 limiter with direct method
(ClipAndAssuredSum) and DRS method. There is no difference between ℓ2 limited result and two ℓ1 limited results up to 𝜖.
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Figure 2: Top row: DYS method solving ℓ2 model. Bottom row: DRS method nested with DYS of solving ℓ1 model. From left
to right: number of iterations for data at different time steps, number of projections, and the convergence error in processing
one particular data set at time step 1000. Minimizers and fixed points, denoted by superscript star, are computed numerically
by using sufficiently many iterations of splitting methods.

406

14



Example 5.2 (Perturbation of Lax shock tube data). We uniformly partition the computational407

domain Ω = [−5, 5] into 400 cells. To generate data violating the invariant domain, we compute cell averages408

of the exact solution at time 𝑡 = 1.3 to the Lax shock tube problem for compressible Euler equations [44,409

Example 2] and apply perturbations near the shock location. Specifically, we perturb 5% of the cells, i.e.,410

20 cells in total. For the 10 cells in pre-shock region, we subtract the following random values sampled from411

a uniform distribution: on each cell 𝐾, we modify the cell average by412

𝑼
��
𝐾
−

0.1max |𝜌| 𝜉𝜌
0.01max |𝑚| 𝜉𝑚
0.1max |𝐸| 𝜉𝐸

 , where 𝜉𝜌 , 𝜉𝑚 , 𝜉𝐸
iid∼ Uniform[1, 2]. (52)

To ensure conservation, we add the same values back to the 10 cells in the post-shock region. In this way, we413

obtain one out-of-bound data set. To test our optimization solvers, we repeat and create 1000 manufactured414

data set.415

We apply DYS method to solve the ℓ2 model (35) and DRS method with 𝛾 = 10−4 to solve the ℓ1 model416

(45), respectively. After postprocessing, all cell averages are enforced within the bounds. For the ℓ2 model,417

DYS method converges within 20 iterations on all data sets. Compared to the number of iterations in solving418

the ℓ2 model, the ℓ1 model takes more DRS iterations and converges within 200 iterations on all data sets.419

But, when compared with the total number of projections to the admissible set 𝐺𝜀, the required projection420

numbers are significantly higher for the ℓ1 model due to its inner DYS iterations, see Figure 3. We observe421

asymptotic linear convergence for both DYS and DRS methods, when iteration sequences are sufficiently422

close to the fixed point. See Figure 3 for an illustration.
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Figure 3: Top row: DYS method solving ℓ2 model. Bottom row: DRS method nested with DYS of solving ℓ1 model. From left
to right: number of iterations for data at different time steps, total number of projections to admissible set, and the convergence
error in processing the data set at time step 1000. Minimizers and fixed points, denoted by superscript star, are computed
numerically by taking sufficiently many iterations.

423

4.2. Benchmark tests in two dimension424

In this part, we apply limiters to DG schemes solving demanding test cases, including the Sedov blast wave425

and a high speed astrophysical jet. Our optimization-based postprocessing procedure preserves invariant426

domains effectively while producing high-quality solutions for challenging practical applications.427

In all two-dimensional simulations, we apply the optimization-based cell average limiter after each stage428

of RK method, whenever there is a cell average out of the admissible set. Only when the cell averages are in429

the invariant domain, the Zhang-Shu limiter [46] can be further used to ensure quadrature points are also in430
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𝐺. For all test cases except the astrophysical jet, we choose 𝜀 = 10−13 in 𝐺𝜀 and the convergence tolerance431

𝜖 = 10−13 for DYS and DRS methods. For the astrophysical jet, we use 𝜀 = 10−8 and 𝜖 = 10−8 due to its432

extremely high speed. For solving the ℓ1 limiter, DRS method with a step size 𝛾 = 10−7 is used in all two433

dimensional examples.434

Example 5.3 (Convergence study). We utilize the manufactured solution method on domain Ω = [0, 1]2435

with end time 𝑇 = 0.1 to study the spatial convergence rate of solving Euler equations. The prescribed non-436

polynomial solutions are:437

𝜌 = sin16 𝜋(𝑥 + 𝑦 − 2𝑡) + 10−13 , (53a)

𝒖 =

[
1
1

]
, (53b)

𝑒 =
10−13

(𝛾 − 1) ·
1

sin16 𝜋(𝑥 + 𝑦 − 2𝑡) + 10−13
. (53c)

The right-hand side functions and the initial and boundary conditions are defined by the manufactured438

solutions. The domain Ω is uniformly partitioned into square cells. For spatial discretization, we employ439

P𝑘 (𝑘 = 2 and 3) DG methods, where the bases are constructed by orthonormal Legendre polynomials. The440

numerical integrations are evaluated by (𝑘 + 1)2-point Gauss quadrature.441

Let errΔ𝑥 denote the error on a grid associated with mesh resolution Δ𝑥. The discrete 𝐿2
ℎ

and 𝐿1
ℎ

errors442

of density are computed by443

𝐿2ℎ error: ∥𝜌𝑛
ℎ
− 𝜌(𝑡𝑛)∥2

𝐿2
ℎ

= Δ𝑥2
∑
𝑖

∑
𝜈

𝜔𝜈

���∑
𝑗

𝜌𝑛𝑖𝑗 𝜑𝑖 𝑗(𝒒𝜈) − 𝜌(𝑡𝑛, 𝒒𝜈)
���2 , (54a)

𝐿1ℎ error: ∥𝜌𝑛
ℎ
− 𝜌(𝑡𝑛)∥𝐿1

ℎ
= Δ𝑥2

∑
𝑖

∑
𝜈

𝜔𝜈

���∑
𝑗

𝜌𝑛𝑖𝑗 𝜑𝑖 𝑗(𝒒𝜈) − 𝜌(𝑡𝑛, 𝒒𝜈)
���, (54b)

where 𝜑𝑖 𝑗 denotes the 𝑗-th basis on cell 𝑖, and 𝜔𝜈 and 𝒒𝜈 are quadrature weights and points. The er-444

rors for momentum and total energy are measured similarly. Then, the convergence rate is defined by445

ln(errΔ𝑥/errΔ𝑥/2)/ln(2).446

To evaluate convergence rates, we successively refine mesh of Δ𝑥 = 1/25, 1/50, 1/100 and employ a447

fourth-order RK method with fixed time step size Δ𝑡 = 5 × 10−4. The time step size is small enough, which448

guarantees that the spatial error is dominated. We apply ℓ2 limiter (35) when measuring the convergence449

rates with respect to 𝐿2
ℎ

norm; and apply ℓ1 limiter (45) when measuring the convergence rates with respect450

to 𝐿1
ℎ

norm, see Table 1 and Table 2. The optimization-based cell average limiters are triggered and optimal451

convergence rates are obtained.

P2 basis P3 basis

Δ𝑥 ∥𝑼𝑁𝑇
ℎ

−𝑼 (𝑇)∥𝐿2
ℎ

rate ∥𝑼𝑁𝑇
ℎ

−𝑼 (𝑇)∥𝐿2
ℎ

rate

1/25 3.116 × 10−3 — 6.514 × 10−3 —
1/50 3.534 × 10−4 3.141 4.846 × 10−5 7.071
1/100 4.400 × 10−5 3.006 1.302 × 10−6 5.218

Table 1: The discrete 𝐿2
ℎ

errors and convergence rates for P2 and P3 spaces. The ℓ2 limiter is solved by DYS method.

452

Example 5.4 (Sedov blast wave). This test describes a strong shock expanding from a point-source453

explosion in a uniform medium and involves a strong shock and low density, which makes it of great utility454

as a verification test for the robustness of a simulator for compressible Euler equations [30].455
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P2 basis P3 basis

Δ𝑥 ∥𝑼𝑁𝑇
ℎ

−𝑼 (𝑇)∥𝐿1
ℎ

rate ∥𝑼𝑁𝑇
ℎ

−𝑼 (𝑇)∥𝐿1
ℎ

rate

1/25 3.687 × 10−3 — 5.040 × 10−3 —
1/50 3.455 × 10−4 3.416 3.710 × 10−5 7.086
1/100 4.248 × 10−5 3.024 1.177 × 10−6 4.979

Table 2: The discrete 𝐿1
ℎ

errors and convergence rates for P2 and P3 spaces. The ℓ1 limiter is solved by DRS method with
parameter 𝛾 = 10−3

.

We consider the following configuration on computational domain Ω = [0, 1.1]2 with the simulation end456

time 𝑇 = 1. Uniformly partition the domain Ω into square cells with mesh resolution Δ𝑥 = 1.1/160. The457

initials are defined as piecewise constants: the density 𝜌0 = 1, the momentum 𝒎0 = (0, 0)T, and the total458

energy 𝐸0 is set to 10−12 everywhere, except in the cell located at the lower left corner, where 0.244816/Δ𝑥2 is459

used. Reflective boundary conditions are imposed on the left and bottom boundaries, and outflow boundary460

conditions are imposed on the right and top boundaries.461

Our optimization-based limiters can enforce invariant domain for SSP RKDG schemes with large time462

step sizes. Compared to the Zhang-Shu method for enforcing positivity [46], the advantage of integrating463

this optimization-based limiter with SSP RKDG methods is that the restrictive CFL from weak positivity in464

Zhang-Shu method [44] is no longer needed thus implementation is simplified. In this example, we employ a465

three-stage third-order SSP RK method in conjunction with P2 modal DG to solve the compressible Euler466

equation (28). Our time marching scheme is as follows:467

𝑼 (2) = 𝑼𝑛 − Δ𝑡∇ · 𝑭a(𝑼𝑛), (55a)

𝑼 (3) =
3

4
𝑼𝑛 + 1

4

[
𝑼 (2) − Δ𝑡∇ · 𝑭a(𝑼 (2))

]
, (55b)

𝑼𝑛+1 =
1

3
𝑼𝑛 + 2

3

[
𝑼 (3) − Δ𝑡∇ · 𝑭a(𝑼 (3))

]
. (55c)

We use the Lax–Friedrichs flux [46, 44]. The P2 basis functions are constructed using orthogonal Legendre468

polynomials. Numerical integrations are evaluated by the tensor product of 3-point Gauss quadrature.469

When combining a DG method of 𝑘-th degree basis with a (𝑘 + 1)-th order explicit RK scheme, the470

following expression provides an estimate of the effective CFL number for linear stability.471

CFL =
1

2𝑘 + 1
, for P𝑘 or Q𝑘 scheme. (56)

Here, we use CFL = 0.2 for P2 scheme, which permits greater time step sizes than required for weak472

positivity, that is, negative cell averages are produced during the simulation. After each stage in (55),473

if out-of-bound cell averages appear, we apply our optimization-based postprocessing to modify the DG474

polynomial.475

An ad-hoc strategy to improve efficiency and robustness of the optimization-based limiters is to avoid476

modifying regions of the computational domain which is not reached by the shock wave. Following the477

approach in [27, Remark 5], we define a subset of domain Ω as follows:478

Ωlim =

{
cell 𝐾𝑖 : either 𝑼ℎ|𝐾𝑖 ∉ 𝐺𝜀 or 𝐸ℎ|𝐾𝑖 −

1

2

∥𝒎ℎ|𝐾𝑖∥22
𝜌ℎ|𝐾𝑖

≥ 10−10
}
. (57)

In this example, the optimization-based postprocessing is applied only to the cells in Ωlim, thereby avoiding479

the redistribution of mass or energy into regions where the shock wave has not yet propagated to.480

Figure 4 shows snapshot of the density at time 𝑇 = 1. Our scheme preserves global conservation and481

the invariant domain. The shock location is correctly captured. The optimization cell average limiter is482
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triggered only at one time step during time evaluation, and the performance of the spitting methods solving483

the minimizations is shown in Figure 4. Besides the optimization based cell average limiter and Zhang-Shu484

limiter [46] for correcting quadrature point values, no additional limiters are used to remove oscillations.485

Remark 3. We can see that the ℓ1 limiter is much more expensive to compute than the ℓ2 limiter for 2D486

Sedov blast wave test. However, we will see that ℓ1 limiter may not always be so expensive in the next487

example of Mach 2000 astrophysical jet.488
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Figure 4: Sedov blast wave. Left: snapshot of density at 𝑇 = 1. Plot of density: 50 exponentially distributed contour lines of
density from 0.001 to 6. Right: number of DYS and DRS iterations in processing out-of-bound data of ℓ2 and ℓ1 model in
the second RK stage at time step 74669, which is the only time step (during the whole time evolution) where the cell averages
violate the invariant domain.

Example 5.5 (High Mach number astrophysical jet). The numerical replication of gas flows and shock489

wave patterns observed in Hubble Space Telescope images presents a demanding benchmark for computa-490

tional methods, particularly when extreme Mach numbers are involved [14, 46]. We validate the robustness491

of our method by simulating Mach 2000 astrophysical jets governed by compressible Euler equations without492

radiative cooling.493

Let us consider a high Mach number astrophysical jet configuration on the computational domain Ω =494

[0, 1] × [−0.5, 0.5]. We set the simulation end time 𝑇 = 0.001. We take the ideal gas constant 𝛾 = 5/3.495

The initial density 𝜌0 = 0.5, momentum 𝒎0 = 0, and pressure 𝑝0 = 0.4127. The left edge of domain Ω is496

prescribed with the following inflow boundary condition:497

[𝜌, 𝑚𝑥 , 𝑚𝑦 , 𝑝]T =

{
[5, 4000, 0, 0.4127]T if 𝑥 = 0 and |𝑦| ≤ 0.05,

[0.5, 0, 0, 0.4127]T if 𝑥 = 0 and |𝑦| > 0.05,
(58)

while the top, right, and bottom edges of domain Ω are treated as outflow boundaries.498
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One advantage of our optimization-based invariant-domain-preserving approach is its applicability to499

numerical schemes without strong stability preserving (SSP) properties. In this example, we employ the500

classical four-stage fourth-order RK (RK4) method, which is not a SSP RK method, in conjunction with501

the Q3 DG spectral element method (SEM) to discretize the Euler equations (28).502

𝑼 (2) = 𝑼𝑛 − Δ𝑡

2
∇ · 𝑭a(𝑼𝑛), (59a)

𝑼 (3) = 𝑼𝑛 − Δ𝑡

2
∇ · 𝑭a(𝑼 (2)), (59b)

𝑼 (4) = 𝑼𝑛 − Δ𝑡∇ · 𝑭a(𝑼 (3)), (59c)

𝑼𝑛+1 = 𝑼𝑛 − Δ𝑡
[1
6
∇ · 𝑭a(𝑼𝑛) + 1

3
∇ · 𝑭a(𝑼 (2)) + 1

3
∇ · 𝑭a(𝑼 (3)) + 1

6
∇ · 𝑭a(𝑼 (4))

]
, (59d)

We uniformly partition domain Ω into square cells with mesh resolution Δ𝑥 = 1/640. For spatial discretiza-503

tion, we employ the Lax–Friedrichs flux. The Lagrange bases of Q3 DG SEM are constructed via the tensor504

product of 4-point Gauss-Lobatto point and numerical integrations are evaluated by the tensor product of505

4-point Gauss-Lobatto rule.506

The fourth-order RK method is not SSP, and when combined with Q3 DG SEM, the resulting discretiza-507

tion lacks weak positivity (see [44] for its definition), i.e., negative cell averages may appear during the508

simulation. To enforce invariant domain without losing conservation and high order accuracy, we apply our509

optimization-based postprocessing to modify the DG polynomial with a CFL number 1
7 as determined by510

(56) after each stage in (59) whenever any out-of-bound cell average is produced. The optimization-based511

limiters are applied to the whole computational domain for this test.512

Figure 5 shows snapshots of the density field at time 𝑇 = 0.001. Compared to the DYS method in ℓ2513

limiter, it requires more number of projections to admissible set for DRS method to solve the minimization514

problem in ℓ1 limiter. When combined with Zhang-Shu limiter, both optimization-based cell average lim-515

iter (ℓ2 and ℓ1) robustly produce simulation results with correct shock location without other limiters for516

reducing oscillations. These computational results are consistent with high order DG methods stabilized by517

conventional non-optimization based limiters, see [31].518

Remark 4. For the astrophysical jet problem as shown in Figure 5, the computational cost of solving the519

ℓ1 limiter (45) is still higher than the ℓ2 limiter (35) whenever they are triggered. However, we can see that520

the cell average limiter is triggered less if using the ℓ1 limiter, even though the ℓ1 minimizer is not sparse521

as explained in previous sections. In other words, the total cost of the ℓ1 limiter does not seem significantly522

higher than the ℓ2 limiter in this test, and more importantly the ℓ1 limiter is triggered less during the time523

evolution, which is more desirable.524

5. Concluding remarks525

In this paper, we have developed effective splitting methods for implementing ℓ1-norm and ℓ2-norm526

optimization based limiters for enforcing the invariant domain in gas dynamics. The proposed postprocessing527

for high order DG schemes consists of first applying an optimization-based limiter to cell averages then by528

the Zhang-Shu limiter to modify quadrature point values. It is broadly applicable to DG methods with529

various time-marching schemes, e.g., non-SSP Runge-Kutta methods. Even though the optimization-based530

cell average limiters only preserve global conservation but not local conservation, the numerical tests suggest531

that it does not produce wrong shock locations for demanding problems such as blast waves and high speed532

flows. In practice, the ℓ1-norm limiter produces almost the same result as the ℓ2-norm limiter. In general,533

ℓ2-norm limiter is cheaper to implement since it can be solved efficiently by the DYS method. On the other534

hand, for the astrophysical jet problem, we observe that the ℓ1-norm limiter is triggered less during time535

evolution, thus the ℓ1-norm limiter seems a better choice for this kind of problems.536
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Figure 5: The Mach 2000 astrophysical jet. Top row: ℓ2-norm limiter solved by with DYS. Bottom row: ℓ1-norm limiter solved
by DRS nested with DYS. Left: snapshot of density at 𝑇 = 0.001 with logarithmic color scale. Right: number of projections
to admissible set is number of computations of proximal operators to the indicator function 𝜄Λ2 (X) in the optimization solvers
during each step of the fourth-order RK time marching, which is a fair way to compare computational cost between two
optimization-based limiters.
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Appendix A. Computing proximal operator in ℓ1 scalar model552

Lemma 1. For any given numbers 𝛾 > 0 and 𝑎 ∈ R, define S𝛾(𝑎) = sgn(𝑎)max{|𝑎| − 𝛾, 0}. Let 𝑓 (𝑧) =553

𝛾|𝑧| + 1
2 (𝑧 − 𝑎)2. We have: if 𝑧 > S𝛾(𝑎), then 𝑓 (𝑧) is strictly increasing; if 𝑧 < S𝛾(𝑎), then 𝑓 (𝑧) is strictly554

decreasing.555

Proof. If 𝑧 > S𝛾(𝑎), we have the following scenarios:556

• Case 1: 𝑎 ≥ 0 and |𝑎| > 𝛾.557

Then, we have 𝑧 > 𝑎 − 𝛾 > 0 ⇒ 𝑓 (𝑧) = 𝛾𝑧 + 1
2 (𝑧 − 𝑎)2, namely 𝑓 ′(𝑧) = 𝑧 + 𝛾 − 𝑎 > 0.558

• Case 2: 𝑎 ≥ 0 and |𝑎| ≤ 𝛾.559

Then, we have 𝑧 > 0 ⇒ 𝑓 (𝑧) = 𝛾𝑧 + 1
2 (𝑧 − 𝑎)2, namely 𝑓 ′(𝑧) = 𝑧 + 𝛾 − 𝑎 > 0.560

• Case 3: 𝑎 < 0 and |𝑎| > 𝛾. Then, we have 𝑧 > 𝑎 + 𝛾. We discuss this in two sub-cases561

– Sub-case 1: 𝑧 ≥ 0 ⇒ 𝑓 (𝑧) = 𝛾𝑧 + 1
2 (𝑧 − 𝑎)2, namely 𝑓 ′(𝑧) = 𝑧 + 𝛾 − 𝑎 > 0.562

– Sub-case 2: 𝑎 + 𝛾 < 𝑧 < 0 ⇒ 𝑓 (𝑧) = −𝛾𝑧 + 1
2 (𝑧 − 𝑎)2, namely 𝑓 ′(𝑧) = 𝑧 − 𝛾 − 𝑎 > 0.563

• Case 4: 𝑎 < 0 and |𝑎| ≤ 𝛾.564

Then, we have 𝑧 > 0 ⇒ 𝑓 (𝑧) = 𝛾𝑧 + 1
2 (𝑧 − 𝑎)2, namely 𝑓 ′(𝑧) = 𝑧 + 𝛾 − 𝑎 > 0.565

Above all, when 𝑧 > S𝛾(𝑎), the function 𝑓 (𝑧) is increasing. Similarly, if 𝑧 < S𝛾(𝑎), we have the following566

scenarios:567

• Case 1: 𝑎 ≥ 0 and |𝑎| > 𝛾.568

Then, we have 𝑧 < 𝑎 − 𝛾. We discuss this in two sub-cases569

– Sub-case 1: 𝑧 ≤ 0 ⇒ 𝑓 (𝑧) = −𝛾𝑧 + 1
2 (𝑧 − 𝑎)2, namely 𝑓 ′(𝑧) = 𝑧 − 𝛾 − 𝑎 < 0.570

– Sub-case 2: 0 < 𝑧 < 𝑎 − 𝛾 ⇒ 𝑓 (𝑧) = 𝛾𝑧 + 1
2 (𝑧 − 𝑎)2, namely 𝑓 ′(𝑧) = 𝑧 + 𝛾 − 𝑎 < 0.571

• Case 2: 𝑎 ≥ 0 and |𝑎| ≤ 𝛾.572

Then, we have 𝑧 ≤ 0 ⇒ 𝑓 (𝑧) = −𝛾𝑧 + 1
2 (𝑧 − 𝑎)2, namely 𝑓 ′(𝑧) = 𝑧 − 𝛾 − 𝑎 < 0.573

• Case 3: 𝑎 < 0 and |𝑎| > 𝛾.574

Then, we have 𝑧 < 𝑎 + 𝛾 < 0 ⇒ 𝑓 (𝑧) = −𝛾𝑧 + 1
2 (𝑧 − 𝑎)2, namely 𝑓 ′(𝑧) = 𝑧 − 𝛾 − 𝑎 < 0.575

• Case 4: 𝑎 < 0 and |𝑎| ≤ 𝛾.576

Then, we have 𝑧 < 0 ⇒ 𝑓 (𝑧) = −𝛾𝑧 + 1
2 (𝑧 − 𝑎)2, namely 𝑓 ′(𝑧) = 𝑧 − 𝛾 − 𝑎 < 0.577

Above all, when 𝑧 < S𝛾(𝑎), the function 𝑓 (𝑧) is decreasing. □578

Lemma 2. For scalar conservation laws, recall the set Λ2 = {𝒙 ∈ R𝑁 : 𝑥𝑖 ∈ [𝑚, 𝑀], ∀𝑖 = 1, · · · , 𝑁} and in579

(23) the function 𝑔(𝒙) = ∥𝒙 − 𝒖∥1 + 𝜄Λ2
(𝒙). We have580

[prox𝛾𝑔(𝒙)]𝑖 = max{min{𝑢𝑖 + S𝛾(𝑥𝑖 − 𝑢𝑖), 𝑀}, 𝑚}, (A.1)

where the subscript 𝑖 denotes the 𝑖-th component in corresponding vector.581

Proof. By definition582

prox𝛾𝑔(𝒙) = argmin
𝒛

{
𝛾∥𝒛 − 𝒖∥1 + 𝛾𝜄{𝒛:𝑚≤𝒛≤𝑀} +

1

2
∥𝒛 − 𝒙∥22

}
= argmin

𝒛

{
𝛾∥𝒛 − 𝒖∥1 +

1

2
∥𝒛 − 𝒖 − (𝒙 − 𝒖)∥22 + 𝛾𝜄{𝒛:𝑚−𝒖≤𝒛−𝒖≤𝑀−𝒖}

}
= 𝒖 + argmin

𝒛

{
𝛾∥𝒛∥1 +

1

2
∥𝒛 − (𝒙 − 𝒖)∥22 + 𝛾𝜄{𝒛:𝑚−𝒖≤𝒛≤𝑀−𝒖}

}
= 𝒖 + argmin

𝒛

𝑛∑
𝑖=1

(
𝛾|𝑧𝑖| +

1

2
|𝑧𝑖 − (𝑥𝑖 − 𝑢𝑖)|2 + 𝛾𝜄{𝑧𝑖 :𝑚−𝑢𝑖≤𝑧𝑖≤𝑀−𝑢𝑖}

)
. (A.2)
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Therefore, we have583

[prox𝛾𝑔(𝒙)]𝑖 = 𝑢𝑖 + argmin
𝑧𝑖

{
𝛾|𝑧𝑖| +

1

2
|𝑧𝑖 − (𝑥𝑖 − 𝑢𝑖)|2 + 𝛾𝜄{𝑧𝑖 :𝑚−𝑢𝑖≤𝑧𝑖≤𝑀−𝑢𝑖}

}
. (A.3)

The following result is known, see [10, page 209 soft-thresholding operator].584

argmin
𝑧𝑖

{
𝛾|𝑧𝑖| +

1

2
|𝑧𝑖 − (𝑥𝑖 − 𝑢𝑖)|2

}
= S𝛾(𝑥𝑖 − 𝑢𝑖). (A.4)

Therefore, we have585

• If S𝛾(𝑥𝑖 − 𝑢𝑖)∈ [𝑚 − 𝑢𝑖 , 𝑀 − 𝑢𝑖], namely 𝑢𝑖 + S𝛾(𝑥𝑖 − 𝑢𝑖)∈ [𝑚, 𝑀], then [prox𝛾𝑔(𝒙)]𝑖 = 𝑢𝑖 + S𝛾(𝑥𝑖 − 𝑢𝑖).586

• If S𝛾(𝑥𝑖 − 𝑢𝑖) < 𝑚 − 𝑢𝑖 , namely 𝑢𝑖 + S𝛾(𝑥𝑖 − 𝑢𝑖) < 𝑚, then by Lemma 1, we know that the function587

𝑓 (𝑧) = 𝛾|𝑧| + 1
2 |𝑧 − (𝑥𝑖 − 𝑢𝑖)|2 is strictly increasing when 𝑧 > S𝛾(𝑥𝑖 − 𝑢𝑖). Notice S𝛾(𝑥𝑖 − 𝑢𝑖) < 𝑚 − 𝑢𝑖 <588

𝑀 − 𝑢𝑖 , we have [prox𝛾𝑔(𝒙)]𝑖 = 𝑢𝑖 + (𝑚 − 𝑢𝑖) = 𝑚.589

• If S𝛾(𝑥𝑖 − 𝑢𝑖) > 𝑀 − 𝑢𝑖 , namely 𝑢𝑖 + S𝛾(𝑥𝑖 − 𝑢𝑖) > 𝑀, then by Lemma 1, we know that the function590

𝑓 (𝑧) = 𝛾|𝑧| + 1
2 |𝑧 − (𝑥𝑖 − 𝑢𝑖)|2 is strictly decreasing when 𝑧 < S𝛾(𝑥𝑖 − 𝑢𝑖). Notice 𝑚 − 𝑢𝑖 < 𝑀 − 𝑢𝑖 <591

S𝛾(𝑥𝑖 − 𝑢𝑖). We have [prox𝛾𝑔(𝒙)]𝑖 = 𝑢𝑖 + (𝑀 − 𝑢𝑖) = 𝑀.592

Above all, we conclude the proof. □593

Appendix B. Projection to numerical admissible set in one dimension594

Appendix B.1. Derivation from KKT conditions595

Let [𝑢, 𝑣, 𝑤]T denote an out-of-bound cell average produced by a simulation in one-dimensional domain.596

For a small prescribed 𝜀 > 0, the set 𝐺𝜀 in (2) becomes597

𝐺𝜀 =

{
𝑼 = [𝜌, 𝑚, 𝐸]T : 𝜌 ≥ 𝜀, 𝜌𝑒(𝑼 ) = 𝐸 − 𝑚2

2𝜌
≥ 𝜀

}
. (B.1)

Since the set 𝐺𝜀 is closed and convex, the projection is unique. To find the projection of [𝑢, 𝑣, 𝑤]T on set598

𝐺𝜀, we need to solve the following minimization problem: find [𝜌, 𝑚, 𝐸]T that599

min
𝜌,𝑚,𝐸

1

2

(
|𝜌 − 𝑢|2 + |𝑚 − 𝑣|2 + |𝐸 − 𝑤|2

)
subject to: 𝜀 − 𝜌 ≤ 0 and 𝜀 − 𝐸 + 𝑚2

2𝜌
≤ 0. (B.2)

The exact solution can be derived from the Lagrangian600

𝐿(𝜌, 𝑚, 𝐸,𝜆, 𝜇) = 1

2

(
|𝜌 − 𝑢|2 + |𝑚 − 𝑣|2 + |𝐸 − 𝑤|2

)
+ 𝜆(𝜀 − 𝜌) + 𝜇(𝜀 − 𝐸 + 𝑚2

2𝜌
),

and its KKT conditions:601

• Stationarity condition602

𝜌 − 𝑢 − 𝜆 − 𝜇
𝑚2

2𝜌2
= 0, (B.3a)

𝑚 − 𝑣 + 𝜇
𝑚

𝜌
= 0, (B.3b)

𝐸 − 𝑤 − 𝜇 = 0. (B.3c)
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• Complementary slackness603

𝜆(𝜀 − 𝜌) = 0, (B.3d)

𝜇
(
𝜀 − 𝐸 + 𝑚2

2𝜌

)
= 0. (B.3e)

• Primal feasibility604

𝜀 − 𝜌 ≤ 0, (B.3f)

𝜀 − 𝐸 + 𝑚2

2𝜌
≤ 0. (B.3g)

• Dual feasibility605

𝜆 ≥ 0, (B.3h)
𝜇 ≥ 0. (B.3i)

From the dual feasibility, depending on whether 𝜆 and 𝜇 are zero or positive, there are four cases:606

Case 1 (𝜇 = 0 and 𝜆 > 0). When 𝜇 is zero, the (B.3a)-(B.3c) gives 𝜌 = 𝑢 + 𝜆, 𝑚 = 𝑣, and 𝐸 = 𝑤. When607

𝜆 > 0, (B.3d) implies 𝜌 = 𝜀. From (B.3a), we get 𝜆 = 𝜀 − 𝑢. Thus, if [𝜀, 𝑣, 𝑤]T is a solution of (B.3), the608

constraints 𝜀 > 𝑢 and (B.3g) need to be satisfied.609

Case 2 (𝜇 = 0 and 𝜆 = 0). When both 𝜇 and 𝜆 are zero, the (B.3a)-(B.3c) gives: 𝜌 = 𝑢, 𝑚 = 𝑣, and 𝐸 = 𝑤.610

Thus, if [𝑢, 𝑣, 𝑤]T is a solution of (B.3), the given point should belong to the set 𝐺𝜀, i.e., the projection611

point is itself.612

Case 3 (𝜇 > 0 and 𝜆 > 0). When both 𝜇 and 𝜆 are positive, the (B.3d) gives 𝜌 = 𝜀 and (B.3e) becomes613

𝐸 =
1

2𝜀
𝑚2 + 𝜀. (B.4)

If 𝑣 = 0, by (B.3b), we have 𝑚 = 0, which further implies 𝐸 = 𝜀. From (B.3c), we get 𝜇 = 𝜀 − 𝑤 and from614

(B.3a), we get 𝜆 = 𝜀 − 𝑢. Thus, if [𝜀, 0, 𝜀]T is a solution of (B.3), the constraints 𝜀 > 𝑢 and 𝜀 > 𝑤 need to615

be satisfied.616

If 𝑣 ≠ 0, then 𝑚 ≠ 0. Otherwise, (B.3b) gives 𝑣 = 0, which leads to a contradiction. Substituting 𝜌 = 𝜀617

into (B.3b) to solve 𝜇, and further substituting the result into (B.3a), we have618

𝜇 = 𝜀
(
𝑣

𝑚
− 1

)
and 𝜆 = 𝜀 − 𝑢 − 1

2𝜀
𝑚(𝑣 − 𝑚). (B.5)

Combine (B.3c) with (B.4) and (B.5), we obtain619

1

2𝜀
𝑚2 + 𝜀 = 𝐸 = 𝜇 + 𝑤 = 𝜀

(
𝑣

𝑚
− 1

)
+ 𝑤. (B.6)

Multiplying 2𝜀𝑚 on both sides above, we get a cubic equation with respect to 𝑚 as follows.620

𝑚3 + (4𝜀2 − 2𝜀𝑤)𝑚 − 2𝜀2𝑣 = 0. (B.7)

After getting all the real roots of using the method in Appendix D, we compute 𝐸 from (B.4), and 𝜇,𝜆 from621

(B.5). Thus, if the result here is a solution of (B.3), the constraints 𝜇 > 0 and 𝜆 > 0 for (B.5) need to be622

satisfied.623
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Case 4 (𝜇 > 0 and 𝜆 = 0). When 𝜇 is positive and 𝜆 is zero, the KKT condition (B.3) simplify to 𝜌 ≥ 𝜀624

and625

𝜌 − 𝑢 − 𝜇
𝑚2

2𝜌2
= 0, (B.8a)

𝑚 − 𝑣 + 𝜇
𝑚

𝜌
= 0, (B.8b)

𝐸 − 𝑤 − 𝜇 = 0, (B.8c)

𝜀 − 𝐸 + 𝑚2

2𝜌
= 0. (B.8d)

If 𝑣 = 0, by (B.8b), we have 𝑚 = 0. By (B.8a) and (B.8d), we get 𝜌 = 𝑢 and 𝐸 = 𝜀. From (B.8c), we get626

𝜇 = 𝜀 − 𝑤. Thus, if [𝑢, 0, 𝜀]T is a solution of (B.3), the constraints 𝜀 > 𝑤 and 𝜀 ≤ 𝑢 need to be satisfied.627

If 𝑣 ≠ 0, then 𝑚 ≠ 0. Otherwise, (B.8b) gives 𝑣 = 0, which leads to a contradiction. Substituting into628

(B.8b) and (B.8a), we have629

𝜌 − 𝑢 − 𝑚

2𝜌

(
𝜇
𝑚

𝜌

)
= 0 ⇒ 𝑚

𝜌
(𝑣 − 𝑚) = 2(𝜌 − 𝑢), (B.9)

which is a quadratic equation with respect to 𝑚, namely 𝑚2−𝑣𝑚+2𝜌2−2𝑢𝜌 = 0. Thus, let Δ = −8𝜌2+8𝑢𝜌+𝑣2630

denote the discriminant. We have631

𝑚 =
𝑣

2
− 1

2

√
Δ or 𝑚 =

𝑣

2
+ 1

2

√
Δ. (B.10)

From (B.8c) and (B.8d), we get632

𝐸 = 𝜀 + 𝑚2

2𝜌
, (B.11)

𝜇 = 𝜀 + 𝑚2

2𝜌
− 𝑤. (B.12)

Therefore, once we compute 𝜌, the (B.8) is solved. Substitute (B.12) into (B.8b). After multiplying 2𝜌2, we633

end up with a quadratic equation with respect to 𝜌, as follows. Notice that 𝑣 ≠ 0 implies 𝑚 ≠ 𝑣.634

2(𝑚 − 𝑣)𝜌2 + 2(𝜀 − 𝑤)𝑚𝜌 + 𝑚3 = 0. (B.13)

To solve 𝜌, let us first substitute 𝑚 = 𝑣
2 − 1

2

√
Δ into above. The other root in (B.10) can be addressed in the635

same manner. We get636

√
Δ(3𝑣2 + Δ + 8(𝜀 − 𝑤)𝜌 + 8𝜌2) = 𝑣3 + 3𝑣Δ + 8(𝜀 − 𝑤)𝑣𝜌 − 8𝑣𝜌2. (B.14)

Recall the discriminant Δ = −8𝜌2 + 8𝑢𝜌 + 𝑣2. Square both sides above and after some simplification, we637

obtain638

4
(
2𝑣2 + (𝜀 + 𝑢 − 𝑤)2

)
𝜌2 − 4𝑢

(
2𝑣2 + (𝜀 + 𝑢 − 𝑤)2

)
𝜌 + 2𝑢𝑣2(𝑤 − 𝜀) − 𝑣4 = 0. (B.15)

The two roots of above quadratic equation are:639

𝜌 =
𝑢

2
+ 1

2

√
𝑢2(2𝑣2 + (𝜀 + 𝑢 − 𝑤)2) − 2𝑢𝑣2(𝑤 − 𝜀) + 𝑣4√

2𝑣2 + (𝜀 + 𝑢 − 𝑤)2
, (B.16a)

or 𝜌 =
𝑢

2
− 1

2

√
𝑢2(2𝑣2 + (𝜀 + 𝑢 − 𝑤)2) − 2𝑢𝑣2(𝑤 − 𝜀) + 𝑣4√

2𝑣2 + (𝜀 + 𝑢 − 𝑤)2
. (B.16b)

For the second root in (B.10), substitute 𝑚 = 𝑣
2 + 1

2

√
Δ into (B.13). After simplification, we end up with640

exactly the same equation as (B.15), namely the expressions in (B.16) are still the roots. Thus, if the result641

here is a solution of (B.3), the constraints 𝜇 > 0 for (B.12) and 𝜌 ≥ 𝜀 for (B.16) need to be satisfied.642
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Appendix B.2. Algorithm of projection onto the invariant domain set643

Given [𝑥, 𝑦, 𝑧]T ∉ 𝐺𝜀, find the projection of [𝑥, 𝑦, 𝑧]T on set 𝐺𝜀.644

Step 1. Compute candidate points from KKT conditions.645

• The point [𝜌, 𝑚, 𝐸]T = [𝜀, 𝑦, 𝑧]T is a candidate, if 𝑥 < 𝜀 and 𝑧 − 𝑦2

2𝜀 ≥ 𝜀.646

• The point [𝜌, 𝑚, 𝐸]T = [𝜀, 0, 𝜀]T is a candidate, if 𝑥 < 𝜀, 𝑦 = 0, and 𝑧 < 𝜀.647

• If 𝑦 ≠ 0, solve cubic equation 𝑚3 + (4𝜀2 − 2𝜀𝑧)𝑚 − 2𝜀2𝑦 = 0 to obtain all real roots. Examine each real648

root individually. Let 𝑚𝑟 denote a real root and let 𝐸𝑟 =
𝑚2
𝑟

2𝜀 + 𝜀. The point [𝜌, 𝑚, 𝐸]T = [𝜀, 𝑚𝑟 , 𝐸𝑟]T649

is a candidate, if 𝑦

𝑚𝑟
> 1 and 2𝜀𝑥 + 𝑚𝑟(𝑦 − 𝑚𝑟) < 2𝜀2.650

• The point [𝜌, 𝑚, 𝐸]T = [𝑥, 0, 𝜀]T is a candidate, if 𝑥 ≥ 𝜀, 𝑦 = 0, and 𝑧 < 𝜀.651

• Compute 𝜌1 and 𝜌2 using the following formulas only if they are real.652

𝜌1 =
𝑥

2
+ 1

2

√
𝑥2(2𝑦2 + (𝜀 + 𝑥 − 𝑧)2) − 2𝑥𝑦2(𝑧 − 𝜀) + 𝑦4√

2𝑦2 + (𝜀 + 𝑥 − 𝑧)2
,

𝜌2 =
𝑥

2
− 1

2

√
𝑥2(2𝑦2 + (𝜀 + 𝑥 − 𝑧)2) − 2𝑥𝑦2(𝑧 − 𝜀) + 𝑦4√

2𝑦2 + (𝜀 + 𝑥 − 𝑧)2
.

For real values of 𝜌1 and 𝜌2, compute 𝑚1 and 𝑚2 using the following formulas only if they are real.653

𝑚1(𝜌) =
1

2
𝑦 − 1

2

√
−8𝜌2 + 8𝑥𝜌 + 𝑦2 and 𝑚2(𝜌) =

1

2
𝑦 + 1

2

√
−8𝜌2 + 8𝑥𝜌 + 𝑦2.

Then, for real point:654

– The point [𝜌, 𝑚, 𝐸]T = [𝜌1 , 𝑚1(𝜌1), 𝜀 + 𝑚1(𝜌1)2
2𝜌1

]
T

is a candidate, if 𝜌1 ≥ 𝜀 and 𝜀 + 𝑚1(𝜌1)2
2𝜌1

> 𝑧.655

– The point [𝜌, 𝑚, 𝐸]T = [𝜌2 , 𝑚1(𝜌2), 𝜀 + 𝑚1(𝜌2)2
2𝜌2

]
T

is a candidate, if 𝜌2 ≥ 𝜀 and 𝜀 + 𝑚1(𝜌2)2
2𝜌2

> 𝑧.656

– The point [𝜌, 𝑚, 𝐸]T = [𝜌1 , 𝑚2(𝜌1), 𝜀 + 𝑚2(𝜌1)2
2𝜌1

]
T

is a candidate, if 𝜌1 ≥ 𝜀 and 𝜀 + 𝑚2(𝜌1)2
2𝜌1

> 𝑧.657

– The point [𝜌, 𝑚, 𝐸]T = [𝜌2 , 𝑚2(𝜌2), 𝜀 + 𝑚2(𝜌2)2
2𝜌2

]
T

is a candidate, if 𝜌2 ≥ 𝜀 and 𝜀 + 𝑚2(𝜌2)2
2𝜌2

> 𝑧.658

Step 2. Substitute all candidate points into the objective function659

|𝜌 − 𝑥|2 + |𝑚 − 𝑦|2 + |𝐸 − 𝑧|2.

Pick the point [𝜌, 𝑚, 𝐸]T from the candidate points such that minimizes the value of the objective function,660

which gives the projection point.661

Appendix C. Projection to numerical admissible set in two dimensions662

Appendix C.1. Derivation from KKT conditions663

Let [𝑢, 𝑣1 , 𝑣2 , 𝑤]T denote an out-of-bound cell average produced by a simulation in two-dimensional664

domain. For a small prescribed 𝜀 > 0, the numerical admissible set 𝐺𝜀 in (2) becomes665

𝐺𝜀 =

{
𝑼 = [𝜌, 𝑚1 , 𝑚2 , 𝐸]T : 𝜌 ≥ 𝜀, 𝜌𝑒(𝑼 ) = 𝐸 −

𝑚2
1 + 𝑚2

2

2𝜌
≥ 𝜀

}
. (C.1)
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The projection point on the closed convex set 𝐺𝜀 is unique. To find the projection of [𝑢, 𝑣1 , 𝑣2 , 𝑤]T, we666

need to solve the following minimization problem: find [𝜌, 𝑚1 , 𝑚2 , 𝐸]T that667

min
𝜌,𝑚1 ,𝑚2 ,𝐸

1

2

(
|𝜌 − 𝑢|2 + |𝑚1 − 𝑣1|2 + |𝑚2 − 𝑣2|2 + |𝐸 − 𝑤|2

)
subject to: 𝜀 − 𝜌 ≤ 0 and 𝜀 − 𝐸 +

𝑚2
1 + 𝑚2

2

2𝜌
≤ 0. (C.2)

We derive an exact solution using the following KKT conditions:668

• Stationarity condition669

𝜌 − 𝑢 − 𝜆 − 𝜇
𝑚2

1 + 𝑚2
2

2𝜌2
= 0, (C.3a)

𝑚1 − 𝑣1 + 𝜇
𝑚1

𝜌
= 0, (C.3b)

𝑚2 − 𝑣2 + 𝜇
𝑚2

𝜌
= 0, (C.3c)

𝐸 − 𝑤 − 𝜇 = 0. (C.3d)

• Complementary slackness670

𝜆(𝜀 − 𝜌) = 0, (C.3e)

𝜇
(
𝜀 − 𝐸 +

𝑚2
1 + 𝑚2

2

2𝜌

)
= 0. (C.3f)

• Primal feasibility671

𝜀 − 𝜌 ≤ 0, (C.3g)

𝜀 − 𝐸 +
𝑚2

1 + 𝑚2
2

2𝜌
≤ 0. (C.3h)

• Dual feasibility672

𝜆 ≥ 0, (C.3i)
𝜇 ≥ 0. (C.3j)

From the dual feasibility, depending on 𝜆 and 𝜇 are zero or positive, we have four different scenarios. Let673

us discuss case by case.674

Case 1 (𝜇 = 0 and 𝜆 > 0). When 𝜇 is zero, the (C.3a)-(C.3d) gives 𝜌 = 𝑢 + 𝜆, 𝑚1 = 𝑣1, 𝑚2 = 𝑣2, and675

𝐸 = 𝑤. When 𝜆 > 0, the (C.3e) implies 𝜌 = 𝜀. From (C.3a), we get 𝜆 = 𝜀 − 𝑢. Thus, if [𝜀, 𝑣1 , 𝑣2 , 𝑤]T is a676

solution of (C.3), the constraints 𝜀 > 𝑢 and (C.3h) need to be satisfied.677

Case 2 (𝜇 = 0 and 𝜆 = 0). When both 𝜇 and 𝜆 are zero, the (C.3a)-(C.3d) gives 𝜌 = 𝑢, 𝑚1 = 𝑣1, 𝑚2 = 𝑣2,678

and 𝐸 = 𝑤. Thus, if [𝑢, 𝑣1 , 𝑣2 , 𝑤]T is a solution of (C.3), the given point already belongs to the set 𝐺𝜀, i.e.,679

the projection point is itself.680
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Case 3 (𝜇 > 0 and 𝜆 > 0). When both 𝜇 and 𝜆 are positive, the (C.3e) gives 𝜌 = 𝜀 and (C.3f) becomes681

𝐸 =
1

2𝜀
(𝑚2

1 + 𝑚2
2) + 𝜀. (C.4)

If 𝑣1 = 0 and 𝑣2 = 0, by (C.3b) and (C.3c), we have 𝑚1 = 0 and 𝑚2 = 0, which further implies 𝐸 = 𝜀. From682

(C.3d), we get 𝜇 = 𝜀 − 𝑤 and from (C.3a), we get 𝜆 = 𝜀 − 𝑢. Thus, if [𝜀, 0, 0, 𝜀]T is a solution of (C.3), the683

constraints 𝜀 > 𝑢 and 𝜀 > 𝑤 need to be satisfied.684

If 𝑣1 = 0 and 𝑣2 ≠ 0, then (C.3b) gives 𝑚1 = 0 and (C.3c) gives 𝑚2 ≠ 0. Therefore, (C.3a)-(C.3d) become685

𝜌 − 𝑢 − 𝜆 − 𝜇
𝑚2

2

2𝜌2
= 0, (C.5a)

𝑚2 − 𝑣2 + 𝜇
𝑚2

𝜌
= 0, (C.5b)

𝐸 − 𝑤 − 𝜇 = 0. (C.5c)

Furthermore, the KKT condition (C.3) degenerates to the associated one-dimensional case, which can be686

solved by using the method in Section Appendix B Case 3.687

If 𝑣1 ≠ 0, multiply (C.3b) by 𝑣2 and multiply (C.3c) by 𝑣1, respectively. We have688 (
1 + 𝜇

𝜌

)
𝑚1𝑣2 = 𝑣1𝑣2(

1 + 𝜇

𝜌

)
𝑚2𝑣1 = 𝑣1𝑣2

 ⇒ 𝑚1𝑣2 = 𝑚2𝑣1 ⇒ 𝑚2 =
𝑣2

𝑣1
𝑚1. (C.6)

When 𝑣1 ≠ 0, it implies 𝑚1 ≠ 0. Otherwise, (C.3b) gives 𝑣1 = 0, which leads to a contradiction. Let689

𝑎 = 1+ 𝑣22/𝑣21. Substituting 𝜌 = 𝜀 into (C.3b) to solve 𝜇, and further substituting the result into (C.3a), we690

have691

𝜇 = 𝜀
(
𝑣1

𝑚1
− 1

)
and 𝜆 = 𝜀 − 𝑢 − 𝑎

2𝜀
𝑚1(𝑣1 − 𝑚1). (C.7)

By substituting (C.6) into (C.4) and combining the result with (C.3d) and (C.7), we obtain692

𝑎

2𝜀
𝑚2

1 + 𝜀 = 𝐸 = 𝜇 + 𝑤 = 𝜀
(
𝑣1

𝑚1
− 1

)
+ 𝑤. (C.8)

Multiplying 2𝜀𝑚1 on both sides above, we get a cubic equation with respect to 𝑚1 as follows.693

𝑎𝑚3
1 + (4𝜀2 − 2𝜀𝑤)𝑚1 − 2𝜀2𝑣1 = 0.

After getting all the real roots of using the method in Appendix D, we compute 𝑚2 form (C.6), 𝐸 from694

(C.8), and 𝜇,𝜆 from (C.7). Thus, if the result here is a solution of (C.3), the constraints 𝜇 > 0 and 𝜆 > 0695

for (C.7) need to be satisfied.696

Case 4 (𝜇 > 0 and 𝜆 = 0). When 𝜇 is positive and 𝜆 is zero, the KKT condition (C.3) simplify to 𝜌 ≥ 𝜀697

and698

𝜌 − 𝑢 − 𝜇
𝑚2

1 + 𝑚2
2

2𝜌2
= 0, (C.9a)

𝑚1 − 𝑣1 + 𝜇
𝑚1

𝜌
= 0, (C.9b)

𝑚2 − 𝑣2 + 𝜇
𝑚2

𝜌
= 0, (C.9c)

𝐸 − 𝑤 − 𝜇 = 0, (C.9d)

𝜀 − 𝐸 +
𝑚2

1 + 𝑚2
2

2𝜌
= 0. (C.9e)
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If 𝑣1 = 0 and 𝑣2 = 0, we have 𝑚1 = 0 and 𝑚2 = 0. By (C.9a) and (C.9e), we get 𝜌 = 𝑢 and 𝐸 = 𝜀. From699

(C.9d), we get 𝜇 = 𝜀 − 𝑤. Thus, if [𝑢, 0, 0, 𝜀]T is a solution of (C.3), the constraints 𝜀 > 𝑤 and 𝜀 ≤ 𝑢 need700

to be satisfied.701

If 𝑣1 = 0 and 𝑣2 ≠ 0, then (C.9b) gives 𝑚1 = 0 and (C.9c) gives 𝑚2 ≠ 0. Thus, (C.9a)-(C.9e) become702

𝜌 − 𝑢 − 𝜇
𝑚2

2

2𝜌2
= 0, (C.10a)

𝑚2 − 𝑣2 + 𝜇
𝑚2

𝜌
= 0, (C.10b)

𝐸 − 𝑤 − 𝜇 = 0, (C.10c)

𝜀 − 𝐸 +
𝑚2

2

2𝜌
= 0, (C.10d)

which can be solved by using the method in Section Appendix B Case 4.703

If 𝑣1 ≠ 0, recall 𝑎 = 1 + 𝑣22/𝑣21 and 𝑚2𝑣1 = 𝑚1𝑣2, by eliminating 𝑚2 in (C.9a) and substituting (C.9b)704

into (C.9a), we have705

𝜌 − 𝑢 − 𝑎 𝑚1

2𝜌

(
𝜇
𝑚1

𝜌

)
= 0 ⇒ 𝑎

𝑚1

𝜌
(𝑣1 − 𝑚1) = 2(𝜌 − 𝑢),

which is a quadratic equation with respect to 𝑚1, namely 𝑎𝑚2
1 − 𝑎𝑣1𝑚1 + 2𝜌2 − 2𝑢𝜌 = 0. Thus, let Δ =706

−8𝑎𝜌2 + 8𝑎𝑢𝜌 + 𝑎2𝑣21 denote the discriminant. We have707

𝑚1 =
𝑣1

2
− 1

2𝑎

√
Δ or 𝑚1 =

𝑣1

2
+ 1

2𝑎

√
Δ. (C.11)

Similarly, using 𝑚2 = 𝑚1𝑣2/𝑣1 to eliminate 𝑚2 in (C.9e) and adding (C.10c) and (C.9e) together, we have708

𝐸 = 𝜀 + 𝑎
𝑚2

1

2𝜌
, (C.12)

𝜇 = 𝜀 + 𝑎
𝑚2

1

2𝜌
− 𝑤. (C.13)

Therefore, once we compute 𝜌, the (C.9) is solved. Substitute (C.13) into (C.9b). After multiplying 2𝜌2, we709

end up with a quadratic equation with respect to 𝜌, as follows. Notice that 𝑣1 ≠ 0 implies 𝑚1 ≠ 𝑣1.710

2(𝑚1 − 𝑣1)𝜌2 + 2(𝜀 − 𝑤)𝑚1𝜌 + 𝑎𝑚3
1 = 0. (C.14)

To solve 𝜌, let us first substitute 𝑚1 =
𝑣1
2 − 1

2𝑎

√
Δ into above. The other root in (C.11) can be addressed in711

the same manner. We get712

√
Δ

(
3𝑣21 +

Δ

𝑎2
+ 8(𝜀 − 𝑤)𝜌

𝑎
+ 8

𝑎
𝜌2
)
= 𝑎𝑣31 +

3

𝑎
𝑣1Δ + 8(𝜀 − 𝑤)𝑣1𝜌 − 8𝑣1𝜌

2. (C.15)

Recall the discriminant Δ = −8𝑎𝜌2 + 8𝑎𝑢𝜌 + 𝑎2𝑣21. Square both sides above and after some simplification,713

we obtain714

4
(
2𝑣21 +

1

𝑎
(𝜀 + 𝑢 − 𝑤)2

)
𝜌2 − 4𝑢

(
2𝑣21 +

1

𝑎
(𝜀 + 𝑢 − 𝑤)2

)
𝜌 + 2𝑢𝑣21(𝑤 − 𝜀) − 𝑎𝑣41 = 0. (C.16)

The two roots of above quadratic equation are:715

𝜌 =
𝑢

2
+ 1

2

√
𝑢2(2𝑣21 + 1

𝑎 (𝜀 + 𝑢 − 𝑤)2) − 2𝑢𝑣21(𝑤 − 𝜀) + 𝑎𝑣41√
2𝑣21 + 1

𝑎 (𝜀 + 𝑢 − 𝑤)2
, (C.17a)

or 𝜌 =
𝑢

2
− 1

2

√
𝑢2(2𝑣21 + 1

𝑎 (𝜀 + 𝑢 − 𝑤)2) − 2𝑢𝑣21(𝑤 − 𝜀) + 𝑎𝑣41√
2𝑣21 + 1

𝑎 (𝜀 + 𝑢 − 𝑤)2
. (C.17b)
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For the second root in (C.11), substitute 𝑚1 =
𝑣1
2 + 1

2𝑎

√
Δ into (C.14). After simplification, we end up with716

exactly the same equation as (C.16), namely the expressions in (C.17) are still the roots. Thus, if the result717

here is a solution of (C.3), the constraints 𝜇 > 0 for (C.13) and 𝜌 ≥ 𝜀 for (C.17) need to be satisfied.718

Finally, among all the points listed above, we pick the point [𝜌, 𝑚1 , 𝑚2 , 𝐸]T which gives the smallest719

value of the objective function, and it is the projection point.720

Appendix C.2. Algorithm of projection onto the invariant domain set721

Given [𝑥, 𝑦1 , 𝑦2 , 𝑧]T ∉ 𝐺𝜀, find the projection [𝜌, 𝑚1 , 𝑚2 , 𝐸]T on set 𝐺𝜀.722

Step 1. Compute candidate points from KKT conditions.723

• The point [𝜌, 𝑚1 , 𝑚2 , 𝐸]T = [𝜀, 𝑦1 , 𝑦2 , 𝑧]T is a candidate, if 𝑥 < 𝜀 and 𝑧 − 1
2𝜀 (𝑦21 + 𝑦22) ≥ 𝜀.724

• The point [𝜌, 𝑚1 , 𝑚2 , 𝐸]T = [𝜀, 0, 0, 𝜀]T is a candidate, if 𝑥 < 𝜀, 𝑦1 = 0, 𝑦2 = 0, and 𝑧 < 𝜀.725

• If 𝑦1 , 𝑦2 ≠ 0, solve the cubic equation 𝑎𝑚3
1 + (4𝜀2 − 2𝜀𝑧)𝑚1 − 2𝜀2𝑦1 = 0 with 𝑎 = 1 + 𝑦22/𝑦21 to obtain726

all real roots. Examine each real root individually. Let 𝑚1𝑟 denote a real root. Then the point727

[𝜌, 𝑚1 , 𝑚2 , 𝐸]T = [𝜀, 𝑚1𝑟 , 𝑚2𝑟 , 𝐸𝑟]T , where 𝑚2𝑟 =
𝑦2

𝑦1
𝑚1𝑟 and 𝐸𝑟 =

𝑎

2𝜖
𝑚2

1𝑟 + 𝜀,

is a candidate, if 𝑦1
𝑚1𝑟

> 1 and 2𝜀𝑥 + 𝑎𝑚1𝑟(𝑦1 − 𝑚1𝑟) < 2𝜀2.728

• The point [𝜌, 𝑚1 , 𝑚2 , 𝐸]T = [𝑥, 0, 0, 𝜀]T is a candidate, if 𝑥 ≥ 𝜀, 𝑦1 = 0, 𝑦2 = 0, and 𝑧 < 𝜀.729

• Compute 𝜌1 and 𝜌2 using the following formulas only if they are real.730

𝜌1 =
𝑥

2
+ 1

2

√
𝑥2(2𝑦21 + 1

𝑎 (𝜀 + 𝑥 − 𝑧)2) − 2𝑥𝑦21(𝑧 − 𝜀) + 𝑎𝑦41√
2𝑦21 + 1

𝑎 (𝜀 + 𝑥 − 𝑧)2
,

𝜌2 =
𝑥

2
− 1

2

√
𝑥2(2𝑦21 + 1

𝑎 (𝜀 + 𝑥 − 𝑧)2) − 2𝑥𝑦21(𝑧 − 𝜀) + 𝑎𝑦41√
2𝑦21 + 1

𝑎 (𝜀 + 𝑥 − 𝑧)2
.

For real values of 𝜌1 and 𝜌2, compute 𝑚1𝛼 and 𝑚1𝛽 using the following formulas only if they are real.731

𝑚1𝛼(𝜌) =
1

2
𝑦1 −

1

2𝑎

√
−8𝑎𝜌2 + 8𝑎𝑥𝜌 + 𝑎2𝑦21 and 𝑚1𝛽(𝜌) =

1

2
𝑦1 +

1

2𝑎

√
−8𝑎𝜌2 + 8𝑎𝑥𝜌 + 𝑎2𝑦21 .

Then, for real points:732

– The point [𝜌, 𝑚1 , 𝑚2 , 𝐸]T = [𝜌1 , 𝑚1𝛼(𝜌1), 𝑦2𝑦1𝑚1𝛼(𝜌1), 𝜀 + 𝑚1𝛼(𝜌1)2
2𝜌1

]
T

is a candidate, if 𝜌1 ≥ 𝜀 and733

𝜀 + 𝑚1𝛼(𝜌1)2
2𝜌1

> 𝑧.734

– The point [𝜌, 𝑚1 , 𝑚2 , 𝐸]T = [𝜌2 , 𝑚1𝛼(𝜌2), 𝑦2𝑦1𝑚1𝛼(𝜌2), 𝜀 + 𝑚1𝛼(𝜌2)2
2𝜌2

]
T

is a candidate, if 𝜌2 ≥ 𝜀 and735

𝜀 + 𝑚1𝛼(𝜌2)2
2𝜌2

> 𝑧.736

– The point [𝜌, 𝑚1 , 𝑚2 , 𝐸]T = [𝜌1 , 𝑚1𝛽(𝜌1), 𝑦2𝑦1𝑚1𝛽(𝜌1), 𝜀 +
𝑚1𝛽(𝜌1)2

2𝜌1
]
T

is a candidate, if 𝜌1 ≥ 𝜀 and737

𝜀 + 𝑚1𝛽(𝜌1)2
2𝜌1

> 𝑧.738

– The point [𝜌, 𝑚1 , 𝑚2 , 𝐸]T = [𝜌2 , 𝑚1𝛽(𝜌2), 𝑦2𝑦1𝑚1𝛽(𝜌2), 𝜀 +
𝑚1𝛽(𝜌2)2

2𝜌2
]
T

is a candidate, if 𝜌2 ≥ 𝜀 and739

𝜀 + 𝑚1𝛽(𝜌2)2
2𝜌2

> 𝑧.740
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Step 2. Substitute all candidate points into the objective function741

|𝜌 − 𝑥|2 + |𝑚1 − 𝑦1|2 + |𝑚2 − 𝑦2|2 + |𝐸 − 𝑧|2.

Pick the point [𝜌, 𝑚1 , 𝑚2 , 𝐸]T from the candidate points such that minimizes the value of the objective742

function, which gives the projection point.743

Appendix D. Real roots of depressed cubic equation744

We list the following formulae to compute all the real roots of a depressed cubic equation in the form of745

𝑥3 + 𝑝𝑥 + 𝑞 = 0, where 𝑝, 𝑞 ∈ R. For more details, see [13] and [47, Appendix A].746

1. If 𝑝 = 𝑞 = 0, then the equation has a triple real root.747

𝑥1 = 𝑥2 = 𝑥3 = 0. (D.1)

2. If 4𝑝3 + 27𝑞2 > 0, then the equation only has one real root.748

𝑥1 = −1

3
( 3
√
𝑌1 + 3

√
𝑌2). (D.2)

Here 𝑌1 = 3
2 (9𝑞 +

√
12𝑝3 + 81𝑞2) and 𝑌2 = 3

2 (9𝑞 −
√
12𝑝3 + 81𝑞2).749

3. If 4𝑝3 + 27𝑞2 = 0 (but 𝑝 ≠ 0 or 𝑞 ≠ 0), then the equation has three real roots, one of which is a double750

root.751

𝑥1 =
3𝑞

𝑝
, (D.3a)

𝑥2 = 𝑥3 = −3𝑞

2𝑝
. (D.3b)

4. If 4𝑝3 + 27𝑞2 < 0 (this implies 𝑝 < 0), then the equation has three unequal real roots.752

𝑥1 = −
2
√
−3𝑝
3

cos
𝜃
3
, (D.4a)

𝑥2 =

√
−3𝑝
3

(cos 𝜃
3
+
√
3 sin

𝜃
3
), (D.4b)

𝑥3 =

√
−3𝑝
3

(cos 𝜃
3
−
√
3 sin

𝜃
3
). (D.4c)

Here, the 𝜃 = arccos
(
− 3

√
3𝑞

2𝑝
√−𝑝

)
.753

The advantage of using the formulae above is that it allows us to only use real number operations to obtain754

real roots. Eliminating the need for complex number operations simplifies implementation.755
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