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Abstract. We extend the tensor-product direct solver from the Laplacian to the Schrödinger5
operator −∆+V . When the potential V1 is separable, the operator −∆+V1 is inverted or exponenti-6
ated at cost O(N1+1/d) in d dimensions via per-axis eigendecomposition. On a single NVIDIA A1007
GPU, this costs less than one second for 109 degrees of freedom in 3D. For non-separable potentials8
V = V1 + V2, the same solver provides a preconditioner (−∆+ V1)−1 for the preconditioned conju-9
gate gradient (PCG) method and a propagator for operator-splitting time integrators. For bounded10
V2, we prove that the preconditioned operator has a bounded condition number and a clustered11
spectrum with at most finitely many outlier eigenvalues, independently of the mesh size, and also12
independently of the domain size when V1 is a confining potential. This explains the mesh- and13
domain-independent PCG iteration counts observed in practice. We apply this method to ground14
state computation via inverse iteration for linear problems and via the au gradient flow for Gross–15
Pitaevskii energy in 3D, and also Hamiltonian simulation via the approximated qHOP and Magnus-216
splitting methods from 3D to 9D on a single NVIDIA GH200 GPU.17
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1. Introduction. It is well known that the discrete Laplacian on Cartesian21

meshes has a tensor-product structure, which can be used as a simple and fast direct22

solver since the 1960s [29, 18, 33, 25, 28]. For a general potential V , this structure is23

lost for the Schrödinger operator −∆+V . In this paper, we extend the tensor-product24

solver from the Laplacian to the Schrödinger operator −∆+ V as follows. For a sep-25

arable potential V1(x) =
∑

k fk(xk), the operator −∆ + V1 can still be inverted or26

exponentiated via per-axis eigendecomposition at cost O(N1+1/d) with O(N) mem-27

ory. For non-separable potentials V = V1 + V2, the tensor-product solver provides a28

preconditioner (−∆+V1)
−1 for the preconditioned conjugate gradient (PCG) method29

and a propagator for operator-splitting time integrators. For bounded V2, we prove30

that the preconditioned operator (−∆+V1)
−1(−∆+V1+V2) has a bounded condition31

number and a clustered spectrum with at most finitely many outliers, independently32

of the mesh size (Theorem 3.4), and also independently of the domain size when V1 is33

a confining potential (Theorem 3.5). This can explain mesh- and domain-independent34

PCG iteration counts observed in numerical tests for suitable potentials. Similar to35

the simple GPU acceleration of the direct inversion of the Laplacian in [28], we show36

that the Schrödinger operator −∆+V can be easily inverted on GPU (Sections 2–3),37

e.g., it takes less than 1 second for inverting −∆ + V1 for one billion DoFs on one38

Nvidia GPU such as A100 and GH200.39

Fast inversion of the Schrödinger operator has several applications. We first40

consider ground state computation (Section 4): for separable potentials via shifted41

inverse iteration, and for non-separable potentials via shifted inverse iteration with42

PCG, preconditioned by (−∆ + V1)
−1. We also demonstrate that the defocusing43

Gross–Pitaevskii ground state via the au flow can be easily implemented in 3D on a44
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2 X. LIU AND X. ZHANG

single GPU.45

Another application is Hamiltonian simulation. If (λ1, u1) is the ground state46

eigenpair of H = −∆ + V , then ψ(x, t) = e−iλ1t u1(x) is an exact solution of the47

time-dependent Schrödinger equation i∂tψ = Hψ. We use this stationary solution as48

a reference for testing operator-splitting methods (Sections 5–6).49

In the quantum computing literature, two recent splitting methods have been50

considered for simulating i∂tψ = (A+B)ψ in the interaction picture, where A has large51

spectral norm but can be fast-forwarded (e.g., A = −∆ via QFT). The quantum Highly52

Oscillatory Protocol (qHOP) [1] approximates the first-order Magnus expansion and53

achieves O(∆t2) superconvergence with an error preconstant independent of problem54

size n [1]. The Magnus-2 algorithm [12] uses the second-order Magnus expansion55

and achieves O(∆t4) superconvergence [12, 7]. On a quantum computer, the matrix56

exponential of a sum of interaction-picture Hamiltonians is implemented via linear57

combination of unitaries (LCU). Classically, this cannot be computed directly at large58

n. We implement an approximate version using a product formula where each factor59

is computed exactly via tensor-product propagations and a pointwise multiplication60

(equation (5.2) and Remark 5.1 in Section 5.2). We test these methods for multi-body61

Coulomb Hamiltonians in 4D, 6D, and 9D (Section 6). The approximated versions of62

qHOP and Magnus-2 are tested in multiple dimensions for two purposes. First, these63

tests can serve as a verification of their theoretical superconvergence orders in high64

dimensions. Since the approximated versions introduce additional product-formula65

errors beyond the original splitting error, observing the predicted convergence orders66

despite these additional errors provides supporting numerical evidence for the original67

schemes. Second, the same product-formula implementation yields a family of classical68

splitting methods with parameterM : M = 1 recovers the classical Strang and Yoshida69

splittings, while M ≥ 3 reduces the error constant at the same convergence order,70

demonstrating that qHOP and Magnus-2 can serve as improved classical integrators71

compared to standard schemes. Furthermore, as a classical numerical scheme, the72

splitting A = −∆ + V1, B = V2 gives smaller errors than A = −∆, B = V1 + V273

(Tables 7 and 8 in Section 5).74

In related work, the tensor-product approach to Schrödinger equations has been75

explored by Caliari et al. [8], whose µ-mode integrator exploits Kronecker structure76

for 3D problems at ∼2× 106 DoFs. GPU acceleration for Schrödinger simulation has77

also been explored in [16]. The split-step spectral method was introduced in [5]. We78

refer to [26, 24] for reviews of semiclassical methods and to [23, 36, 21] for splitting79

error analysis and classical Magnus integrators. On the quantum computing side, gate80

complexity for real-space simulation of Schrödinger equations was established in [10],81

Trotter error bounds for interacting electrons were given in [35, 17], and quantum82

resource estimates for 2D Coulomb simulation are given in [15].83

All results in this paper can be reproduced via Python (JAX) code available84

at https://github.com/zhan1966/schrodinger. GPU cards are available to many re-85

searchers through programs such as the NSF-funded ACCESS (Advanced Cyberinfras-86

tructure Coordination Ecosystem: Services & Support) [6], which provides allocations87

on GPU clusters including NVIDIA A100 and GH200 nodes. The direct inversion of88

the tensor-structured Laplacian on A100 was demonstrated in [28, 9, 19]. This paper89

extends the same approach to the Schrödinger operator −∆ + V . All computations90

in this paper require only a single GPU.91

The rest of the paper is organized as follows. Section 2 describes the tensor-92

product spectral solver. Section 3 develops the PCG preconditioner and analyzes its93

mesh- and domain-independent condition number and spectral clustering. Section 494
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presents ground state computation via shifted inverse iteration and Gross–Pitaevskii95

gradient flows. Sections 5 and 6 present Hamiltonian simulation results in 3D through96

9D. Some concluding remarks are given in Section 7. Appendix A presents the Hermite97

spectral discretization on unbounded domains.98

2. Direct solver for −∆+ V with a separable potential. The idea in this99

paper applies to any numerical method with a tensor-product structure on rectangular100

domains. For simplicity, throughout the paper we focus on the Qk spectral element101

method (SEM), which is the high order finite element method with Qk basis and102

(k + 1)-point Gauss-Lobatto quadrature. For k = 1, it is the classical second order103

finite difference method. For k ≥ 2, Qk SEM can be proven to be a (k + 2)-th order104

finite difference scheme in ℓ2-norm over quadrature point values [27]. As an example105

of another suitable method, we also include a Hermite spectral method on unbounded106

domains in Appendix A. See also [28] for using Qk SEM in a Poisson solver.107

2.1. A direct solver via eigendecomposition for separable potentials.108

We consider the elliptic PDE109

(2.1) −∆u(x) + V (x)u(x) = b(x), x ∈ Ω,110

on a rectangular domain Ω = [−L,L]d (or on Rd via Hermite functions in Appen-111

dix A). For simplicity, we consider the homogeneous Dirichlet boundary condition,112

and extensions of the scheme to homogeneous Neumann and periodic boundary con-113

ditions are straightforward. With the Qk spectral element method using Gauss–114

Lobatto quadrature [27], let Kd = M−1
d Sd denote the 1D discrete Laplacian in di-115

rection d ∈ {x, y, z}, with Md the mass matrix, Sd the stiffness matrix, and Id the116

identity matrix. For Q1 elements on a uniform mesh, Kd is the well-known tridiagonal117

(−1, 2,−1) matrix from second order finite difference. Let n be the number of interior118

grid points in each direction. For any d-dimensional array X of size n × · · · × n, let119

vec(X) denote the vector of size nd obtained by reshaping all entries of X into a120

column vector. Then in 3D, the discretized system takes the form (see [28, 9]):121

(2.2)
[
Iz ⊗ Iy ⊗Kx + Iz ⊗Ky ⊗ Ix +Kz ⊗ Iy ⊗ Ix +diag(vec(V ))

]
vec(U) = vec(B),122

where V is the array of potential values V (xi) at the grid points. When the po-123

tential is separable, V (x) = fx(x) + fy(y) + fz(z), the potential matrix decom-124

poses as diag(vec(V )) = Iz ⊗ Iy ⊗ Fx + Iz ⊗ Fy ⊗ Ix + Fz ⊗ Iy ⊗ Ix with Fd =125

diag(fd(x1), . . . , fd(xn)), and the system (2.2) reduces to the Kronecker form126

(2.3) (Iz ⊗ Iy ⊗Hx + Iz ⊗Hy ⊗ Ix +Hz ⊗ Iy ⊗ Ix) vec(U) = vec(B),127

where Hd = Kd + Fd = M−1
d Sd + Fd for each axis d ∈ {x, y, z}. Each Hd can be128

diagonalized by129

(2.4) Hd =M
−1/2
d (M

−1/2
d SdM

−1/2
d + Fd)M

1/2
d = TdΛdT

−1
d ,130

where Td = M
−1/2
d Qd, T

−1
d = QT

dM
1/2
d , and QdΛdQ

T
d is the eigendecomposition of131

the symmetric matrix M
−1/2
d SdM

−1/2
d + Fd.132

The solution is then computed in four steps:133

1. Off-line setup (one-time): compute the eigendecomposition Hd = TdΛdT
−1
d134

for each axis d. Since Hd is an n× n matrix, this costs O(n3) = O(N).135

2. Forward transform: apply T−1
z ⊗ T−1

y ⊗ T−1
x to B.136
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4 X. LIU AND X. ZHANG

3. Solve the diagonal system: divide by (Λx)ii + (Λy)jj + (Λz)kk.137

4. Backward transform: apply Tz ⊗ Ty ⊗ Tx.138

Steps 2 and 4 contain the dominant computational cost O(N4/3) for N = n3. The139

memory cost is O(N).140

The same factorization applies to the time-dependent Schrödinger propagator141

e−i(−∆+V1)∆t. Since −∆+V1 = T ΛT−1, where T = Tz⊗Ty⊗Tx and Λ is the diagonal142

tensor of eigenvalue sums Λijk = (Λx)ii + (Λy)jj + (Λz)kk, the matrix exponential is143

e−i(−∆+V1)∆t ψ = T (e−iΛ∆t ⊙ (T−1 ψ)),144

with ⊙ denoting pointwise multiplication. The only change from the direct inversion145

is that the eigenvalue division in step 3 is replaced by multiplication by e−iΛijk∆t.146

Steps 1, 2 and 4 are the same. Thus, once the eigendecomposition is computed, both147

the direct solve (−∆+ V1)
−1b and the propagator e−i(−∆+V1)∆tψ cost O(N1+1/d).148

2.2. Numerical tests. We demonstrate the solver on the equation149

(2.5) (−∆+ V )u = f, x ∈ [−1, 1]d.150

For 3D, we use the non-isotropic separable potential151

(2.6) V (x) = 1600
(
sin2

(
π
4x

)
+ sin2

(
π
4 y

)
+ sin2

(
π
4 z

))
+ (x2 + 2y2 + 3z2),152

exact solution u∗ = sin(πx) sin(2πy) sin(3πz), and f = (−∆ + V )u∗. For 4D and153

6D tests, we use the harmonic trapping potential V (x) =
∑d

k=1 x
2
k, and the exact154

solution u∗ =
∏d

k=1 sin(kπxk).155

All computations are implemented in Python with JAX, similar to the Python156

implementation in [28]. Table 1 reports setup time for offline eigendecomposition and157

eigenvalue array construction, and solve time for applying the direct solver, which158

would be the per-iteration cost in an iterative method such as PCG in later sections.159

In Table 1, we also report different precision formats on a GH200 GPU (96GB160

HBM3). FP32 (single precision) stores each number in 32 bits, using half the memory161

of FP64. TF32 (TensorFloat-32) uses 32-bit storage but performs matrix multiplica-162

tions on GPU tensor cores at reduced precision for fast matrix operations. See [28] for163

more comparison of TF32 with FP32. BF16 (bfloat16) uses only 16 bits per number,164

further reducing memory and enabling larger grids on the same device, but with only165

∼3-digit precision.166

3. Efficient Inversion of −∆+ V . When V = V1 + V2 contains a separable V1167

and a non-separable V2, we use PCG with the preconditioner (−∆+ V1)
−1.168

3.1. Test potentials. We consider two physically motivated potentials.169

(a) Harmonic plus quartic potential [3]:170

(3.1) V (x, y, z) = 2(1−α)(γxx2 + γyy
2) + κ

2 (x
2 + y2)2 + γzz

2.171

We consider γx = γy = 1, γz = 3, α = 1.4, κ = 0.3, and we split V = V1 + V2 with172

separable part V1 = γxx
2 + γyy

2 + γzz
2 and non-separable remainder173

V2 = (2(1−α)−1)(γxx
2+γyy

2) + κ
2 (x

2+y2)2 = −1.8(x2+y2) + 0.15(x2+y2)2.174

The quartic coupling (x2 + y2)2 makes V2 genuinely non-separable.175

This manuscript is for review purposes only.



GPU-ACCELERATED DIRECT SOLVER FOR THE SCHRÖDINGER OPERATOR 5

Table 1
Direct inversion of (−∆ + V ) via Qk SEM on Nvidia GH200 96GB. 3D: potential (2.6),

4D/6D: V =
∑
x2k. At matched n, solve times (in seconds) are identical across Qk. In FP64, all

three dimensions reach ∼109 DoFs: 10993 ≈ 1.3× 109, 1794 ≈ 1.0× 109, 336 ≈ 1.3× 109.

Precision Dim Qk Ncell n DoFs Setup (s) Solve (s) ℓ2 rel. err

FP64 3D Q1 1100 1099 10993 5.2 0.508 3.66× 10−6

Q2 550 1099 10993 5.1 0.512 1.93× 10−9

Q10 110 1099 10993 6.4 0.510 7.66× 10−13†

4D Q10 18 179 1794 6.2 0.195 1.29× 10−13†

6D Q2 17 33 336 5.9 0.258 2.95× 10−2§

FP32 3D Q2 500 999 9993 5.4 0.270 7.17× 10−7

4D Q10 15 149 1494 5.8 0.058 4.99× 10−7

Q10 20 199 1994 5.8 0.188 6.20× 10−7‡

6D Q10 3 29 296 5.7 0.052 4.75× 10−4

TF32 3D Q2 500 999 9993 6.6 0.133 5.13× 10−4

BF16 3D Q2 500 999 9993 5.4 0.088 1.65× 10−2

Q2 800 1599 15993 5.6 0.517 1.64× 10−2

†FP64 rounding floor. ‡FP32 rounding floor. §Mesh too coarse for Q2 to resolve
∏6

k=1 sin(kπxk).

(b) Harmonic plus stirrer potential [2, 22, 4]:176

(3.2) V (x, y, z) = γ2xx
2 + γ2yy

2 + γ2zz
2︸ ︷︷ ︸

V1

+2w0 e
−δ((x−r0)

2+y2)︸ ︷︷ ︸
V2

,177

with γx = 1, γy = 1, γz = 2, w0 = 4, δ = 1, r0 = 1. This potential includes a178

harmonic trap with a localized Gaussian stirrer.179

3.2. PCG for −∆ + V1 + V2 (non-separable case). When V = V1 + V2180

contains a non-separable component V2, the system (−∆+ V1 + V2)u = f cannot be181

solved directly by the tensor-product solver. We consider the preconditioned conjugate182

gradient (PCG) method. Antoine et al. [3] showed that PCG with the combined183

preconditioner PC = V −1/2(−∆)−1V −1/2 achieves grid-independent iteration counts.184

In this subsection, we show that the preconditioner P = (−∆+ V1)
−1 is stronger. It185

is applied by the tensor-product direct solver with a cost O(N4/3) in 3D.186

Example 3.1 (PCG on bounded domain). We consider the quartic (3.1) and187

stirrer (3.2) potentials on [−8, 8]3 with Q6 SEM, Dirichlet BC, a random right-hand188

side f , FP32 arithmetic, on a GH200 GPU. In all FP32 PCG tests reported here, the189

offline eigendecomposition of −∆+V1 is computed in FP64 and only then cast to lower190

precision for the online PCG iteration. Figure 1 shows the convergence at two grid191

sizes (1973 and 7013 DoFs). Both preconditioners exhibit grid-independent iteration192

counts. The proposed preconditioner converges in 33–38 iterations (quartic) and 5–193

6 iterations (stirrer), compared to 214–255 iterations with (−∆)−1 for the quartic194

potential and ∼375 iterations with PC = V − 1
2 (−∆)−1V − 1

2 for the stirrer potential.195

Figure 1 also shows that the performance of the preconditioner (−∆ + V1)
−1 is196

independent of both the domain size L and the mesh size h for the stirrer potential,197

while for the quartic potential, the iteration count grows with L.198
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6 X. LIU AND X. ZHANG

Fig. 1. PCG convergence (relative residual vs. iteration) for (−∆+ V1 + V2)u = f , Q6 SEM,
FP32, GH200. Top row: quartic potential (3.1) (left) and stirrer potential (3.2) (right), both at
n = 7013, comparing the proposed preconditioner (−∆ + V1)−1 with the (−∆)−1 or PC . Bottom
row: domain dependence of (−∆ + V1)−1 for the quartic potential (left, L = 8, 10, 30, 50) and the
stirrer potential (right, L = 8, 10, 100). Total GPU time for each case is shown in the legend.

In the rest of this section, we explain this behavior by analyzing the spectrum of199

the preconditioned operator, which involves standard spectral theory for conforming200

finite element discretizations (such as Qk SEM) under two assumptions on V1 and V2.201

Assumption I (bounded domain): V1 ∈ L∞(Ω) with V1 ≥ 0, and V2 ∈ L∞(Ω).202

Assumption II (confining potential): V1 ≥ 0 with V1(x) → ∞ as |x| → ∞ and203

V1 ∈ L∞
loc(Rd), and V2 ∈ L∞(Rd).204

Assumption II is stronger since it implies Assumption I on any bounded domain Ω.205

Definition 3.1 (A-inner product). For a bounded domain Ω ⊂ Rd, under As-206

sumption I, define the inner product for H1
0 (Ω):207

⟨u, v⟩A =

∫
Ω

(∇u · ∇v + V1 u v) dx.208

Since V1 ≥ 0 and V1 ∈ L∞(Ω), the Poincaré inequality gives (1 + C2
P )

−1∥u∥2H1 ≤209

∥u∥2A ≤ max(1, ∥V1∥L∞)∥u∥2H1 , so ∥ · ∥A is equivalent to the standard H1 norm.210

Definition 3.2 (Perturbation operators and Riesz map). Under the setting of211

Definition 3.1, let Xh ⊂ H1
0 (Ω) be a conforming finite element subspace with mesh212

parameter h > 0. Define:213

(a) The Riesz map R : L2(Ω) → H1
0 (Ω) by ⟨Rf, v⟩A = (f, v)L2 for all v ∈ H1

0 (Ω).214
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(b) The continuous perturbation operator K : H1
0 (Ω) → H1

0 (Ω) by215

(3.3) ⟨Ku, v⟩A =

∫
Ω

V2 u v dx, ∀ v ∈ H1
0 (Ω).216

(c) Kh : Xh → Xh by ⟨Khuh, vh⟩A =
∫
Ω
V2 uh vh dx for all vh ∈ Xh.217

(d) The projection Πh : H1
0 (Ω) → Xh by ⟨Πhu, vh⟩A = ⟨u, vh⟩A for all vh ∈ Xh.218

(e) The Galerkin discretizations −∆h + V1,h and −∆h + V1,h + V2,h on Xh:219

((−∆h + V1,h)uh, vh)L2 := ⟨uh, vh⟩A,220

221

((−∆h + V1,h + V2,h)uh, vh)L2 := ⟨uh, vh⟩A +

∫
Ω

V2 uh vh dx,222

for all uh, vh ∈ Xh. Here V2,h denotes the restriction of V2 to Xh via the L2223

inner product, i.e., (V2,h uh, vh)L2 =
∫
Ω
V2 uh vh dx.224

The operators in Definition 3.2 correspond directly to the components of the225

preconditioned system: R represents (−∆+V1)
−1, K represents (−∆+V1)

−1V2, and226

Kh is the discrete version of K. We now establish their key properties.227

Lemma 3.3. Under the setting of Definition 3.2:228

(a) K = R ◦ (V2 ·) ◦ ι, where ι : H1
0 (Ω) ↪→ L2(Ω) is the natural embedding. In229

particular, K is compact and self-adjoint on (H1
0 (Ω), ⟨·, ·⟩A).230

(b) Khuh = Πh(Kuh) for all uh ∈ Xh.231

(c) K = (−∆+ V1)
−1V2 and Kh = (−∆h + V1,h)

−1V2,h.232

Proof. (a) First, the multiplication u 7→ V2u is bounded on L2, since V2 ∈ L∞(Ω).233

Second, R is a bounded operator, since it represents (−∆+ V1)
−1. The embedding ι234

is compact by the Rellich–Kondrachov theorem, so K = R ◦ (V2 ·) ◦ ι is compact. For235

self-adjointness, (3.3) gives ⟨Ku, v⟩A =
∫
V2 uv and ⟨Kv, u⟩A =

∫
V2 vu. Since ⟨·, ·⟩A236

is symmetric, ⟨Ku, v⟩A = ⟨u,Kv⟩A.237

(b) For any uh, vh ∈ Xh,238

⟨Khuh, vh⟩A =

∫
V2 uh vh = ⟨Kuh, vh⟩A = ⟨Πh(Kuh), vh⟩A,239

so Khuh = Πh(Kuh) for all uh ∈ Xh, i.e., Kh = ΠhK|Xh
.240

(c) By definition, ⟨Ku, v⟩A =
∫
V2 u v = (V2u, v)L2 = ⟨R(V2u), v⟩A, so Ku = R(V2u),241

i.e., K = (−∆ + V1)
−1V2. Similarly, Khuh is the unique element of Xh satisfying242

⟨Khuh, vh⟩A =
∫
V2 uh vh for all vh ∈ Xh, which is precisely (−∆h+V1,h)

−1(V2,h uh).243

Theorem 3.4 (Spectral convergence of the preconditioned operator). For a244

bounded domain Ω ⊂ Rd, under Assumption I, let T = (−∆+V1)
−1(−∆+V1+V2) =245

I + K and Th = (−∆h + V1,h)
−1(−∆h + V1,h + V2,h) = Ih + Kh, where Ih denotes246

the identity on Xh, be the continuous and discrete preconditioned operators, and let247

K̃h = ΠhKΠh : H1
0 (Ω) → H1

0 (Ω). Then:248

(i) Norm convergence. ∥K̃h − K∥ → 0 as h → 0 in the operator norm on249

(H1
0 (Ω), ∥ · ∥A).250

(ii) Spectral convergence and clustering. For every ϵ > 0, Th has at most251

M(ϵ) eigenvalues outside (1−ϵ, 1+ϵ), where M(ϵ) is independent of h. Each252

nonzero eigenvalue µ of K with multiplicity m is approximated by exactly m253

eigenvalues of Kh converging to µ as h→ 0.254
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(iii) Uniform condition number. If −∆+ V1 + V2 > 0, then κ(Th) ≤ κ(T ) for255

every h, and κ(Th) → κ(T ) as h→ 0.256

Proof. Since Πh maps H1
0 (Ω) onto Xh, K̃h = ΠhKΠh maps X⊥

h to zero and257

restricts to Kh on Xh (by Lemma 3.3(b), ΠhKuh = Khuh for uh ∈ Xh). Therefore258

the nonzero eigenvalues of K̃h are exactly those of Kh: if K̃hf = µf with µ ̸= 0, then259

f = µ−1K̃hf ∈ Xh, so f is an eigenfunction of Kh.260

Part (i): Norm convergence. Write K − K̃h = (I − Πh)K + ΠhK(I − Πh). Since K261

and Πh are both self-adjoint in ⟨·, ·⟩A, the adjoint of ΠhK(I − Πh) is (I − Πh)KΠh.262

Because ∥B∥ = ∥B∗∥ for any bounded operator B and its adjoint B∗ on a Hilbert263

space, ∥ΠhK(I −Πh)∥ = ∥(I −Πh)KΠh∥ ≤ ∥(I −Πh)K∥ ∥Πh∥ = ∥(I −Πh)K∥, thus264

(3.4) ∥K̃h −K∥ ≤ 2 ∥(I −Πh)K∥.265

It remains to show ∥(I − Πh)K∥ → 0. Since K is compact, the image of the closed266

unit ball B1 = {f ∈ H1
0 (Ω) : ∥f∥A ≤ 1} under K is precompact in (H1

0 (Ω), ∥ · ∥A).267

Consider any fixed ϵ > 0, and cover K(B1) by finitely many ϵ-balls centered at268

g1, . . . , gM ∈ H1
0 (Ω). Since C∞

c (Ω) is dense in H1
0 (Ω) and conforming finite element269

spaces approximate smooth functions as h→ 0 (by polynomial interpolation),
⋃

hXh270

is dense in H1
0 (Ω), so (I − Πh)gj → 0 in ∥ · ∥A for each j, thus there exists h0 such271

that ∥(I −Πh)gj∥A < ϵ for all j and all h < h0. For any f with ∥f∥A ≤ 1, choose gj272

with ∥Kf − gj∥A < ϵ. Since ∥I −Πh∥ ≤ 1 (orthogonal projection),273

∥(I −Πh)Kf∥A ≤ ∥(I −Πh)(Kf − gj)∥A︸ ︷︷ ︸
≤ ϵ

+ ∥(I −Πh)gj∥A︸ ︷︷ ︸
<ϵ

< 2ϵ.274

Hence ∥(I − Πh)K∥ ≤ 2ϵ for h < h0. Since ϵ was arbitrary, ∥(I − Πh)K∥ → 0, and275

by (3.4), ∥K̃h −K∥ → 0.276

Part (ii): Clustering. Since Πh is an orthogonal projection in ⟨·, ·⟩A, its operator277

norm is ∥Πh∥ = 1, so the singular values sn satisfy sn(K̃h) = sn(ΠhKΠh) ≤ sn(K).278

For self-adjoint operators, singular values s equal absolute values of eigenvalues µ, so279

|µn(Kh)| ≤ |µn(K)| for each n, where eigenvalues are ordered by decreasing absolute280

value. Since K is compact and self-adjoint, its eigenvalues accumulate only at 0 [31,281

Theorem VI.16], so for every ϵ > 0, at most M(ϵ) < ∞ of them satisfy |µn(K)| ≥ ϵ.282

Since |µn(Kh)| ≤ |µn(K)|, the same bound holds for Kh, independently of h. Hence283

Th = Ih +Kh has at most M(ϵ) eigenvalues outside (1−ϵ, 1+ϵ).284

Convergence. Since K̃h → K in operator norm and K and K̃h are compact285

and self-adjoint, Osborn’s spectral approximation theory [30] applies directly. By the286

spectral convergence results in [30, Section 3], for each nonzero eigenvalue µ of K287

with multiplicity m, there exist exactly m eigenvalues of K̃h converging to µ. Since288

the nonzero eigenvalues of K̃h are exactly those of Kh, the same convergence holds289

for the eigenvalues of Kh.290

Part (iii): Uniform condition number. For any uh ∈ Xh with ∥uh∥A = 1,291

⟨Khuh, uh⟩A =

∫
Ω

V2 |uh|2 dx = ⟨Kuh, uh⟩A,292

since uh ∈ Xh ⊂ H1
0 (Ω). By the Courant–Fischer min-max principle, µmax(Kh) =293

maxuh∈Xh,∥uh∥A=1⟨Kuh, uh⟩A and µmax(K) = supu∈H1
0 ,∥u∥A=1⟨Ku, u⟩A. Since Xh ⊂294

This manuscript is for review purposes only.



GPU-ACCELERATED DIRECT SOLVER FOR THE SCHRÖDINGER OPERATOR 9

H1
0 (Ω), the maximum over the smaller set Xh cannot exceed the supremum over295

H1
0 (Ω). The same reasoning applies to µmin. Therefore:296

µmin(K) ≤ µmin(Kh) and µmax(Kh) ≤ µmax(K).297

Since Th = Ih +Kh and T = I +K, this gives µmin(T ) ≤ µmin(Th) and µmax(Th) ≤298

µmax(T ). If T > 0, then µmin(T ) > 0, so299

κ(Th) =
µmax(Th)

µmin(Th)
≤ µmax(T )

µmin(T )
= κ(T ) for every h.300

Since µmax(K) and µmin(K) (if nonzero) are isolated eigenvalues of K, Part (ii) gives301

eigenvalues of Kh converging to them. Combined with µmax(Kh) ≤ µmax(K), this302

gives µmax(Kh) → µmax(K). Similarly µmin(Kh) → µmin(K). Hence κ(Th) → κ(T ).303

Theorem 3.5 (Domain-independent clustering for confining potentials). Under304

Assumption II, consider the family of domains ΩL = [−L,L]d with conforming finite305

element subspaces Xh ⊂ H1
0 (ΩL), and the preconditioned operator Th,L defined as306

in Lemma 3.3, then for every ϵ > 0, there exist at most M(ϵ) eigenvalues of Th,L307

outside (1−ϵ, 1+ϵ), where M(ϵ) < ∞ is independent of both h and L. Moreover, if308

−∆+ V1 + V2 > 0 on Rd, then κ(Th,L) is bounded independently of both h and L.309

Proof. Since V1 is confining, the Schrödinger operator −∆+ V1 on Rd has com-310

pact resolvent and therefore purely discrete spectrum Λ1 ≤ Λ2 ≤ · · · → ∞ [32,311

Theorem XIII.16]. By the min-max principle, the n-th eigenvalue of −∆+ V1 on ΩL312

satisfies313

λn(−∆L + V1) = min
dimS=n

S⊂H1
0 (ΩL)

max
u∈S, ∥u∥L2=1

∥u∥2A.314

Restricting to H1
0 (ΩL) ⊂ H1(Rd) reduces the set of candidate subspaces for the outer315

min, so the eigenvalues can only increase: λn(−∆L + V1) ≥ Λn for all n and L. The316

operator norm of the mapping (−∆L + V1)
−1 : L2(ΩL) → L2(ΩL) satisfies317

(3.5) ∥(−∆L + V1)
−1∥L2→L2 =

1

λ1(−∆L + V1)
≤ 1

Λ1
, independently of L.318

By contrast, for ΩL = [−L,L]d, ∥(−∆L)
−1∥L2→L2 = 1/λ1(−∆L) ∼ L2/π2 → ∞.319

Recall that Lemma 3.3 gives KL = R ◦ (V2 ·) ◦ ι, where V2 · is bounded with320

norm ∥V2∥L∞ . By the definition of R with test function Rf , ∥Rf∥2A = (f,Rf)L2 ≤321

∥f∥L2 ∥Rf∥L2 ≤ ∥f∥L2 · Λ−1
1 ∥f∥L2 by (3.5), so ∥Rf∥A ≤ Λ

−1/2
1 ∥f∥L2 . Thus R is322

bounded as a map L2(ΩL) → (H1
0 (ΩL), ∥ · ∥A) with norm ≤ 1/

√
Λ1.323

The singular values of the compact embedding ι : (H1
0 (ΩL), ∥ · ∥A) ↪→ L2(ΩL)324

are determined as follows. The adjoint ι∗ : L2(ΩL) → H1
0 (ΩL) satisfies ⟨ι∗f, v⟩A =325

(f, v)L2 for all v ∈ H1
0 (ΩL), so ι

∗f solves (−∆+ V1)w = f weakly, i.e., ι∗ = (−∆L +326

V1)
−1 as a map L2 → H1

0 . Therefore ι
∗ι : H1

0 → H1
0 has eigenvalues 1/λn(−∆L+V1),327

and the singular values of ι are sn(ι) = 1/
√
λn(−∆L + V1) ≤ 1/

√
Λn. Since KL is328

self-adjoint, its singular values equal the absolute values of its eigenvalues, and the329

multiplicative singular value inequality gives330

|µn(KL)| ≤
∥V2∥L∞(Rd)√

Λ1 Λn

.331

Therefore |µn(KL)| ≥ ϵ requires Λn ≤ ∥V2∥2L∞/(Λ1 ϵ
2), which holds for at most M(ϵ)332

values of n, independently of L. This bound transfers to the discrete operators.333
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Define K̃h,L = ΠhKLΠh as in Theorem 3.4. Since ∥Πh∥ = 1 (orthogonal projection),334

the singular value submultiplicativity gives sn(ΠhKLΠh) ≤ sn(KL). For self-adjoint335

operators |µn| = sn, so |µn(Kh,L)| ≤ |µn(KL)| for each n. Hence Kh,L also has at336

most M(ϵ) eigenvalues outside [−ϵ, ϵ], independently of both h and L.337

For the condition number bound, Theorem 3.4(iii) gives κ(Th,L) ≤ κ(TL) for each338

L. It remains to show κ(TL) is bounded independently of L. LetKRd = (−∆+V1)
−1V2339

on Rd (well-defined since V1 is confining). Any u ∈ H1
0 (ΩL), extended by zero to340

ũ ∈ H1(Rd), satisfies ∥ũ∥A = ∥u∥A and ⟨KRd ũ, ũ⟩A =
∫
V2|ũ|2 =

∫
ΩL

V2|u|2 =341

⟨KLu, u⟩A. Thus the Rayleigh quotients of KL over H1
0 (ΩL) are a subset of those342

of KRd over H1(Rd), giving µmin(KL) ≥ µmin(KRd) and µmax(KL) ≤ µmax(KRd).343

Therefore κ(TL) ≤ κ(TRd) for all L, and κ(Th,L) ≤ κ(TRd) for all h and L.344

Remark 3.6 (Grid-independent PCG convergence). For the stirrer potential (3.2),345

V1 is confining and V2 ∈ L∞(Rd), so Theorem 3.5 guarantees that the eigenvalues of346

Th,L cluster near 1 with at most M(ϵ) outliers, and κ(Th,L) is bounded, independently347

of both h and L, which explains mesh- and domain-independent PCG iteration counts.348

In particular, CG effectively ignores finitely many outlier eigenvalues [37], which can349

explain the fast convergence (5–6 iterations) observed in Example 3.1 (Figure 1, bot-350

tom right), as well as the 5 iterations on R3 with the Hermite spectral method (Figure 9351

in Appendix A). For the quartic potential (3.1), V2 /∈ L∞(Rd), so only Theorem 3.4352

applies. For each fixed L, κ(Th) ≤ κ(T ) ensures mesh-independent iteration counts353

(Figure 1, top left), but κ(TL) grows with L, and iterations increase as L increases354

(Figure 1, bottom left).355

4. Ground State Computation.356

4.1. Linear ground state via shifted inverse iteration. When V = V1 is357

fully separable, the tensor-product solver computes (−∆+V1)
−1b directly, which can358

be used in shifted inverse iteration (power method for (−∆+V1−σ)−1) for computing359

the ground state eigenvector of (−∆+ V1)u = λu. We use the potential in [9]:360

(4.1) V1(x, y, z) =

3∑
k=1

(x2k + 100 sin2(πxk/4)).361

Table 2
Shifted inverse iteration for the ground state of (−∆+V1)u = λu on [−8, 8]3, Q10 SEM, FP64.

Potential (4.1). Shift σ = 0.9λmin(−∆ + V1). Convergence criterion |∆λ|/|λ| < 10−12. Ground
state eigenvalue λ1 = 23.2878438176.

GPU DoFs Setup (s) JIT (s)† Iters / time (s) Peak mem (GB)

A100 5993 6.2 1.0 9 / 1.25 11.2
A100 9993 6.4 4.3 9 / 7.61 52.1
GH200 9993 9.3 0.9 9 / 3.50 52.1
GH200 10993 9.2 1.2 9 / 5.03 69.4

† JAX/XLA compilation time. At n=999: GH200 is 2.2× faster per solve than A100 (0.39 s vs.
0.85 s). 1.33× 109 DoFs converge in 5 s of iteration time on a single GH200.

362

Table 2 shows that the shifted inverse iteration converges in 9 iterations regardless363

of grid size, producing the ground state of (−∆+ V1)u = λu. This eigenfunction will364

serve as a natural initial guess for the nonlinear GPE gradient flow below.365
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4.2. GPE ground state via Sobolev gradient flow. We consider the ground366

state of the defocusing (β > 0) Gross–Pitaevskii eigenvalue problem367

(4.2) −∆u+ V (x)u+ β |u|2 u = λu, x ∈ Ω ⊂ R3, ∥u∥L2 = 1,368

with potential V ≥ 0 and the parameter β > 0. The ground state minimizes369

(4.3) E(u) =
1

2

∫
Ω

(
|∇u|2 + V |u|2

)
dx+

β

4

∫
Ω

|u|4 dx.370

For β > 0, E has a unique positive ground state [20, 9], thus all computations in this371

section use real arithmetic. The ground state can be computed by the normalized372

gradient flow (GFDN) [4] or by projected Sobolev gradient flows [20, 11, 9].373

4.3. Riemannian gradient flows. The Sobolev gradient flows can also be per-374

ceived as Riemannian gradient descent methods. We consider two Riemannian gradi-375

ent flows on the L2 unit sphere S = {u : ∥u∥L2 = 1}. Both take the form376

(4.4) un+1 =
un − τ ∇R

g E(un)

∥un − τ ∇R
g E(un)∥L2

,377

where ∇R
g E is the Riemannian gradient with respect to the metric g, and τ > 0 is378

the step size. They differ only in the choice of g. We consider just two of them.379

Modified H1 flow [9]. The metric is380

(4.5) gH1(w, z) = (∇w,∇z) + α (w, z), α > 0.381

Each iteration requires solving (−∆ + αI)w = (−∆ + V + βu2)u and a projection382

step, amounting to two direct solves of (−∆+αI)−1 per iteration, a separable tensor-383

product operation at cost O(N4/3) in 3D.384

au flow [20]. The metric depends on the current iterate u:385

(4.6) gau
(w, z) = (∇w,∇z) + (w, V z) + β (w, u2 z).386

Each iteration requires solving (−∆ + V + βu2)−1. We solve this by PCG with387

preconditioner (−∆ + V )−1, which is a separable tensor-product solve. We refer388

to [20, 9] for more details about au flow. The au metric adapts to the current iterate.389

It reduces the iteration count, but each step is more expensive because of the PCG390

solve. The tensor-product solver enters both methods: (i) shifted inverse iteration391

provides the eigenfunction of the linearized problem (−∆ + V1)u = λu as an initial392

guess (Section 4.1), (ii) the modified H1 flow requires (−∆ + αI)−1 (direct solve),393

and (iii) the au flow uses (−∆+ V )−1 as a PCG preconditioner.394

4.4. Numerical results. When FP32 is used below for the PCG solves in the395

au flow, the offline eigendecompositions per axis are still computed in FP64. We396

consider the ground state of (4.2) for a potential V = V1 with V1 given in (4.1).397

Example 4.1 (GPE ground state with eigenfunction initial guess). Since the398

GPE ground state approaches the linear ground state as β → 0, the eigenfunction399

from Table 2 provides a good initial guess for moderate β. Table 3 compares the400

modified H1 flow [9] with two initial guesses: a constant function u0 ≡ c (normalized401

s.t. ∥u0∥L2 = 1) and the linear ground state from shifted inverse iteration. Both use402

Q20 SEM with 5993 DoFs, α = 20, τ = 0.1, tested for β = 10 and 100 on an NVIDIA403

This manuscript is for review purposes only.



12 X. LIU AND X. ZHANG

GH200 96GB GPU. For moderate β, the nonlinear ground state remains close to the404

linear eigenfunction, so the eigenfunction initial guess starts the flow near the solution.405

Figure 2 illustrates the progression: at β = 100 the lattice structure is already emerging406

but the solution remains concentrated near the center, while at β = 1600 the ground407

state has spread into a broad profile far from the linear eigenfunction. As shown in408

Table 3, for β = 10, 100, modified H1 flow with both initializations converges to the409

same energy and eigenvalue, and the eigenfunction initial guess saves 35–71% of total410

time with 39–77% fewer iterations. Figure 3 illustrates that both H1 flow and au411

flow for β = 100 can benefit from the eigenfunction initial guess. But for β = 1600,412

as shown in Table 4 (N = 5993) and Figure 4 (N = 9993), the eigenfunction is no413

longer a good initial guess. Both Figure 3 and Figure 4 also show that au flow can be414

efficiently implemented by the PCG with the proposed preconditioner (−∆+ V1)
−1.415

Fig. 2. Cross-sections of u at x=0, y=0, z=0, plotted on [−6, 6]3. Q20 SEM, 1993 DoFs,
computed on [−8, 8]3. Each panel uses its own color scale. Left: eigenfunction initial guess (linear
ground state, β=0). Center: GPE ground state, β=100. Right: GPE ground state, β=1600.

Table 3
Modified H1 flow for the GPE ground state on [−8, 8]3, Q20 SEM, FP64, α = 20, step size

τ = 0.1, 5993 DoFs, GH200. Potential (4.1). Convergence criterion: |Ek −E∗|/|E∗| < 10−14. The
total computation time includes both off-line and iteration time.

β Init H1 iters Total (s) Energy Eigenvalue

10 constant 745 122.0 14.1965761916 32.4916917439
eigenfunction 175 34.8 14.1965761916 32.4916917439

100 constant 660 111.4 20.6824463703 47.7831207152
eigenfunction 405 71.9 20.6824463703 47.7831207152

Table 4
Comparison of au flow and modified H1 flow for β = 1600, Q20 SEM, 5993 ≈ 2.1× 108 DoFs,

FP64, α=20, step size τ=0.1 for modified H1 and τ=1 for au, GH200.

Method Initilization Iters Linear solves Time (s) Energy

au flow constant 66 790 72.8 33.80227900550
au flow eigenfunction 147 1846 171.9 33.80227900550
Modified H1 constant 272 544 42.6 33.80227900551
Modified H1 eigenfunction not converging

Convergence criterion: |Ek − E∗|/|E∗| < 10−12, where E∗ = 33.80227900547423.
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Fig. 3. Comparison of au flow and modified H1 flow for β = 100, Q20 SEM, 5993 ≈ 2.1× 108

DoFs, GH200. Left: relative energy error vs. iteration. Right: relative energy error vs. GPU time.

Fig. 4. Comparison of au flow and modified H1 flow for β = 1600, Q20 SEM, 9993 ≈ 109

DoFs, constant initial guess, GH200. Left: relative energy error vs. iteration. Right: relative energy
error vs. GPU time. The reference energy E∗ = 33.80227900547 is from [9].

5. Hamiltonian Simulation in 3D. We consider the Schrödinger equation416

(5.1) i ∂tψ = H ψ, H = −∆+ V, ψ(·, 0) = ψ0,417

on Ω ⊂ R3 with either periodic or Dirichlet boundary conditions. When V is sep-418

arable, the tensor-product solver gives the exact propagator e−iH∆t. When V is419

non-separable, it provides the propagator for each operator-splitting sub-step.420

5.1. Splitting methods and classical implementation. We split H = A +421

B with A = −∆ (kinetic) and B = V (potential). The standard Strang splitting422

e−iA∆t/2 e−iB∆t e−iA∆t/2 is second-order in ∆t, but its operator-norm error grows423

with the spectral radius of [A,B], which may scale with N . Two recent quantum424

algorithms consider the interaction-picture Hamiltonian HI(s) = eiAsB e−iAs and425

apply the Magnus expansion to the time-ordered evolution:426

• The qHOP algorithm [1] uses the first-order Magnus truncation, achieving427
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O(∆t2) with an error constant independent of N .428

• The Magnus-2 algorithm [12] adds a commutator correction (second-order429

Magnus), achieving O(∆t4) superconvergence [7, 14].430

Both methods require a matrix exponential of a sum of interaction-picture Hamilto-431

nians, which on a quantum computer is implemented via LCU [1]. Classically, eiAs is432

computed by the tensor-product propagator and e−iB∆t is pointwise, so each factor433

exp(−i wk∆tHI(sk)) can be evaluated exactly:434

e−i wk∆tHI(sk) = eiAsk e−i wk∆t B e−iAsk ,435

which leads to two families of methods, implemented via tensor-product propagations.436

O(∆t2) approximated qHOP via product formula. The qHOP approxima-437

tion [1] replaces the time-ordered exponential by the first-order Magnus truncation in438

the interaction picture (see [12, Eq. (2)]):439

e−iH∆t = e−iA∆t T exp
(
−i

∫ ∆t

0

HI(s) ds
)
≈ e−iA∆t exp

(
−i∆t

M∑
k=1

wkHI(sk)
)
,440

where sk ∈ [0,∆t] are Gauss–Legendre nodes and wk (
∑M

k=1 wk = 1) are the corre-441

sponding normalized Gauss–Legendre weights. We implement this classically via the442

product approximation443

(5.2) exp
(
−i∆t

M∑
k=1

wkHI(sk)
)
≈

M∏
k=1

e−i wk∆tHI(sk).444

Since HI(sk) = eiAskB e−iAsk , each factor in the product is computed exactly as445

e−i wk∆tHI(sk) = eiAsk e−i wk∆t B e−iAsk (two tensor-product propagations plus one446

pointwise multiplication). Combining (5.2) with e−iH∆t = e−iA∆t T exp(· · · ) gives447

the full time step e−iH∆t ≈ e−iA∆t
∏M

k=1 e
−i wk∆tHI(sk), where the approximation448

comes from the quadrature and product formula (5.2).449

Remark 5.1 (Order of the product formula). The product formula (5.2) re-450

places exp(sum) by a product of exponentials, which is in general a first-order Lie–451

Trotter approximation with error governed by the commutators [Aj , Ak] where Ak =452

−iwk∆tHI(sk). In Lie–Trotter splitting of two different operators A and B, the com-453

mutator [A,B] is a fixed operator, giving first-order global error O(∆t). Here, how-454

ever, all the operators HI(sk) have sk ∈ [0,∆t], so as ∆t → 0, HI(sk) → HI(0) = B455

for all k, and the commutators [HI(sj), HI(sk)] → [B,B] = 0. More precisely,456

smoothness of HI(s) in s gives [HI(sj), HI(sk)] = O(|sj − sk|) = O(∆t), so each457

[Aj , Ak] = wjwk∆t
2 [HI(sj), HI(sk)] = O(∆t3). The product formula error is there-458

fore O(∆t3) per step and O(∆t2) globally, matching the qHOP approximation order.459

O(∆t4) approximated Magnus-2 via Yoshida composition. The Magnus-2460

algorithm [12] replaces the first-order Magnus truncation with the second-order one:461

e−iH∆t ≈ e−iA∆t exp
(
Ω1 +Ω2

)
,462

where Ω1 = −i∆t
∑M

k=1 wkHI(sk) is the qHOP exponent and463

Ω2 = − 1
2

∫ ∆t

0

∫ s1

0

[HI(s1), HI(s2)] ds2 ds1464
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is the commutator correction, achieving O(∆t4) superconvergence. On a quantum465

computer, eΩ1+Ω2 is implemented via LCU. Classically, it is impractical to compute466

eΩ1+Ω2 directly. Instead, we apply the fourth-order Yoshida splitting [38] to the467

approximated qHOP:468

(5.3) e−iH∆t ≈ P (γ1∆t)P (γ2∆t)P (γ1∆t), γ1 =
1

2− 21/3
, γ2 =

−21/3

2− 21/3
,469

where P (h) denotes one approximated qHOP step with step size h, i.e., P (h) =470

e−iAh
∏M

k=1 e
−i wkhHI(sk), and γ1 + γ2 + γ1 = 1. Yoshida cancels the O(h3) leading471

error (2γ31 + γ32 = 0), yielding O(∆t4) global accuracy, the same order as the original472

Magnus-2 method. Although (5.3) is derived by applying Yoshida composition to473

the approximated qHOP rather than by directly approximating eΩ1+Ω2 , it achieves474

the same O(∆t4) rate as the original Magnus-2, and can therefore be regarded as an475

approximation to Magnus-2.476

Remark 5.2 (Classical splitting as limiting cases). qHOP with M=1 (midpoint477

rule) recovers the Strang splitting [1]. At the next order, our approximated Magnus-478

2 with M=1 reduces to the plain Yoshida method. Thus Strang and Yoshida can479

be perceived as the M=1 special cases of such approximated versions of qHOP and480

Magnus-2, respectively, while larger M reduces the error constant.481

Remark 5.3 (Cost per step). ForM ≥ 2, the approximated qHOP in (5.2) has a482

direct count of (2M+1) tensor-product propagations per step, i.e., number of multiply-483

ing e±iAsk per step. For M = 1, the optimized Strang form e−iV∆t/2 e−iA∆t e−iV∆t/2484

needs only 1 tensor-product propagation per step. A better implementation for M > 1485

is to merge two adjacent factors, e.g., for M = 3, the merged form of the qHOP is486

e−iA(∆t−s3)e−iw3∆t Be−iA(s3−s2) e−iw2∆t Be−iA(s2−s1)e−iw1∆t Be−iAs1 ,487

which has only (M + 1) A-propagations per step. By merging e−iAs1 at step n with488

e−iA(∆t−sM ) at step n + 1, the cost would be M A-propagations per time step. Ap-489

plying the same merging strategy to each of the three Yoshida sub-steps and across490

consecutive time steps, the approximated Magnus-2 costs 3M A-propagations per step491

asymptotically for M ≥ 2, and 3 A-propagations plus 3 pointwise B-multiplications492

per step for M = 1 (plain Yoshida).493

5.2. Exact propagator as reference for testing splitting methods. When494

V = V1 is separable, the eigendecomposition H = T ΛT−1 gives the exact propagator495

(5.4) e−iH∆t ψ = T (e−iΛ∆t ⊙ (T−1 ψ)),496

at cost O(N4/3) in 3D. We test with the separable potential (4.1) from Section 4.1 on497

[−8, 8]3, Dirichlet BC, Qk SEM, and the exact propagator (5.4) as reference.498

Most existing numerical tests of these methods are in 1D with N ≤ 1024, using499

dense matrix exponentials (expm). Our tensor-product solver provides the exact prop-500

agator as a reference solution at ∼108 DoFs, enabling large-scale 3D validation of the501

splitting convergence rates. In the rest of this section, “qHOP” and “Magnus-2” refer502

to the approximated versions implemented via the product formula (5.2) and Yoshida503

composition (5.3), respectively.504

Example 5.1 (Order of approximated qHOP). Table 5 reports qHOP with M =505

1 (Strang), 3, 5, and 7 on a GH200 GPU. The discretization uses Q10 SEM with506

4993 DoFs, complex128 arithmetic, and T = 0.1. The initial condition is ψ0(x) =507
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16 X. LIU AND X. ZHANG∏3
k=1 sin(π(xk+L)/2L). The observed convergence is O(∆t2) for all M . Relative to508

Strang, the error constant is smaller by ∼5 (M=3), ∼13 (M=5), and ∼24 (M=7).509

See Remark 5.3 for cost comparison.510

Table 5
qHOP splitting error ∥ψsplit(T )−ψexact(T )∥2 on GH200, Q10 SEM, 4993 DoFs, complex128,

T=0.1. M=1 is the Strang splitting. t (s) is the GPU time.

M = 1 (Strang) M = 3 M = 5 M = 7

∆t Error Rate t (s) Error Rate t (s) Error Rate t (s) Error Rate t (s)

0.1 5.85e-1 – 0.1 1.07e-1 – 0.4 4.25e-2 – 0.5 2.28e-2 – 0.7
0.01 5.22e-3 2.05 0.9 1.02e-3 2.02 3.0 4.11e-4 2.01 4.8 2.21e-4 2.01 6.7

0.005 1.30e-3 2.01 1.9 2.55e-4 2.00 5.8 1.03e-4 2.00 9.6 5.52e-5 2.00 13
0.001 5.21e-5 2.00 9.5 1.02e-5 2.00 29 4.11e-6 2.00 48 2.21e-6 2.00 67

5.3. Non-separable potential: manufactured exact solution. When V =511

V1+V2 is not fully separable, we use the PCG solver from Section 3.2 to compute the512

ground state (λ1, u1) of H = −∆+ V1 + V2. The function513

(5.5) ψexact(x, t) = e−iλ1t u1(x)514

is a stationary solution of (5.1), against which we verify splitting convergence orders.515

We test with the stirrer potential (3.2) on [−8, 8]3, Dirichlet BC, Q20 SEM, and we516

also consider splitting H = A+B with A = −∆+ V1 and B = V2.517

5.3.1. Multi-level generation of the reference solution. The ground state518

(λ1, u1) of H = A + B is computed by shifted inverse iteration: each step solves519

(H−σI)w = u via PCG with the tensor-product preconditioner A−1 = (−∆+V1)
−1520

from Section 3.2. The shift σ = 0.9λmin(A) keeps H − σI positive definite (since521

V2 ≥ 0) and close enough to λ1 for rapid convergence. The initial guess is the ground522

state eigenfunction of A, obtained from the tensor-product eigendecomposition.523

To efficiently reach large grid sizes, we use a multi-level strategy: solve on a524

coarse grid, interpolate the eigenvector to the next finer grid via tensor-product linear525

interpolation, and continue the inverse iteration. Each refinement inherits a good526

initial guess, reducing both the number of inverse iterations and the PCG iterations527

per step. Table 6 demonstrates this for the stirrer potential (3.2) on an A100 GPU. At528

the finest level (4993 DoFs), only 11 inverse iterations with 21 PCG iterations each are529

needed, a total of 231 applications of (−∆+V1)
−1. The entire multi-level computation530

takes about one minute, producing a ground state accurate to |∆λ|/|λ| < 10−13.531

Table 6
Multi-level shifted inverse iteration for the ground state of H = −∆ + V1 + V2, stirrer po-

tential (3.2), Q20 SEM, FP64, A100. Preconditioner: (−∆ + V1)−1, PCG tolerance 10−12, shift
σ = 0.9λmin(A). Ground state eigenvalue λ1 = 5.286155366963.

n (DoFs) Setup (s) Interpolation (s) Inverse iters PCG/iter Total A−1

993 6.1 — 30 75 2242
1993 2.6 0.3 21 24 504
4993 2.6 0.5 11 21 231

Initial guess at 993: ground state of A = −∆+ V1. Total wall time: ∼62 s on A100.
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5.3.2. Testing splitting methods for Hamiltonian simulations.532

Example 5.2 (Order of approximated qHOP for non-separable stirrer potential).533

We test qHOP with M = 1 (Strang), 3, 5, and 7, 4993 DoFs, complex128, T = 0.1,534

on a GH200 GPU. The initial condition is ψ0 = u1 (ground state eigenvector, λ1 =535

5.286155366963). Table 7 compares two splittings: A = −∆, B = V1 + V2 (top half),536

and A = −∆+ V1, B = V2 (bottom half), where A includes the separable part of the537

potential. Both show O(∆t2) convergence for all M , but the splitting A = −∆ + V1538

gives ∼1.5–3× smaller errors because ∥V2∥ ≪ ∥V1 + V2∥. For qHOP as a quantum539

algorithm, A = −∆ is required since A must be the operator that can be fast-forwarded540

on a quantum computer. For classical ODE/PDE solvers, including the separable541

potential in A is advantageous.542

Table 7
qHOP splitting error for the non-separable stirrer potential (3.2), Q20 SEM, 4993 DoFs, com-

plex128, T=0.1, GH200. t (s) is the GPU time. Reference: manufactured solution (5.5).

M = 1 (Strang) M = 3 M = 5 M = 7

∆t Error Rate t (s) Error Rate t (s) Error Rate t (s) Error Rate t (s)

Splitting A = −∆, B = V1 + V2

0.1 8.04e-3 – 0.7 3.93e-4 – 1.0 1.58e-4 – 1.1 8.49e-5 – 1.4
0.01 7.73e-5 2.02 1.6 3.90e-6 2.00 3.5 1.57e-6 2.00 5.6 8.44e-7 2.00 7.8

0.005 1.93e-5 2.00 2.6 9.74e-7 2.00 6.5 3.93e-7 2.00 11 2.11e-7 2.00 15
0.001 7.73e-7 2.00 11 3.94e-8 1.99 30 1.64e-8 1.97 51 9.46e-9 1.93 72

Splitting A = −∆+ V1, B = V2

0.1 4.75e-3 – 0.9 1.37e-4 – 1.0 5.50e-5 – 1.3 2.96e-5 – 1.5
0.01 4.52e-5 2.02 1.7 1.35e-6 2.01 3.7 5.47e-7 2.00 5.6 2.95e-7 2.00 7.7

0.005 1.13e-5 2.00 2.6 3.40e-7 1.99 6.6 1.38e-7 1.99 10 7.50e-8 1.98 15
0.001 4.52e-7 2.00 10 1.61e-8 1.90 30 8.99e-9 1.70 49 7.19e-9 1.46 71

Example 5.3 (Order of approximated Magnus-2 for non-separable stirrer poten-543

tial). We use the same setup, but with T = 1. Table 8 compares the two splittings as544

in Table 7. Both show O(∆t4) convergence for M ≥ 3. The splitting A = −∆+ V1,545

B = V2 again gives smaller errors, with the advantage growing with M .546

6. Multi-Body Hamiltonian Simulation (4D, 6D, 9D). In this section we547

consider multi-particle systems with pairwise interactions in 4D, 6D, and 9D. As548

in Section 5.3, the reference solution is ψexact = e−iλ1t u1, with the ground state549

computed by PCG using (−∆+ Vtrap)
−1 as preconditioner.550

6.1. Two particles in 2D with Coulomb interaction (4D). We consider551

two quantum particles in a 2D harmonic trap with Coulomb interaction. The Coulomb552

singularity 1/|x1 − x2| at x1 = x2 needs be regularized unless special transforma-553

tion is used. One approach is the cell-averaged potential of [15], which integrates554

1/|x1 − x2| against the basis functions. We use the simpler soft Coulomb potential555

c/
√
|x1 − x2|2 + δ2 with a small parameter δ > 0, which is smooth for any δ > 0, so556

we expect O(∆t) for Lie–Trotter and O(∆t2) for Strang, although Lie–Trotter is only557

O(∆t1/4) for the exact (unregularized) Coulomb potential [13]. The equation is558

(6.1) i ∂tψ =
(
−∆x1

−∆x2
+Vtrap(x1)+Vtrap(x2)+

c√
|x1−x2|2+δ2

)
ψ, x1,x2 ∈ R2,559
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Table 8
Magnus-2 via Yoshida splitting error for the non-separable stirrer potential (3.2), Q20 SEM,

4993 DoFs, complex128, T=1, GH200. t (s) is the GPU time. Top: A = −∆, B = V1+V2. Bottom:
A = −∆+ V1, B = V2, which gives ∼1.5–3× smaller errors. Reference: manufactured solution via
multi-level inverse iteration.

M = 1 (Yoshida) M = 3 M = 5 M = 7

∆t Error Rate t (s) Error Rate t (s) Error Rate t (s) Error Rate t (s)

Splitting A = −∆, B = V1 + V2

0.2 8.63e-2 – 2.2 5.36e-3 – 5.1 4.61e-4 – 8.2 1.02e-4 – 11
0.125 1.30e-2 4.03 3.1 5.44e-4 4.87 7.7 2.93e-5 5.86 13 1.32e-5 4.35 18

0.1 5.34e-3 3.99 3.7 1.33e-4 6.31 9.5 1.10e-5 4.39 16 5.02e-6 4.33 22
0.05 3.39e-4 3.98 6.9 3.25e-6 5.35 19 6.77e-7 4.02 30 3.00e-7 4.06 44

Splitting A = −∆+ V1, B = V2

0.2 2.48e-2 – 2.2 5.06e-3 – 5.1 4.21e-4 – 8.1 7.04e-5 – 11
0.125 3.75e-3 4.02 3.1 5.15e-4 4.86 7.8 1.46e-5 7.15 13 7.29e-6 4.82 17

0.1 1.50e-3 4.11 3.8 1.20e-4 6.53 9.5 4.18e-6 5.60 16 2.37e-6 5.04 21
0.05 1.04e-4 3.85 6.5 8.50e-7 7.14 18 2.37e-7 4.14 30 1.29e-7 4.20 42

where Vtrap(x) = |x|2 is a harmonic trap.560

6.1.1. Preconditioner comparison. To select the best preconditioner for PCG,561

we solve (−∆ + V1 + V2)u = f with a random right-hand side f on the 494 grid562

with δ = 0.01, comparing three preconditioners in Table 9. The tensor-product pre-563

conditioner (−∆ + V1)
−1 converges in 24 iterations, far fewer than the combined564

preconditioner PC = (V1+V2)
−1/2(−∆)−1(V1+V2)

−1/2 (443 iterations). The variant565

V
−1/2
2 (−∆+V1)

−1V
−1/2
2 does not converge within 500 iterations. We therefore use566

(−∆+ V1)
−1 throughout.567

Table 9
PCG iteration count for solving (−∆ + V1 + V2)u = f with three preconditioners. Q10 SEM,

494 DoFs, δ = 0.01, FP64, A100. Tolerance 10−12, max 500 iterations.

Preconditioner Iters Time (s) Status

(−∆+ V1)
−1 24 0.5 converged

(V1+V2)
−1/2(−∆)−1(V1+V2)

−1/2 443 2.9 converged

V
−1/2
2 (−∆+V1)

−1V
−1/2
2 500 3.0 stalled at 5× 10−10

6.1.2. Ground state computation. Table 10 shows the ground state computa-568

tion cost for several values of δ, with c = 1, Vtrap(x) = |x|2, domain [−8, 8]2× [−8, 8]2.569

PCG is warm-started with the previous inverse iteration solution, which reduces iter-570

ations after the first few steps.571

Figure 5 shows slices of the 4D ground state wavefunction for δ = 0.01 and572

0.0001, interpolated onto a fine grid via cell-by-cell Q10 polynomial reconstruction.573

As δ decreases, the Coulomb singularity sharpens: the 1D slice narrows, and the574

inter-particle correlation plot develops a more pronounced dip along x1a = x2a.575

6.1.3. Splitting convergence. As in Section 5.2, “qHOP” and “Magnus-2”576

refer to the approximated versions (5.2) and (5.3). All 4D splitting tests use Q10577

SEM, 994 DoFs, complex128, T = 0.1, GH200.578
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Table 10
Ground state of H = −∆ + Vtrap + VCoulomb via shifted inverse iteration with PCG (precon-

ditioner (−∆ + Vtrap)−1, max 500 iterations, warm-started with the previous iteration’s solution).
Q10 SEM, 994 ≈ 9.6 × 107 DoFs, GH200. Multi-level: coarse 494 solution interpolated as initial
guess; shift σ = λmin(−∆+ Vtrap)− 10−4 = 3.9999. PCG tolerance 10−9.

δ V max
C Inv. iters PCG/iter Total solves Time (s) λ1

0.1 10 22 1–18 121 8 5.060514417326
0.01 100 24 1–32 204 12 5.221829172892

0.001 1,000 12 1–500† 4,286 208 5.400105827385

0.0001 10,000 12 1–500† 5,816 274 5.444872472429

† PCG reaches max 500 iterations only in the first few inverse iterations, which does not affect the
final accuracy since PCG converges quickly in the last few inverse iterations.

Fig. 5. Slices of the 4D Coulomb ground state for δ = 0.01 (top) and δ = 0.0001 (bottom),
Q10 SEM, 994 DoFs. Top: 1D slice along x1a. Middle: particle 1 density in the (x1a, x1b) plane.
Bottom: x1a vs. x2a inter-particle correlation. The Coulomb repulsion strengthens as δ → 0. Plotted
on a 300× 300 fine grid via cell-by-cell Q10 polynomial interpolation.

Example 6.1 (Order of approximated qHOP convergence in 4D, δ = 0.001).579

Table 11 reports qHOP with M = 1 (Strang), 3, 5, 7 for the Coulomb system with580

δ = 0.001 (V max
C = 1000). All methods show O(∆t2) convergence in the asymptotic581

regime (∆t ≤ 0.001). Larger M reduces the error constant: at ∆t = 0.0005, M=3, 5,582

7 reduce the error by ∼14×, 35×, 65× relative to Strang.583

Example 6.2 (Order of approximated Magnus-2 in 4D, δ = 0.1). Table 12584

shows the convergence of Magnus-2 via Yoshida with M = 1 (plain Yoshida), 3, 5,585

7 for the Coulomb system with δ = 0.1 (V max
C = 10). For M = 7, the error reaches586

2.5 × 10−10 at ∆t = 0.001. Larger M reduces the error constant and enters the587

high-order asymptotic regime at larger ∆t.588
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Table 11
qHOP splitting error ∥ψsplit(T )−ψexact(T )∥2 on GH200, Q10 SEM, 994 DoFs, complex128,

T=0.1, Coulomb δ = 0.001. t (s) is the GPU time.

M = 1 (Strang) M = 3 M = 5 M = 7

∆t Error Rate t (s) Error Rate t (s) Error Rate t (s) Error Rate t (s)

0.005 3.32e-1 – 1.8 4.93e-2 – 4.2 4.27e-2 – 5.9 2.96e-2 – 8.0
0.002 5.21e-2 2.02 3.3 2.51e-2 0.74 8.5 1.26e-3 3.84 13 5.18e-4 4.42 18
0.001 3.75e-2 0.47 5.9 1.33e-3 4.24 16 2.34e-4 2.43 26 1.25e-4 2.05 36

0.0005 1.98e-3 4.24 11 1.41e-4 3.24 31 5.64e-5 2.05 51 3.03e-5 2.04 71

Table 12
Magnus-2 via Yoshida splitting error, 994 DoFs, complex128, T=0.1, Coulomb δ = 0.1. t (s)

is the GPU time on GH200.

M = 1 (Yoshida) M = 3 M = 5 M = 7

∆t Error Rate t (s) Error Rate t (s) Error Rate t (s) Error Rate t (s)

0.005 2.54e-3 – 3.7 7.49e-4 – 10 2.83e-4 – 16 1.51e-4 – 22
0.002 5.82e-5 4.12 8.4 2.38e-5 3.76 24 5.36e-6 4.33 39 5.52e-7 6.12 53
0.001 8.39e-6 2.79 16 1.61e-6 3.89 46 3.74e-8 7.16 77 2.54e-10 11.09 106

6.2. Two particles in 3D with Coulomb interaction (6D). We extend the589

4D test to two particles in 3D (x1,x2 ∈ R3). The Hamiltonian is590

(6.2) H = −∆x1
−∆x2

+ Vtrap(x1) + Vtrap(x2) +
c√

|x1 − x2|2 + δ2
,591

discretized on [−L,L]3× [−L,L]3 with Q10 SEM, 296 ≈ 5.9×108 DoFs. The splitting592

is A = −∆ (6D Laplacian), B = Vtrap + VCoulomb, and the reference solution is593

ψexact(x, t) = e−iλ1t u1(x) where (λ1, u1) is the ground state of H.594

6.2.1. Ground state. In these TF32 runs, the offline eigendecomposition of595

−∆+Vtrap is still computed in FP64 and then cast to lower precision for PCG solves.596

See Table 13 for the performance. The solution is plotted in Figure 6.597

Table 13
Ground state of the 6D Coulomb Hamiltonian (6.2), Q16 SEM, Ncell = 2, n = 31, 316 ≈

8.9× 108 DoFs, TF32, L = 5, GH200. Shifted inverse iteration with σ = 0, PCG tolerance 10−4.

δ V max
C Inv. iters Total PCG solves Time (s) λ1

0.01 100 12 31 17 6.792689
0.001 1000 12 99 34 6.844492

0.0001 10000 12 331 94 6.861799

6.2.2. Splitting convergence.598

Example 6.3 (Order of approximated qHOP in 6D, δ = 0.01). Table 14 reports599

qHOP with M = 1 (Strang), 3, 5, 7 for the 6D Coulomb system with δ = 0.01.600

All methods show O(∆t2) convergence. Larger M reduces the error constant by ∼7×601

(M=3), 15× (M=5), 18× (M=7) relative to Strang. The splitting tests use complex64602

arithmetic to fit the 296 arrays in GPU memory, and the reference ground state is603

computed in FP64.604
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Fig. 6. Slices of the 6D Coulomb ground state at 316 ≈ 8.9× 108 DoFs, Q16 SEM, Ncell = 2,
TF32, L = 5, GH200. Top: δ = 0.01. Bottom: δ = 0.0001. Left: 1D slice along x1a. Center:
particle 1 density. Right: inter-particle correlation x1a vs. x2a. Plotted on a 300× 300 fine grid via
cell-by-cell Q16 polynomial interpolation.

Table 14
qHOP splitting error for the 6D Coulomb system (6.2), δ = 0.01, Q10 SEM, 296 DoFs, com-

plex64, T=0.1, GH200. t (s) is the GPU time.

M = 1 (Strang) M = 3 M = 5 M = 7

∆t Error Rate t (s) Error Rate t (s) Error Rate t (s) Error Rate t (s)

0.1 1.98e-1 – 1.5 1.29e-1 – 2.2 1.75e-2 – 3.5 8.34e-3 – 3.6
0.02 9.76e-3 1.87 2.9 1.22e-3 2.90 5.8 4.87e-4 2.23 8.7 2.61e-4 2.15 12

0.005 5.51e-4 2.07 8.0 7.43e-5 2.02 19 3.00e-5 2.01 31 1.62e-5 2.01 43

Example 6.4 (Order of approximated Magnus-2 in 6D, δ = 0.01). Table 15605

reports Magnus-2 via Yoshida with M = 1, 3, 5, 7. At large ∆t, larger M reduces the606

error: at ∆t = 0.01, the errors range from 7.93×10−4 (M=1) to 3.28×10−6 (M=7).607

At smaller ∆t, the errors plateau at ∼2.5 × 10−6 due to the complex64 arithmetic608

floor: with 20–50 time steps, single-precision rounding errors accumulate to O(10−6).609

6.3. Three particles in 3D with Coulomb interaction (9D). We consider610

three particles in 3D (x1,x2,x3 ∈ R3) in a harmonic trap with pairwise soft Coulomb611

interaction:612

(6.3) H =

3∑
j=1

(
−∆xj

+ Vtrap(xj)
)
+

∑
1≤j<k≤3

c√
|xj − xk|2 + δ2

,613

where Vtrap(x) = |x|2. Discretized on [−L,L]3 × [−L,L]3 × [−L,L]3 with Qk SEM,614

this gives n9 DoFs.615
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Table 15
Magnus-2 via Yoshida splitting error for the 6D Coulomb system (6.2), δ = 0.01, Q10 SEM,

296 DoFs, complex64, T=0.1, GH200. t (s) is the GPU time.

M = 1 (Yoshida) M = 3 M = 5 M = 7

∆t Error Rate t (s) Error Rate t (s) Error Rate t (s) Error Rate t (s)

0.1 2.43e-1 – 2.3 1.78e-1 – 4.4 2.52e-1 – 6.0 2.72e-2 – 7.7
0.01 7.93e-4 2.49 12 1.55e-5 4.06 28 3.29e-6 4.88 46 1.99e-6 4.14 65

0.005 5.22e-5 3.93 22 2.34e-6† 2.73 55 1.66e-6† 0.99 91 2.77e-6† −0.48 128

†Error dominated by complex64 rounding accumulation.

6.3.1. Ground state. The offline eigendecomposition used in the separable pre-616

conditioner is computed in FP64, even though the online inverse iteration and PCG617

solves are carried out in FP32. The ground state is computed by shifted inverse618

iteration with σ = 0 and warm-start PCG (preconditioner
(∑

j(−∆xj
+ Vtrap)

)−1
,619

tolerance 10−4 with max 500 iterations). Warm-start uses the previous outer itera-620

tion’s PCG solution as the initial guess for the next solve. Table 16 shows the ground621

state cost for L = 3, c = 1, Q5 SEM, Ncell = 2, n = 9 (99 ≈ 3.9 × 108 DoFs) on622

GH200. PCG iterations increase with smaller δ, but all cases converge within 18623

inverse iterations.624

Table 16
Ground state of the 9D Coulomb Hamiltonian (6.3), 3 particles in 3D, Q5 SEM, Ncell = 2,

99 ≈ 3.9× 108 DoFs, FP32, σ = 0, L = 3, GH200.

δ V max
C Inv. iters PCG solves Time (s) λ1

0.01 100 18 110 490 11.7561
0.001 1000 18 349 588 11.9268

0.0001 10000 18 708 714 11.9502

Figure 7 shows slices of the ground state for two values of δ. As δ decreases,625

the Coulomb repulsion sharpens and the inter-particle anti-correlation pattern along626

x1a = x2a becomes more pronounced.627

6.3.2. Splitting convergence. The splitting A =
∑

j(−∆xj
+ Vtrap), B =628

V12+V13+V23 is tested with δ = 0.1, T = 0.1, complex64 arrays, using Q5 SEM with629

Ncell = 2 (n = 9, 99 ≈ 3.9× 108 DoFs) on GH200. Errors of qHOP and Magnus-2 via630

Yoshida for M = 1, 3, 5, 7 are shown in Figure 8.631

7. Concluding remarks. We extended the tensor-product solver of [28] from632

the Laplacian to −∆ + V on a single GPU, handling up to 109 DoFs in under one633

second. For non-separable potentials V = V1 + V2, the preconditioner (−∆ + V1)
−1634

yields a preconditioned operator with a bounded condition number and spectrum635

clustering near 1, independently of the mesh size (Theorem 3.4), and also indepen-636

dently of the domain size when V1 is confining and V2 is bounded (Theorem 3.5).637

We applied this framework to ground state computation via shifted inverse iteration,638

PCG, and Gross–Pitaevskii gradient flows, and used the resulting eigenpairs as exact639

stationary solutions to validate the approximated versions of qHOP and Magnus-2640

splitting methods at ∼108 DoFs in 3D through 9D. The product-formula implemen-641

tation showed the expected convergence orders and also provides a family of classical642
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Fig. 7. Slices of the 9D Coulomb ground state, 3 particles in 3D, Q5 SEM, 99 DoFs, FP32,
L = 3, GH200. Top: δ = 0.01. Bottom: δ = 0.0001. Left: 1D slice along x1a. Center: particle 1
density in the (x1a, x1b) plane. Right: x1a vs. x2a inter-particle correlation. Plotted on a 300× 300
fine grid via cell-by-cell Q5 polynomial interpolation.

Fig. 8. Splitting convergence for 9D Coulomb, δ = 0.1, 99 ≈ 3.9 × 108 DoFs, complex64,
FP64 transforms, T = 0.1, GH200. Left: qHOP (O(∆t2)). Right: Magnus-2 via Yoshida (O(∆t4)).
Larger M reduces the error constant, and all methods hit the complex64 floor at ∼5× 10−6.

splitting methods generalizing second order Strang and fourth order Yoshida split-643

tings.644

Acknowledgments. The authors are grateful to Prof. Antoine Levitt at Labo-645
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Appendix A. Hermite spectral method on unbounded domains.659

The tensor-product solver of Section 2 applies to any discretization that produces660

a separable 1D operatorK = TΛT−1 per axis. To illustrate this generality, we present661

the Hermite spectral method, which replaces the SEM on [−L,L]d with Hermite662

functions on Rd, eliminating domain truncation artifacts for quantum systems in663

confining potentials. The n Hermite-Gauss nodes {xj} are eigenvalues of the n × n664

symmetric tridiagonal matrix J with Jk,k = 0 and Jk,k+1 = Jk+1,k =
√
k/2 for665

k = 1, . . . , n − 1. The Hermite function differentiation matrix at these nodes can be666

written as667

Dij =
ψn−1(xi)

ψn−1(xj) (xi − xj)
, i ̸= j, Dii = 0,668

where ψn−1 is the normalized Hermite function of degree n− 1. See [34, Eq. (7.93)].669

Given a separable potential f(x), the 1D operator is K = −D2 + diag(f(xj)), with670

eigendecompositionK = TΛT−1. The d-dimensional tensor-product solver is identical671

to SEM. No boundary conditions are needed, since the Hermite functions decay as672

e−x2/2. The method is limited to n ≲ 745 in FP64 due to underflow in the Hermite673

function recurrence at the outermost nodes. Table 17 shows the accuracy of (−∆ +674

V )−1 on R3 with the potential (2.6). Figure 9 shows that the proposed preconditioner675

(−∆ + V1)
−1 converges in 5 PCG iterations on R3, while the baseline PC does not676

converge within 500 iterations. Table 18 reports the Magnus-2 convergence using677

the Hermite spectral method with separable potential (4.1), 4993 DoFs, T = 1. For678

M ≥ 3, the observed convergence is O(∆t4).679

Table 17
Accuracy for using (−∆+V )−1 to solve (−∆+V )u = f with potential (2.6) on R3 via Hermite

spectral method, FP64, A100. The exact solution is u∗ =
sin

(
π
2
(x+1)

)
1+x2 · sin

(
π(y+1)

)
1+y2 ·

sin
(
3π
2

(z+1)
)

1+z2
.

n DoFs Setup (s) Solve (s) Weighted L2 err ℓ2 rel. err

199 1993 2.7 0.002 1.53× 10−5 6.31× 10−5

399 3993 3.2 0.024 4.05× 10−6 2.20× 10−5

599 5993 3.2 0.117 1.87× 10−6 1.20× 10−5

Table 18
Approximated Magnus-2, Hermite spectral on R3, 4993 DoFs, complex128, T=1, GH200. t (s)

is the GPU time.

Yoshida (M = 1) Magnus-2 M = 3 Magnus-2 M = 5 Magnus-2 M = 7

∆t Error Rate t (s) Error Rate t (s) Error Rate t (s) Error Rate t (s)

0.2 1.34e+0 – 1.7 1.41e+0 – 11 3.05e-1 – 16 1.11e-1 – 23
0.125 1.21e+0 0.22 2.7 4.85e-1 2.27 17 3.59e-2 4.55 26 8.85e-3 5.38 36

0.1 1.52e+0 -1.02 3.4 1.11e-1 6.61 21 1.26e-2 4.69 33 3.51e-3 4.14 45
0.05 5.48e-1 1.47 6.7 5.17e-3 4.42 42 7.60e-4 4.05 65 2.22e-4 3.98 91
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Fig. 9. PCG convergence with Hermite spectral method on R3. Stirrer potential, FP32, GH200.
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