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_A SIMPLE GPU-ACCELERATED SOLVER FOR THE
SCHRODINGER OPERATOR WITH APPLICATIONS TO GROUND
STATES AND HAMILTONIAN SIMULATION

XINYU LIU* AND XIANGXIONG ZHANGH

Abstract. We extend the tensor-product direct solver from the Laplacian to the Schrodinger
operator —A+V. When the potential V; is separable, the operator —A+V; is inverted or exponenti-
ated at cost O(N1+1/d) in d dimensions via per-axis eigendecomposition. On a single NVIDIA A100
GPU, this costs less than one second for 10° degrees of freedom in 3D. For non-separable potentials
V = V4 + V&, the same solver provides a preconditioner (—A 4 V1)~ for the preconditioned conju-
gate gradient (PCG) method and a propagator for operator-splitting time integrators. For bounded
V2, we prove that the preconditioned operator has a bounded condition number and a clustered
spectrum with at most finitely many outlier eigenvalues, independently of the mesh size, and also
independently of the domain size when V; is a confining potential. This explains the mesh- and
domain-independent PCG iteration counts observed in practice. We apply this method to ground
state computation via inverse iteration for linear problems and via the a, gradient flow for Gross—
Pitaevskii energy in 3D, and also Hamiltonian simulation via the approximated qHOP and Magnus-2
splitting methods from 3D to 9D on a single NVIDIA GH200 GPU.

Key words. tensor-product spectral method, GPU computing, Schrodinger equation, Gross—
Pitaevskii equation, Strang splitting, Yoshida splitting

AMS subject classifications. 65M70, 656N35, 65F15, 81-08, 35Q55, 81Q05

1. Introduction. It is well known that the discrete Laplacian on Cartesian
meshes has a tensor-product structure, which can be used as a simple and fast direct
solver since the 1960s [29, 18, 33, 25, 28]. For a general potential V', this structure is
lost for the Schrédinger operator —A+ V. In this paper, we extend the tensor-product
solver from the Laplacian to the Schrodinger operator —A + V' as follows. For a sep-
arable potential Vi(x) = >, fx(zx), the operator —A + V; can still be inverted or
exponentiated via per-axis eigendecomposition at cost O(N'+1/4) with O(N) mem-
ory. For non-separable potentials V' = Vi + V5, the tensor-product solver provides a
preconditioner (—A+V;)~! for the preconditioned conjugate gradient (PCG) method
and a propagator for operator-splitting time integrators. For bounded V5, we prove
that the preconditioned operator (—A+V;) ™} (=A+V; +V3) has a bounded condition
number and a clustered spectrum with at most finitely many outliers, independently
of the mesh size (Theorem 3.4), and also independently of the domain size when V; is
a confining potential (Theorem 3.5). This can explain mesh- and domain-independent
PCG iteration counts observed in numerical tests for suitable potentials. Similar to
the simple GPU acceleration of the direct inversion of the Laplacian in [28], we show
that the Schrodinger operator —A + V can be easily inverted on GPU (Sections 2-3),
e.g., it takes less than 1 second for inverting —A + V; for one billion DoF's on one
Nvidia GPU such as A100 and GH200.

Fast inversion of the Schrodinger operator has several applications. We first
consider ground state computation (Section 4): for separable potentials via shifted
inverse iteration, and for non-separable potentials via shifted inverse iteration with
PCG, preconditioned by (—A + V;)7!. We also demonstrate that the defocusing
Gross—Pitaevskii ground state via the a, flow can be easily implemented in 3D on a
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2 X. LIU AND X. ZHANG

single GPU.
Another application is Hamiltonian simulation. If (A1,u1) is the ground state
eigenpair of H = —A + V, then ¥ (z,t) = e **u;(z) is an exact solution of the

time-dependent Schrodinger equation i0:1) = H. We use this stationary solution as
a reference for testing operator-splitting methods (Sections 5-6).

In the quantum computing literature, two recent splitting methods have been
considered for simulating i9;1) = (A+B)v in the interaction picture, where A has large
spectral norm but can be fast-forwarded (e.g., A = —A via QFT). The quantum Highly
Oscillatory Protocol (qHOP) [1] approximates the first-order Magnus expansion and
achieves O(At?) superconvergence with an error preconstant independent of problem
size n [1]. The Magnus-2 algorithm [12] uses the second-order Magnus expansion
and achieves O(At*) superconvergence [12, 7]. On a quantum computer, the matrix
exponential of a sum of interaction-picture Hamiltonians is implemented via linear
combination of unitaries (LCU). Classically, this cannot be computed directly at large
n. We implement an approximate version using a product formula where each factor
is computed exactly via tensor-product propagations and a pointwise multiplication
(equation (5.2) and Remark 5.1 in Section 5.2). We test these methods for multi-body
Coulomb Hamiltonians in 4D, 6D, and 9D (Section 6). The approximated versions of
qHOP and Magnus-2 are tested in multiple dimensions for two purposes. First, these
tests can serve as a verification of their theoretical superconvergence orders in high
dimensions. Since the approximated versions introduce additional product-formula
errors beyond the original splitting error, observing the predicted convergence orders
despite these additional errors provides supporting numerical evidence for the original
schemes. Second, the same product-formula implementation yields a family of classical
splitting methods with parameter M: M = 1 recovers the classical Strang and Yoshida
splittings, while M > 3 reduces the error constant at the same convergence order,
demonstrating that gHOP and Magnus-2 can serve as improved classical integrators
compared to standard schemes. Furthermore, as a classical numerical scheme, the
splitting A = —A + Vi, B = V5 gives smaller errors than A = —A, B =V, + 1,
(Tables 7 and 8 in Section 5).

In related work, the tensor-product approach to Schrodinger equations has been
explored by Caliari et al. [8], whose p-mode integrator exploits Kronecker structure
for 3D problems at ~2 x 106 DoFs. GPU acceleration for Schrédinger simulation has
also been explored in [16]. The split-step spectral method was introduced in [5]. We
refer to [26, 24] for reviews of semiclassical methods and to [23, 36, 21] for splitting
error analysis and classical Magnus integrators. On the quantum computing side, gate
complexity for real-space simulation of Schrédinger equations was established in [10],
Trotter error bounds for interacting electrons were given in [35, 17], and quantum
resource estimates for 2D Coulomb simulation are given in [15].

All results in this paper can be reproduced via Python (JAX) code available
at https://github.com/zhan1966 /schrodinger. GPU cards are available to many re-
searchers through programs such as the NSF-funded ACCESS (Advanced Cyberinfras-
tructure Coordination Ecosystem: Services & Support) [6], which provides allocations
on GPU clusters including NVIDIA A100 and GH200 nodes. The direct inversion of
the tensor-structured Laplacian on A100 was demonstrated in [28, 9, 19]. This paper
extends the same approach to the Schrodinger operator —A + V. All computations
in this paper require only a single GPU.

The rest of the paper is organized as follows. Section 2 describes the tensor-
product spectral solver. Section 3 develops the PCG preconditioner and analyzes its
mesh- and domain-independent condition number and spectral clustering. Section 4
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GPU-ACCELERATED DIRECT SOLVER FOR THE SCHRODINGER OPERATOR 3

presents ground state computation via shifted inverse iteration and Gross—Pitaevskii
gradient flows. Sections 5 and 6 present Hamiltonian simulation results in 3D through
9D. Some concluding remarks are given in Section 7. Appendix A presents the Hermite
spectral discretization on unbounded domains.

2. Direct solver for —A + V with a separable potential. The idea in this
paper applies to any numerical method with a tensor-product structure on rectangular
domains. For simplicity, throughout the paper we focus on the Q* spectral element
method (SEM), which is the high order finite element method with Q* basis and
(k 4+ 1)-point Gauss-Lobatto quadrature. For k = 1, it is the classical second order
finite difference method. For k > 2, Q¥ SEM can be proven to be a (k -+ 2)-th order
finite difference scheme in ¢2-norm over quadrature point values [27]. As an example
of another suitable method, we also include a Hermite spectral method on unbounded
domains in Appendix A. See also [28] for using @Q* SEM in a Poisson solver.

2.1. A direct solver via eigendecomposition for separable potentials.
We consider the elliptic PDE

(2.1) — Au(x) + V(z)u(z) = b(xz), x€Q,

on a rectangular domain Q = [~L, L]¢ (or on R? via Hermite functions in Appen-
dix A). For simplicity, we consider the homogeneous Dirichlet boundary condition,
and extensions of the scheme to homogeneous Neumann and periodic boundary con-
ditions are straightforward. With the QF spectral element method using Gauss—
Lobatto quadrature [27], let K4 = M; 'S, denote the 1D discrete Laplacian in di-
rection d € {z,y,z}, with My the mass matrix, Sy the stiffness matrix, and I; the
identity matrix. For Q! elements on a uniform mesh, K is the well-known tridiagonal
(—1,2, —1) matrix from second order finite difference. Let n be the number of interior
grid points in each direction. For any d-dimensional array X of size n x --- x n, let
vec(X) denote the vector of size n? obtained by reshaping all entries of X into a
column vector. Then in 3D, the discretized system takes the form (see [28, 9]):

(22) [LOI, @K, + 1.0 K, ® I, + K. ® I, ® I, + diag(vec(V))] vec(U) = vec(B),

where V' is the array of potential values V(x;) at the grid points. When the po-
tential is separable, V(x) = fz(x) + fy(y) + f.(2), the potential matrix decom-
poses as diag(vec(V)) = L L, Q F, + [, ® F, ® I + F, ® I, ® I, with F; =
diag(fi(z1), ..., fa(zn)), and the system (2.2) reduces to the Kronecker form

(2.3) (oI, H, + . H,@ I, + H, ® I, ® I;) vec(U) = vec(B),

where Hy = Kqg + Fy = M(led + F, for each axis d € {z,y,z}. Each Hy can be
diagonalized by

(2.4) Hy= MM VPSMy P 4 F) My = Tuhd T Y,

where Ty = Md_1/2Qd, T(fl = Q:;lFM;/Q, and QqA4Q?% is the eigendecomposition of
the symmetric matrix Md_1/2Sde_l/2 + Fjy.
The solution is then computed in four steps:
1. Off-line setup (one-time): compute the eigendecomposition Hqg = TqAqT, !
for each axis d. Since Hy is an n x n matrix, this costs O(n3) = O(N).
2. Forward transform: apply 7. ' @ T, ' @ T, ! to B.
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4 X. LIU AND X. ZHANG

3. Solve the diagonal system: divide by (Az)i + (Ay)j; + (A2)kk-
4. Backward transform: apply T, ® Ty ® 1.
Steps 2 and 4 contain the dominant computational cost O(N*/3) for N = n*. The
memory cost is O(N).
The same factorization applies to the time-dependent Schrodinger propagator
e =ATVIAL GQince —~A+V) = TAT !, where T = T,®T,®T, and A is the diagonal
tensor of elgenvalue sums Ay = (Ag)ii + (Ay)j; + (A2)kk, the matrix exponential is

efi(fAJer)At =T (efiAAt o (T71 ql})),

with ® denoting pointwise multiplication. The only change from the direct inversion
is that the eigenvalue division in step 3 is replaced by multiplication by e~*AirAt,
Steps 1, 2 and 4 are the same. Thus, once the eigendecomposition is computed, both
the direct solve (—A 4 V1)~'b and the propagator e~ {~A+V1)ALy), cost O(N1H1/4),

2.2. Numerical tests. We demonstrate the solver on the equation
(2.5) (~A4+V)u=f, =zec[-1,1%
For 3D, we use the non-isotropic separable potential
(2.6) V(z) = 1600(sin2(§x) +sin®(Zy) + sin® (%2 ) (z% + 2% + 327),

exact solution u* = sin(mz)sin(27ry)sin(37z), and f = (—A )u* For 4D and
6D tests, we use the harmonic trapping potential V(x) = 22:1 z3, and the exact
solution u* = HZ:1 sin(kmray).

All computations are implemented in Python with JAX, similar to the Python
implementation in [28]. Table 1 reports setup time for offline eigendecomposition and
eigenvalue array construction, and solve time for applying the direct solver, which
would be the per-iteration cost in an iterative method such as PCG in later sections.

In Table 1, we also report different precision formats on a GH200 GPU (96 GB
HBM3). FP32 (single precision) stores each number in 32 bits, using half the memory
of FP64. TF32 (TensorFloat-32) uses 32-bit storage but performs matrix multiplica-
tions on GPU tensor cores at reduced precision for fast matrix operations. See [28] for
more comparison of TF32 with FP32. BF16 (bfloat16) uses only 16 bits per number,
further reducing memory and enabling larger grids on the same device, but with only
~3-digit precision.

3. Efficient Inversion of —A+ V. When V = V; 4+ V; contains a separable V3
and a non-separable Va, we use PCG with the preconditioner (—A + V)1

3.1. Test potentials. We consider two physically motivated potentials.
(a) Harmonic plus quartic potential [3]:

(3.1) V(z,y,2) =2(1—a) (2 + 7y°) + 5(2® + y*)* + .27

We consider 7, = v, =1, 7. =3, a = 1.4, k = 0.3, and we split V = V; 4+ V, with
separable part Vi = v,22 + v,4* + 7,2% and non-separable remainder

Vo = (2(1—a)—1) (122 +yyy?) + £(2*+y%)* = —1.8(2°+y?) + 0.15(z%+y°)*.

The quartic coupling (22 + y?)? makes V5 genuinely non-separable.
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TABLE 1
Direct inversion of (—A + V) via Q¥ SEM on Nvidia GH200 96 GB. 3D: potential (2.6),
4D/6D: V =Y a2. At matched n, solve times (in seconds) are identical across Q¥. In FP64, all
three dimensions reach ~10° DoFs: 10993 ~ 1.3 x 109, 1794 ~ 1.0 x 10?2, 336 ~ 1.3 x 10°.

Precision Dim Q* Neen n  DoFs Setup (s) Solve (s) 22 rel. err
FP64 3D @' 1100 1099 10993 5.2 0.508 3.66 x 10~°
Q? 550 1099 1099° 5.1 0.512 1.93x107°
QY 110 1099 1099® 6.4 0.510 7.66 x 1073F
4D QY 18 179 179* 6.2 0.195 1.29 x 107131
6D Q? 17 33 33¢ 5.9 0.258 2.95 x 1028
FP32 3D Q2 500 999 9993 5.4 0270 7.17x 1077
4D QY 15 149  149* 5.8 0.058 4.99 x 1077
Q" 20 199  199* 5.8 0.188 6.20 x 10~ 7*
6D Q' 3 29 29° 5.7 0.052 4.75 x 107*
TF32 3D Q2 500 999 9993 6.6 0.133 5.13x107*
BF16 3D @2 500 999 9993 5.4 0.088 1.65 x 1072
Q? 800 1599 1599° 5.6 0.517 1.64 x 1072

FP64 rounding floor. $ FP32 rounding floor. § Mesh too coarse for Q2 to resolve [JS_, sin(kmay,).
k=1

(b) Harmonic plus stirrer potential [2, 22, 4]:

(3.2) Vi(z,y,2) = via® + vzyQ + 722 + 2wy 675((””’T0)2+y2),

Vi V2

with v, =1, vy =1, 72 = 2, wg = 4, § = 1, 1o = 1. This potential includes a
harmonic trap with a localized Gaussian stirrer.

3.2. PCG for —A 4+ V; + V» (non-separable case). When V = V; + V;
contains a non-separable component Vs, the system (—A 4+ V; + Va) u = f cannot be
solved directly by the tensor-product solver. We consider the preconditioned conjugate
gradient (PCG) method. Antoine et al. [3] showed that PCG with the combined
preconditioner Po = V~1/2(—A)~1V~1/2 achieves grid-independent iteration counts.
In this subsection, we show that the preconditioner P = (—A + V1)~ ! is stronger. It
is applied by the tensor-product direct solver with a cost O(N 4/ 3)in 3D.

ExaMPLE 3.1 (PCG on bounded domain). We consider the quartic (3.1) and
stirrer (3.2) potentials on [—8,8]® with Q% SEM, Dirichlet BC, a random right-hand
side f, FP32 arithmetic, on a GH200 GPU. In all FP32 PCG tests reported here, the
offline eigendecomposition of —A+V7 is computed in FP64 and only then cast to lower
precision for the online PCG iteration. Figure 1 shows the convergence at two grid
sizes (1973 and 7013 DoFs). Both preconditioners exhibit grid-independent iteration
counts. The proposed preconditioner converges in 33-38 iterations (quartic) and 5-
6 iterations (stirrer), compared to 214255 iterations with (—A)~! for the quartic

1

potential and ~375 iterations with Po =V ™2 (fA)*V’% for the stirrer potential.

Figure 1 also shows that the performance of the preconditioner (—A + V;)~1 is
independent of both the domain size L and the mesh size h for the stirrer potential,
while for the quartic potential, the iteration count grows with L.
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Quartic potential, Q° SEM, domain [—-8, 8]%, GH200 Stirrer potential, Q° SEM, domain [—8, 8]3, GH200
10° o (=A+vy)!, n=1073(0.355) 100 o (-A+Vy)7% n=197° (0.185)
O (=A+V)7Ln=701°(17.75) O (=8+Vy)™ n=701% (2.85)
N e — 197
10-1 A (=8)7Y, n=197% (1.55) 10-1 A Pon 197)(225)
< (=8)1, n=7013 (114s) & Pg, n=701% (203s)
- — 1072
S 107 3
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uartic potential, ,n= , domain [—L, L], irrer potential, ,n= , domain [-L,L]?,
Quarti tential, Q% SEM 7013, d in [-L, L]?, GH200 Stil tential, Q% SEM 7013, d in [-L, L]?, GH200
100 —o— L=8, 33 ters (17.75), |V,|. =2.2x 10° —e— L=8,5 iters (2.85)
—5- L=10, 46 iters (24.65), |V,|. =5.6x 10° —=- L=10, 5 iters (2.95)
—&— L=30, 180 iters (99.45), |Vz|. = 4.8 x 10° L —#— L=100.5 iters (2.95)
107t —6— L=50, 327 iters (176.75), |Val. =3.7 x 10° 10
S0 E
o °
2 3
- L 105
g 107 v
2 2
© ®
&, o
gw g
10-° 10-°
10-¢
[ 50 100 150 200 250 300 1.0 15 2.0 25 3.0 3.5 4.0 4.5 5.0
Iteration Iteration

FiG. 1. PCG convergence (relative residual vs. iteration) for (—A + Vi +Va)u = f, Q% SEM,
FP32, GH200. Top row: quartic potential (3.1) (left) and stirrer potential (3.2) (right), both at
n = 7013, comparing the proposed preconditioner (—A + V1)~1 with the (—A)~! or Po. Bottom
row: domain dependence of (—A + Vi)~ for the quartic potential (left, L = 8,10,30,50) and the
stirrer potential (right, L = 8,10,100). Total GPU time for each case is shown in the legend.

In the rest of this section, we explain this behavior by analyzing the spectrum of
the preconditioned operator, which involves standard spectral theory for conforming
finite element discretizations (such as Q* SEM) under two assumptions on V; and V5.
Assumption I (bounded domain): V3 € L*°(Q) with V4 > 0, and V5 € L>().
Assumption IT (confining potential): Vi > 0 with Vi(z) — oo as |z] — oo and

Vi € L2 (RY), and Va € L>®(R?).
Assumption II is stronger since it implies Assumption I on any bounded domain ).

DEFINITION 3.1 (A-inner product). For a bounded domain Q@ C RY, under As-
sumption I, define the inner product for H}(Q):

(u,v)q = /(Vu~Vv+V1uU)dw.
Q

Since Vi > 0 and V; € L>(Q), the Poincaré inequality gives (1 + C%)~|ul|3,, <
lull3 < max(L, ||Vi]lze)lull?:, so || -]l is equivalent to the standard H' norm.

DEFINITION 3.2 (Perturbation operators and Riesz map). Under the setting of
Definition 3.1, let X, C H () be a conforming finite element subspace with mesh

parameter h > 0. Define:
(a) The Riesz map R : L%(Q) — HY(Q) by (Rf,v)a = (f,v)12 for allv € HL(Q).
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(b) The continuous perturbation operator K : H}(Q2) — H}(Q) by
(3.3) (Ku,v)Az/ Vouvde, Yve Hy(Q).
)

(C) Ky Xy — Xy by (Khuh,vh>,4 = fQ Vo up vy de for all vy, € Xp,.
(d) The projection Iy, : HY(Q) — Xp, by (Ipu, vp)a = (u,vp)a for all vy, € Xp,.
(e) The Galerkin discretizations —Ap + Vi, and —Ap + Vi p + Vo on Xp:

((=Ap + Vip) un, vp)r2 == (Un, V) A,

((=Ap+Vip+ Var)un, vp)r2 = (un,vp)a + / Vo up vy de,
Q

for all up, vy, € Xp,. Here Vo, denotes the restriction of Vo to Xy, via the L?
inner product, i.e., (Vo up,vp)p2 = fQ Vo up vy, de.

The operators in Definition 3.2 correspond directly to the components of the
preconditioned system: R represents (—A+V;)™1, K represents (—A + V7)1V, and
K}, is the discrete version of K. We now establish their key properties.

LEMMA 3.3. Under the setting of Definition 3.2:

(a) K = Ro(Va:)ou, where v : HY(Q) < L*(Q) is the natural embedding. In

particular, K is compact and self-adjoint on (HZ(2), (-,-) ).

(b) Kpup =p(Kuyp) for all up, € Xp,.

(¢c) K=(—-A+ Vl)_1V2 and Ky = (—Ap + Vljh)_l‘/éjb.

Proof. (a) First, the multiplication u + Vau is bounded on L?, since Va € L>(Q).
Second, R is a bounded operator, since it represents (—A + V;)~1. The embedding ¢
is compact by the Rellich—Kondrachov theorem, so K = Ro (V,-) o is compact. For
self-adjointness, (3.3) gives (Ku,v)a4 = [Vouv and (Kv,u)a = [ Voou. Since (-,-)a
is symmetric, (Ku,v)4 = (u, Kv) 4.

(b) For any uy, v, € Xp,

(Knun,vp)a = /Vzuh vy = (Kup,vp)a = (p(Kup),vp)a,

so Kpup = I (Kup) for all up, € Xp, ie., Kp = K|x, .

(¢) By definition, (Ku,v)a = [Vauv = (Vau,v)r2 = (R(Vau),v) 4, so Ku = R(Vau),
ie., K = (=A + V1)~'V,. Similarly, Kjuy is the unique element of X}, satisfying
(Kpun,vp)a = [ Voup vy for all v, € X, which is precisely (—Ap+ Vi)~ (Vo up).0

THEOREM 3.4 (Spectral convergence of the preconditioned operator). For a
bounded domain Q C R, under Assumption I, let T = (—A+ V) Y —=A+ Vi +V3) =
I+K and Ty, = (=Ap + Vip) H(=Ap + Vip + Vo) = I + Ky, where I, denotes
the identity on Xy, be the continuous and discrete preconditioned operators, and let
Kh = HhKHh : H&(Q) — H&(Q) Then:

(i) Norm convergence. |K; — K| — 0 as h — 0 in the operator norm on

(H3(@), |- L4).

(ii) Spectral convergence and clustering. For every ¢ > 0, T}, has at most
M (e) eigenvalues outside (1—e, 1+¢€), where M (€) is independent of h. FEach
nonzero eigenvalue p of K with multiplicity m is approximated by exactly m
eigenvalues of Ky converging to p as h — 0.
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(iii) Uniform condition number. If —A + Vi +V, > 0, then k(1) < &(T) for
every h, and k(T},) — k(T) as h — 0.

Proof. Since II;, maps H}(Q) onto X, K;, = II,KT1I, maps Xt to zero and
restricts to K, on X}, (by Lemma 3.3(b), II, Ku, = Kpup for up, € Xp,). Therefore
the nonzero eigenvalues of K, are exactly those of Kj: if Ky, f = pf with g # 0, then
f=uptKLf € Xp, so f is an eigenfunction of Kj,.

Part (i): Norm convergence. Write K — K, = (I — I1,)K + 11, K (I — 11,). Since K
and IIj, are both self-adjoint in (-, -) 4, the adjoint of I, K(I — I},) is (I — 1) K1;.
Because ||B|| = ||B*|| for any bounded operator B and its adjoint B* on a Hilbert
space, [T, K (I —1Ip)|| = (I = p) KTI, || < [|(J = ) K[| [[TIn]] = [[(I — ITn) K], thus

(3-4) 1Ky — K| < 2[(1 = ) K.

It remains to show ||(I — II) K| — 0. Since K is compact, the image of the closed
unit ball By = {f € H3(Q) : ||f|la < 1} under K is precompact in (Hg(Q),] - |la)-
Consider any fixed € > 0, and cover K(B;) by finitely many e-balls centered at
g1,---,9m € HE(Q). Since C°(Q) is dense in H} () and conforming finite element
spaces approximate smooth functions as h — 0 (by polynomial interpolation), |, Xx
is dense in H(Q), so (I —1I)g; — 0in || - |4 for each j, thus there exists ho such
that ||(I —II5)g;lla < € for all j and all h < hg. For any f with || f||4a <1, choose g;

with || K f — gj|la <e. Since ||[I —II4|| <1 (orthogonal projection),

I =T K flla < [(T = T) (K f = gj)lla+ [[(I = TTn)g;l[a < 2e.

<e <e€

Hence ||(I —II;)K|| < 2e for h < hg. Since € was arbitrary, ||(I — II;)K| — 0, and
by (3.4), | — K| - 0.

Part (ii): Clustering. Since IIj is an orthogonal projection in (-, -)4, its operator
norm is |l || = 1, so the singular values s,, satisfy sn(f(h) = 5, (I, K1) < s, (K).
For self-adjoint operators, singular values s equal absolute values of eigenvalues u, so
|pin (Kp)| < |pn (K)| for each n, where eigenvalues are ordered by decreasing absolute
value. Since K is compact and self-adjoint, its eigenvalues accumulate only at 0 [31,
Theorem VI.16], so for every e > 0, at most M (e) < oo of them satisfy |u,(K)| > e.
Since |y (Kp)| < |pn(K)|, the same bound holds for K}, independently of h. Hence
Ty = I, + K}, has at most M (e) eigenvalues outside (1—e, 1+4€).

Convergence. Since I~(h — K in operator norm and K and I~(h are compact
and self-adjoint, Osborn’s spectral approximation theory [30] applies directly. By the
spectral convergence results in [30, Section 3|, for each nonzero eigenvalue p of K
with multiplicity m, there exist exactly m eigenvalues of Ky converging to p. Since
the nonzero eigenvalues of K, are exactly those of K}, the same convergence holds
for the eigenvalues of Kj,.

Part (iii): Uniform condition number. For any up, € X, with [Jup||a = 1,

(Kpup, up)a = / Vo |up|? de = (Kup, up) a,
Q

since up, € X, C HY(Q). By the Courant—Fischer min-max principle, pimax(Kp) =
MaXy, e X,,,lun | a=1 (K Un, un) a4 and pimax(K) = supyepy o 4=1(Ku, u)a. Since X C

This manuscript is for review purposes only.



295
296

297

319
320

CETCENG)
W N =

w

324
325
326
327
328
329
330
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H}(Q), the maximum over the smaller set X, cannot exceed the supremum over
H}(Q). The same reasoning applies to fimin. Therefore:

Mmin(K) S //Lmin(Kh) and /J/maX(Kh) S ,LLHIaX(K)'

Since Ty, = I, + K and T = I 4+ K, this gives fimin(T) < pmin(Th) and pimax(Th) <
tmax(T). If T > 0, then pmin(T) > 0, so

T T
K(Th) = Hmo(T1) < Hmax(T) k(T) for every h.

,umin(Th) - :u‘min(T)
Since pimax (K) and pmin (K) (if nonzero) are isolated eigenvalues of K, Part (ii) gives
eigenvalues of K}, converging to them. Combined with pimax(Kp) < pimax(K), this
gives fmax(Kpn) = tmax (K). Similarly pimin (Kp) — pimin (K). Hence x(T},) — «(T).0

THEOREM 3.5 (Domain-independent clustering for confining potentials). Under
Assumption II, consider the family of domains Qp = [—L, L]|* with conforming finite
element subspaces X, C H(Q1), and the preconditioned operator Ty, defined as
in Lemma 3.3, then for every € > 0, there exist at most M(e) eigenvalues of T, 1,
outside (1—e, 14€), where M(€) < oo is independent of both h and L. Moreover, if
—A+ V14 Ve >0 onRY, then k(Ty 1) is bounded independently of both h and L.

Proof. Since V; is confining, the Schrédinger operator —A + V; on R? has com-
pact resolvent and therefore purely discrete spectrum A; < Ay < -+ — oo [32,
Theorem XIII.16]. By the min-max principle, the n-th eigenvalue of —A 4+ V; on Qp,
satisfies

A(—=Ap+ Vi) = mi 2.
n(=Ap+Vi)= min ues,??ﬂ@:l”“““‘
SCH)(Q1)

Restricting to H} () € H(R?) reduces the set of candidate subspaces for the outer
min, so the eigenvalues can only increase: A\, (—Ayp + Vi) > A, for all n and L. The
operator norm of the mapping (—Ap + V;)71: L?(Q) — L?(Qyg) satisfies

1

3.5 —A V) Mizpe = —
( ) ||( L+ 1) ||L —L )\1(*AL+V1)

< i, independently of L.
Ay
By contrast, for Qf = [-L, L4, ||(=AL) Yz2mr2 = 1/A(=AL) ~ L? /7% — oo.

Recall that Lemma 3.3 gives K, = R o (Vy+) o1, where V5. is bounded with
norm ||Va||z. By the definition of R with test function Rf, |Rf|% = (f, Rf)r: <
2 |1 BF e < ]2 - ATM ]2 by (3.5), s0 |Rf|la < ATY?|fllr2. Thus R is
bounded as a map L?(Qr) — (H (L), - ||a) with norm < 1/4/A;.

The singular values of the compact embedding ¢ : (H}(Qr), || - [[a) <= L?(1)
are determined as follows. The adjoint t* : L2(2) — Hg () satisfies (1*f,v)a =
(f,v)p2 for all v € HE (1), so t* f solves (—A + Vi)w = f weakly, i.e., t* = (—Ap +
V)=t as amap L? — H}. Therefore t*t : HY — H{} has eigenvalues 1/, (—Ap +V3),
and the singular values of ¢ are s,(t) = 1/\/ A (—AL + V1) < 1/y/A,,. Since K, is
self-adjoint, its singular values equal the absolute values of its eigenvalues, and the
multiplicative singular value inequality gives

Val| oo (rey
VA A,

Therefore |u,(Kr)| > € requires A,, < ||V||% /(A1 €?), which holds for at most M (e)
values of n, independently of L. This bound transfers to the discrete operators.

lpn (KL)| <
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Define IN(;LJ; = I, K11}, as in Theorem 3.4. Since ||II,|| = 1 (orthogonal projection),
the singular value submultiplicativity gives s, (II, K1) < s, (KL ). For self-adjoint
operators |tn| = Sn, S0 |pn(Kpn,L)| < |un(KL)| for each n. Hence Kj, 1 also has at
7 most M(e) eigenvalues outside [—¢, €], independently of both h and L.

338 For the condition number bound, Theorem 3.4(iii) gives k(T}, 1) < x(Ty,) for each
339 L. It remains to show (T}, is bounded independently of L. Let Kra = (—A+V7) 71V,
310 on RY (well-defined since V; is confining). Any u € H}(Qyr), extended by zero to
311 @ € HY(RY), satisfies [|alla = [julla and (Kpaw,a)a = [Vola]* = [, Valul* =
342 (Kpu,u)s. Thus the Rayleigh quotients of K over H{ (1) are a subset of those
343 of Kga over HY(R?), giving pmin(Kr) > pmin(Kra) and fimax(Kz) < fmax(Kga)-
344 Therefore k(Ty,) < k(Tga) for all L, and (T, 1) < k(Tga) for all h and L. O

345 REMARK 3.6 (Grid-independent PCG convergence). For the stirrer potential (3.2),]]
346V is confining and Vo € L®(R?), so Theorem 3.5 guarantees that the eigenvalues of
347 Ty, 1, cluster near 1 with at most M (e) outliers, and k(T}, 1) is bounded, independently
of both h and L, which explains mesh- and domain-independent PCG iteration counts.
In particular, CG effectively ignores finitely many outlier eigenvalues [37], which can
explain the fast convergence (5-6 iterations) observed in Example 3.1 (Figure 1, bot-
tom right), as well as the 5 iterations on R3 with the Hermite spectral method (Figure 9
in Appendiz A). For the quartic potential (3.1), Vo ¢ L>=(R?), so only Theorem 3./
applies. For each fived L, k(Th) < k(T') ensures mesh-independent iteration counts
(Figure 1, top left), but x(TL) grows with L, and iterations increase as L increases
(Figure 1, bottom left).

w W W
W W W W
[S2NNNGL SN

w

W W W W W w w
=~
= O ©

Ot Ot Ut Ot Ot Ot
Do N

[S2 BTSNV

w

ot

4. Ground State Computation.

4.1. Linear ground state via shifted inverse iteration. When V = V] is
fully separable, the tensor-product solver computes (—A + V;)~!b directly, which can
9 be used in shifted inverse iteration (power method for (—A+V; —a)~1) for computing
360 the ground state eigenvector of (—A 4+ Vi)u = Au. We use the potential in [9]:

SRR
o

, .

3
361 (4.1) Vi(z,y,2) = Y _(a} + 100sin® (ra /4)).
k=1

TABLE 2
Shifted inverse iteration for the ground state of (—A+Vi)u = \u on [-8,8]2, Q1° SEM, FP6,.
Potential (4.1). Shift 0 = 0.9 Apmin(—=A + V1). Convergence criterion |AM|/|A| < 10712, Ground
state eigenvalue A1 = 23.2878438176.

GPU DoFs  Setup (s) JIT (s)T Tters / time (s) Peak mem (GB)

A100  599° 6.2 1.0 9/1.25 11.2
A100  999° 6.4 4.3 9/7.61 52.1
GH200 999° 9.3 0.9 9/3.50 52.1
GH200 1099° 9.2 1.2 9/5.03 69.4

t JAX/XLA compilation time. At n=999: GH200 is 2.2x faster per solve than A100 (0.39s vs.
0.85s). 1.33 x 10° DoF's converge in 5s of iteration time on a single GH200.
362
363 Table 2 shows that the shifted inverse iteration converges in 9 iterations regardless
364  of grid size, producing the ground state of (—A + V})u = Au. This eigenfunction will
365 serve as a natural initial guess for the nonlinear GPE gradient flow below.

This manuscript is for review purposes only.



366
367
368
369

370

371
372
373
374
375

376

GPU-ACCELERATED DIRECT SOLVER FOR THE SCHRODINGER OPERATOR 11

4.2. GPE ground state via Sobolev gradient flow. We consider the ground
state of the defocusing (8 > 0) Gross—Pitaevskii eigenvalue problem

(4.2) —Au+V(@)u+BluPu=Iu, x€QCR® |ul: =1,

with potential V' > 0 and the parameter 5 > 0. The ground state minimizes

(4.3) E(u) = %/Q(WUP + Vlul?) dz + g /Q lu|* dz.

For § > 0, E has a unique positive ground state [20, 9], thus all computations in this
section use real arithmetic. The ground state can be computed by the normalized
gradient flow (GFDN) [4] or by projected Sobolev gradient flows [20, 11, 9].

4.3. Riemannian gradient flows. The Sobolev gradient flows can also be per-
ceived as Riemannian gradient descent methods. We consider two Riemannian gradi-
ent flows on the L? unit sphere S = {u : ||lu||z2 = 1}. Both take the form

u — T VZ}E(U")

4.4 unt = ,
(4.4) lum — TVEE(u")HLz

where V?E is the Riemannian gradient with respect to the metric g, and 7 > 0 is
the step size. They differ only in the choice of g. We consider just two of them.

Modified H' flow [9]. The metric is
(4.5) g (w, z) = (Vw, Vz) + a (w, 2), a > 0.

Each iteration requires solving (—A + al)w = (—=A + V + Bu?) u and a projection
step, amounting to two direct solves of (—A +al)~! per iteration, a separable tensor-
product operation at cost O(N*/3) in 3D.

a,, flow [20]. The metric depends on the current iterate u:
(4.6) Ga, (W, 2) = (Vw,V2) + (w,V 2) + B (w,u? 2).

Each iteration requires solving (—A + V + Bu?)~!. We solve this by PCG with
preconditioner (—A + V)~!, which is a separable tensor-product solve. We refer
to [20, 9] for more details about a, flow. The a, metric adapts to the current iterate.
It reduces the iteration count, but each step is more expensive because of the PCG
solve. The tensor-product solver enters both methods: (i) shifted inverse iteration
provides the eigenfunction of the linearized problem (—A + Vi)u = Au as an initial
guess (Section 4.1), (ii) the modified H! flow requires (—A + af)~! (direct solve),
and (iii) the a, flow uses (—A + V)~! as a PCG preconditioner.

4.4. Numerical results. When FP32 is used below for the PCG solves in the
a, flow, the offline eigendecompositions per axis are still computed in FP64. We
consider the ground state of (4.2) for a potential V' = V; with V3 given in (4.1).

ExAMPLE 4.1 (GPE ground state with eigenfunction initial guess). Since the
GPE ground state approaches the linear ground state as f — 0, the eigenfunction
from Table 2 provides a good initial guess for moderate 5. Table 3 compares the
modified H* flow [9] with two initial guesses: a constant function ug = ¢ (normalized
s.t. ||uol|lrz = 1) and the linear ground state from shifted inverse iteration. Both use
Q2% SEM with 599% DoFs, o = 20, 7 = 0.1, tested for f = 10 and 100 on an NVIDIA
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GH200 96 GB GPU. For moderate 3, the nonlinear ground state remains close to the
linear eigenfunction, so the eigenfunction initial guess starts the flow near the solution.
Figure 2 illustrates the progression: at § = 100 the lattice structure is already emerging
but the solution remains concentrated near the center, while at 8 = 1600 the ground
state has spread into a broad profile far from the linear eigenfunction. As shown in
Table 3, for B = 10,100, modified H' flow with both initializations converges to the
same energy and eigenvalue, and the eigenfunction initial quess saves 35-71% of total
time with 89-77% fewer iterations. Figure 3 illustrates that both H' flow and a,
flow for B =100 can benefit from the eigenfunction initial guess. But for 8 = 1600,
as shown in Table / (N = 599°) and Figure / (N = 9993), the eigenfunction is no
longer a good initial guess. Both Figure 3 and Figure J also show that a, flow can be
efficiently implemented by the PCG with the proposed preconditioner (—A + Vi)~L.

GPE =100

Eigen init GPE B = 1600

175
1.50
1.25
1.00
0.75
0.50
0.25
0.00

FIG. 2. Cross-sections of u at x=0, y=0, 2=0, plotted on [—6,6]3. Q2° SEM, 1993 DoFs,
computed on [—8,8]3. Each panel uses its own color scale. Left: eigenfunction initial guess (linear
ground state, $=0). Center: GPFE ground state, 3=100. Right: GPE ground state, 3=1600.

TABLE 3
Modified H' flow for the GPE ground state on [—8,8]3, Q%0 SEM, FP64, a = 20, step size
7 =0.1, 5993 DoFs, GH200. Potential (4.1). Convergence criterion: |Ey — E*|/|E*| < 10714, The
total computation time includes both off-line and iteration time.

B Init H' iters Total (s) Energy Eigenvalue
10  constant 745 122.0 14.1965761916 32.4916917439
eigenfunction 175 34.8 14.1965761916  32.4916917439
100  constant 660 111.4  20.6824463703 47.7831207152
eigenfunction 405 71.9 20.6824463703 47.7831207152
TABLE 4

Comparison of ay, flow and modified H' flow for B = 1600, Q30 SEM, 5993 ~ 2.1 x 108 DoFs,
FP64, a=20, step size 7=0.1 for modified H' and =1 for a., GH200.

Method Initilization Iters Linear solves Time (s) Energy
a, flow constant 790 72.8  33.80227900550
a, flow eigenfunction 147 1846 171.9 33.80227900550
Modified H'  constant 272 544 42.6  33.80227900551
Modified H'  eigenfunction not converging

Convergence criterion: |Ej — E*|/|E*| < 10712, where E* = 33.80227900547423.
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104 —e— a, flow (const) 10t ) —e— a, flow (const)
—=— ayflow (eigen) | @& —— g, flow (eigen)
s —=— Modified H! (const) % —=— Modified H! (const)
10 Modified H (eigen) 10 Modified H (eigen)
% 1075 @ 1075
w w
= =
© ©
4 1078 107
iy &
10—11 4 ¢ ‘\o 10—11
107144 X& %\ 104
0 100 200 300 400 500 600 700 800 0 20 40 60 80 100
Iteration GPU time (s)

F1G. 3. Comparison of ay flow and modified H' flow for 8 = 100, Q29 SEM, 5993 ~ 2.1 x 108
DoFs, GH200. Left: relative energy error vs. iteration. Right: relative energy error vs. GPU time.

—e— a, flow (const init) —e— a, flow (const init)

100 —=— a, flow (eigen init) —=— g, flow (eigen init)

—=— Modified H! flow (const init)

—=— Modified H! flow (const init)

|Ex — Evetl/| Erer|
|Ex = Evetl/| Eret|

0 50 100 150 200 250 300 350 400 0 200 400 600 800 1000 1200
Iteration GPU time (s)

Fi1G. 4. Comparison of a, flow and modified H' flow for B = 1600, Q20 SEM, 9993 ~ 10°
DoFs, constant initial guess, GH200. Left: relative energy error vs. iteration. Right: relative energy
error vs. GPU time. The reference energy E* = 33.80227900547 is from [9].

5. Hamiltonian Simulation in 3D. We consider the Schrédinger equation
(5.1) i0p=Hv¢, H=-A+V, (,0) =1,

on  C R3 with either periodic or Dirichlet boundary conditions. When V is sep-
arable, the tensor-product solver gives the exact propagator e *74t When V is
non-separable, it provides the propagator for each operator-splitting sub-step.

5.1. Splitting methods and classical implementation. We split H = A +

B with A = —A (kinetic) and B = V (potential). The standard Strang splitting

e 1AAL/2 g—iBAL o—iAAL/2 jg gecond-order in At, but its operator-norm error grows

with the spectral radius of [A4, B], which may scale with N. Two recent quantum

algorithms consider the interaction-picture Hamiltonian H;(s) = e'4* Be™*4* and
apply the Magnus expansion to the time-ordered evolution:

e The gHOP algorithm [1] uses the first-order Magnus truncation, achieving
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14 X. LIU AND X. ZHANG

O(At?) with an error constant independent of N.
e The Magnus-2 algorithm [12] adds a commutator correction (second-order
Magnus), achieving O(At*) superconvergence [7, 14].
Both methods require a matrix exponential of a sum of interaction-picture Hamilto-
nians, which on a quantum computer is implemented via LCU [1]. Classically, e*4* is
computed by the tensor-product propagator and e~*FA* is pointwise, so each factor
exp(—iwr At Hr(sg)) can be evaluated exactly:

e—zkat Hi(sk) — ezAsk e—zkatBe—zAsk’

which leads to two families of methods, implemented via tensor-product propagations.

O(At?) approximated qHOP via product formula. The qHOP approxima-
tion [1] replaces the time-ordered exponential by the first-order Magnus truncation in
the interaction picture (see [12, Eq. (2)]):

At M
e HHAL _ —iAAL Texp(—i Hi(s) ds) ~ e AL exp(—i At Z Wi Hl(sk)),
0 k=1
where s; € [0, At] are Gauss—Legendre nodes and wy, (Ekle wy, = 1) are the corre-
sponding normalized Gauss—Legendre weights. We implement this classically via the
product approximation

M M
(5.2) exp(—i AtZwk HI(Sk)) ~ H o twk At Hy(s)
k=1 k=1

Since Hi(sy) = €%k Be~#4%k  each factor in the product is computed ezactly as
e~ twkAtHi(sk) — pidsk g—iwpAtB p—idsk (two tensor-product propagations plus one
pointwise multiplication). Combining (5.2) with e "HA! = e AA T exp(...) gives
the full time step e *HAt a ¢—iAAL H,iwzl e~ twrAtHi(sk) wwhere the approximation

comes from the quadrature and product formula (5.2).

REMARK 5.1 (Order of the product formula). The product formula (5.2) re-
places exp(sum) by a product of exponentials, which is in general a first-order Lie—
Trotter approzimation with error governed by the commutators [A;, Ax] where Ay =
—iwi At Hy(sg). In Lie-Trotter splitting of two different operators A and B, the com-
mutator [A, B)] is a fized operator, giving first-order global error O(At). Here, how-
ever, all the operators Hi(sy) have s, € [0, At], so as At — 0, Hy(sy) — H;(0) = B
for all k, and the commutators [H(s;), Hi(sy)] — [B,B] = 0. More precisely,
smoothness of Hi(s) in s gives [Hi(s;j), Hi(sk)] = O(|s; — sk|) = O(At), so each
[4;, Ax] = wjwpAt? [Hi(s;), Hi(sg)] = O(At?). The product formula error is there-
fore O(At?) per step and O(At?) globally, matching the gHOP approzimation order.

O(At*) approximated Magnus-2 via Yoshida composition. The Magnus-2
algorithm [12] replaces the first-order Magnus truncation with the second-order one:

e—iHAt ~ e—iAAt eXp(Ql _1_92)’

where Q; = —i At ZkM:1 wy, Hr(sy) is the qHOP exponent and

At S1
QQ = 7%/ / [H](Sl),HI(SQ)] dSQ d$1
0 0
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is the commutator correction, achieving O(At*) superconvergence. On a quantum
computer, 217 is implemented via LCU. Classically, it is impractical to compute
et directly. Instead, we apply the fourth-order Yoshida splitting [38] to the
approximated qHOP:

1 _21/3

(5.3) e A & P(mAt) P(yAt) P(11At), N=5 513 1275 g1/

where P(h) denotes one approximated qHOP step with step size h, ie., P(h) =
et AR, e~ iwsh Hi(s) and ~; 4 45 441 = 1. Yoshida cancels the O(h?) leading
error (27§ + 3 = 0), yielding O(At*) global accuracy, the same order as the original
Magnus-2 method. Although (5.3) is derived by applying Yoshida composition to
the approximated qHOP rather than by directly approximating e**+2 it achieves
the same O(At?) rate as the original Magnus-2, and can therefore be regarded as an
approximation to Magnus-2.

REMARK 5.2 (Classical splitting as limiting cases). gHOP with M=1 (midpoint
rule) recovers the Strang splitting [1]. At the next order, our approximated Magnus-
2 with M=1 reduces to the plain Yoshida method. Thus Strang and Yoshida can
be perceived as the M=1 special cases of such approrimated versions of ¢qHOP and
Magnus-2, respectively, while larger M reduces the error constant.

REMARK 5.3 (Cost per step). For M > 2, the approzimated gHOP in (5.2) has a
direct count of (2M +1) tensor-product propagations per step, i.e., number of multiply-
ing ek per step. For M = 1, the optimized Strang form e~V Al/2 g=iAAL o=iVAL/2
needs only 1 tensor-product propagation per step. A better implementation for M > 1
is to merge two adjacent factors, e.g., for M = 3, the merged form of the gHOP is

e—iA(At—s;;) —iwz At Be—iA(53—52) —iwa At Be—iA(SQ—sl)e—iwlAt Be—iAsl’

(& (&

which has only (M + 1) A-propagations per step. By merging e~"%1 at step n with
e~ ABt=sM) a1 step n + 1, the cost would be M A-propagations per time step. Ap-
plying the same merging strategy to each of the three Yoshida sub-steps and across
consecutive time steps, the approximated Magnus-2 costs 3M A-propagations per step
asymptotically for M > 2, and 3 A-propagations plus 3 pointwise B-multiplications
per step for M =1 (plain Yoshida).

5.2. Exact propagator as reference for testing splitting methods. When
V =V} is separable, the eigendecomposition H = T AT ! gives the exact propagator

(5.4) ey =T (7™ o (T ),

at cost O(N*/3) in 3D. We test with the separable potential (4.1) from Section 4.1 on
[—8,8]3, Dirichlet BC, Q* SEM, and the exact propagator (5.4) as reference.

Most existing numerical tests of these methods are in 1D with N < 1024, using
dense matrix exponentials (expm). Our tensor-product solver provides the exact prop-
agator as a reference solution at ~10% DoFs, enabling large-scale 3D validation of the
splitting convergence rates. In the rest of this section, “qHOP” and “Magnus-2” refer
to the approximated versions implemented via the product formula (5.2) and Yoshida
composition (5.3), respectively.

EXAMPLE 5.1 (Order of approximated qHOP). Table 5 reports gHOP with M =
1 (Strang), 3, 5, and 7 on a GH200 GPU. The discretization uses Q° SEM with
4993 DoFs, complex128 arithmetic, and T = 0.1. The initial condition is 1o(x) =
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16 X. LIU AND X. ZHANG

Hi:l sin(w(x,+L)/2L). The observed convergence is O(At?) for all M. Relative to
Strang, the error constant is smaller by ~5 (M=3), ~13 (M=5), and ~24 (M=T7).
See Remark 5.3 for cost comparison.

TABLE 5
qHOP splitting error ||spiit (T) —exact (T)[|2 on GH200, Q0 SEM, 4993 DoFs, complex128,
T=0.1. M=1 is the Strang splitting. t (s) is the GPU time.

M =1 (Strang) M=3 M=5 M=T1

At Error Rate ¢ (s) Error Rate ¢ (s) Error Rate ¢ (s) Error

0.1 5.85e-1 - 0.1 1.07e-1 - 0.4 4.25e-2 - 0.5 2.28e-2
0.01 5.22e-3 2.05 0.9 1.02¢-3 2.02 3.0 4.1le4 201 4.8 2.2le4
0.005 1.30e-3 2.01 1.9 2.55e-4  2.00 5.8 1.03e-4 2.00 9.6 5.52e-5
0.001 5.21e-5  2.00 9.5 1.02e-5 2.00 29 4.11e-6  2.00 48  2.21e-6

5.3. Non-separable potential: manufactured exact solution. When V =
V1 + V4 is not fully separable, we use the PCG solver from Section 3.2 to compute the
ground state (A1, u1) of H = —A+ V] 4+ V5. The function

(55) ¢exact (:I:, t) = eiw\lt ul(m)

is a stationary solution of (5.1), against which we verify splitting convergence orders.
We test with the stirrer potential (3.2) on [—8, 8], Dirichlet BC, Q*° SEM, and we
also consider splitting H = A+ B with A= —-A+V; and B = V5.

5.3.1. Multi-level generation of the reference solution. The ground state
(M,u1) of H = A+ B is computed by shifted inverse iteration: each step solves
(H —ol)w = u via PCG with the tensor-product preconditioner A=! = (—=A + V7)1
from Section 3.2. The shift 0 = 0.9 A\pin(A) keeps H — oI positive definite (since
V2 > 0) and close enough to A for rapid convergence. The initial guess is the ground
state eigenfunction of A, obtained from the tensor-product eigendecomposition.

To efficiently reach large grid sizes, we use a multi-level strategy: solve on a
coarse grid, interpolate the eigenvector to the next finer grid via tensor-product linear
interpolation, and continue the inverse iteration. Each refinement inherits a good
initial guess, reducing both the number of inverse iterations and the PCG iterations
per step. Table 6 demonstrates this for the stirrer potential (3.2) on an A100 GPU. At
the finest level (499% DoFs), only 11 inverse iterations with 21 PCG iterations each are
needed, a total of 231 applications of (—A+V;)~1. The entire multi-level computation
takes about one minute, producing a ground state accurate to |AX|/|A| < 10713,

TABLE 6
Multi-level shifted inverse iteration for the ground state of H = —A + Vi + Va, stirrer po-
tential (3.2), Q2° SEM, FP64, A100. Preconditioner: (—A + V1)~t, PCG tolerance 10712, shift
0 = 0.9 A\nin(A). Ground state eigenvalue A1 = 5.286155366963.

n (DoFs) Setup (s) Interpolation (s) Inverse iters PCG/iter Total A™!

993 6.1 — 30 75 2242
1993 2.6 0.3 21 24 504
4993 2.6 0.5 11 21 231

Initial guess at 992: ground state of A = —A + V3. Total wall time: ~62s on A100.

This manuscript is for review purposes only.
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5.3.2. Testing splitting methods for Hamiltonian simulations.

ExaMPLE 5.2 (Order of approximated gHOP for non-separable stirrer potential).
We test gHOP with M = 1 (Strang), 3, 5, and 7, 4993 DoFs, complex128, T = 0.1,
on a GH200 GPU. The initial condition is ¥y = uy (ground state eigenvector, A\ =
5.286155366963). Table 7 compares two splittings: A = —A, B =V, + Va (top half),
and A = —-A+Vy, B =1V, (bottom half), where A includes the separable part of the
potential. Both show O(At?) convergence for all M, but the splitting A = —A + V;
gives ~1.5-3x smaller errors because |Va| < ||V1 + Va|. For ¢HOP as a quantum
algorithm, A = —A is required since A must be the operator that can be fast-forwarded
on a quantum computer. For classical ODE/PDE solvers, including the separable
potential in A is advantageous.

TABLE 7
gHOP splitting error for the non-separable stirrer potential (3.2), Q?° SEM, 499° DoF's, com-
plex128, T=0.1, GH200. t (s) is the GPU time. Reference: manufactured solution (5.5).

M =1 (Strang) M=3 M=5 M=T

At Error Rate ¢t (s) Error Rate ¢ (s) Error Rate ¢ (s) Error Rate ¢ (s)
Splitting A= —A, B=V1+ V3

0.1 8.04e-3 - 0.7  3.93e-4 - 1.0  1.58e-4 - 1.1 8.49e-5 - 1.4

0.01 7.73e-5 2.02 1.6 3.90e-6  2.00 3.5 1.57e-6 2.00 5.6 8.44e-7  2.00 7.8

0.005 1.93e-5 2.00 2.6 9.74e-7  2.00 6.5 3.93e-7  2.00 11 2.11e-7  2.00 15

0.001 7.73e-7  2.00 11 3.94e-8 1.99 30 1.64e-8 1.97 51  9.46e-9  1.93 72
Splitting A= —-A+ Vi, B=V;

0.1 4.75e-3 - 0.9 1.37e4 - 1.0 5.50e-5 - 1.3 2.96e-5 - 1.5

0.01 4.52e-5  2.02 1.7 1.35e-6 201 3.7 547e-7T  2.00 5.6 295e-7  2.00 7.7

0.005 1.13e-5 2.00 2.6 3.40e-7 1.99 6.6 1.38e-7 1.99 10 7.50e-8  1.98 15

0.001 4.52e-7  2.00 10 1.61e-8 1.90 30 8.99%-9 1.70 49 7199 1.46 71

ExAMPLE 5.3 (Order of approximated Magnus-2 for non-separable stirrer poten-
tial). We use the same setup, but with T = 1. Table 8 compares the two splittings as
in Table 7. Both show O(At*) convergence for M > 3. The splitting A = —A + V7,
B =V, again gives smaller errors, with the advantage growing with M.

6. Multi-Body Hamiltonian Simulation (4D, 6D, 9D). In this section we
consider multi-particle systems with pairwise interactions in 4D, 6D, and 9D. As
in Section 5.3, the reference solution is Yexact = €~ ' u;, with the ground state
computed by PCG using (—A + Viap) ™' as preconditioner.

6.1. Two particles in 2D with Coulomb interaction (4D). We consider
two quantum particles in a 2D harmonic trap with Coulomb interaction. The Coulomb
singularity 1/|x; — x2| at 1 = x2 needs be regularized unless special transforma-
tion is used. Ome approach is the cell-averaged potential of [15], which integrates
1/|x1 — @2| against the basis functions. We use the simpler soft Coulomb potential

|1 — ®2|? + 62 with a small parameter 6 > 0, which is smooth for any § > 0, so
we expect O(At) for Lie-Trotter and O(At?) for Strang, although Lie-Trotter is only
O(At/4) for the exact (unregularized) Coulomb potential [13]. The equation is

(61) Zatw = <_Am1 _sz +‘/trap($1) +Vvtrap(w2) + < T1,T2 S R27

Ve —x2|2+62 )w’

This manuscript is for review purposes only.
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TABLE 8
Magnus-2 via Yoshida splitting error for the non-separable stirrer potential (3.2), Q2 SEM,
4993 DoF's, complex128, T=1, GH200. t (s) is the GPU time. Top: A = —A, B = Vi +Va. Bottom:
A=—-A+Vi, B= Vs, which gives ~1.5-3x smaller errors. Reference: manufactured solution via
multi-level inverse iteration.

M =1 (Yoshida) M=3 M=5 M=7

At Error Rate ¢ (s) Error Rate ¢ (s) Error Rate t(s) Error Rate ¢ (s)
Splitting A= —-A, B=Vi+V,

0.2 8.63e-2 - 2.2 5.36e-3 - 5.1 4.6le-4 - 8.2 1.02e-4 - 11
0.125 1.30e-2  4.03 3.1 5.44e-4 487 7.7 2935 5.86 13 1.32e-5 4.35 18
0.1 5.34e-3  3.99 3.7 133e-4 631 9.5 1.10e-5 4.39 16  5.02e-6  4.33 22
0.05 3.39e-4 3.98 6.9 3.25e-6 5.35 19 6.77e-7  4.02 30  3.00e-7  4.06 44

Splitting A= —-A+ Vi, B=V,

0.2 2.48e-2 - 2.2 5.06e-3 - 5.1 4.2le4 - 8.1 7.04e-5 - 11
0.125 3.75e-3  4.02 3.1 5.15e-4  4.86 7.8 1.46e-5 7.15 13 7.29e-6  4.82 17
0.1 1.50e-3 4.11 3.8 1.20e-4 6.53 9.5 4.18e-6 5.60 16 2.37e-6  5.04 21
0.05 1.04e-4 3.85 6.5 8.50e-7 T7.14 18 2.37e-7 414 30 1.29e-7  4.20 42

560 where Vipap(x) = |x|? is a harmonic trap.

561 6.1.1. Preconditioner comparison. To select the best preconditioner for PCG
562 we solve (—A + Vi + Vo)u = f with a random right-hand side f on the 49* grid
563  with § = 0.01, comparing three preconditioners in Table 9. The tensor-product pre-
564 conditioner (—A + V;)~! converges in 24 iterations, far fewer than the combined
565 preconditioner Po = (Vi+Va)~V/2(—A) =1 (Vi +V5)"1/2 (443 iterations). The variant
566 V2_1/2(—A+V1)*1V2_1/2 does not converge within 500 iterations. We therefore use
567 (=A + Vi)~ throughout.

TABLE 9
PCG iteration count for solving (—A + Vi + Va)u = f with three preconditioners. Q9 SEM,
49* DoFs, § = 0.01, FP64, A100. Tolerance 10712, maxz 500 iterations.

Preconditioner Iters Time (s) Status
(—A+1) ! 24 0.5 converged
(Vi+ Vo) V2(=A) T (Vi4+Va) "2 443 2.9 converged
V, A (—apva) Ty, 2 500 3.0 stalled at 5 x 1071
568 6.1.2. Ground state computation. Table 10 shows the ground state computa-

569 tion cost for several values of &, with ¢ = 1, Vipap(z) = |z|?, domain [—8, 8] x [-8, 8]°.
0 PCG is warm-started with the previous inverse iteration solution, which reduces iter-
1 ations after the first few steps.

2 Figure 5 shows slices of the 4D ground state wavefunction for 6 = 0.01 and
'3 0.0001, interpolated onto a fine grid via cell-by-cell Q'° polynomial reconstruction.
4 As ¢ decreases, the Coulomb singularity sharpens: the 1D slice narrows, and the
’5  inter-particle correlation plot develops a more pronounced dip along x1, = x24.

6 6.1.3. Splitting convergence. As in Section 5.2, “qHOP” and “Magnus-2”
7 refer to the approximated versions (5.2) and (5.3). All 4D splitting tests use Q'°
s SEM, 99* DoFs, complex128, T' = 0.1, GH200.
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TABLE 10
Ground state of H = —A + Virap + Vooulomb via shifted inverse iteration with PCG (precon-
ditioner (—A + Virap) ™1, maz 500 iterations, warm-started with the previous iteration’s solution).
Q0 SEM, 99* ~ 9.6 x 107 DoFs, GH200. Multi-level: coarse 49* solution interpolated as initial
guess; shift o = Amin(—A + Virap) — 104 = 3.9999. PCG tolerance 10~7.

§  VE*™ Inv.iters PCG/iter Total solves Time (s) M\

0.1 10 22 1-18 121 8 5.060514417326
0.01 100 24 1-32 204 12 5.221829172892
0.001 1,000 12 1-5007 4,286 208  5.400105827385
0.0001 10,000 12 1-5007 5,816 274 5.444872472429

1t PCG reaches max 500 iterations only in the first few inverse iterations, which does not affect the
final accuracy since PCG converges quickly in the last few inverse iterations.

1D slice (6=0.01, A; = 5.2218) X12 VS X2a COITElation

Particle 1 density

0.005
0.005
0.005
0.004 0.004
0.004
_, 0.003 . 0003
< $ 0.003
0.002 -2 0.002 -2 0.002
-4 -4
0.001 0.001 0.001
6 -6
0.000 0.000
0.000 e s
8 6 4 2 0 2 4 & =8 -7.5 -50 -2.5 00 25 50 7.5 -75 -50 -25 00 25 50 1.5
X1a X1a X1a
1D slice (6=0.0001, A = 5.4449) Particle 1 density X1a VS Xaa CorTelation
0.004
0.004 0.005
0.004
0.003 0.003
5 2 K 0.003
s < <
0.002 0.002
-2 -2 0.002
0.001 4 0.001 -4 0.001
6 -6
0.000 0.000
0.000 ~ 8

8
8 -6 -4 -2 0 2 4 6 8 -75 -5.0 -25 00 25 50 75

-75 =50 -25 00 25 50 75
X1 X1a x15

F1G. 5. Slices of the 4D Coulomb ground state for § = 0.01 (top) and § = 0.0001 (bottom),
Q'° SEM, 99* DoFs. Top: 1D slice along x1,. Middle: particle 1 density in the (z1a,%1p) plane.
Bottom: x14 vS. T24 inter-particle correlation. The Coulomb repulsion strengthens as d — 0. Plotted
on a 300 x 300 fine grid via cell-by-cell Q10 polynomial interpolation.

EXAMPLE 6.1 (Order of approximated qHOP convergence in 4D, § = 0.001).
Table 11 reports ¢gHOP with M = 1 (Strang), 3, 5, 7 for the Coulomb system with
§ = 0.001 (V@ =1000). All methods show O(At?) convergence in the asymptotic
regime (At < 0.001). Larger M reduces the error constant: at At = 0.0005, M=3, 5,
7 reduce the error by ~14x, 35X, 65X relative to Strang.

EXAMPLE 6.2 (Order of approximated Magnus-2 in 4D, 6 = 0.1).  Table 12
shows the convergence of Magnus-2 via Yoshida with M = 1 (plain Yoshida), 3, 5,
7 for the Coulomb system with § = 0.1 (V2** =10). For M =7, the error reaches
2.5 x 10719 at At = 0.001. Larger M reduces the error constant and enters the
high-order asymptotic regime at larger At.
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TABLE 11
qHOP splitting error ||Ysplit (T) —Wexact (T)||2 on GH200, Q0 SEM, 99* DoFs, complex128,
T=0.1, Coulomb § = 0.001. t (s) is the GPU time.

M =1 (Strang) M=3 M=15 M=T
At Error Rate t (s) Error Rate ¢ (s) Error Rate ¢ (s) Error Rate ¢ (s)
0.005 3.32e-1 - 1.8  4.93e-2 - 4.2 4.27e-2 - 5.9 2.96e-2 - 8.0

0.002 5.21e-2  2.02 3.3 25le-2 0.74 8.5 1.26e-3 3.84 13 5.18e-4  4.42 18
0.001 3.75e-2  0.47 5.9 1.33e-3 4.24 16 2.34e-4 243 26 1.25e-4  2.05 36
0.0005 1.98e-3 4.24 11 1.4le4 3.24 31 5.64e-5  2.05 51 3.03e-5  2.04 71

TABLE 12
Magnus-2 via Yoshida splitting error, 99* DoFs, complex128, T=0.1, Coulomb § = 0.1. t(s)
is the GPU time on GH200.

M =1 (Yoshida) M=3 M=5 M=T7
At Error Rate ¢ (s) Error Rate ¢ (s) Error Rate ¢ (s) Error Rate ¢ (s)
0.005 2.54e-3 - 3.7 7.49e-4 - 10 2.83e-4 16 1.51e-4 - 22

0.002 5.82e-5 4.12 84 2.38e-5 3.76 24 5.36e-6  4.33 39 5.52e-7 6.12 53
0.001 8.39e-6  2.79 16 1.6le-6  3.89 46  3.74e-8  T7.16 77 2.54e-10 11.09 106

6.2. Two particles in 3D with Coulomb interaction (6D). We extend the
4D test to two particles in 3D (z1, £ € R?). The Hamiltonian is

c
\/ ‘331 — :132|2 —+ 527
discretized on [—L, L]3 x [~ L, L]? with Q'° SEM, 29° ~ 5.9 x 10® DoFs. The splitting

is A = —A (6D Laplacian), B = Viap + Vcoulomb, and the reference solution is
Yoxact (€, 1) = e~ A1ty (x) where (A1, uy) is the ground state of H.

(6.2) H=-Ay —Ag, + Vtrap(wl) —+ Vtrap(w2) +

6.2.1. Ground state. In these TF32 runs, the offline eigendecomposition of
—A 4 Virap is still computed in FP64 and then cast to lower precision for PCG solves.
See Table 13 for the performance. The solution is plotted in Figure 6.

TABLE 13
Ground state of the 6D Coulomb Hamiltonian (6.2), Q¢ SEM, N, = 2, n = 31, 316 ~
8.9 x 108 DoFs, TF32, L =5, GH200. Shifted inverse iteration with o = 0, PCG tolerance 10~%.

6  VE*™  Inv.iters Total PCG solves Time (s) A1

0.01 100 12 31 17 6.792689
0.001 1000 12 99 34 6.844492
0.0001 10000 12 331 94  6.861799

6.2.2. Splitting convergence.

EXAMPLE 6.3 (Order of approximated qHOP in 6D, § = 0.01). Table 1/ reports
gHOP with M = 1 (Strang), 3, 5, 7 for the 6D Coulomb system with § = 0.01.
All methods show O(At?) convergence. Larger M reduces the error constant by ~7x
(M=3),156x (M=5), 18x (M=T) relative to Strang. The splitting tests use complex64
arithmetic to fit the 29% arrays in GPU memory, and the reference ground state is
computed in FP64.

This manuscript is for review purposes only.



605
606
607
608
609

610
611
612

614

615

GPU-ACCELERATED DIRECT SOLVER FOR THE SCHRODINGER OPERATOR 21

1D slice (Q®, Neey=2, n=31, A\; =6.7927)

Particle 1 density X1a VS X2a Correlation

0.0014

0.0014
0.0012

0.0012 0.0012

0.0010
0.0010 0.0010

0.0008 0.0008 0.0008

0.0006 0.0006 0.0006

0.0004 Y 0.0004

0.0004 -2

0.0002 0.0002

0.0002
0.0000 0.0000

0.0000

-4 -2 0 2 4 -4 -2 4 2 4

-4 -2 0 2 4
X1a X1a

X1a

1D slice (Q'®, Neaii= 2, n=31, A, = 6.8618)

Particle 1 density X1a VS X2a COrrelation

0.0012
0.0012
0.0010 0.0012
. 0.0010
0.0010
0.0008
0.0008 0.0008

0.0006 < 0.0006 X

uy

0.0006

0.0004 - 0.0004 0.0004

0.0002 0.0002
0.0002

0.0000 0.0000

0.0000

F1G. 6. Slices of the 6D Coulomb ground state at 31 ~ 8.9 x 108 DoFs, Q6 SEM, Neen = 2,
TF382, L =5, GH200. Top: § = 0.01. Bottom: 6 = 0.0001. Left: 1D slice along x14. Center:
particle 1 density. Right: inter-particle correlation x14 vs. T24. Plotted on a 300 x 300 fine grid via
cell-by-cell Q6 polynomial interpolation.

TABLE 14
qHOP splitting error for the 6D Coulomb system (6.2), § = 0.01, Q'° SEM, 29% DoFs, com-
plex64, T=0.1, GH200. t (s) is the GPU time.

M =1 (Strang) M =3 M=5 M=T

At Error Rate ¢ (s) Error Rate t(s) Error Rate t(s) Error

0.1  1.98e-1 - 1.5 1.29e-1 - 2.2 1.75e-2 - 3.5  8.34e-3
0.02 9.76e-3  1.87 2.9 1223 290 5.8 4.87e-4  2.23 8.7 2.6le4
0.005 5.51e-4  2.07 8.0 7.43e-5 2.02 19 3.00e-5 2.01 31 1.62e-5

EXAMPLE 6.4 (Order of approximated Magnus-2 in 6D, § = 0.01). Table 15
reports Magnus-2 via Yoshida with M =1, 3, 5, 7. At large At, larger M reduces the
error: at At = 0.01, the errors range from 7.93 x 10~ (M=1) to 3.28 x 107¢ (M=T7).
At smaller At, the errors plateau at ~2.5 x 1076 due to the complex6s arithmetic
floor: with 20-50 time steps, single-precision rounding errors accumulate to O(107°).

6.3. Three particles in 3D with Coulomb interaction (9D). We consider
three particles in 3D (z1, T2, 3 € R?) in a harmonic trap with pairwise soft Coulomb
interaction:

3

(6.3) H= Z(—Amj + Virap(25)) + Z m’

=1 1<j<k<3

where Viyap(x) = |x|?. Discretized on [—L, L]* x [-L, L]* x [-L, L]* with Q* SEM,
this gives n” DoFs.
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TABLE 15
Magnus-2 via Yoshida splitting error for the 6D Coulomb system (6.2), § = 0.01, Q'° SEM,
296 DoFs, complex64, T=0.1, GH200. t (s) is the GPU time.

M =1 (Yoshida) M=3 M=5 M=T
At Error Rate ¢ (s) Error Rate ¢ (s) Error Rate ¢ (s) Error  Rate ¢ (s)
0.1 2.43e-1 - 23 1.78¢1 — 44  2.552%-1 ~ 6.0 2722 -7
0.01 7.93e-4 249 12 1.55¢-5  4.06 28  3.29¢-6  4.88 46 1.99¢-6 4.14 65
0.005 5.22¢-5 3.93 22 2.34e-6f 273 55 1.66e-6"  0.99 91 2.77e-67  —0.48 128

TError dominated by complex64 rounding accumulation.

6.3.1. Ground state. The offline eigendecomposition used in the separable pre-
conditioner is computed in FP64, even though the online inverse iteration and PCG
solves are carried out in FP32. The ground state is computed by shifted inverse
iteration with o = 0 and warm-start PCG (preconditioner (Zj(—Amj + Vtrap))_l,
tolerance 10~* with max 500 iterations). Warm-start uses the previous outer itera-
tion’s PCG solution as the initial guess for the next solve. Table 16 shows the ground
state cost for L = 3, ¢ = 1, Q% SEM, Neen = 2, n = 9 (92 =~ 3.9 x 10% DoFs) on
GH200. PCG iterations increase with smaller §, but all cases converge within 18
inverse iterations.

TABLE 16
Ground state of the 9D Coulomb Hamiltonian (6.3), 3 particles in 3D, Q% SEM, Ne = 2,
9% ~ 3.9 x 108 DoFs, FP32, o =0, L = 3, GH200.

0 V&®™ Inv.iters PCG solves Time (s) A1

0.01 100 18 110 490 11.7561
0.001 1000 18 349 588  11.9268
0.0001 10000 18 708 714 11.9502

Figure 7 shows slices of the ground state for two values of §. As § decreases,
the Coulomb repulsion sharpens and the inter-particle anti-correlation pattern along
T1q = T2, becomes more pronounced.

6.3.2. Splitting convergence. The splitting A = Zj(*Amj + Virap), B =
Via + Viz + Vas is tested with § = 0.1, T = 0.1, complex64 arrays, using Q°> SEM with
Neen =2 (n =9, 9% 2 3.9 x 108 DoFs) on GH200. Errors of qHOP and Magnus-2 via
Yoshida for M = 1,3,5,7 are shown in Figure 8.

7. Concluding remarks. We extended the tensor-product solver of [28] from
the Laplacian to —A + V on a single GPU, handling up to 10° DoFs in under one
second. For non-separable potentials V' = V; + V5, the preconditioner (—A + V;)~1
yields a preconditioned operator with a bounded condition number and spectrum
clustering near 1, independently of the mesh size (Theorem 3.4), and also indepen-
dently of the domain size when V; is confining and V; is bounded (Theorem 3.5).
We applied this framework to ground state computation via shifted inverse iteration,
PCG, and Gross—Pitaevskii gradient flows, and used the resulting eigenpairs as exact
stationary solutions to validate the approximated versions of qHOP and Magnus-2
splitting methods at ~108 DoFs in 3D through 9D. The product-formula implemen-
tation showed the expected convergence orders and also provides a family of classical
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1D slice (6 =0.01, A; = 11.7561)

Particle 1 density

X1a VS X3, correlation

23

0.0010
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0.00150
0.0008 0.0008
0.00125
0.0006 . 00006 0.00100
B < B
0.0004 0.0004 000075
-1 -1 0.00050
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= o 0.00025
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-2 4 2 -2 [}
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X X1a X1a
1a
le-5 1D slice (6=0.0001, A =11.9502) .
Particle 1 density X1a VS X2 COIrelation
2.0
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0.00125
15 15 0.00100
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0.00050
-1
o5 05 0.00025
-2 0.00000
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FiG. 7. Slices of the 9D Coulomb ground state, 8 particles in 3D, Q5 SEM, 9° DoFs, FP32,
L =3, GH200. Top: § = 0.01. Bottom: § = 0.0001. Left: 1D slice along x14. Center: particle 1
density in the (T1q,%1p) plane. Right: x14 vS. T2g inter-particle correlation. Plotted on a 300 x 300
fine grid via cell-by-cell Q° polynomial interpolation.

qHOP, 9D Coulomb 6 = 0.1, 9° DoFs, FP32, GH200 Magnus-2 via Yoshida, 9D Coulomb 6= 0.1, 9° DoFs, FP32, GH200

10-14 O M=1(Strang) o 10-t O M=1 (Yoshida) 8
01 qHOPM=3 5 0 Magnus-2M=3 o
A qHOPM=5 A Magnus2M=5 A
o 1024 O aHOPM=7 o o 10-2] O Megnus2mM=7 o
= ——- o) N -=- ot B
g o g o
S 10-3 $ 1073 -
S 10 = s —=
] A ] o e
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Z K £ 10 e
g 10 e & ==t
= ® & - E
B 105 L o
105 B &
10-¢
10-2 2x1072 3x102 4x1072 6x102 10-2 2x1072 3x102 4x1072 6x10-2
At At

Fic. 8. Splitting convergence for 9D Coulomb, § = 0.1, 99 ~ 3.9 x 108 DoFs, complex6/,
FP64 transforms, T = 0.1, GH200. Left: gHOP (O(At?)). Right: Magnus-2 via Yoshida (O(At?)).
Larger M reduces the error constant, and all methods hit the complex64 floor at ~5 x 106,

splitting methods generalizing second order Strang and fourth order Yoshida split-
tings.
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Appendix A. Hermite spectral method on unbounded domains.

The tensor-product solver of Section 2 applies to any discretization that produces
a separable 1D operator K = TAT ! per axis. To illustrate this generality, we present
the Hermite spectral method, which replaces the SEM on [—L,L]? with Hermite
functions on R?, eliminating domain truncation artifacts for quantum systems in
confining potentials. The n Hermite-Gauss nodes {z,} are eigenvalues of the n x n
symmetric tridiagonal matrix J with Jy, = 0 and Jy g41 = Jep1.6 = Vk/2 for
k=1,...,n— 1. The Hermite function differentiation matrix at these nodes can be
written as

VY —1(74)

Pn—1(2;) (wi — 2;)
where 1,1 is the normalized Hermite function of degree n — 1. See [34, Eq. (7.93)].
Given a separable potential f(z), the 1D operator is K = —D? + diag(f(x;)), with
eigendecomposition K = TAT~'. The d-dimensional tensor-product solver is identical
to SEM. No boundary conditions are needed, since the Hermite functions decay as
e=*"/2. The method is limited to n < 745 in FP64 due to underflow in the Hermite
function recurrence at the outermost nodes. Table 17 shows the accuracy of (—A +
V)~ on R3 with the potential (2.6). Figure 9 shows that the proposed preconditioner
(—A + V;)~! converges in 5 PCG iterations on R®, while the baseline P does not
converge within 500 iterations. Table 18 reports the Magnus-2 convergence using
the Hermite spectral method with separable potential (4.1), 4993 DoFs, T = 1. For
M > 3, the observed convergence is O(At?).

D;; = i # 7, D;; =0,

TABLE 17
Accuracy for using (—A+V)~1 to solve (—A+V)u = f with potential (2.6) on R3 via Hermite
sin (%(z«kl)) sin (ﬁ(y+1)) sin (37”(24»1))

spectral method, FP64, A100. The exact solution is u* = a2 T2 o

n  DoFs Setup (s) Solve (s) Weighted L? err 22 rel. err

199  199® 2.7 0.002 1.53x107° 6.31x107°

399 3993 3.2 0.024 4.05%x107% 220x107°

599 5993 3.2 0.117 1.87x 1078  1.20 x 10~°
TABLE 18

Approzimated Magnus-2, Hermite spectral on R3, 4993 DoFs, complex128, T=1, GH200. t (s)
is the GPU time.

Yoshida (M = 1) Magnus-2 M =3 Magnus-2 M =5 Magnus-2 M =7

At Error Rate ¢ (s) Error Rate ¢t (s) Error Rate ¢t (s) Error

0.2 1.34e+0 - 1.7  1.41e40 - 11 3.05e-1 - 16 1.1le-1
0.125 1.21e+0 0.22 2.7 4.85e-1 227 17 3.59e-2  4.55 26 8.85e-3
0.1 1.52e+0 -1.02 3.4 1.11e-1  6.61 21 1.26e-2  4.69 33 3.51e-3
0.05 5.48e-1 1.47 6.7 5.17e-3  4.42 42 7.60e-4  4.05 65 2.22e-4
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Rate ¢ (s)

- 23
5.38 36
4.14 45
3.98 91
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