
 





















First Order Homogeneous Linear ODE Systems: General Case
I In general, the matrix has eigenvalue decomposition as A = QJQ�1 where columns of Q

are eigenvectors and generalized eigenvectors, and J is the Jordan Form.

I The solution formula for u0 = Au is still u = eAtu(0).

I The matrix exponential is still defined as the Maclaurin Series [plug in At = Q(Jt)Q�1]:

eAt = I + A+
1

2!
A2 + · · · = Q(I + Jt +

1

2!
[Jt]2 + · · · )Q�1

I If there are k distinct eigenvalues, J is block diagonal with k blocks ⇤1, · · ·⇤k .

I The matrix exponential eJ (or eJt) will also be block diagonal with k blocks e⇤i (or e⇤i t).

I If ⇤i is diagonal (i.e., geo multiplicity=algebraic multiplicity for �i ), then eJ (or eJt) is
diagonal.

I In general, eJ (or eJt) are upper triangular.
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A Quick Example
I Consider solving u0(t) = Au(t) with a 3⇥ 3 matrix A.

I Assume A has only one distinct eigenvalue �, and only one linearly independent
eigenvector v.

I And further assume there are two linearly independent generalized eigenvectors u1 and u2.
Namely, u1 and u2 satisfies

Av = �v (1)

Au1 = �u1 + v (2)

Au2 = �u2 + u1 (3)

I Let Q = [v u1 u2], then A = Q

0

@
� 1 0
0 � 1
0 0 �

1

AQ�1. Do change of variable w = Q�1u.

I We can verify the unique solution has the form:

d

dt

0
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w2(t)
w3(t)
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A =

0
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0 � 1
0 0 �

1
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1

A = e�t

0

@
1 t t2/2
0 1 t
0 0 1
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