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4. (10 pts) Let V = P»(R) (all quadratic polynomials with feal coefficients)

and consider a linear transformation 7' : V — V defined as

T = F0e + 7@ - L. Ko=)

For the ordered basis 8 = {1, z, 2%}, find the matrix representatio@
of T" under basis [. @ ¥ =

TRy —> Wl)
L= Oyerb X+ C —>
T[%} = THw] =0 x+ \“?i'o

3 X2

\

{lo=0
=X D= |
€'lUx)y= 0

Change & Coorecdlinatey y! J

Gien B=-<T RORVX i hases of \/

?5//{‘\/;/-\\) "*')V_V-\hzk
Q° Given W, whet i L V] )
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goﬂva{ﬁra,é,(>a,_(
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5. (10 pts) Let V' be the set consisting all continuous real-valued single-
variable functions. Then V is a vector space. Consider a subspace
W = span{1,sin z, cos z, sin(2z), cos(2x)} with two ordered bases of W:

B = {1, — cosz,sin x, sin(2x), sin® =}

v = {1,sinz, cos z, sin(2x), cos*  }.

Find the change of coordinate matrix from ( to 7, i.e., the matrix @ s.t.
[fl, = Q[f]s,¥f € W. Recall that @ is the matrix reprensetation []}

for the identity map under bases 8 and 7.
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2. (30 pts) Consider the matrix

A:

3 -1 0
0 2 0].
0 1 2

(a) (10 pts) Find all eigenvalues, their algebraic multiplicity and geo-
metrical multiplicity, and basis vectors for all eigenspaces.

(b) (10 pts) For this particular matrix, there is one eigenvalue Ao for
which geometrical multiplicity is less than algebraic multiplicity.
This ensures existence of one generalized eigenvector defined as fol-
lows: let v be its eigenvector, then find the generalized eigenvector
u defined as solution to the nonhomogeneous linear system

(A-DDu=v.) & AR =AU =Y,

—_—




(¢) (10 pts) For this particular matrix, there are two distinct eigenvalues
A1 and Ay. Let vy be eigenvector for A;. Form a matrix V' = [v; v u].
Then by the definition of eigenvectors and generalized eigenvectors,

we have
A 0 0
AV = [Av; Av Au] = [Mvp Agv dou+ov]=[vpoul |0 Ay 1.
0 0 X
A1 00
Here J = | 0 Ay 1| iscalled Jordan Form of A. Find the explicit
0 0 X

expression of J, V, V™1 and verify that A = VJV~! (and this is
what eigenvalue decomposition looks like for a nondiagonalizable
matrix).
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First Order Homogeneous Linear ODE Systems: General Case

» In general, the matrix has eigenvalue decomposition as A = QJQ~! where columns of Q
are eigenvectors and generalized eigenvectors, and J is the Jordan Form.

» The solution formula for u’ = Au is still u = e“tu(0).

» The matrix exponential is still defined as the Maclaurin Series [plug in At = Q(Jt)Q~!]:

_I+A+21|A2 = Q(I +Jt+—[Jt]2 Q™!

» If there are k distinct eigenvalues, J is block diagonal with k blocks Ay, - - - Ag.
» The matrix exponential e’ (or e”t) will also be block diagonal with k blocks e’ (or e"it).

> If A; is diagonal (i.e., geo multiplicity=algebraic multiplicity for \;), then e’ (or e”t) is

diagonal.
— jt V‘ — Mt o2 Mt 12 Mt 72
— & u(o A 10 eiliices S cl 5
u&) —_— Q Q ) 01 }\’1 1 O e?qt te}qt =e}"1t O 1 t
00 7\,1 0 0 e7~1f 1

» In general, e/ (or e’t) are upper triangular.

7/1



A Quick Example

» Consider solving u’(t) = Au(t) with @ 3 x 3 matrix A.

» Assume A has only one distinct eigenvalue A, and only one linearly independent
eigenvector v

» And further assume there are two linearly independent generalized eigenvectors u; and us.

Namely, u; and u, satisfies
Uty = Q u o)

Av = \v £ (1)
Aup = A - < )2
u; = Aug +Vv _G\d\ ° \ u) )
Aus = \us + ug O o l 3)
A1 0
> Llet Q=[vu;up,then A=Q [0 X 1| Q! Do change of variable w = Q!u.
0 0 A
» We can verify the unique solution has the form:
g (1) A1 0\ [wa(t) w (t) 1t t2/2\ [wi(0)
p wa(t) ] =10 A 1 wo(t) | & [we(t) | = |0 1 ¢ ws(0)
E\wa(t) 0 0 A \ws(t) ws(t) 00 1 ws(0)
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