MA 353 Section 001/015
Spring 2021

Homework 7

Due on Mar 23rd Tuesday before 1pm on gradescope.

1. (10 pts) In V = C([0,1]), let f(t) =t and g(¢) = e'. Compute

(f.g) = / F()g(t)de

I f1l; llg]] and || f + g||. Then verify (you can use calculator if needed)
both the Cauchy-Schwart inequality and the triangle inequality for f,g.

. (20 pts) The Cauchy-Schartz inequality |(z,y)| < ||z|||ly|| and the trian-
gle inequality ||z + y|| < [|z]] + ||y||have many different explicit forms,
depending on what the abstract vectors x, y are and how the inner prod-
uct is defined. For example, consider the following two inequalities that
we are familiar with:

Z CLZ2] [i |b2|2] 2 , ‘v’ai, bz - (D,
1=1

, Va;, b, € C.

n 3 n 3 n 3
[zww s[zam‘ 3o
=1 =1 =1

These two inequalities above are exactly the Cauchy-Schartz inequality
and the triangle inequality in the vector space V' = C" with Standard
inner product. Now prove the following inequalities by showing that
they are (or implied by) the Cauchy-Schartz inequality and the triangle
inequality for some vector space with some inner product (specify what
the vector space and the inner product are):

| <[ worad [foora] .
[/ F(a) + gla |d:c] [ i) +[/01|g<x>\2dx]2,

where f(z),g(x) are two continuous complex-valued functions de-
fined on the interval x € [0, 1].
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B) < \/tr A? \/tr B?),
\/tr A+ B)?) <\ /tr(A?) +4/tr(B?),

where A and B are two real symmetric n X n matrices.
. (20 pts) Let V' be an inner product space over F. Prove the following:

(a) Parallelogram law: if F = C,

lz +yl* + |l = ylI* = 2l|=|* + 2[lyl|*, Yo,y € V.

(b) Polar identity: if F =R, (z,y) = 1|z + y||* — 1|z — y||2. Va,y € V.

(c) Polar identity: if F = C, (z,y) = 13,_, iz + i*y||%,Vo,y € V.
Here i = +/—1.

(@) [l =yl < [l = yll, vz, y € V.

. (20 pts) For V' = F™ with standard inner product and A € F"*" (where

F=CorR):

(a) Prove that (z, Ay) = (A*x,y),Vo,y € V.

(b) Assume (x, Ay) = (Bz,y),Vz,y € V for some B € F"*". Prove
that B = A*.

(c) For any orthonormal basis § for V, let @ be the matrix whose
columns are vectors in 3. Prove that Q* = Q1.

(d) Define two linear operators 7' : V. — V and U : V. — V by
T(z) = Az and U(z) = A"z. Prove that [U]s = [T]j; for any
orthonormal basis 3 for V.

. (20 pts) Apply Gram-Schmidt process to the given set S of the inner

product space V' to obtain an orthogonal basis for span(S). Then nor-
malize the vectors in this basis to obtain an orthonormal basis S for
span(S).

1 3 1
o . =2 (6] [4
(a) V = R*, standard inner product, S = B ENRE
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(b) V =C([0,n]) over F = R, with (f,g) = [ f(t)g(t)dt. S = {sint,cost,1,t}.

Feel free to use computer or online tools for Computmg integrals.
. (10 pts) For A € F™" ( F = C or R), prove that (R(L))t = N(L,).



