MA 362
Poincaré’s Lemma for 2-forms
Theorem (Poincaré’s Lemma). For a 2-form with C' coefficients on R3:
w= f(x,y,2)dy Ndz + g(x,y, 2)dz A dz + h(x,y, z)dx A dy,
if dw =0, then we can find a 1-form
a=F(z,y,z)de + G(z,y,2)dy + H(x,y, 2)dz

such that doa = w.

Remark 1. The theorem can be translated to a vector calculus statement: if
the vector field (f, g, h) satisfies V - (f, g, h) = 0, then we can find (F, G, H)

s.t.
V x(F,G,H)Y=(f,g,h).
Remark 2. The vector filed (F, G, H) is not unique. There are many proofs
of this theorem. Different proofs give different vector filed (F, G, H).
Proof. Step 1I: split w into two parts so that

1. the first part does not contain dz,
2. dz appears as the last one in wedge products in the second part.

So we get

W= wi + ws
with

w1 = h(z,y,2)de Ndy, wy= f(z,y,z)dy Ndz — g(z,y, z)dx A dz.

Step II: construct a 1-form (8 by integrating the coefficients in wo w.r.t. z:
B = [/()Zf(l’,y,t)dt] dy + [/OZ —g(a:,y,t)dt} dx,
then
dB = f(x,y,z)dz N\ dy + </OZ fw(x,y,t)dt> dx A dy

—g(z,y,2)dz A dx + </ —gy(z, vy, t)dt) dy N dz,
0



thus

wy + df = (/ fo(z,y,t) + gy, 9, Z)dt> dx A dy
0

= (/ —hz(:ﬁ,y,z)dt> dx N dy
0

(because dw = 0 implies f, + ¢, + h, =0)
= (=h(@,y,2) + h(z,y,0))dz A dy,

so we have

w+d6:w1—|—w2—l—d6
= wi + (—h(z,y,2) + Wz, y,0))dz A dy
= h(z,y,0)dz A dy.

In other words w + df3 should not contain dz now.
Step III: If necessary, rewrite w + df so that dy is the last one in the

wedge product:
w+ds = h(x,y,0)dz A dy.

Construct another 1-form ~ by integrating the coefficient function w.r.t.

dy:
y
v = (/ h(a:,t,O)dt) dz,
0
then
dy = h(x,y,0)dy A dz,
thus
w+dB+dy=0.
Therefore
w=—df —dy=d(—8—1),
thus
a=—-0-19

_ (/Ozf(x,y,t)dt> dy — (/0 —g(x,y,t)dt) i — (/Oyh(x,t,o)dt) du
_ (/Ozg(x, g £)dt — /Oy B t, O)dt) de + (— /O f(a:,y,t)dt) dy + 0 % dz.



In other words, we get

F:/Z (2,9, t)dt — /Oyh(a:,t,o)dt

G=- /fx%

We need to show V x (F,G,H) = (f,g,h). Since V x (F,G,H) =

G., F.— H,, G, — F,), we need to show

Hy_ z:f
Fz_Hx:g
G, —F,=h
We have
H,—-G.,=-G. = f(z,y, 2),
Fz_Hw:Fz:g(xvyvz)a
and i .
G, —F,=— fx(x,y,t)dt—/ gz (x,y, t)dt + h(x,y,0)
0 0

= / h.(z,y,t)dt + h(z,y,0) = h(x,y, 2),
0
where we have used the fact f, +g¢g, + h, =0.
Example 1. Find a s.t. da = ydx N dz + zdx A\ dy
Solution: da = —ydz N\ dx 4 zdx N dy so

f:07g: _yah:
Thus

z Yy z Y
0 0 0 0

=—A3uwwﬁ=
=0

(Hy —



