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Recall from this class

For the compositie optimization problem

min f(z) + g(x)

e forward-backward splitting

e Douglas-Rachford splitting



Extend to 3 functions

mgn f(x)+g(x)+ h(z)

r |
Xp 1 = Prox’g’(z;\,)

Davis-Yin splitting: < Xz, 1 = Prox}l(?xk I 1 nVh(x, 1 )

i

| Zk+1 = Zk + Xk+1 — Xp+ L

2
L

f, g, h convex, Vh Lipschitz continuous with Lipschitz L, and n <



Definitions

The resolvent of an operator 1" is defined as Jp = (I +T)_1.

Recall that the proximal point method is:
w1 = (T +n0f) Hay) = Proxt(xy).

The reflection of an operator 7' is defined as

Rp=2Jp—1=20+T)"'—1



3-operator splitting problem

find z€H suchthat 0¢€ Ax + Bx + Cx

A, B, C' maximal monotone operators, C' cocoercive with parameter 3

An operator C'is called f-cocoercive (or f-inverse-strongly monotone), for 8 > 0, if (Ca—Cy,xz—y) > ||C’x—CyH2, Va,y € H.

In particular, if A is a convex function and its gradient Vh is L-Lipschitz,then Vh is Z—Cocoercwe.



The operator

T'=J,y0 (2J7'B — I —~Co Jqu) + [ — J, g solves the

3-operator sum problem.
1. T" = Tphrg when C' = 0;

2. T =1Tppg when B = 0.



Derivation of the operator

0e(A+B+C) <—= 0 (I+ahA)r— ([ —aB)x + aCx

0€ (I+ al)r —R.p(l+ aB)x +aCx

0 (I+alA)r —Rupz+aCzx,z € (I+aB)x
(Roap — aClap)z € (I + aA)]apz, v = Japz
Jas(RaB — aClap)z = JaBz, T = JaB?
(Ros(Rap — aCJlag) — aClag)z = 2, = JaB?
(1/2)I+ (1/2)T)z = z,x = Japz,
Raa(Rap — aCJlap) — aCJlag
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The algorithm

Algorithm 1 Set an arbitrary point e, y € (0, 2B), and sequence (1) j>0 € (0, (48 —

Y)/2B).
Fork=0,1,..., iterate:
1. getar = Lalz"%
2. getxf1 = JyA(2x’1§—zk—ny’I§); //comment: xﬁ = J,,Ao(2JyB—I—yConB)zk
3. get Kl = 7k 4 Ak(xfg — xﬁ); /lcomment: ZKT1 = (1 — Ap)ZK + A T2
\

KM iteration



Averageness property

Proposition 2.1 (Averageness of T') Suppose that T\, T> : H — H are firmly nonexpan-
sive and C is B-cocoercive, B > 0. Let y € (0, 2B). Then

T =1-T+Tio(2RQIh — 1 —yCoT,)

is a-averaged with coefficient o := 4—5% < 1. In particular, the following inequality holds
forallz,w e H

ITz — Tw|?® < llz—w|? - 2| - T)z— U - T)wl|?. (2.2)



Convergence of the Algorithm

Theorem 1.1 (Convergence of Algorithm 1) Suppose that FixT # 0. Let o = 23/(43—~) and suppose
that (\;) >0 satisfies ZJ o(1=X;/a)\j/a = oo (which is true if the sequence is strictly bounded away from 0

and 1/a). Then the sequences (27);>0, (a:JB)]>0, and (a:A)J>0 generated by Algorithm 1 satisfy the following:

1. (zJ )j>0 converges weakly to a fized point of T'; and
2 (‘TB)J>0 and (SL‘A)J>0 converge weakly to an element of zer(A+ B + C).



Theorem 2.1 (Main convergence theorem) Suppose that FixT # (). Set a stepsize y €
(0,2B¢), where € € (0, 1). Set (1) j=0 € (0, 1/a) as a sequence of relaxation parameters,
where « = 1/(2 — ¢) < 2B/(4B — y), such that for tp, = (1 — Ap/a)ri/a we have
ZZO t; = 00. Pick any starting point z° € H. Let (z/) j=0 be generated by Algorithm 1.
Then the following hold

1. Suppose that inf =g A; > 0 and let z* be the weak limit of z* (which exists by Corollary
2.1). Then the following auxiliary convergence results hold:

(a) (C xé) j=0 converges strongly to Cx* for any x* € zer(A + B + C);

(b) the sequence (J, g(z’)) j=0 weakly converges to J,p(z*) € zer(A 4+ B + C);

(c) thesequence (Jys0(2J,p—1—yCoJ,p)(z)))j=0 weakly convergesto J, p(z*) €
zer(A+ B+ C).

2. Finally, the sequences (J,, g (z/ ) j=0and (J,p0(2J,p—1—yCo Jyg)(zj))jzo converge
strongly to a point in zer(A + B + C) whenever any of the following holds:

(@) A is uniformly monotone on every nonempty bounded subset of dom(A);
(b) B is uniformly monotone on every nonempty bounded subset of dom(B);
(¢c) C is demiregular at every point x € zer(A + B + C).?



Convergence rate (general convex case)

f,g9 : H— (—00, 0] closed, proper, convex functions,
h : H — (—00,00) convex and differentiable

Vhis 8 _1-Lipschitz continuous.

_ . 1]
X)) = Prox](zy)
e N\ . . y o A Nz
Davis-Yin splitting: ¢ Xz = Ploxf(Zx,l,% — Zp — 77Vh(xk+%)

Zit+1 = 2k + Xptl — Xy L

Theorem 3.1 Suppose that f is L-Lipschitz continuous on the closed ball B

1
then, (f + g+ h) (x1)—(f +g+h) (") =0 .
_(f.g )(A) (f+g+h) (@) i
for an arbitrary point 2y € ‘H, v € (0, 23)

g



Accelerating the general convex case

if we compute the objective error at the weighted ergodic iterate:
) k
—k ' : Z
Xz, = 1+ 1),
g (k+1)(k+2)z( %

1=0

1

then, (f + g+ h) (@p)—(f+g+h) (@) =0 (k—ﬂ> .



Strongly monotone case

Algorithm 3 Algorithm 1 with acceleration

Choose z" € H and stepsizes (y;) j>0 € (0, 00). Let xﬁ € H and set xg — J},OB(xg), u% =

(1/v0)I = Jyy8)(x3).
Fork=1,2,...,iterate

I, getxl =& g5 +y_uB )
2. get u’é = (l/yk_l)(xA + Vi— uB - —x'é);
3. .get xf‘ = JVkA(xlé — yku'g - kaxﬁ;.);




Accelerated strongly monotone case

Theorem 3.3 (Accelerated variants of Algorithm 1) Let B be p g-strongly monotone, where
we allow the case up = 0.

1.  Suppose that C is B-cocoercive and juc-strongly monotone. Let n € (0, 1) and choose
vo € (0,2B8(1 — n)). In algorithm 3, for all k > 0, let

“2p2ucn + ) @rucn)? + 401 + 2pup) v
2(1 + 2y ) .
Then we have ||x% — x*||> = O(1/(k + 1)?).
2. Suppose that C is Lc-Lipschitz, but not necessarily strongly monotone or cocoercive.
Suppose that up > 0. Let yy € (0, 2/13/L%). In Algorithm 3, for all k > 0, let

Vel = T (3.7)
V142 s —n L2 /2)

Then we have || x5 — x*|| = O(1/(k + 1)?).

Y41 = (3.6)




Application: 3-block extension of ADMM

minimize f1(21) + fo(z2) + f3(23)
subject to Lix1 + Loxo + Lyx3 = b

{

di(w) = f{(Liw), da(w) = fy(Law), d3(w) = f3(Lyw)—(w,b)
1111115}1ize di(w) + do(w) + d3(w) @7



Algorithm 6 For problem (4.7)

Set an arbitrary z° and stepsize y € (0, 2u/||L1]?).
Fork=0,1,...,iterate

I. getw® =prox,, (")
2. getZKt3 = 2wk — Zk — yVd) (wh);
3. getzktl =7k prox,,,, (zk+%) — wk,




To fix the step size problem

mmin dq (:L') -+ dQ(TE) -+ dg(.’lj)

zhts = prox)_(z")
Proposed Splitting :  p**! = proxg1 (2:5“'% g ’deg(:ck“L%))
pFtl prox}z (pk+1 1. 7Vd2(a:’“+%))

Skl — kg ($k+1 _ l,k-+-;-)

T =Jco(Jygo (2Jyp— I —~CJyg) +vCJypg)+(I — Jyp)
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Thank you



