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Theorem 4.15. For an extended real-valued function f : R" — RU{+o0},
the following are equivalent:

1. f is a closed function.

2. The level set {x: f(x) < a} is a closed set for any a € R.

3. f is lower semicontinuous: for any x, for any sequence x; — X,

f(x) < liminf f(xy).

' (ohiex tty oj( gxten dad ”ﬁmm‘)"s

Theorem 4.16. A proper (extended) function f : R" — R U {+o0} is
convex if and only if dom(f) is convex and

FAx+ (1 =Ay) <Af(x)+ (1 =A)f(y), VYx,yedom(f),Xe(0,1).

Definition 4.17. A proper convex function f : R™ — (—o00,+00] is a

function defined for any x € R™, not identically +o00, satisfying dom(f) is
convexr and

FAx+ (1 =A)y) < Af(x)+ (1 -A)f(y), Vx,yedom(f),Ae(0,1).
Definition 4.21. An extended function f : R™ — R U {400} is u-strongly

convex with a constant p > 0 if dom(f) is convex and the following holds
for any A € (0,1):

fAx+(1-N)y) < Af(X)+(1—A)f(Y)—%A(l—A)HX—yIIQ, Vx,y € dom(f).

Theorem 4.22. An extended function f: R"™ — R U {400} is p-strongly
convez if and only if f(x) — &|x||* is convez.

o o
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Even though 0f(x) denotes a set, for simplic¢ity, we often abuse
the notation by using it to denote any element in this set. Lemma
1.10 can be extended as (see [8, Theorem 5.24] for the proof):

Lemma 4.23. For a proper function f(x) : R" — (— ,—l—oo] assume
dom(f) is convex, and denote dom(0f) = {x : 0f(x) # 0} (the set of

points where a subderivative exists), then

1. Assume a subderivative exists at every point of dom(f), i.e., dom(0f) =
dom(f), then f is convew.

2. Assume f is conver, then int(dom(f)) C dom(9f), but dom(9f) can
be smaller than dom(f): for instance f(x) = —/x for x > 0 and
f(x) =400 for x <0 has 0f(0) =

3. If f is convex, then

(a) f(x) > f(y) +(0f(y),x—y), Vx&dom(f), y € dom(If).
(b) (Of(y) —0f(x),y —x) >0, Vx,y € dom(9f).

For a proper closed and convex function, the following are equivalent:

1. f is p-strongly conver.

2. f(x) > fy) + (0f(y),x —y) + 5lx —ylI>, Vx € dom(f), ¥ €
dom(0f).

3. (0f(y) = 0f (x),y —x) > pllx —yl>, Vx,y € dom(df).
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Theorem 4.19. Consider a proper extended function f : R — (—o0, +00].
Assume its domain dom(f) is a convex set, then

1. Existence of subderivatives at any x € dom(f) implies convezity of

f(x).

2. Convexity of f implies that subderivative exists at any X in the interior

of dom(f), denoted as int(dom(f)) and 0f(x) is bounded:
Vv e df(x),|lv] <C  for some C.

3. If U C int(dom(f)) is a nonempty compact set (bounded and closed

set in R™), then convezity of f implies Uxecrr Of(x) is bounded (all
subderivatives in U have a uniform bound).

4. If x is a boundary point of dom( f), a subderivative may not exist, e.g.,
f(x) = —\/x for x > 0 and f(x) = +oo for x < 0 has 0f(0) = (;
and even if 0f(x) is nonempty it can be unbounded, e.g., 8L[0,1](0) =
(—00,0]. If f is convex and dom(f) has an empty interior (e.g., a line
in R?), then subderivatives exist at any point in the relative interior

of dom(f) (the interior of dom(f) regarded as a subset of the smallest
affine set containing it), but Of(x) is unbounded there.

Dfﬁma((i'(/y

Theorem 4.25. For a proper convezr function f : R" — R U {4+00}, %,
minimizes f(x) if and only if 0 € Of (x4).

Proof. f(x) > f(x«) = f(x4) + (0,x — x4), Vx € dom(f) & 0 €
Of (Xx). O

Theorem 4.26. For a proper closed function f: R" — R U {4+o0}, if
it is p-strongly convex with p > 0, then it has a unique minimizer X,.
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For the indicator function tg, its subdifferential is given as @
du(x) = Ng(x), x €8, L-s.c.

where Ng is the normal cone of S

Definition 3.11. For a set S C R™ and x € S, the normal cone of S at x

Ng(x) =A{y: (y,z—x) <0,Vz € S}, {}/\

and Ng(x) is an empty set for x ¢ S. AN S
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5.1.1 Convergence of subgradient method

Theorem 5.1. For the subgradient method

Vi
Xpi1 = X — nkm, some Vi € Of(xp)

which is (5.1) with the step size WZ’;—”, written so that ny is the length of
each step, assume the boundedness of subderivatives ||v;| < M,Vk.
Define

F(%a) = gmin f(x),

i.e., X, 1S the best iterate among xq, -+ ,Xn. For a proper convex function
f(x) with at least one global minimizer X, the following holds:

1. If 3 mp = +oo and 3. ni < +o0, then f(X,) — f(x«) — 0 asn — oo.
k=0 k=0

2. With a step size np = SH fork=0,1,--- ,n, then

_ o —x|*+C* _ 1

3. With the Polyak’s step size ny = JOeR)=f(xx)

vl

M
n—+1

Ikt — x| < I3k = s F(Ra) = F(x,) < %0 — .|l

If further assuming f(x) is p-strongly conver and closed (or equivalently
lower semicontinuous), then with the step size rule ni = ﬁ\\vk“,

¥ M? o M
4. f(&n) = f(x) < H= 07 and [[%n — x| < 2 e
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