



































































































































Previously on nonsmooth case

fix and gix are convex

gix is differentiable

min fix Example fix 11 11

Subgradient Method

Rti Xk Maf Xk
Proximal PointMethod

kt Ithof Xk

min fix gix Example 11 11 11Ax b12

Proximal Gradient Method

Xktl Ith f Xk Yogas

T.EE Iaadinf g are both nonsmooth

Example min 11 11 n x Ax b

Douglas Rachford splitting 1979

Ya Ey ya
A simple

Rf 2 Proxf I
version

Ry 2 Proxg I










































































































Theorem If fix gut are convex the

simpleDouglas Rachford splitting iteration converges

Proof Theorem The following are equivalent
T is firmly nonexpansive
I T is firmly nonexpansive

fix is convex Prox't is firmly nonexpansiveis iaii

Iiiii

a
Yet L O ITOT Yn converges

OE 0 1

D gives simplest DR splitting

S It Rf9g is firmly nonexpansive

25 I RfRg is nonexpansive



The general Douglas Rachford splitting
is written as

Yeti O It 1 0 Rt Rg YR
OELO D

TheoremI Assume T.tl IR is nonexpansive

then T has at least one fixed point

Xk

yygfyyppygggqyjyygiysti.es
J

R Yo
d

Rak YoY
TER Yo



Sometimes general DR is written as

Yr CH I X É ya a Elo 2

Theoret General DR converges for
any convex fix gix and any 770

roof T ÉEg T is firmly nonexpansive

2T I is nonexpansive

S HX I T 1 20 I 20T Otto1

1 0 I O 2T I



Douglas Rackford Splitting Lions Mercier 1979

fix is convex Proxf is firmly nonexpansive
Rf 2Proxf I is nonexpansive

So T RfRg is nonexpansive

S It is firmly nonexpansive
impleDouglasRackfordsplittingt
YA FEB 11 0

y

me.EE i I
II

General Douglas Rackford Splitting

Yeti OYa 1 0 RfRgYn Of 10,1

0 0 Yk RfRg Yn is called

Peaceman Rachford splitting





Lemmas Assume fix and gas are convex

and is a minimizer of fix fix

Let Y E 72914 then

Proxy Y It 2g is multi valued
I hog is singlevalued

0 E of A 29 RfRg Y y
Remark Y is a fixed point of

Peaceman Rachford Yk I RfRg Yr 1 2

Douglas Rackford Yk fs ya x I

Generalized DR Yeti tNY x 4s yr
E 0,2

Proof O Eaf X 29 Xx

OE Mof Xx yag x

of X Mafix KEEPY Xx naflx
Y E naf x Y E hagix

It7dg ix
2X Y LIT 74

I nag 114
1 727 2 4 x

I 72f Rg 9 1 Proxy X



2 I nof Rg19 1 2Prox 19 1 Y
2 1 727 Rg19 1 Rg19 1 Y

RfRg Y Y

Yeti FEB 14 converges to a fixed

point of S 1 which is NOT x

Y g y

2Y Y t R Rg Y

Y Rf Rg Y
2 Proxf Rg19 1 Rg Y
2 Proxf Rg19 1 2 Proxy Y

Proxy Prof Rg19 1us
I yag z y Eroxf 41 22 Yy

Z Itnaf 22 1 729 z

IMF I 709 z



Ot of 2 29 z

Theoremel Douglas Rachford splitting

Assume fix and gex are convex

fix tgix has a minizer

then the iteration

YR És Yr converges 7 so

Xk Proxg Yk i

and Xk converges to one minimizer of fix gix
Remark 54k is an auxiliary variable

Even if is unique Y may be non unique

Remark Yk 9
yr

4k 2Proxf RgYrs Rg k

Proxf 2Proxy Ya Yr ProxyYr Ya

Proxf 2Xk Yr Xk Yk



Example my 11 11 isAx b x my 11 11
fix Glx sit Ax b 1

Xis yProxf Sylx Sn 1m xis n1 0 XiE 9,7
Proxy P X

A AAT b Ax

Xk Proxg Yr Ypt AT AAT b AYR
YR Proxf 2Xk Yr Xk Yr

Sn zXk Ya Xk Yk

Foe General Douglas Rackford

Assume fix and gex are convex

fix tgix has a minizer

then the iteration

YR H Yat Yr
converges
720Xk Proxg Yk Atto 2

and Xk converges to one minimizer of fix gix



Remark 1 d is called Relaxation parameter
2 each gives a different algorithm
3 is Douglas Rachford

4 1 2 YR RfRg Yk
is Peaceman Rachford
which may not converge


