pYU/CO‘*J/Z( oN NI Smosth  Cake

Loy omd 9i 01 ohjex
Gy Us olfferentishi
"o f“‘) Examp .t ‘GL&): B
Su‘ogm{:wt M grh ok
Yn = Xie — N 2T Kk
® Proxi male Poiwt Method
Kt = (Tt 03 (X
min Lo+ 39 Ll I+ D ([Aga (it
@ Proxi mall (z"o«liw WMethod
Kt = (Tt V\&Q)\‘LX;Q—V\DQ;%>5
@ East Proxamd (errolione

@ YY\;V\ ‘QLX)‘i' 80() ,Q @ 8 Ul both WNWonSmuth

EKMP‘L? m)l;"l HX“\‘l‘ /C{X: Ax= bzl

®

O Douglos- Rahford sphibhing 1479

%k—H 'I~(— Rﬁ R% 44&)
R{l - 2 PVDX{. 1
lz% = 2- PVOX%- L

A th?(‘&/

Vve&rgion



min, [|z; + [[Az — b||*

WS

+ ﬁ 3
|

1074 _ | © Subgradient Method with O(1/ V)
|+ ISTA (Proximal Gradient) with O(1/k)
FISTA (Fast Proximal Gradient) with O(1/k?)
6 - | + Douglas-Rachford n=0.1, A =1
10 0 50 100 150 200 250 300
Iteration number

(a) Douglas-Rachford splitting converges for any step size 7 > 0 but
proximal operator for g(x) = ||Ax — b||* requires (I + n2A7A)~*.

——

For min f(x) + g(x), if f(x) and g(x) are indicator functions of two

lines respectively, then the minimizers are the intersection point.
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Developments of Douglas-Rachford Splitting Ue= Unc -+l

1. Peaceman an 1955: Douglas and Rachford, 1956:
implicit finite difference in solving heat equations. — ADI

2. Lions and Mercier, 1979: extension to maximal monotone operators;
DR is firmly nonexpansive thus convergent.

3. Glowinski and Marroco, 1975; Gabay, 1983: the alternating direction
method of multipliers (ADMM) is equivalent to DR. ADMM has
been widely used in nonlinear mechanics and convex optimization.

4. Goldstein and Osher, 2009: split Bregman method widely used in
image processing problems, which is the same as ADMM.

5. Bauschke, Combettes, and Luke, 2002: the widely used Fienup's
Hybrid Input-Output (1982) algorithm for phase retrieval problem
can be viewed as Douglas-Rachford splitting.

The following three algorithms are exactly the same:

» Douglas-Rachford Splitting on miny f(x) + g(x). ~
> ADMM on Fenchel Dual min, f*(y) + g*(—y). 7
» Split Bregman on Fenchel Dual min, f*(y) + g*(—y). e
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1' ° Sﬁbgradient Method with O(1/Vk)
+ ISTA (Proximal Gradient) with O(1/k)
FISTA (Fast Proximal Gradient) with O(1/k?)

+ Douglas-Rachford n=0.1, A = 2 (reduces to Peaceman-Rachford)
10 ¥ ‘ ‘ | '
0 50 100 150 200 250 300

Iteration number

(b) If A = 2 in (6.1), then it does not converge. For this example
A € R**109 thus no strong convexity for g(x).
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(c) If tuning parameters, Douglas-Rachford splitting can be faster
than FISTA or restarted FISTA for certain accuracy threshold.
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