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Equivelent Condliong -
® 1€ vl & Cartinuous,

%1- fx) > f(y) +(Vf(y),x—y), Vx,y.
(;ohuzxi‘b{‘ S
2. (Vf(y) - Vf(x),y —x) >0, Vx,y.

STy, Convxity = 1. f(x) > fy) +(Viy),x—y) +5lx—yl? V;
2. (Vf(y) = VI(x),y —x) > pllx —y[]*, V¥x,y.
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O@ﬁmaﬁha Condlitions -

Theorem 2.1 (First Order Necessary Conditions). For a C! function (first
order derivatives exist and are continuous) f(x) : R" — R, if x* is a local
minimaizer, then V f(x*) = 0.

Theorem 2.2 (Second Order Necessary Conditions). For a C? function
(second order derivatives exist and are continuous) f(x): R" — R, if x*
is a local minimizer, then Vf(x*) = 0 and V?f(x*) > 0 (Hessian matriz is

positive semi-definite).

Theorem 2.3 (Second Order Sufficient Conditions). For a C? function
(second order derivatives exist and are continuous) f(x) : R" — R, if
Vf(x*) =0 and V2f(x*) > 0 (Hessian matriz is positive definite), then x*
s a strict local minimizer.

Onlly stromy Coneriey => V2L 70, Wk

Theorem 2.4. Assume f(x): R" — R is convex.

1. Any local minimizer is also a global minimizer.

2. If f(x) is also continuously differentiable (the same as C' functions)
then x* is a global minimizer if and only if V f(x*) = 0.

Theorem 2.5. Assume f(x) : R® — R is strongly conver and also con-
tinuously differentiable (the same as C1 functions). Then f(x) has a unique
global minimizer x*, which is the only critical point of the function.

) Convex €‘X> V“a? not hove (o hinimizer < iy\[x,) =X
2. an'ct,ﬁv( Convex. Q(XB WWZ not hove C. Winimizer = Jy\[x,) =%
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Cbh\/(/jamu 6{ Gradiest  Descent
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Example 2.2. We construct an example for which the gradient descent
method produces almost ||V f(x;)|| = 7. Consider the following function

e”, <0
ﬂ@:{m@,x>0’

where we pick a function g(x) such that
1. f(x) is very smooth;
2. |f"(x)] <1 for any z, which implies f'(z) is L-continuous with L = 1;

3. f(x) has a global minimizer x..

_ £y
AW

X*

i




So a stable step size can be chosen as any positive n < 2. We consider
the following gradient descent iteration with n = 1:

{fbk+1 =z — f'(7)

o =0
Notice that all iterates . stays non-positive, it can also be written as
Tpi1 =) —e'*,  x9=0.

One can easily implement this on MATLAB to verify that numerically we
have |f'(zy)| & § for this iteration.

Remoik: this example showe  hon f}:ﬁ; W ooll= 0

O(Obﬁ hot [W\t)\a CD)’\VWﬁ%LQ Lp Chitical 600\7&_
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Then for Yer = Xk — 1 7{0%)

whue N € (,@%3 (& O ConStoat:

\ _
\C[XD"f(X*) S T ko S \H e
Toa—tos | %Xl k W




Remark 2.8. We obtain convergence rate O(%), assuming only convexity of
the cost function and Lipschitz-continuity of its gradient. We cannot expect

convergence of X to X, because a convex function may have multiple global
minimazers, e.g., f(x) = 0.

- Cohvuézv\gt 51% D %V fgtmm’iﬂd X ’E‘X)

- ent f v

Theorem 2.12 (Global linear rate of gradient descent). Assume f(x) :
R"™ — R is strongly convex with > 0 and V f(x) is Lipschitz-continuous
with Lipschitz constant L. Then f(x) has a unique global minimizer: f(x) >

f(x4),Vx. The gradient descent method (2.1) with a constant step size n €
(0, 2] satisfies

' T+
sl < (12 225 ey
k+1 * >~ L—i—,LL 0 x| -
In particular, if n = Liﬂu then we have
k
o1
Ixp1 — x| < | £ %0 — x|l
LT 1

L—]_ 2k
f(Xpg1) — f(x4) < L (ﬁ ) %0 — x4]|.
2 \;+1

Remure: o1 € Voo ¢ [ T . WX
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