
Review

Def fix IR IR is convex if
Jensen's Inequality

flu asx ay has fix afly ocast

theorem If fix 112h IR is convex

then fix is continuous on 112

Subgradients

Definition For f IR IR a vector GEIR is

a subgradient of fix at if

fly fix cg y x Yer

Example fix 1 1

GEE I at o

sub tangentline

Def The set of all subgradients of fix at

is called the subdifferential denoted by

dfixs.atfgE1Rh flybfixs cg y x7 ky

theorem fix 112 IR

fix is convex of x is not empty at any



Def Indicator function of a set S
S is convex

X ESTs x

yes is is convex

Not a function from IRM to IR

It is a proper convex function R RUSH
lower semi continuous

existence of subderivative

Example myan
11 11 S XE IR Ax b

sit Ax b or S x Ax b

x is equivalent to MFI A

msn.IE i ii a s

roof fix is x

Proxf x again flu 1 u xp

argain is u Ella 112

The minimizer is projection of onto S

Y Psm



Assume fix Rh IR is convex

Then convexity fix is continuous

afix is nonempty at any

Consider fix IR IR
Show convexity continuity
Proof For any a want to show

fix flas o as a
Two cases 9
1 a both

c sx
fix is below green line segment

fca is below black line segment

Felt ftp.ft
fetus

X a fix _flags ex as
x a 0 fix flat

2 a is similar



Show convexity subgradient exists at any

Sketchyproof 1 The epigraph of fix is a convex set
2 Any convex set has a supportingplane

Q1
3 The supporting plane of the epigraph
is a sub tangent line

I
Tonsiderminfit

EIR

where fix is convex on IR

fix fix

OE2f1X

Two simple algorithms

Subgradient Method

Xk Xk Nk 9k GrE2fXk



Proximal Point Method

Xk Xk Nk 9kt 9k dfxk.tl

It Nrdf Xk Xk
Xk It 7k2f Xk

Xk Prox Xk

Prox x arguin
2 flu 114 11

No closed formula for Proximal Operator in general

Example fix 11 11

Prox x 12 if Xist
if Xist

1 0 if it 2,2

Proximal Gradient for Composite Optimization

min fix gex
fix is nonsmooth

gix is smooth

Xk l I 7kof Xk NkDg Xk

This is also called min MAX 5141111

1 Forward Backward splitting
2 Proximal Gradient
3 For ODE this is Implicit Explicit IMEX method



Convergence Rate for nonsmooth problems
Convexity Strong Convexity

Subgradient Method Ota O

Proximal Point Method Oct 0 tuk

Proximal Gradient O k 0 Cl ujk

at Accelerated Proximal Gradient 0L O task

Convergence Rate for Smyth Convex Problems

Pfex is L cont

Convex Strongly Convex

Gradient Descent Oct u
k

Accelerated Gradient Method



In

TubgradientMethod
Xk Xk Maffy gaE2f Xk



11kt 11 x xx Mr

1Xk X ll 27k Xk Xx 9h hi

I Xk X ll 27k fixa fixx ME

fix fixp 9k X Xk

Assume 11gal M let f X 11nF Xk
Sum it for 1 2 n

11Xn X 11 0 4 11 Elk fix fix

E hi

fixis fixx in

1 So for convergence we can use 1k 6
Me

Eric a

2 Optimal strategy Mr for k o n



fixin fix em

MEEEEallfall in

3 Polyak's step size Yr EgY
1Xky X l1Xk X ll 27k fixa fixx ME

11 6 4 112 4 1 1
HXk x ll Ey fat

Sum it for k 0 n n

E fixy fix 11 0 X 11Xn 1 11

IX XP

ntl fix fix I fix fix t

fixp fix 1pl
xo X

llM1EEnl19all



Now assume strong convexity with Mso

1kt l1 xk xx M.gg

l1Xk X ll 27kH Xk X 9h ME

fix fixk 9k X Xk Ill Xk 1

fixx fixk 9k X Xk I Xk 1

Gr Xp fix f x 11Xx kll

1 27k E 11 4 11

27k f XR fix M

fixes fixa 11,951 E 11 1 112 1154114 All

119211k
Mr ll fall

111k 4 112 1411Xr X ll
Gall

kf1Xk fixa 5k 11Xa X 12 14111xay xxlltktml.gl



Sum it for k 0 b h

E k f Xk fix Inenti 1Xn 11

E
ME

Ek fan fix ME
74
fan fix IT
11k X l1 flxk̅ fixx

why
11k all FIT


